BOUNDEDNESS FOR A BILINEAR
MODEL SUM OPERATOR ON R”

ERIN TERWILLEGER

ABSTRACT. The purpose of this article is to obtain a multidimensional extension
of the boundedness of the model sum in [10] which plays a crucial role in the
boundedness of the bilinear Hilbert transform in one dimension. This proof is a
simplification of the original proof of Lacey and Thiele [10,11] modeled after the
presentation of Bilyk and Grafakos [1].

1. INTRODUCTION

In the past decade much progress has been made in the theory of multilinear
singular integral operators. Lacey and Thiele [10, 11] revived this area with their
proof of boundedness for the bilinear Hilbert transforms. In one dimension, the
bilinear Hilbert transforms in the direction («, 3) are given by

Hos(f1. fo)(@) = pov. / file—anfle— 00T, zeR,

where f; and f; are Schwartz functions. In their work, Lacey and Thiele reduced the
boundness of H, 3 to that of model sums of the form

(1'1) Z |]s|_%<f1’¢s1><f2,¢82>¢837

(s1,52,83)€S

where S is a set of triples of tiles with the same time component and ¢, is a smooth
bump adapted to a tile s; in an appropriate way. Then Lacey and Thiele employed
a relatively straightforward, but technical, argument to obtain the L” boundedness
of H, 3 for p > 2/3 as a consequence of that for the operators in (1.1).

We became interested in how the theory evolves in higher dimensions. In partic-
ular, we are interested in understanding the boundedness properties of the bilinear
Hilbert transform on R"

(1.2) Hy, 0, (f,9)(7) = DoV, /Rf(:v — tv1)g(z — tva) % zeR"

where v; and vy are noncoincidental and nonzero vectors in R™. If one of v; and v, is
zero, then the operator H,, ,, reduces to a product of a directional Hilbert transform
and the other function.

The above question is still elusive. The problem at present seems to be the
passage from the model sum to the operator. In fact, it is not clear if this is even
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possible. The problem is there are too many free frequency parameters. However,
motivated by the boundedness of the one-dimensional model sum, we are able to
obtain restricted weak type bounds for the model sums in higher dimensions. Using
bilinear interpolation between adjoint operators, (see Grafakos and Tao [6]), one is
then able to obtain the
IPY s P2 [P

boundedness of the aforementioned model sum when pil + p%
and p > 2/3.

Of course in [10,11], the assumptions on the sums are dictated by the decomposi-
tion of the operators into averages of the model sums. In higher dimensions, it is not
clear how this decomposition will work. In this sense the assumptions we make on
our model sums are somewhat forced, although they are similar to those in [10, 11].
However, the model sums are believed to play an important role in obtaining bounds
for the operators in (1.2).

A feature of the proof presented here is that, even in dimension n = 1, it provides
a simplification of the original proof given by Lacey and Thiele in [11]. Bilyk and
Grafakos [1,2] use a similar simplification to obtain distributional estimates for the
bilinear Hilbert transform in an extended range of exponents. We use the same idea
as in the aforementioned two papers of estimating the operator on and off an “ex-
ceptional” set. The simplification comes in the form of an improved energy estimate
similar to one used by Grafakos, Tao, and Terwilleger [7] in their paper proving L?
bounds for a higher dimensional maximal dyadic operator, which in one dimension
is related to the Carleson operator. This idea can also be found in the paper of
Muscalu, Tao, and Thiele [13] on multi-linear operators. In addition, the proof uses
a selection process inspired by the one given by Lacey [9] in the case L% x L? — L%,

1
= ]_Ja 1 < P1, P2 < 00,

2. MULTIDIMENSIONAL EXTENSION OF THE MODEL SUM

We begin by setting up the notation and assumptions used in our model. A

dyadic cube I C R" is of the form
I=]J19=T]] [m:2", (m: + 1)2%),
i=1 i=1

where k and m; are integers for all = 1,2, --- ,n. The n-dimensional volume is given
by |I| = 27F. Let c(I) = (c(IW),--- ,¢(I™)) denote the center of I, and for a > 0,
al will denote the cube with the same center as I and whose volume is a™|I|. We will
be considering functions of time in n-dimensional space whose Fourier transforms are
functions of frequency in n-dimensional space. These functions will be adapted to a
“rectangle” in the 2n-dimensional time-frequency plane. A dyadic rectangle s is the
tensor product of a dyadic cube, I, from the time plane and a dyadic cube, w,, from
the frequency plane. A dyadic rectangle s = Iy X wy of volume one is called a tile.
We will denote the set of generic rectangles in 2n-dimensional space by R.

Since we will be working with three functions we need to define the notion of a
tri-tile. A tri-tile is a rectangle s = I, X w, together with three tiles sy, so, s3 with
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the following properties:
(a) Iy = I, for j =1,2,3.

(b) J = U (ws Uws, Uws, Uwg, ) is a grid.
SER
(¢) ws is the convex hull of w;,, ws,, and wg,.

(d) For each i =1,2,...,n, g@ < 521) < §§i) for all §; € w,; and j =1,2,3,

and dist(wg) w) =¢; |[s|_% for j # j' and a fixed constant ¢; ;.

Y .
S]/

Property (d) is a separation condition motivated by the one-dimensional case in
which it can be shown that the model sums for the bilinear Hilbert transform satisfy
such a condition [10]. For our analysis, we also need the following property which
essentially follows from a separation of scales.

(2.1)  For two fixed tri-tiles s and &', if there exists an ¢ € {1,2,3} such that

W, Z Wy, for some fixed j =1, 2,3, then w, C W' -

C
=
We will denote the set of tri-tiles with property (2.1) by D.

We fix a Schwartz function ¢ such that ¢ is real, nonnegative, supported in the

cube [—15, 15" and equal to 1 on the cube [—1%5, :&]". For a tri-tile s € D and
x € R" we define

_1 T — C(IS mic(ws, )T .
(2.2) bs; (1) = |1 2¢(T1))62 (o), J=12,3.

Using the following definition of the Fourier transform

~

fy = [ fla)e ™" da,
R

one can easily see that
(23) ¢sj (7)) — ’Ws]|%¢(77|—(|1])> 627TZC(IS) (e(ws;) 77)7 j= 1’2’3'
Ws, |
Definition (2.2) tells us that for each s; the function ¢, is well localized in space
with most of its mass in I, while (2.3) tells us that ¢, is supported in w,,. Note also

that the ¢,, have the same L?(R") norm.
Let

(f.9) = | f@)gla)de,

be the usual complex inner product. For a finite set of tri-tiles S, we define the higher
dimensional bilinear sum

HS(fl, f2) = Z |IS|_1/2<f17 ¢s1><f2a ¢82>¢53’
sES

where f; and fy are initially taken to be Schwartz functions. Our main result is the
following theorem.
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Theorem 1. Let S be a finite collection of tri-tiles in D and f; and fo be Schwartz
functions. Then for p% + p% = %, 1 < p1,p2 <00, and p > %

I Hs(f1, f2)llLo@ny < C|l fillzor ey || 2l Lo )

where C' is independent of the collection S and the functions fi and fs.

Theorem 1 will follow from a restricted weak type estimate using interpolation
and duality. In particular we will prove the following theorem.
’Il‘heorem 2. Let vy and ry be such that r1,r9 > 1 and ﬁ + % = % Let pil = % -,

o = % —e&, and Ilj = %— 2¢ where € 1s a small positive number. Given n-dimensional

sets Fi, F, and E of finite measure, there exists a set E' C E where |E'| > $|E| such
that

F o0 | Fyl 72
(2.4) Hs(xFl,xFQ)(x)d$§—| ! ‘1_21| '
B \E|»

Assuming Theorem 2 holds, Hg is bounded for ‘pil — pi2| < % and % <p <2
by interpolation. See, for example, the general interpolation theorem for multilinear
operators of Grafakos and Tao [6]. Then one is able to recover Theorem 1 for the full
range of exponents from duality.

To prove Theorem 2, we first determine the set E’. Given n-dimensional sets

I, F5, and E of finite measure, define

0— {x : M(xr) > 12" min (1, %) } U {:1: : M(xr,) > 12" min (1, %) } ,

where M is the usual Hardy-Littlewood maximal function. Set E' := E \ Q. Since
M is of weak type (1,1) with constant at most 3", we see that || < $|E|, and hence
|[E'| > L|E|. Note that since M(xp) < 1, Q@ = 0 if |E| < min(|F|, |Fy|). We will
need the following estimates.

Proposition 1. Let S be a finite collection of tri-tiles in D. Then
[Fil2] P2

| Hiesnen(xmxn)(e) do < € ming B} B
v B}
where C' is independent of the collection S.

Proposition 2. Let S be a finite collection of tri-tiles in D. Then

/ H{SES:ISZQ} (XFI ) XF2)<':C) dx
E/

| F1
logm

F
-I—’logM

Fi|2|F2
< C min(|F|2, |Fy|?) min<M |E|é) (1+ v

1 Y
B2

)

where C' is independent of the collection S.
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We now prove Theorem 2, and hence Theorem 1, assuming that Propositions 1
and 2 hold. In the next section we prove Proposition 1, which is the more straight-
forward estimate. Then in Section 4 we prove Proposition 2 which requires a proper
organization of the tiles that contribute to the sum.

HS(XF1 ) XFz)(q;) dx
El

Proof of Theorem 2. First notice that Propositions 1 and 2 together imply that
(2.5)
Fi|z|F: F:
< min(|Fy |2 |Fy|2 )M(l + ’logHFl|

2 ) (1o 1))

We begin with the case |E| > |Fi|, |F»|. Notice that by the choice of r; and r,
(2.5) implies that

!Flr\Fﬂ” 1E] !E|
Jo% oA |E|z |F1! |F2!

Thus (2.4) follows using that 1+ loga < a° for a > 1.
If |E| < |Fi|,|Fz|, then as noted above, € is the empty set, and so we need only
Proposition 2. In this case the inequality becomes

. 1 £
Hs(xr, xr,)(x)dv < min(|Fy|2, |[F|? )IE|2(1+1 g”ED(Hlog%)

1
| F1 [P \27°
sinAme (B0
which is just (2.4).

Finally we consider the case |F}| < |E| < |F3|. Here we need to be more clever in
our exponents. Fix ¢ small enough so that o := % —e+d6<landf:= % —0+e<1.

Note that o+ 3 = 2. Now in (2.5) we replace the exponent for |Fj| with a + 8 — 1
and use that |F}| < |Fy| to obtain

||| Fo|? £ I
Hs(xr, xm)(x)de S ——F—(1+log— )1+ log —
I |E|z | FY| |E|

«a 6—2¢
_ IR rF2|ﬁ<|E|) (121}
~ |E]z \IAl) \IE] ’

which again is just (2.4). O

E‘/

3. PRrROOF OF PROPOSITION 1

This proof is modeled after similar ones in Bilyk and Grafakos [1] and Grafakos,
Tao, and Terwilleger [7] whose original inspiration came from Lacey and Thiele [11].
We will prove this in the case |Fi| < |Fy|, as the operator is symmetric in F} and F.
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For a dyadic cube J C () and v a large integer to be chosen later, we set
S;y={seS:I,=J}

and

LGN

)= (14

Notice that since ¢ is a Schwartz function,

(3.1) |65 ()| S |T| 24 (x)

fort=1,2,3 and s € S;.
We also need the following variants of Bessel’s inequality. For ¢ = 1,2,3, and
functions a, : S; — R,

(3.2) Z O‘SQSSH/};I S Mlas)llexs )
SESy 2
(3-3) 1((f @s)lexcsy S a2

Since (3.3) is the dual statement to (3.2), we just show (3.2). First note that we have
the almost orthogonality condition

- - A~ 1
(D507, 0507 ) = [(I6(2) (1 + )™ ) (le(ws,) = clws)IT|7) ]
S (1 + ‘C(w&‘) - C(wsg)H‘”;)_’m‘
In light of the properties of the tri-tiles and I, = J is fixed for each s, c(ws,)|J|* is a

vector in Z". Therefore we can index the elements s € S; by Z". Taking the above
facts into account, we have

> ;!

< Z |&s||as’||<¢siw;1a ¢s;¢]1>|

SESJ 2 S,S/GSJ
S Y lagdlag, [(1+ [k —m[)7"
k,mezZm
Sl P Y A+ [k —m])
kezn mezn

S la)lles,)-
We set My := M (f?)2.
Lemma 1. For any A > 1, we have

s, (i i)l ans S A1) inf M(xs) (@) inf Ma(xe,)(2).



BOUNDEDNESS FOR A BILINEAR MODEL SUM OPERATOR ON R" 7
Proof. Multiplying and dividing by ¥, we get

(XF17 XF2)77Z};1”L2

| Hs, (Xr Xm) || craney < [l czane

SATIE| D 1172 (b ) (X Bo) Ds 07
s€Sy L?
S AT (xR 861 ) (X D) [l 2(5) by (3.2)
S A7xA G e sl (X Ba) sy
N A_7|J|_%HXF1¢JHL1||XF2¢)J||L2 by (3.1) and (3.3)

< AT inf M(xs,) (@) inf My (e, ) (2).
[

To utilize Lemma 1, we must organize the dyadic cubes J C () according to how
imbedded they are in 2. Set

Fri={J:2"J C Q2" ¢ Q}.

Letting F; denote the dyadic cubes in Fj, maximal with respect to inclusion. A
critical observation is that

(3.4) S =3 S <2 Y <o) <2 Bl

JEFy JeF; JeF; JeF;
J'CJ

This can be seen by noting that if J' C J, then J' must share a boundary with
J, otherwise 2J" C J which puts J' in Fj,;. For J' of a fixed side length 2™ where
9™ < | J|w, the measure of all such cubes is at most 22| J|"+ which can be summed

over m < log, |J |% Finally, we use that the elements of F}' are pairwise disjoint.
Recalling that E' C Q¢ C (2%.J)¢ for each k and applying Lemma 1, we have that

'/ Hyses.r,cay(Xr, XR)(T) dz
El

Mg

’HSJ XF17XF2)HL1 (2k J)e)

>
Il

o
<

€F

o

A
WE

2" ,Yk|‘]| lnf M(XFl)(x) glcrelg M2(XF2)(I)

i
o
<

€F

ko

27O 7 inf M (xg)(z) inf  My(xp)(z).

xe2k+1J xe2k+1j
JEeFy,

A
NE

>
I
<)

Since 2¥*1.J meets Q¢, by definition we can bound the above by a constant multiple

of
F| 2 1 1
2o - (V) < IRise,
Z 2 g U

JeFy
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where the last inequality follows from (3.4) and by choosing the constant v large
enough so that C?277 < 1.

4. PROOF OF PROPOSITION 2

We now set up some tools that will allow us to organize the large sums over tri-
tiles in the statement of Proposition 2. Define a partial order < on the set of tri-tiles
D by setting

s<és — I, C 1y and  wy C w;.

We have the property that if two tri-tiles s, s’ € D intersect, then either s < s’ or s’ <
s. To see this, first observe that dyadic cubes have the property that if two of them
intersect, then one is contained in the other. Assuming s and s’ intersect, then they
intersect in both the time and frequency components, i.e. I, N Iy # (), w, Nwy # 0.
Without loss of generality, if we assume |I;| < |Iy|, then I, C I,. Now, recall that wy
and w, are not dyadic cubes but rather the closed convex hull of three dyadic cubes
which are separated in each coordinate. By property (2.1) of the tri-tiles, if there
exists an i € {1,2,3} such that wy G w,, for some fixed j = 1,2,3, then wy C w;.
On the other hand, if wy € w,, for all 4,5 = 1,2,3, then wy must be contained in
one of the spaces between the dyadic cubes w;,. In either case, we have that wy C w
which gives s < s’. A consequence of this property is that for a finite set of tri-tiles,
all maximal elements under < must be disjoint sets.

A finite set of tri-tiles T is called a tree if there exists a tri-tile ¢ € D such that
s < tforall s € T. We call t the top of the tree T and denote it by ¢t = It X wp. The
tiles composing the top of the tree will be denoted by t; = It x wy; for j =1,2,3.
Note that the top is not necessarily an element of the tree. Another useful observation
is that any finite set of tri-tiles S can be written as a union of trees by considering
all maximal elements of S under <. Then a nonmaximal element s € S must be less
than, in the partial order, some maximal element ¢ € S which places s in the tree
with top t.

We say a tree T is of type j = 1,2, 3, or a j-tree, if

wr Nws, =0

for all s € T. By facts noted above, if s < ¢, where t is the top of any tree T, then
either there is one 7 € {1, 2,3} such that wr C ws,, or wrNw,, = 0 for alli = 1,2,3. If
weset Tp:={s € T :wrNw,, =0 foralli=1,2,3} and T; := {s € T : wrNws, # 0}
for i = 1,2,3, then T = U?_,T;. Also Ty is a tree of type 1, 2 and 3, while T; is
a tree of type j # i. By throwing the tri-tiles in Ty into one of the other sets T,
we see that any tree T can be written as a union of at most three pairwise disjoint
subtrees which are j-trees for at least two choices of j.

Given any finite set of tri-tiles S, we want to find a suitable decomposition into
sets on which we can apply estimates and obtain geometric series. This idea can be
found in Lacey [9]. To this end, for a function f € L? we define the k-energy of a
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finite set of tri-tiles S by

T of type k s€T
Notice that for the tri-tiles in a k-tree, the w,, must be pairwise disjoint, and thus
the Fourier supports of the functions ¢, are pairwise disjoint.

Lemma 2. Let S be a finite set of tri-tiles and f a function in L?. Then there exists
a constant C7 and a subset S1 of S such that Sy is a union of trees T; and

E(S\ Sy, f) < %Ek(s)

Z |IT1’ < Olgk(s7 f)_Q
!
This lemma and its proof are well represented in the literature. For the multidi-
mensional version, see Pramanik and Terwilleger [14].
To begin the decomposition, choose mg > 0 so that E(S, fr) < 2™ for k =
1,2,3. Using Lemma 2, we can inductively construct a sequence of pairwise disjoint
sets Syys Smg—1, - - . such that

(4.1) S = O Sp

(4.2) Er(Sp, fr) < 27D for all m < mg and k = 1,2, 3.
.3) S, is a union of trees T}, such that

Z I, | < C272™ for all m < my.
!

Here, C' is a constant depending only on dimension and the constant C; in Lemma
2. Thus we suppress its explicit value throughout the proof. Proofs of similar con-
structions can be found in Bilyk and Grafakos [1] or Pramanik and Terwilleger [14].

In Proposition 2, given a finite set of tri-tiles S, we are interested in those tri-tiles
in the set

S:={seS:I,ZQ}

Our restriction to S is needed in the following lemma, which is a refined energy
estimate.

Lemma 3. For k =1,2 and fi, = xp,,

(14) 68, < min (17 é,rm—%)

This lemma is crucial for obtaining the full range of exponents in our theorem.
We are able to exploit the fact that we are working on a restricted class of tiles to
obtain an improved estimate over (4.2). The proof of this lemma is quite technical
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and in the higher dimensional setting may be found in Grafakos, Tao, and Terwilleger
[7].

Finally, before we commence our proof of the proposition, we need to estimate
the operator over a single tree T C S. As noted earlier, any tree T can be written
as the union of three trees each of type j for at least two choices of j. Thus if we fix
ak =1,23, we may assume T is a j-tree for j # k. In addition {s} is a k-tree for
all k£, and so for all s € S,

1172 (s Do) | < ER(S f)ll Fila-

Applying the above estimate and Cauchy-Schwarz, we see that

(He(fr, fo), f3)] <D ILI72 e du ) T 1F0 04

s€ET j#k

<E(S, Ol fell2 D T 1 0,0

seT j#k

(4.5)
<&(S, flfell2l Il T | (IITI_1 > |<fj,¢sj>l2>

J#k seT

3
<|Ir| [T & (S, fi)ll fells-
k=1

D=

Now we have all the ingredients to deduce Proposition 2. Let fi = xr, fo = Xm»

and f3 = xp in the decomposition (4.1)-(4.3) of S and in the estimate (4.5). Then
we readily have that

’<H§<XF17XF2 XE’ Z Z| Hsz XF17XF2> XE’H

m=—oo0 [
< ST S gy 161(Sm x5 E2(Smy X£) (S, )| F| 2| Fal 2 | B2
m=—o0 [
(4.6)
S Y 2 min<| BE gt zmn) n(l L 2m")|F1| R[],
mzzoo Bl |E]

where the last line follows by applying (4.3) and (4.2) in addition to (4.4) which gives
better estimates for the 1- and 2-energies when m is large.

It remains to see that the sum gives the claimed estimate of Proposition 2. We
consider several cases, but they all give geometric series plus a finite number of terms
of logarithmic order.

Case 1. |E| > |Fy|, |F].



BOUNDEDNESS FOR A BILINEAR MODEL SUM OPERATOR ON R" 11

If |F3| > |Fi|, then the sum (4.6) can be bounded by

1 1
Lo |Fq]2 Log |Fa|2
n [E| n [E| 1 o9 1 1
Ik o | F1| 2| F2 |2 PR T
POERAE DY + Y e | R B
e , B , ]

< IR |IFB E 2(1+1og :F:)

Reversing the roles of F; and F; gives a symmetric inequality, and so this case yields
F:
1R

the estimate
og —| .
| Fy| )

This implies the statement of Proposition 2 since in this case |F\||Fy||E|™! < |E|.
Case 2. |E| < |Fy|, |F1).

This time we have |Fy||F||E|™" > |E|. Assuming |Fy| > |Fy|, (4.6) can be
bounded by

min(|Fy |3, |F[3)| |2 B2 | B] (1 N

~Llog|Ry? —Llog|Fy? . - '
PO D DR T Z 2 | IRBIRE B
m=—o00 m:fllog|Fg\%| |2 l \F|2 | 1|2| 2|2

SIRIIEL (1+1og 71 ).

and so by symmetry we have the estimate

i)

Case 3. |E| lies between |Fi| and |Fy| and |Fy||Fy||E|~! < |E|.
Assuming |Fy| < |E| < |F3], (4.6) becomes

m1n(\F1|2 |Fy|2 )]E| <1+ log —

1
Liog 1112 —Llog |Fy|3
" 1E] ~log | Fy 1 oo 1
F F
M——o00 e ’ ’ 11 |F|% |F2|2|E|
m=-log \1E| n 108142

1oL |E?
S| R[22 1+10gm .

So when |E]| lies between |Fy| and |Fy| and |Fy||Fy||E|~' < |E|, we obtain

. 1 1 1 1 1 E2
min(|F1 |2, | 2] 2)| Py 2| P2 | E] 2(1+log|F|H|F\)
1 2

Case 4. |E)| lies between |Fy| and |Fy| and |Fy||F||E|~ > |E].
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Finally, if |Fy| < |E| < |Fy| and |Fy||Fy||E|~! > |E|, we bound (4.6) by

1
—Llog|Fy|3 T log 1 > |Fy|2 T
2" + : 27 ——— | |17 |32 | E2
mz—oo IZ 1 |P12|E Z 1 |F2|§|E|
m=—-log|F2|2 _1 |F1]2
n m=--log [E]
Fi||F:
§|F1\§\E|§(1+log%"22’>.

Thus symmetry in F; and F5 yields the estimate

Fi||F:
min(|Fy |2, |Fy|2)|E|Z ( 1+ log IFUIEI 1Y
|E[?
Our proof of Proposition 2 is now complete.
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