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The Schur algorithm for matrices with Hessenberg

displacement structure

G. Heinig and V. Olshevsky

Abstract. A Schur-type algorithm is presented for computing recursively the
triangular factorization R = LU of a strongly nonsingular n � n matrix sat-
isfying a displacement equation RY � V R = GHT with Hessenberg matrices
Y and V and n � � matrices G, H. If � is small compared with n and the
matrices Y and V admit fast matrix-vector multiplication, the new algorithm
is fast in the sense that it will require less than O(n3) arithmetic operations.

1. Introduction

Displacement structure. Many problems in applied sciences and engineer-
ing can be reduced to linear algebra problems. Unfortunately, standard available
methods may not be practical, e.g., because of the large size of the arising ma-
trices. Fortunately, such matrices often have a structure that can be exploited
in order to design more eÆcient fast algorithms, i.e., those requiring signi�cantly
less arithmetic operations. Among structured matrices for which this is possible
are Toeplitz matrices [ai�j ], Hankel matrices [ai+j ], Toeplitz-plus-Hankel matrices,

Vandermonde matrices [aj�1i ], and Cauchy matrices [ 1
ai�bj

].

It turned out that all classes listed above belong to the more general family of
matrices with a displacement structure, and that fast algorithms can be designed for
these more general classes as well. Perhaps the �rst reference explicitly discussing
fast algorithms for matrices with displacement structure is the thesis [36]1. The
�rst journal papers on displacement structure were probably [10] and [28]. But
let us also mention the papers [42, 43] in which the idea of displacement structure
in principle appears for integral operators with a di�erence kernel, the paper [26],
where this idea appeared in connection with the Chandrasekhar equations, and
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also the papers [44, 45], where displacement equations appeared in the context of
factorization of rational matrix functions. We note, however, that both in [36] and
[28] a displacement structure is considered that is related to Toeplitz matrices. A
general displacement approach was proposed in [19] and was applied in [25] to study
matrices related not only to Toeplitz but to Vandermonde and Cauchy matrices as
well. For more information and references we refer also to the monographs [5], [6],
and to a recent collection of papers [33].

To explain the contribution of the present paper, let us recall some facts and
de�nitions. In his seminal paper [41] I. Schur designed an algorithm whose matrix
interpretation is computing the triangular factorization T = LL� for a positive de�-
nite (quasi) Toeplitz matrix T . We refer to [35] for the details. This classical Schur
algorithm belongs to the family of fast algorithms: it needs only O(n2) operations
whereas standard methods require O(n3). It turned out that Schur-type algorithms
can be designed for the more general classes of matrices described next. It was no-
ticed in [28] that the shift-invariant structure of a Toeplitz matrix T = [ ai�j ]
yields that the (displaced) matrix T � ZTZ� has rank two. Here Z is the lower
shift matrix. It was shown in [36, 8, 34, 37] that fast Schur-type algorithms exist
for matrices R for which the integer

� = rank(R� ZRZ�)(1.1)

is small (though possibly bigger than two). Such matrices R were called Toeplitz-
like.

In [25] the following general de�nition was given. Let fY; V g be two �xed n�n
matrices. A n� n matrix R is said to possess a fY; V g-displacement structure 2 if

� = rank (RY � V R)(1.2)

is small compared with n. The integer � is called the fY; V g-displacement rank
of R. It was observed that Vandermonde and Cauchy matrices have displacement
structure as well. For example, for Vandermonde matrices W = [aj�1i ], and for
Cauchy matrices C = [ 1

ai�bj
] we have

rank(D�1
a W �WZ�) = 1; rank(DaC � CDb) = 1;

where Da = diag(a1; : : : ; an), and Db = diag(a1; : : : ; an). It was shown in [25] that
fast O(n2) algorithms exist for Vandermonde-like and Cauchy-like matrices de�ned
as those having small displacement ranks. Let us note that the algorithms in [25]
are not of the Schur type but of the Levinson type. The Levinson-type algorithms
produce a triangular factorization of the inverse matrix R�1, whereas the Schur-
type algorithms output the triangular factorization of the matrix R itself. Both
algorithms can also be used for fast solving linear systems of equations Rx = b.
Schur-type algorithms seem to attract more attention lately, mostly because in
many cases they are more numerically accurate.

The variant of displacement structure in (1.2) is sometimes called the Hankel
or Sylvester or continuous-time. Another variant of displacement structure (1.1)
was extended in [7] to capture the matrices R for which the rank of R � V RY is
small. This is called the Toeplitz or Stein or discrete-time displacement structure.
For the more general displacement structures see [32]. As far as the design of fast
algorithms is concerned, a particular choice of displacement structure (i.e., discrete-
time or continuous-time) seems to be relevant in the Hermitian (or symmetric) case

2Actually, in [25] it was called to posses a (Y; V )-reduction
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but irrelevant for the discussion in this paper, in which we consider non-Hermitian
matrices.

Examples of matrices with Hessenberg displacement structure. In
order to derive fast recursive algorithms some conditions have to be imposed on
the matrices Y and V . In [25] is was shown that the assumption of Y and V to be
Hessenberg matrices is suÆcient to obtain fast Levinson-type algorithms. In the
papers of T. Kailath and his coauthors (see [32], [33] and the references therein) it
was shown that the (stronger) assumption for V and Y to be triangular is suÆcient
to design fast Schur-type algorithms. The case of Hessenberg matrices Y and V is
not treated there.

However, there are many important cases in which Y and V cannot be chosen
as triangular but only as Hessenberg. We next describe two such families. In the
�rst one the matrix V is diagonal and Y is a tridiagonal matrix. In the second
case both V and Y are tridiagonal. The �rst family includes matrices of the form
[Qj�1(xi) ], where fQk(x)g is a system of orthogonal polynomials on the real line.
These matrices appear in interpolation and they are, in a sense, close to Vander-
monde. In this case V is diagonal and Y is tridiagonal Jacobi matrix capturing
the recurrence relations (see e.g. [18], [23], [40], [29], [31]). (An analogous case
is when fQk(x)g are orthogonal on the unit circle, in this case Y should be chosen
as unitary Hessenberg [39].) For these structures the Schur-type algorithms are
missing.

Among the most important examples of matrices from the second family (for
which both V and Y are tridiagonal) seems to be Toeplitz-plus-Hankel matrices.
In this case one has to choose Y = V = Z + ZT in order to get a displacement
rank of 4. A Schur-type algorithm for these matrices was designed in [47], based
on the Levinson-type algorithm from [24]3. A Schur-type algorithm for Toeplitz-
plus-Hankel matrices was also proposed in the Ph.D. Thesis of P. Jankowski, TU
Chemnitz 1990. A Schur-type algorithm for quasi-Toeplitz-plus-quasi-Hankel ma-
trices were presented in [46].

There are several more classes of matrices with a displacement structure de�ned
via non-triangular Y and V . One such structure is exhibited by the generalized
Bezoutians of two polynomials F (x) and G(x) of the form B = [bij ] where the
entries are obtained from

F (�)G(�) � F (�)(�)

�� �
=

n�1X
i;j=0

bij Pi(�)Qj(�);

where fQk(x)g and fPk(x)g are two families of orthogonal polynomials (see [15]).
Another important representative of this family is the class of modi�ed moment

matrices occurring, e.g., in least squares problems for orthogonal polynomials ex-
pansions [23], and in preconditioning of ill-conditioned Hankel systems [9]. These
matrices have displacement rank two for some tridiagonal Y and V . In [23] and
[11] Levinson-type algorithms were designed for this kind of matrices, and using an
approach di�erent from the one of this paper, Schur-type and superfast algorithms
are being presented in [21] for the case when the displacement rank is two.

3Let us note that it is possible to design Schur-type algorithms for Toeplitz-plus-Hankel and
Toeplitz-plus-Hankel-like matrices transforming them �rst into Cauchy-like matrices with the help
of the discrete Fourier or real trigonometric transformations, see, e.g., [20], [12], [22].
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Main results. In [30] a fairly general class of polynomial Hankel-like matrices
was considered. We next recall (a non-symmetric version of) this de�nition; the
class includes, as special cases, all types of structured matrices presented above, as
well as their generalizations to higher displacement ranks. It is based on the well
known fact that that a general Hessenberg matrices (called a confederate matrix
in [38]) can be associated with a system of polynomials. Let R = L1HLT

2 with
a Hankel matrix H , and with L1 and L2 being lower triangular matrix capturing
the coeÆcients of certain polynomial systems fQ(x)g and fP (x)g, resp. It follows
that R has fY; V g -displacement rank two, where Y and V are the confederate
matrices of fQ(x)g and fP (x)g, resp. If the corresponding displacement rank is
small, then such R is referred to as a polynomial Hankel-like matrix. It turns
out that all structured matrices in the above examples are polynomial Hankel-like,
corresponding to the special choices of polynomial systems.

The main goal of the present paper is to show that Schur-type algorithms can
be constructed for recursive triangular factorization of general polynomial Hankel-
like matrices, i.e., those with fY; V g-displacement structure de�ned via Hessenberg
matrices Y and V . The new algorithm is fast in the sense that it requires less than
O(n3) arithmetic operations if the matrix-vector multiplication by Y and V can be
done with less than O(n2) computational complexity.

Let us �nally note that it was widely believed for some time that such algo-
rithms cannot be constructed. For instance, this claim was made by T. Kailath at
his talk at a conference in Santa Barbara in 1996. We wrote down the main algo-
rithm presented here at the end of that conference. Recently this claim appeared
again in [27], where it is written: \The restriction that f
;�; F; Ag are lower tri-
angular is the most general one that allows recursive triangular factorization (cf. a
result in [35])."

A missing connection to rational matrix functions. Let us conclude
this introduction with an open problem. As is well-known, there is a close rela-
tion between displacement structure and rational interpolation and rational matrix
function theory [4]. Speci�cally, in the case of triangular Y and V Schur-type
algorithms correspond to the factorization of a certain associated rational matrix
function. Moreover, the above discussed triangularity condition is a well-known
necessary condition for the existence of factorization, see, e.g., [45], [2]; A partic-
ular variant of the factorization theorem that is the closest to our discussion here
can be found in theorem 2.3 of [13]. Since we design here a Schur-type algorithm
for non-triangular fY; V g hence a rational matrix interpretation of our method is
not a factorization of rational matrix functions. It would be interesting to �nd an
interpretation for the case of Hessenberg Y and V .

The structure of the paper. The structure of the paper is as follows. In the
next section we present formulas without imposing any assumptions on fY; V g. In
Section 3 we specialize these formulas for the case when Y and V are Hessenberg
and discuss some problems related to the design of the algorithm. Then in Section
4 we use these results to present a Schur-type algorithm for recursive factorization
of a matrix R with a Hessenberg displacment structure. In Section 5 we present
several important special Hessenberg matrices for which the algorithm is fast and
has computational complexity O(n2).
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2. Displacement structure of Schur complements

We start with recalling that the integer

� = rank(RY � V R)(2.1)

is called the fY; V g- displacement rank or R. Clearly, (2.1) implies that there exist
two (non-unique) n� � matrices fH;Gg such that

RY � V R = GHT :(2.2)

The pair of matrices fH;Gg in such a representation is called a generator of R [28]
for the following reason. In the case when the spectra of the matrices Y and V are
disjoint the equation (2.2) has a unique solution R. That means, assuming that
Y and V are given and �xed, a generator contains the full information about R.
In many cases the information on R can eÆciently retrieved from the generator.
This observation is the basis for the now standard technique to construct eÆcient
algorithms, which can briey be described as follows.

If two matrices R(1) and R(2) have the same displacement ranks, then the com-
putationR(1) �! R(2) can be substituted by updating fH(1); G(1)g �! fH(2); G(2)g.
Since the n2 entries of a matrix are compressed here into only 2�n entries of its
generator, this method typically leads to computational savings. Perhaps the �rst
explicit formulation of this principle appeared in [37], where it was applied to
speeding up the computation of the Cholesky factorization R = LL� for a positive
de�nite Toeplitz-like matrix R. The essence of the Cholesky method is in recursive
computing the successive Schur complements, and the following fact was estab-
lished in [37]. The displacement structure of a matrix R(1) is inherited by its Schur
complement R(2). Thus, the principle of generator updating can be applied. We
next present a generalization of this observation.

Lemma 2.1. Let R(1) satisfy

R(1)Y (1) � V (1)R(1) = G(1)(H(1))T :(2.3)

and let the latter matrices be partitioned as

R(1) =

�
R11 R12
R21 R22

�
; Y (1) =

�
Y11 Y12
Y21 Y22

�
; V (1) =

�
V11 V12
V21 V22

�
;

G(1) =

�
G1

G2

�
; H(1) =

�
H1

H2

�
:

If R11 is nonsingular then the Schur complement R(2) = R22�R21R
�1
11 R12 satis�es

R(2)Y (2) � V (2)R(2) = G(2)(H(2))T ;

with

G(2) = G2 �QG1 ; (H(2))T = HT
2 �HT

1 P

Y (2) = Y22 � Y21P ; V (2) = V22 �QV12;
(2.4)

where we denote

P := R�1
11 R12; Q := R21R

�1
11 :

Proof. From the standard Schur complement formula and (2.3) we obtain

R =

�
I 0
Q I

� �
R11 0

0 ~R

� �
I P

0 I

�
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we obtain�
R11 0

0 ~R

�
Y # � V #

�
R11 0

0 ~R

�
=

�
I 0
�Q I

�
GHT

�
I �P
0 I

�
;(2.5)

where

Y # =

�
I P

0 I

��
Y11 Y12
Y21 Y22

� �
I �P
0 I

�
=

�
� �
� Y22 � Y21P

�
;

V # =

�
I 0
�Q I

� �
V11 V12
V21 V22

� �
I 0
Q I

�
=

�
� �
� V22 �QV12

�
:

By equating the (2,2) blocks on the both sides of (2.5) we obtain (2.4).

If Y (1) is block upper triangular (Y21 = 0) and V (1) is block lower triangular
(V12 = 0), then the matrices Y (2) and V (2) are obtained by just peeling o� the �rst
columns and the �rst rows of the matrices Y (1) and V (1), respectively. Therefore, in
the triangular case only the �rst two formulas in (2.4) are actually used to update
the generator fH(1); G(1)g �! fH(2); G(2)g: Formulas (2.4) for this case can be
found, e.g., in [14, 12]. However, in the general non-triangular case Lemma 2.1
says that now all four matrices have to be updated:

fH(1); Y (1); V (1); G(1)g �! fH(2); Y (2); V (2); G(2)g:(2.6)

This indicates that for general matrices Y (1) and V (1) there would be no computa-
tional or storage savings in the process.

In the next section we show that, nevertheless, in the case when the matrices
Y (1) and V (1) are Hessenberg the formulas (2.4) can eÆciently be applied if the
generator is properly extended.

Let us discuss the relation of Lemma 2.1 with Gaussian elimination. Let R(1)

be strongly nonsingular, i.e., it admits an LDU-factorization

R(1) = LDU;(2.7)

where L is unit lower triangular, U is unit upper triangular, and D is diagonal.
The Gaussian elimination procedure computes (2.7) as follows:

1. One uses the entries of the �rst column and row of R(1) =

"
r
(1)
11 r

(1)
1;�

r
(1)
�;1 R

(1)
22

#
to

write down the �rst column l1 to L, the �rst diagonal entry d11 to D, and
the �rst row u1 to U , as in

l1 =

"
1

1

r
(1)
11

r
(1)
�;1

#
; d11 = r

(1)
11 ; u1 =

h
1 1

r
(1)
11

r
(1)
1;�

i
:(2.8)

2. One updates R(1) �! R(2) := R
(1)
22 � r

(1)
�;1

1

r
(1)
11

r
(1)
1;� .

3. Then one proceeds with the Schur complement R(2) recursively, i.e., writes
down the second column to L, the second diagonal entry to D, and the
second row to U , computes R(3), and so on.

We next discuss several issues occurring in applying formulas (2.4) to speeding up
the GE procedure when R(1) satis�es (2.3) with Hessenberg Y (1) and V (1).
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3. The case of Hessenberg matrices Y (1) and V (1)

Hessenberg generator. From now on, we assume that Y (1) is an upper
and V (1) a lower Hessenberg matrix. Our basic observation is that the matrices
fY (k); V (k)g remain in the same class during the recursion and, moreover, only a
few their entries have to be updated. Indeed, in the Hessenberg case only the �rst
entry of the column Y21 is nonzero, so that the computation of Y

(2) by (2.4) reduces
to the scheme

Y (2) = Y22 � Y21P =

2666664
� � � � � � � � �

� � � � � � � � �

0 � �

.

.

.

.

.

.
. . .

. . .
. . . �

0 � � � 0 � �

3777775�

2666664
�

0

.

.

.

.

.

.

0

3777775

�
� � � � �

�

:

(3.1)

This means that one has to update only the �rst row y
(k)
1;� of the upper Hessenberg

Y (k) and the �rst column v
(k)
�;1 of the lower Hessenberg V (k).

Another issue to address is how to obtain the entries of the matrices P and Q

needed to run the recursion (2.4). These entries are essentially the elements of the
�rst row and column of R(1), and it is typically not diÆcult to reconstruct them
from fH(1); G(1)g in the cases of triangular fY (1); V (1)g, cf., e.g., with [14]. One
way to handle them in the Hessenberg case is to just to store and to update them.
Alltogether we have to update

fH(k); v
(k)
�;1 ; y

(k)
1;� ; G

(k); r
(k)
�;1 ; r

(k)
1;� g;(3.2)

which contains about 2(� + 2)(n � k + 1) parameters. We call (3.2) a Hessenberg

generator of R(k).
We next present the details of these updates.

Reconstruction of the second row and column. In order to compute the
�rst row and column of R(2) we actually need to know the entries of the �rst and
the second rows and columns of R(1). This can be seen from the Schur complement
formula R(2) = R22 �R21R

�1
11 R12, which implies

r
(2)
�;1 = r

(1)
�;2 � r

(1)
�;1

1

r
(1)
11

r1;� :

Thus, we have to show how to reconstruct the second row and second column of
R(1) from the Hessenberg generator (3.2). This will be described next.

Since the next two statements involve one matrix only, we omit the superscript
for R(k) and for its entries and its generator as well.

Lemma 3.1. Let R satisfy (2:2), where Y =
�
yij

�
is upper and V =

�
vij

�
lower Hessenberg. Then the entries of the matrix R can be reconstructed recursively
from fH;Gg and the �rst row and column of R with the help of the formulas

r�;k+1 =
1

yk+1;k
(V r�;k +Ghk �

kX
j=1

yjkr�;j) (k = 1; : : : ; n� 1);
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where hk denotes the k-th column of HT , or

rk+1;� =
1

vk;k+1
(rk;�Y � gTkH

T �

kX
j=1

vkjrj;�) (k = 1; : : : ; n� 1);

where gk denotes the k-th column of G.

Proof. Let ek (k = 1; : : : ; n) denote the vectors of the standard basis in C n .
We have

RY ek =
k+1X
j=1

ujkr�;j

and

RY ek = V Rek +GHT ek = Gr�;k +Ghk:

Comparing these relations we obtain the assertion.

As a special case we obtain the following.

Corollary 3.2. The second row and second column of R are given by

r2;� =
1

v12
(r1;�(Y � v11I) + gT1 H

T ); r�;2 =
1

y21
((V � y11In)r�;1 +Gh1);(3.3)

where g1 denotes the �rst column of G, and h1 denotes the �rst column of of HT .

4. The Schur-Hessenberg algorithm

We are now ready to present an algorithm that outputs the factorization

R = LDU(4.4)

for the case when R satis�es (2.2). It recursively updates the Hessenberg generators

(3.2) of the matricesR(k) =
h
r
(k)
ij

in+1�k

i;j=1
(k = 1; : : : ; n), where R(1) = R and R(k+1)

is the Schur complement of the (1; 1)-entry r
(k)
11 of R(k). Since (3.2) includes the

�rst row and the �rst column of R(k), the factors in (4.4) can be easily computed
as follows. The k-th column lk of L and the k-th row uk of U are given by

lk =
1

r
(k)
11

�
0

r
(k)
�;1

�
; uk =

1

r
(k)
11

h
r
(k)
1;� 0

i
:

Here \0" stand for a zero vector of appropriate length. The diagonal factor is given

by D = diag
h
r
(k)
11

in
k=1

.

The Schur-Hessenberg Algorithm

Initialization:

r
(1)
�;1 = r�;1; r

(k)
1;� = r1;�;

G(1) = G; H(1) = H; Y (1) = Y; V (1) = V:

Recursion: For k = 1; : : : ; n� 1, compute
1. The k th entry of D, the k th column of L and k th row of U by

d(k) = r
(k)
11 ; l(k) =

1

d(k)
r
(k)
�;1 ; u(k) =

1

d(k)
r
(k)
1;� :
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2. The second column and the second row of R(k) by

r
(k)
2;� =

1

y
(k)
21

((V (k) � y
(k)
11 I)r

(k)
1;� +G(k)h

(k)
1 );

r
(k)
�;2 =

1

v
(k)
12

((Y (k) � v
(k)
11 I)r

(k)
�;2 + g

(k)T
1 H(k)T ):

where g
(k)
1 denotes the top row of G(k), and h

(k)
1 denotes the top row

of H(k).
3. The �rst column and the �rst row of R(k+1) by

r
(k+1)
�;1 = r

(k)0

�;2 � r
(k)
12 l

(k)0 ; :r
(k+1)
1;� = r

(k)0

2;� � r
(k)
21 u

(k)0

Here the prime means that the �rst component is peeled o�.
4. The remaining parts of the new Hessenberg generator by

G(k+1) = G(k)0 � l(k)(g
(k)
1 )T ; H(k+1) = H(k)0 � h

(k)
1 (u(k))T :

Y (k+1) = Y (k)00 � u
(k)
21 e1(u

(k)0)T ; V (k+1) = V (k)00 � v
(k)
12 l

(k)0eT1 :

Here double prime means peeling o� the top row and the �rst column
of a matrix.

Remark 4.1. There are classes of matrices with a Hessenberg displacement
structure in which Y is not upper but lower and V is not lower but upper Hessen-
berg. The following observation allows to use the Schur-Hessenberg algorithm in
computations with these matrices. Let J denote the n� n counter-identity

J =

24 0 1
: .
.

1 0

35 :(4.5)

If R has the fY; V g-displacement structure with lower Hessenberg Y and upper

Hessenberg V , then the matrix bR = JRJ has (bU; bV )-displacement structure withbY = JY J , which is upper, and bV = JV J , which is lower Hessenberg.

In order to consider in the next subsection several special Hessenberg displace-
ment structures for which our algorithm is fast, we need to recall several de�nitions
for the general Hessenberg case. The upper Hessenberg matrix

HQ =

266666664

an�1;n � � � a2;n a1;n a0;n

an�1;n�1
. . .

...
...

0
. . .

. . .
...

...
...

. . . a22 a12 a02
0 � � � 0 a11 a01

377777775
(akk 6= 0)(4.6)

was associated in [38] with a system of polynomials Q = fQ0(x); Q1(x); :::; Qn(x)g
de�ned by recurrence relations

x �Qk�1(x) = ak;k �Qk(x) + ak�1;k �Qk�1(x) + :::+ a0;k �Q0(x):(4.7)

The matrix (4.6) was called a confederate matrix of fQn(x)g [38]. Let R = LHLT

with Hankel H , and L being lower triangular matrix capturing the coeÆcients
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of fQk(x)g. It can be shown that R has the fHQ; HQg-displacement rank two.
Therefore matrices R having a low (Hessenberg) displacement rank

�Q(R) = rank(HT
Q �R�R �HQ)(4.8)

were called polynomial Hankel-like matrices in [30]. In fact, we have presented here
a Schur algorithm for (non-symmetric) polynomial Hankel-like matrices.

Remark 4.2. We observe that the top row of the matrix (4.6) captures the
coeÆcients of only one polynomial Qn(x) in (4.7). Hence the recursion (2.4) in
view of the pattern in (3.1) can be seen as a polynomial recursion (see [21] for a
special case). Some more details will be given in the next section.

5. The fast Schur-Hessenberg algorithm

Here we discuss the complexity of the Schur-Hessenberg algorithm.

Proposition 5.1. Let M(n) denote an upper bound on the costs of multiplying

matrices Y (k) and V (k) by vectors (k = 1; 2; : : : ; n). Assuming that the displacement
rank � is small compared to the size of R, the overall cost of the algorithm Schur-
Hessenberg is

C(n) = O(M(n)n + n2):(5.9)

Since for dense, unstructured Hessenberg matrices Y and V we have M(n) =
O(n2), the Schur-Hessenberg algorithm will have complexity O(n3) in general, i.e.
it is not fast. The algorithm becomes fast in case that Y and V are sparse or
structured. If Y and V are, for example, banded, then we have M(n) = O(n).
This cost does not change if Y and V have a few more additional nonzero rows
or columns. If Y and V are Toeplitz or Toeplitz-like (besides beeing Hessenberg),
then M(n) = O(n logn). Also in this case a few unstructured rows or columns will
not change the cost of the algorithm.

Fortunately, in many applications we have Y and V with this property. This
concerns, for example, matrices that are related to orthogonal polynomials. As it
was mentioned in the Introduction such matrices occur in solving interpolation and
least squares problems as well as in the root localization problems for polynomials
given in orthogonal polynomial expansions.

For example, if polynomialsQk(x) (k = 1; : : : ; n�1) are orthogonal with respect
to some (de�nite or inde�nite) weighted inner product on the real line, then they
satisfy three-term recurrence relations of the form

Qk(x) = (�kx� �k)Qk�1(x) � kQk�2(x): (k = 1; : : : ; n� 1)

Let Qn(x) be given by

Qn(x) = qnxQn�1(x) + qn�1(x)Qn�1(x) + : : :+ q0Q0(x):(5.10)
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The related Hessenberg matrix is

Y =

266666666664

� qn�1

qn
� qn�2

qn
� � � � q1

qn
� q0

qn
1

�n�1

�n�1

�n�1

n�1

�n�1
0 � � � 0

0
. . .

. . .
. . .

. . .
...

... 0
. . . �3

�3

3
�3

0
...

...
. . . 1

�2

�2
�2

2
�2

0 0 � � � 0 1
�1

�1
�1

377777777775
;

which di�ers from a tridiagonal matrix only by its top row. Thus M(n) = O(n).
Note that the latter matrix was introduced in [1] and called comrade matrix.

Another important example is when Qk(x) (k = 1; : : : ; n� 1) are Szeg�o poly-
nomials, i.e. orthogonal on the unit circle with respect to some weighted inner
product, and Qn(x) is given by (5.10). In this case (see [17]) there exist recurrence
relations for Qk(x) that are completely described by the so-called reection coeÆ-
cients f�kg

n
k=1. The corresponding Hessenberg matrix (see, e.g., [39] and references

therein) is given by

Y =

2
666666666664

�
qn�1

qn
�
qn�2

qn
� � � �

q1
qn

�
q0
qn

�n�1 ��n�1�
�
n�2 � � � � � � ��n�1�n�2:::�2�

�
1 ��n�1�n�2:::�2�

�
0

0 �n�2
. . .

.

..
.
..

...
. . .

. . . ��3�
�
2 ��3�2�

�
1 ��3�2�1�

�
0

.

..
. . . �2 ��2�

�
1 ��2�1�

�
0

0 � � � � � � 0 �1 ��1�
�
0

3
777777777775

;

where �k =
p
1� j�kj2 (�k := 1 if �k = 1). This matrix di�ers from unitary only

by its �rst row. It is well-known (see, e.g., [39] and the references therein) that in
this case M(n) = O(n) so that the cost of the Schur-Hessenberg algorithm reduces
again to O(n2) operations.

Returning to the remark 4.2 we mention that in the two above mentioned cases
it is transparent that the recursion (2.4) in view of (3.1) can be seen as a polynomial
recursion (see [21] for a special case).
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