Math 329 (Roby) Representation Theory HW3 Due 17 April 2007

1. Find all f € A" for which wf = 2f.

2. (a) Expand the power series H(l + x; + 27) in terms of the elementary symmetric
i>1
functions. (Hint available on request.)

(b) For what real numbers a is the symmetric formal power series

F(o) = [[(1 + 2 + az?)

i>1
e-positive, i.e., a nonnegative (infinite) linear combination of the e)’s?

3. Find the number y(n) of pairs (A, 1) such that A - n and p covers A in Young’s lattice
Y. Express your answer in terms of p(k), the number of partitions of k, for certain
values of k. Try to give a direct bijection, avoiding generating functions, recurrence
relations, induction, etc.

4. Let 2" denote the subspace of A" consisting of all f € A" satisfying
f(SUh —T1,T3,%4 - - ) = f(xg,x4 .. ) .

For instance, m; = x; + 25 + --- € Q'. Find a “simple” basis for Q". Express the
dimension of 2" in terms of the number of partitions of n with a suitable restriction.

5. Let f € A", and for any g € A" define g, € A™ by

gr(x1,29,...) = g(:c’f,a:’g, ).

Show that
wfi=(=1)"*V(wf).

6. Let £(A\) < m and A\; < n. Define
5\:(n—)\m,n—)\n_l,...,n—/\l).

(a) Give a simple (algebraic or combinatorial) proof that

(2129 ) sa (27, xh) = s5(20, -y ).
(b) Show that
HH(% +y5) = Z sx(z)s5(y)
i=1 j=1 A

summed over all partitions A with /(A\) < m and Ay < n.



