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Abstract. We construct a large class of infinite self-similar (fractal, hierarchical or substitution)
graphs and show, under a certain strong symmetry assumption, that the spectrum of the Laplacian can
be described in terms of iterations of an associated rational function (so-called ‘spectral decimation’).
We prove that the spectrum consists of the Julia set of the rational function and a (possibly empty)
set of isolated eigenvalues which accumulate to the Julia set. In order to obtain our results, we start
with investigation of abstract spectral self-similarity of operators.
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1. Introduction

In this paper we construct a large class of infinite self-similar graphs for which
the spectrum of the Laplacian is self-similar in the sense that it can be completely
described in terms of iterations of a rational function. This phenomenon, usually
called ‘spectral decimation’, was first observed for Sierpiński lattice in the physics
literature [16, 17], and later a mathematical theory was developed [2, 4, 19, 20, 23].
Other fractals were considered in [7, 12, 14, 21], and the complex multi-dimensional
case in [18]. Graphs of certain fractal groups studied in [1, 5, 6] have a fractal
spectrum, although they seem to be different from the graphs considered here. For
more information on analysis on fractals, see [9] and references therein.

We show that the spectrum of self-similar graphs satisfying a certain strong
symmetry assumption consists of the Julia set of a rational function and a (pos-
sibly empty) set of isolated eigenvalues which accumulate to the Julia set. These
eigenvalues, typically, have infinite multiplicity.

The graphs we consider can be called fractal, hierarchical or substitution graphs.
These graphs are often related to nested fractals [13, 22]. A class of such graphs
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with only two boundary points, two-point self-similar graphs (TPSG), was con-
sidered in [15], where completeness of localized eigenfunctions was proved under
mild conditions.

Our construction of a self-similar graph is based on a finite symmetric M-point
model graph. The model graph determines a self-similar sequence of finite graphs
which then defines an infinite self-similar graph. This infinite graph always has
polynomial growth and is assumed to be connected. There is no spectral gap that is
zero (or one in the probabilistic statement), is a point of the spectrum, and is not an
isolated point. The graph random walk is recurrent. The spectrum of the Laplacian
is described in terms of rational functions R(z), ϕ1(z) and ϕ0(z)which depend only
on the model graph. These functions are difficult to read directly from the structure
of the model graph, but they can be computed effectively by (3.2). By (3.3), ϕ1(z)

and ϕ0(z) are two Green’s functions, and R(z) is the ratio of them.
The necessary and sufficient conditions for spectral similarity on fractals were

first considered in [21]. However, these conditions are algebraic in nature and dif-
ficult to verify. Our work gives sufficient conditions that are slightly different than
those of [21], where only nested fractals were considered. We also give certain sim-
ple necessary conditions for spectral similarity. The main difference between our
paper and [21] is that we analyze the spectrum of infinite graphs, while [21] studied
the fractals, which are compact sets and give rise to discrete spectrum. We note that
our main results were obtained independently of [21]. Another independent study
of the spectrum of self-similar graphs has appeared recently in [10, 11].

2. Abstract Spectral Self-Similarity

Let H and H0 be Hilbert spaces, and U : H0 → H be an isometry. Suppose that H
and H0 are operators on H and H0, respectively, and that ϕ0 and ϕ1 are complex-
valued functions defined on a set � ⊆ C. Here and in what follows, an operator
always means a bounded linear operator unless stated otherwise.

DEFINITION 2.1. We call an operator H spectrally similar to an operator H0

with functions ϕ0 and ϕ1 if

U ∗(H − z)−1U = (ϕ0(z)H0 − ϕ1(z))
−1 (2.1)

z ∈ �0, where �0 is the set of those z ∈ � for which the two sides of (2.1) are
well defined. We always assume that �0 is open and not empty.

In particular, if ϕ0(z) �= 0 and R(z) = ϕ1(z)/ϕ0(z), then

U ∗(H − z)−1U = 1

ϕ0(z)
(H − R(z))−1. (2.2)

Remark 2.2. The functions ϕ0 and ϕ1 are defined uniquely by (2.1) if and only
if H0 is not a multiple of the identity operator on H0. In what follows, we always
assume that this is the case.
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We also often assume that H0 is a closed subspace of H . In this case, U is the
inclusion operator, which we will omit, and U ∗ = P0, the orthogonal projector
onto H0.

EXAMPLE 2.3. Suppose H = R3 and H0 = R2 in the decomposition R3 =
R2 ⊕ R1. Then the operators H and H0 given by

H =
( 1 1 1

1 1 1
1 1 1

)
and H0 =

(
1 1
1 1

)
are spectrally similar. In view of (2.1) or (3.2) below, it is easy to compute that
ϕ1(z) = z/(z − 1), ϕ0(z) = z and R(z) = z − 1.

EXAMPLE 2.4. Suppose again that H = R3 and H0 = R2 in the decomposition
R3 = R2 ⊕ R1. Then the operators H and H0 given by

H =
 −1 0 1/2

0 −1 1/2
1/2 1/2 −1

 and H0 =
( −1 1

1 −1

)
are spectrally similar, with ϕ1(z) = 1 + z − 1/(z + 1), ϕ0(z) = 1/2(z + 1) and
R(z) = 2z2 + 4z by (2.1), or by (3.2) below.

DEFINITION 2.5. We call an operator H spectrally self-similar with functions ϕ0

and ϕ1 if there exists a co-isometry D on H , that is, DD∗ = I , such that

D(H − z)−1D∗ = (ϕ0(z)H − ϕ1(z))
−1 (2.3)

for any z ∈ � for which the two sides are well defined.

We note that Equation (2.3) was used by J. Béllissard [2] for a particular case
of the Laplacian on Sierpiński lattice.

PROPOSITION 2.6. The operator H is spectrally self-similar if and only if H
is spectrally similar to an operator H0 on a closed subspace H0 such that H =
UH0U

−1 for an isometry U : H0 → H .

3. Properties of Spectrally Similar Operators

Most of the results in this section appeared in [23] and [21] in a slightly different
setting.

In this section we assume that H0 is a closed subspace of H . Then U is the
inclusion operator, which we will omit, and U ∗ = P0, the orthogonal projector
onto H0. (If H0 is not a subspace of H one can use U to identify H0 with ImU

which is a closed subspace of H .)
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NOTATION 3.1. Let H1 be the orthogonal complement to H0 and P1 = I − P0

be the orthogonal projector onto H1. The operators S: H0 → H0, X: H0 → H1,
X̄: H1 → H0 and Q: H1 → H1 are defined by S = P0H , X = P1H , X̄ = P0H

and Q = P1H . This means that H has the following block structure with respect
to the representation H = H0 ⊕ H1:

H =
(
S X̄

X Q

)
. (3.1)

For i = 1, 2, Ii denotes the identity operator on Hi . The resolvent set of an operator
A is denoted by ρ(A).

Remark 3.2. Note that the operators S and X, as well as H0, are defined on H0,
and the operators Q and X̄ are defined on H1. Throughout this paper, we slightly
abuse the notation by omitting the operators of inclusion of H0 and H1 into H in all
formulas. Also, we often write a constant instead of an identity operator multiplied
by this constant, and we do not use any the notation for a restriction of an operator
to a particular subspace. It allows us to simplify many expressions and, we hope,
will not confuse the reader.

The next lemma will be an important tool for dealing with spectrally similar
operators.

LEMMA 3.3. For z ∈ ρ(H) ∩ ρ(Q) relation (2.1) holds if and only if

S − zI0 − X̄(Q− zI1)
−1X = ϕ0(z)H0 − ϕ1(z)I0. (3.2)

Proof. We have that

P0(H − z)−1(S − z − X̄(Q− z)−1X)P0

= P0(H − z)−1P0(H − z)P0 −
− P0(H − z)−1P0(H − z)(Q− z)−1P1(H − z)P0

= P0(H − z)−1P0(H − z)P0 + P0(H − z)−1P1(H − z)P0 = P0.

Therefore (2.1) is equivalent to (3.2). ✷
COROLLARY 3.4. Suppose H is spectrally similar to H0 on H0. Then there exists
a unique analytic continuation of ϕ0 and ϕ1 from the set �0 ∩ρ(Q) to its connected
component in ρ(Q) such that (3.2) holds.

In particular, if the spectrum of Q consists only of isolated eigenvalues, then ϕ0

and ϕ1 have a meromorphic continuation to all of C, with all the poles contained
in σ (Q).

Proof. By Remark 2.2, there are two vectors e, e′ ∈ H0 such that 〈e, e′〉 = 0 but
〈H0e, e

′〉 �= 0, then, by (3.2),
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ϕ0(z) = 〈S − X̄(Q− z)−1X)e, e′〉
〈H0e, e

′〉 ,

ϕ1(z) = 〈(S − z − X̄(Q− z)−1X − ϕ0(z)H0)e, e〉
〈e, e〉

(3.3)

for any z ∈ ρ(Q). These formulas give the required unique analytic continuation. ✷
By this corollary, without loss of generality, we can assume that ϕ0(z) and ϕ1(z)

are defined on ρ(Q) by (3.3).

DEFINITION 3.5. If H is spectrally similar to H0, then the set

E(H,H0) = {z ∈ C : z /∈ ρ(Q) or ϕ0(z) = 0}
is called the exceptional set of the operators H and H0.

THEOREM 3.6. Let H be spectrally similar to H0 on H0 and z /∈ E(H,H0).
Then

(1) R(z) ∈ ρ(H0) if and only if z ∈ ρ(H).
(2) R(z) is an eigenvalue of H0 if and only if z is an eigenvalue of H . Moreover,

there is a one-to-one map

f0 �→ f = f0 − (Q − z)−1Xf0

from the eigenspace of H0 corresponding to R(z) onto the eigenspace of H
corresponding to z.

Proof of (1). Suppose z ∈ ρ(H). Then the operator, ϕ0(z)H0 − ϕ1(z) has a
bounded inverse, as it follows from the proof of Lemma 3.3 and corollary follow-
ing it. Hence R(z) ∈ ρ(H0) by the definition of R(z), see Definition 2.5, since
ϕ0(z) �= 0.

Suppose now that z /∈ ρ(H). Then there exists a sequence {gn}∞
n=1 of elements

of H such that ‖gn‖ = 1 and (H − z)gn → 0 as n → ∞. That is

(Q− z)P1gn + XP0gn → 0 (3.4)

and

(S − z)P0gn + X̄P1gn → 0 (3.5)

as n → ∞. Since z /∈ ρ(Q), relation (3.4) implies that P1gn + (Q− z)−1XP0gn
→ 0 and so P0gn �→ 0. At the same time, by (3.4) and (3.5), (S − z − X̄(Q −
z)−1X)P0gn → 0 as n → ∞. Therefore, R(z) /∈ ρ(H0) by Lemma 3.3. ✷

Proof of (2). Suppose that R(z) is an eigenvalue of H0 and f0 is a
corresponding eigenvector. Then, by the definition of R(z), ϕ0(z)H0f0−ϕ1(z)f0 =
0 and so, by (3.2),

zf0 = (S − X̄(Q− z)−1X)f0.
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Define f1 = −(Q−z)−1Xf0 and f = f0+f1, then P0HP1f = −X̄(Q−z)−1Xf0.
Hence

(P0HP0 + P0HP1)f = S − X̄(Q − z)−1Xf0 = zf0. (3.6)

Also we have (Q− z)f1 = −Xf0 and so

(P1HP1 + P1HP0)f = Qf1 + Xf0 = zf1. (3.7)

Combining relations (3.6) and (3.7), we get

Hf = (P1HP1 + P1HP0 + P0HP0 + P0HP1)f = zf1 + zf0 = zf.

Therefore the required map is well defined. It is, obviously, one-to-one.
Suppose now that z is an eigenvalue of H and f is a corresponding eigenvector.

Define f0 = P0f, f1 = P1f . Then, clearly,

zf0 = Sf0 + X̄f1, zf1 = Qf1 + Xf0.

Therefore f1 = −(Q−z)−1Xf0. On the one hand, this implies zf0 = Sf0 −X̄(Q−
z)−1Xf0, and so H0f0 = R(z)f0 by (3.2). On the other hand, f = f0 + f1 =
f0 − (Q− z)−1Xf0. Therefore, the map under consideration is onto. ✷
PROPOSITION 3.7. If H is spectrally similar to H0 on H0 then S = aH0 + bI0

for some a, b ∈ C, and for any k � 0 there are coefficients ak, bk ∈ C such that

X̄QkX = akH0 + bkI0. (3.8)

If for any k � 0 there are coefficients ak, bk, ck ∈ C such that

X̄QkX = akH0 + bkI0 + ckS, (3.9)

then H is spectrally similar to H0 on H0.
Proof. Suppose there exists a continuous linear functional λ on the space B(H0)

of bounded operators on H0 such that λ(H0) = λ(I0) = 0 but λ(S) �= 0. Then (3.2)
implies that λ(S − X̄(Q − z)−1X) = 0. This is impossible since ‖X̄(Q − z)−1X‖
→ 0 as |z| → ∞. Therefore, such λ does not exist. By the Hahn–Banach theorem,
S belongs to the linear span of H0 and I0.

If |z| > ‖Q‖ then X̄(Q − z)−1X = ∑∞
k=0 z

−k−1X̄QkX. Hence, the result
follows if one considers the expansion of the right-hand side of (3.2) into Laurent
series. ✷

The next proposition describes a few examples of trivial situations when we
have spectral similarity.

PROPOSITION 3.8. (1) Let H = H̃0 ⊕ H̃1 be an orthogonal sum of operators
H̃i: Hi → Hi , i = 0, 1. Then H is spectrally similar to H0 on H0 if and only if
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H̃0 = aH0 + b for some a, b ∈ C. In this case Equation (2.1) holds with ϕ0(z) = a

and ϕ1(z) = z − b.
(2) Suppose H is spectrally similar to H0 on H0. Then ϕ0(z) = a and ϕ1(z) =

z − b if and only if X̄QkX = 0 for any k � 0.
(3) If S = aH0 + b and X̄QkX = 0 for any k � 0 then H is spectrally similar

to H0.
Proof. (1) We see that in this case Equation (2.1) has the form (H̃0 − z)−1 =

(ϕ0(z)H0 − ϕ1(z))
−1 or H̃0 − z = ϕ0(z)H0 − ϕ1(z). The statement follows since

H̃0 does not depend on z.
(2) Note that for |z| > r0, r0 is large enough, (3.2) is equivalent to

S − z +
∞∑
k=0

z−k−1X̄QkX = ϕ0(z)H0 − ϕ1(z). (3.10)

If (2.1) holds with ϕ0(z) = a and ϕ1(z) = z − b, then

S +
∞∑
k=0

z−k−1X̄QkX = aH0 + b

by Lemma 3.3 for |z| > r0. Therefore X̄QkX = 0 for any k � 0.
Conversely, if X̄QkX = 0 for any k � 0 then, by (3.10),

S − z = ϕ0(z)H0 − ϕ1(z), |z| > r0.

Hence, ϕ0(z) = a and ϕ1(z) = z − b (see Remark 2.2).
(3) Follows from Lemma 3.3 and (3.10). ✷

EXAMPLE 3.9. Let operators H and H̃ have the following block structure with
respect to the decomposition H = H0 ⊕ H1

H =
(
aH0 + bI0 B

0 C

)
, H̃ =

(
aH0 + bI0 0

B C

)
.

Then both H and H̃ are spectrally similar to H0 with functions ϕ0(z) = a and
ϕ1(z) = z − b.

The next lemma allows us to construct a pair of spectrally similar operators
from a given family of spectrally similar operators. It will play an important role
in the next section. It allows us, in particular, to prove the existence of spectral
similarity when a graph is not symmetric as in Example 4.8.

For each α ∈ A, let Hα be a closed subspace of H , Hα = Hα
0 ⊕ Hα

1 , Pα
i be

the orthogonal projector onto Hα
i , i = 0, 1. Also assume that Pα

i P
β

1 = 0 if α �= β,
i = 0, 1. Then P1 = ∑

α∈A Pα
1 is the orthogonal projector onto H1 = ⊕

α∈A Hα
1 .

We define H0 as the orthogonal complement to H1.
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For α ∈ A let Hα and Hα
0 be operators on Hα and Hα

0 respectively. Suppose
that for given functions ϕ1(z) and ϕ0(z) defined on

⋂
α∈A ρ(Qα), we have

Sα − z − X̃α(Qα − z)−1Xα = ϕ0(z)H
α
0 − ϕ1(z)P

α
0

for each α where Sα , Xα , X̄α, Qα are defined in the same way as S, X, X̄, Q in
Lemma 3.3. This implies that each Hα is spectrally similar to Hα

0 with functions
ϕ0(z) and ϕ1(z) which do not depend on α.

LEMMA 3.10. Let for families of operators {Lα}α∈A, {Rα}α∈A we have that P0=∑
α∈A LαP α

0 R
α and for each α, P1L

α = RαP1 = Pα
1 , P0L

α = LαP α
0 , RαP0 =

Pα
0 R

α. Then the operators H = ∑
α∈A LαHαRα and H0 = ∑

α∈A LαHα
0 R

α are
spectrally similar with functions ϕ0(z), ϕ1(z).

Proof. We have

SP0 = P0

∑
α∈A

LαHαRαP0 =
∑
α∈A

LαP α
0 H

αPα
0 R

α =
∑
α∈A

LαSαRα.

Also

P0HPα
1 =

∑
β∈A

P0L
βHβRβP α

1 =
∑
β∈A

P0L
βHβRβP1P

α
1

= P0L
αHαP α

1 = LαP α
0 H

αPα
1 = LαX̄αP α

1 ,

and similarly Pα
1 HP0 = Pα

1 H
αPα

0 R
α = XαPα

0 R
α. In addition, on H1

(Q− z)−1 =
(∑
α∈A

P1L
αHαRαP1 − z

)−1

=
(∑
α∈A

Pα
1 H

αPα
1 − z

)−1

=
∑
α∈A

(P α
1 H

αPα
1 − z)−1Pα

1 =
∑
α∈A

(Qα − z)−1Pα
1 .

Thus

S − X̄(Q − z)−1X

=
∑
α∈A

(LαSαRα + LαX̄α(Qα − z)−1XαRα)

=
∑
α∈A

(z − ϕ1(z))L
αP α

0 R
α + ϕ0(z)L

αHα
0 R

α

= (z − ϕ1(z))P0 + ϕ0(z)H0. ✷

4. Symmetric Graphs and Spectral Similarity of Laplacians

For a graph G we denote by V (G) and E(G) the set of its vertices and edges,
respectively. By +(V ) we denote the linear space of functions on V . We always
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assume that a graph is locally finite, that is each vertex is contained in a finite
number of edges. A complete graph is a graph which has one edge between any
two vertices, and does not have any loops or multiple edges. A graph isomorphism
is a bijective map from one graph to another which preserves the graph structure
(vertices are mapped into vertices, edges are mapped into edges, and the vertices
contained in an edge are mapped into the vertices contained in the image of this
edge). A graph automorphism is an isomorphism onto itself.

DEFINITION 4.1. Let G be a graph and V0 ⊆ V (G). We say that G is sym-
metric with respect to V0 if any bijection σ : V0 → V0 can be extended to a
graph automorphism ψσ : G → G. We denote the set of these automorphisms by
-(G,V0).

For the next lemma we assume that the inner product on H = +(V (G)) is
invariant under the action of the symmetries. If V0 ⊆ V (G) then we define H0 to
be a subset of H of the functions vanishing on V (G) \ V0.

LEMMA 4.2. Let G be a graph symmetric with respect to V0 ⊆ V (G) and H0 be
an operator on H0 invariant under any permutation σ : V0 → V0. If an operator
H on H is invariant under -(G,V0) then H is spectrally similar to H0.

The proof of this lemma follows easily from Lemma 4.3.

LEMMA 4.3. Suppose for a family of operators {Tσ }σ∈- on H the following two
assumptions hold:

(1) An operator H and an orthogonal projector P0 commute with each Tσ .
(2) There exists an operator H0 on H0 = ImP0 such that an operator H̃0 on H0

commutes with each Tσ if and only if H̃0 = aH0 + b for some a, b ∈ C.

Then H and H0 are spectrally similar.
Proof. Let the operators S,X, X̄,Q be defined as in the Lemma 3.3. Assump-

tion (1) implies that, for any z �∈ ρ(Q), operator S − z− X̄(Q− z)−1X commutes
with each Tσ . Then assumption (2) implies that for a fixed z there are two complex
numbers, say ϕ0(z) and ϕ1(z), such that S− z− X̄(Q− z)−1X = ϕ0(z)H0 −ϕ1(z).
Hence, H and H0 are spectrally similar by Lemma 3.3. ✷

Remark 4.4. Indeed, the lemma above is used in a situation when {Tσ }σ∈S is a
representation of a group of symmetries. The conditions (1) and (2) can be written
in the language of representation theory, but we will not use it here.

In the next definition and throughout this paper, ‘Laplacian’ is always a discrete
difference operator.

DEFINITION 4.5. The graph or probabilistic Laplacian of a function f ∈
+(V (G)) is defined by
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/Gf (x) = −f (x) + 1

deg(x)

∑
(x,y)∈E(G)

f (y), (4.1)

where deg(x) is the degree of the vertex x. The Markov operator (generator of the
simple random walk) is defined by

/Mf (x) = 1

deg(x)

∑
(x,y)∈E(G)

f (y) (4.2)

and the adjacency matrix (combinatorial) Laplacian is defined by

/Af (x) = − deg(x)f (x) +
∑

(x,y)∈E(G)
f (y). (4.3)

It is easy to see that the graph Laplacian and the Markov operator are bounded
and symmetric with respect to the graph inner product

〈f, g〉G =
∑

x∈V (G)
f (x)g(x) deg(x). (4.4)

The Hilbert space with this inner product will be denoted by H(G) and the corre-
sponding norm ‖ · ‖G. The adjacency matrix Laplacian is symmetric in +2(V (G))

and may be unbounded on an infinite graph. Note that the graph Laplacian is the
Markov operator minus the identity operator and so any information on the first
one is easy to translate into information on the second one. If the graph is regular,
as in the case of a group, then the adjacency matrix Laplacian is a multiple of the
graph Laplacian, and the same is true about its spectrum.

While Lemma 4.2 gives only sufficient conditions for spectral similarity, the
next simple lemma gives a weaker necessary condition (but strong enough to be
applicable to an example in Section 6).

For the next lemma, we assume that the inner product on H = +(V (G)) is one
of the two defined above. If V0 ⊆ V (G) then again we define H0 to be a subset of
H of the functions vanishing on V (G) \ V0.

LEMMA 4.6. Let G be a locally finite graph, and G0 be a finite complete graph
with V (G0) = V0 ⊆ V (G). Let H and H0 be Laplacians on G and G0 respectively
(defined in Definition 4.5). If H is spectrally similar to H0, then distG(a, b) =
distG(a, c) for any three distinct points a, b, c ∈ V0, where distG is the usual graph
distance in G.

Proof. First note that all the nondiagonal entries of the matrix of H0 are strictly
positive. Suppose that distG(a, b) > distG(a, c). If distG(a, c) = 1 then some
nondiagonal entries of the matrix of S are positive while some are zero, which
contradicts (3.2). If distG(a, c) � 2 then consider the term in the left-hand side
series in (3.10) corresponding to k = distG(a, c) − 2. Then again, some nondi-
agonal entries of the matrix of X̄QkX are positive while some are zero which
contradicts (3.10) for |z| large enough. ✷
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Let G be a graph symmetric with respect to V0 ⊆ V (G) and G0 be a complete
graph with V (G0) = V0. By Lemma 4.2, /G and /G0 are spectrally similar with
some functions ϕ1(z) and ϕ0(z). If A is a set then G × A is a naturally defined
graph with the set of vertices V (G)× A and the set of edges E(G)× A. Let ∼ be
an equivalence relation on the set V0 × A such that each element is equivalent to a
finite set of elements. Let G̃ = {G × A}/∼. The graph G × A can be considered
as a disjoint union of |A| copies of G and G̃ is a union of |A| copies of G joined at
the equivalent vertices. Similarly we define G̃0 = {G0 × A}/∼. The Hilbert space
under consideration is H̃ = H(G̃).

LEMMA 4.7. The graph Laplacian on G̃ is spectrally similar to the graph Lapla-
cian on G̃0 with the same functions ϕ1(z) and ϕ0(z).

Proof. Let H = H(G × A). Note that we can identify H̃ with the subspace
{f ∈ H : f (x) = f (y) if x ∼ y} of H , and the norms coincide by (4.4). Denote
V α = V (G × α) and V α

0 = V (G0 × α). Let for each α ∈ A we define Hα =
H ∩ +(V α) and Hα

0 = H ∩ +(V α
0 ). Let Hα and Hα

0 , α ∈ A, be the corresponding
Laplacians on Hα and Hα

0 , respectively, that is Hα = /G×α and Hα
0 = /G0×α .

Then Hα and Hα
0 are spectrally similar for each α ∈ A with ϕ1(z) and ϕ0(z) by

Lemma 4.2 (clearly ϕ1(z), ϕ0(z) and ρ(Qα) do not depend on α).
In order to apply Lemma 3.10 we need to define families of operators {Lα}α∈A,

{Rα}α∈A with the required properties. We define Rα = Pα and Lα = PH̃P
α . Then

H = ∑
α∈A LαHαRα = /G̃, H0 = ∑

α∈A LαHα
0 R

α = /G̃0
and the conditions of

Lemma 3.10 are easy to verify. ✷
EXAMPLE 4.8. Let G̃0 be any graph and G̃ be a graph obtained from G̃0 by
substituting each edge with two consecutive edges. Then by this proposition, the
graph Laplacian on G̃ is spectrally similar to the graph Laplacian on G̃0 with
ϕ1(z) = 1 + z − 1/(z + 1), ϕ0(z) = 1/2(z + 1) and R(z) = 2z2 + 4z (see
Example 2.4).

More generally, let G0 and G̃0 be any graphs, and suppose that G0 is symmetric
with respect to a two-point set V0 = {v1, v2}. Let G̃ be a graph obtained from G̃0

by substituting each edge (x1, x2) with a copy of G0 in such a way that, after the
substitution, v1 coincides with x1 and v2 coincides with x2. Then by the proposition
above the graph Laplacian on G̃ is spectrally similar to the graph Laplacian on G̃0.
Two-point self-similar graphs defined in [15] fall into this example.

We emphasize that in this example the graphs G̃ may have no symmetries in any
sense. However the spectral similarity holds due to symmetries in the ‘substituting’
graph G0.

LEMMA 4.9. Let G and G0 be finite graphs with V (G0) = V0 � V (G), and
suppose the graph Laplacians /G and /G0 are spectrally similar. If G is connected
then R(0) = 0. If G0 is also connected then, in addition, R′(0) > 1.

Proof. First note that 0 is not in the spectrum of Q because G is connected
and finite (even if the graphs are infinite, in the examples we consider Q can be
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represented as a product of identical finite-dimensional matrices and so 0 is not in
the spectrum of Q).

We have /G1 = 0 where 1 stands for a function on V (G) that is identically
one. Then by (3.1) we have XP01 + QP11 = 0 and so P11 = −Q−1XP01. Also
by (3.1) we have X̄P11 + SP01 = 0, which implies

SP01 − X̄Q−1XP01 = 0.

By (3.2) we have ϕ1(0) = 0 since /G0P01 = 0. It is known that Q−1 has nonpos-
itive matrix entries (see Lemma 2.7.1 in [8]) and X̄Q−1X has at least one strictly
negative nondiagonal entry since G is connected. Hence, ϕ0(0) �= 0 that implies
R(0) = 0.

By the same argument every diagonal matrix entry of X̄Q−1X is strictly nega-
tive that implies 0 < ϕ0(0) < 1. By differentiating (3.2), we have

−I0 − X̄Q−2X = ϕ′
0(z)H0 − ϕ′

1(z)I0.

Then ϕ′
0(0) � 0 since at least some nondiagonal entries of H0 are positive if G0 is

connected, and all the entries if X̄Q−2X are nonnegative. Hence, ϕ′
1(0) � 1 by the

comparison of the diagonal matrix entries. Thus R′(0) = ϕ′
1(0)/ϕ0(0) > 1. ✷

5. Symmetric Self-Similar Graphs and Self-Similar Spectrum

DEFINITION 5.1. An M-point model graph G is a finite connected graph sym-
metric (Definition 4.1) with respect to an M point set ∂G = V0 ⊂ V (G) if

(1) there are complete graphs Gs of M vertices such that G = ⋃
s∈S G

s where S
is a finite set and |S| � M � 2;

(2) we have Gs ∩ Gs ′ = V (Gs) ∩ V (Gs ′) for all distinct s, s′ ∈ S, and this
intersection is either empty or has only one point;

(3) we have |Gs ∩ ∂G| � 1 for any s ∈ S;
(4) any bijection σ : ∂G → ∂G has an extention (see Definition 4.1) to a graph

automorphism ψσ : G → G, such that ψσG
s = Gσ̄s for a bijection σ̄ : S → S.

DEFINITION 5.2. If an M-point model graph G is given then we define the cor-
responding self-similar symmetric sequence of finite graphs {Gn}∞

n=0 inductively as
follows:

(1) G0 is a complete graph of M vertices with ∂G0 = V (G0);
(2) if ∂Gn ⊂ V (Gn) is an M point set, then Gn+1 is obtained by substituting each

Gs in G by a copy Gs
n of Gn, so that ∂Gs = V (Gs) is substituted by ∂Gs

n;
(3) ∂Gn+1 is defined as ∂G after this substitution.

For this self-similar sequence of finite graphs {Gn}∞
n=0 there are bijections Bn: ∂G

→ ∂Gn ⊂ V (Gn) and graph monomorphisms Fn
s : Gn → Gn+1, s ∈ S, such that

for all n � 0
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(1) each Fn
s is a graph isomorphism from Gn to Gs

n and Gn+1 = ⋃
s∈S Gs

n;
(2) Gs

n ∩ Gs ′
n = ∂Gs

n ∩ ∂Gs ′
n for all s, s′ ∈ S, s �= s′, where ∂Gs

n = Fn
s (∂Gn);

(3) for n � 1, we have Bn+1(x) = Fn
s (B

n(x)) if x ∈ ∂G ∩Gs ;
(4) for all s, s′ ∈ S, s �= s′, we have Fn

s (x) = Fn
s ′(x

′) if and only if there are
x̄, x̄′ ∈ ∂G such that x = Bn(x̄), x′ = Bn(x̄

′) and F 0
s B

−1
0 (x̄) = F 0

s ′B
−1
0 (x̄′).

Note that G1 can be naturally identified with G in such a way that ∂G1 is identified
with ∂G and B1(x) = x for all x ∈ ∂G.

LEMMA 5.3. Each Gn is symmetric with respect to ∂Gn.
Proof. First note note that bijections σ of V0 = ∂G are in one-to-one correspon-

dence with bijections σn of ∂Gn via σn = BnσB
−1
n . Let σ , σ̄ be as in Definition 5.1.

We have that G0 is always symmetric with respect to ∂G0. For n � 0 we define
ψσn+1 : Gn+1 → Gn+1 by ψσn+1(x) = Fn

σ̄s(F
n
s )

−1(x) if x ∈ Fn
s (Gn). Then ψσn are

the required well-defined graph automorphisms. ✷
One can see that for a given M-point model graph there is a unique self-similar

symmetric sequence of finite graphs up to a natural isomorphism. This sequence
can be constructed inductively by Lemma 5.4. The proof of the lemma is elemen-
tary.

LEMMA 5.4. For each n � 0 the graph Gn+1 is isomorphic to a graph Gn ×S/∼
(see Lemma 4.7) where the relation ∼ on V (Gn) × S is defined as follows: if
(x, s), (x′, s′) ∈ V (Gn) × S then (x, s) ∼ (x′, s′) if and only if there are x̄, x̄′ ∈
V0 = ∂G such that x = Bn(x̄), x′ = Bn(x̄

′) and F 0
s B

−1
0 (x̄) = F 0

s ′B
−1
0 (x̄′).

Moreover, each maps F s
n is the map x �→ (x, s) modulo ∼.

DEFINITION 5.5. Suppose anM-point model graph and a sequence K = {kn}∞
n=0,

kn ∈ S, are fixed. If Gn ⊂ Gn+1 for each n � 0, and each Fn
kn

is the identity (in-
clusion) map then the corresponding self-similar infinite graph is G∞ = ⋃∞

n=0 Gn.
We define ∂G∞ = ⋂∞

n=0 ∂Gn.

Clearly, for any given M-point model graph and a sequence K there exists a
unique self-similar infinite graph (up to isomorphism). At the same time isomor-
phic self-similar infinite graphs may correspond to different model graphs, and for
different sequences K even if the M-point model graph is the same. The graph G∞
is always of polynomial growth.

DEFINITION 5.6. Expansion maps Kn: V (Gn) → V (Gn+1) are defined induc-
tively by Kn(x) = Fn

s Kn−1(F
n−1
s )−1(x) if x ∈ V (Gs

n−1) = Fn−1
s (V (Gn−1)).

Although such s may not be unique, the expansion map does not depend on a
particular choice of s by Definition 5.2.

For a self-similar infinite graph an expansion map K∞: V (G∞) → V (G∞) is
defined by K∞|V (Gn) = Kn.
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LEMMA 5.7. The expansion map Kn: V (Gn) → V (Gn+1) induces an isometry
Un: H(Gn) → H(Gn+1) defined by Unf (x) = 0 if x /∈ ImKn and Unf (x) =
f (K−1

n (x)) otherwise.
Similarly, K∞ induces an isometry U∞: H(G∞) → yH(G∞).
Proof. By the definition, Kn is an injection and so is Un. It is isometric since by

a simple induction we have degKn(x) = deg x for any x ∈ V (Gn). ✷
By Lemmas 4.7 and 5.4, the graph Laplacian on Gn is spectrally similar to that

on G0. The next theorem gives a more useful spectral similarity result.

THEOREM 5.8. Let /n = /Gn
and /∞ = /G∞ be the graph Laplacians on Gn

and G∞ respectively for a self-similar symmetric sequence of finite graphs. Then

(1) For any n � 0, the operator /n+1 is spectrally similar to /n with the isometry
Un and rational functions ϕ0(z) and ϕ1(z) which do not depend on n. The
exceptional set (see Definition 3.5) E = E(/n+1,/n) = E(/1,/0) also does
not depend on n.

(2) Let Dn = ⋃n
m=0 R

−m(E ∪ σ (/0)), where R−m is the preimage of order m

under R(z) = ϕ1(z)/ϕ0(z). Then σ (/n) ⊆ Dn, where σ (·) is the spectrum of
an operator.

(3) The operator /∞ is spectrally self-similar with the isometry U∞, rational
functions ϕ0(z) and ϕ1(z) and the exceptional set E .

J(R) ⊆ σ (/∞) ⊆ J(R) ∪ D∞,

where D∞ = ⋃∞
n=0 Dn and J(R) is the Julia set of the rational function R.

Remark 5.9. In particular, the Julia set of R is real. Moreover, one can show
easily that σ (/∞) ⊆ [−2, 0], and so J(R) ⊆ [−2, 0]. Note also that D∞ \ J(R)
contains only isolated points, if any.

By this theorem many eigenvalues and eigenfunctions of /n+1 are ‘offsprings’
of those of /n via maps defined in Theorem 3.6. (so-called ‘spectral decimation’).
However a significant number of eigenfunctions might not fall into this category
(see [4, 14, 19, 23]).

Proof. In order to prove (1) we apply Lemma 4.7 where we define G = G1 and
A = Sn. The role of V0 will be played by ∂G1. Let the relation ∼ on ∂G1 × A
be as follows: if x, x′ ∈ ∂G1, α = sn · · · s1, α′ = s′

n · · · s′
1 then (x, α) ∼ (x′, α′)

if and only if Fn
sn

· · ·F 1
s1
(x) = Fn

s ′n · · ·F 1
s ′1
(x′). By induction we have that the graph

G̃ = {G1 × A}/∼ is isomorphic to Gn+1. Similarly we define G̃0 = {G0 × A}/∼,
where G0 is (temporarily, for this part of the proof only) identified with the com-
plete graph over the set of vertices ∂G1. Note that ∂G1 and V0 are in one-to-one
correspondence via B1, and so G0 is naturally isomorphic to the complete graph
over ∂G1 via the map induced by B1. Then G̃0 is isomorphic to Gn. Moreover,
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the expansion map Kn is a bijection from V (Gn) to V (G̃0) such that the degree of
degGn−1

x = degG̃0
Kn(x).

The proof of (2) follows from (1) and Theorem 3.6 by induction.
Clearly, 0 ∈ σ (/∞) but 0 is not an eigenvalue. Hence, 0 is a point of spectrum

which is not isolated. Therefore, by Theorem 3.6, for any ε > 0 and n � 1 there
exists z ∈ σ (/∞) such that |z| < ε and R−n(z) ⊆ σ (/∞). Since σ (/∞) is a
closed set, this implies

Closure

(⋃
n�1

R−n(0)

)
⊆ σ (/∞).

We have by Lemma 4.9 that the point 0 is a repulsive fixed point of the rational
function R, and so 0 ∈ J(R) by Theorem 2.2 in [3]. Then

Closure

(⋃
n�1

R−n(0)

)
= J(R)

by Corollary 2.2 in [3].
By Theorem 3.6, σ (/m) ⊆ D∞ for any m � 1. Therefore, σ (/∞) ⊆ Closure

(D∞) since /m converges strongly to /∞. We have

Closure(D∞) = J(R) ∪ D∞

by [3]. ✷

6. Examples

A large class of infinite graphs with spectral self-similarity is given by two-point
self-similar graphs in [15]. Any nested fractal [13] with two or three essential fixed
points gives rise to a self-similar symmetric sequence of finite graphs and thus
to spectral similarity. The same is true for a nested fractal which has its essential
fixed points in general position; that is, for the essential fixed points P0, . . . , Pk the
vectors {[−−−→

P0, Pi]}ki=1 are linearly independent.
Below we give a few concrete examples. All the examples here have a common

feature that the infinite self-similar graphs can be realized as infinite self-similar
lattices in R2. Moreover, the corresponding fractals can also be realized as linear

Figure 1. Sierpiński gasket self-similar sequence of finite graphs.
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Figure 2. Modified Koch self-similar sequence of finite graphs.

Figure 3. Vicsek set self-similar sequence of finite graphs.

self-similar fractals in R2. This means that these fractals are the limit sets of an
iteration function system of contracting similitudes of R2. Then the maps Fn

s are
expanding similitudes that are inverse of the just mentioned contractions. Such
lattices are described in detail in [22]. Therefore we will avoid giving precise
definitions since they are either obvious, or are given in the references provided.
Note that the model graph G is the same as G1.

EXAMPLE 6.1. Sierpiński gasket self-similar sequence of finite graphs (Figure 1)
[2, 4, 16, 17, 19, 20, 23]. Historically this is the first example of the spectral self-
similarity we are interested in. Here R(z) = z(4z + 5).

EXAMPLE 6.2. Modified Koch self-similar sequence of finite graphs (Figure 2)
[14]. In this example

R(z) = 2z(z − 1)(3z − 4)(3z − 5)

2z − 3
.

EXAMPLE 6.3. Vicsek set self-similar sequence of finite graphs (Figure 3). Note
that these graphs are symmetric in the sense of Definition 4.1 although the given
R2-embedding does not have all the required symmetries (the essential fixed points
are not in general position). By [7, 21] we have R(z) = z(6z + 3)(6z + 5).

EXAMPLE 6.4. Lindstrøm snowflake self-similar sequence of finite graphs (Fig-
ure 4) [13]. This example is different from the previous ones in that the spectral
similarity does not hold. One can see that the pairwise distances between the
boundary points are not the same, and so the necessary condition of Lemma 4.6
is not satisfied.
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Figure 4. Lindstrøm snowflake self-similar sequence of finite graphs.
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