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Hoxnanel Akanemun Hayx CCCP
1991. Tom 320, N° 1

YK 519.2 MATEMATHUKA

©  AB.TEILIAEB

UHCTO TOYEYHHIM CIIEKTP CIIYYAWHBIX OPTOTOHAJIBHBIX
HA OKPYXHOCTU MHOTOYJIEHOR

(fIpedcraeneno axademurom JLA. ®adoeesvim 18 V 1991 )

IMycrs f{a,}y., — TOCIeNIOBATENLHOCTS KOMIUIEKCHBIX HCeNt, YAOBIETBO psito-
LIHX YCIOBHIO

1) ey <1, n=0,1,2,...
Hocrpoum NO CTenoBATENBHOCTE MHOTOWIGHOB ¢ TIOMOWIBI0 PEKYDPPEHTHBIX COOTHOIICHHUIL
@ ¢:+1(Z)=(1 —|a, l:):ll”(wn(Z) - T3 (2),

ear1@ = = lay Py 1P (032) ~ tuz0,)), n=0,1,2,. ..

C HAYaITbHBIMH Y CIIO BUSAMY vo(z) =ps(z) = 1. Xopo1mo u3BecrHo, uto CYWECTBYeT eqUHCT-
BeHHaA GOpeNneBCKas BepOATHOCTHAS Mepa 0 Ha okpyxoctn T = {z € C: |z | = 1} 1a-
Kai, 4T0 NOCIeNoBaTensHOCTL § @, )= o OpToHopmupoBana B L r (cm. [2]). Yepes
# MV MBI 6ygeM 0603HauaTh CTaffaprHeie mepst JleGera na oxpyxuoctu T u B KpyTe
lz1<1. ‘

3apava o coiicreax CICKTPaIbHOM Mephl CIIyuaifHpIX OPTOTOHANBHALIX HA OKPYXK-
HOCTH MHOTOWIEHOB GbUIa IOCTABIIEHA M pemeHa EM. Huxunmueiv B [3] mnsa cryuvas,
KOrAa napamerpsr f{ay,}; -, npencrasmsior coGoit TIOCNIENOBATENBHOCTD  HE32BHCHMBIX
CHMMETPHYHO paclpeneTeHHbIX CITyYaliHpIX BEIIMTMH, KOKAAA U3 KOTOPBIX MOXET IpHHHU-

Led
MaTh TONBKO [1Ba 3HaveHUs, X |a,|? < oo, B pabote [4] mokasaHo, uro Temu cBOicT-
n=0
BAMH, HAa KOTOpble OOpATHI BHMMaHMe E.M. Huxeniumn, Mepa o Gypmer ofianats ¥ npy
Gomee cmaGblx orpaHmueHMAx Ha CyuaiiHbie mapamerpel. MMeHHo, ecm He3aBHCHMbIe
Clyualible BENMUMHBI TaKOBBI, YTO [OUTH HABEpHOe BLINONHAETCA yclmobue (1),

Ld Ld
Z Ela,|? <oy 3 | Ea,y| < o, 10 ¢ BEPOATHOCTHIO eMHANA: a) Mepa ¢ a6CONIOT-
n=0 n=0
HO HeMpepbIBHA (OTHOCHTENBHO u); 6) cymectByer ¢ < 0 TaKoe, 4ro byHKIUA
exptellog '] - log|logo'|} € Lyt (2 o' — mrorwocrs Mepbl 0 [0 OTHOWIEHUIO
K 4). B ommmue oT omicaHHOM Byime CHTYALHH 3[ieCh MBI PACCMOTPHM TaKHe CTyyaii-
Hble IlApaMeTpsl, YT0 C BepOATHOCTHIO CIMHHUA Mepa O He HMeeT aBGCONIIOTHO Hellpe-
PBIBHOH KOMIIOHEHTSI. '

OcHoBHBIM pesynbrarom HacTosmelt paboTs! ABnseTcs

Teopema L Hyem napamerpot {a, )y~ o cucremet OP TO2OHANbHBLX MHO20-

Huya evinonnserca yenosue (1), pacnpeenenue CAYNaliHOT Genuyunbl dy abconioTHO
Henpepyieno otHocutensno v u Elog (1 — lagl) > — . Tozoa C 8EPOATHOCTOI) eOuHL-
ha mepa g, coorsercreyrouan 510 nocredosarenvrocmu napameIpos, duckperna.

Mok asarenbcrBo omupaercs, BO-NEPBBIX, HAa TO, YTO NIOKA3aTelb Jlanynosa 7,
KOTOpbI ONpeeIAeTcs COOTHOIIEHHEM (9), Gombwe Hyna c BEpOATHOCTHIO eMHMIIA,
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BO-BTOpbIX, Ha KpUTepHil OTCYICTBUA y Mepbi 0 aGCOIOTHO HellpepbIBHOM M CHHTYJIAPHO
HeTlpephIBHON KOMIOHEHT, KOTOpbIA cHopMynupoBal B TeOpeme 2 X MOXKeT IpeAcTaB-

JATH CAMOCTOATENbHBIA HHTEPEC.
IIpuBeneHHsle B HAcTOAIIed paGore pesyNbTAThl BECbMa CXOXM C pe3yllbITaTatd

B. Caiimona u T. Bonsda, KacarouuMHCA JUCKPETHBIX O/IHO MepHBIX ONlepaTo poB Ml permn-
repa co CTyyaifHBIM 3PrOfMUeCKHM TOTEHIMATIOM [6] U OIHOMEpHBIX BO3MYLIEHHH caMo-

conpsxeHHEIX OnepatopoB [7]. .
3aMeruM, Y10 B TeopeMe 1 He3aBHCHMOCTh IADAMETPOB {,}n = o MCIONIB3YEICH

JIHIb TOJIKO IIpH HOKAa3aTeNbCTRe TONOXMIENbHO CTH 0K a3aTelld JIanyHoBa.
TeopeMa 2, paBHO KaK M NeMMbl 1, 2 ¥ 3, BepHa ¥ [y HeCnyYanHOM HOCIeNoBa-

TeTPHOCTHU NIApaMeTpoB.
HpepnonoxmM, Y0 GHKCHPOBAHA . NOCIEOBATENBHOCTD KOMIUIEKCHBIX WML

{a,ly =1, yHOBIeTBOPSIOWAs ycnoBuw |a,| < 1,n=1,2, ... Ilycrs mis moGoro \ us
ofmacti |A] <1 o) — 3T0 CHeKTpalibHas Mepa, COOTBETCTBYIOIIAS MO CIIeN0BATEIBHO-

CTH IapaMeTpoB { A, 4y, a3, .. . } . Onpepenum dyHxuum

+z

OB doy(x),

X—2

F,(2) — npeo6pasoBanue CTwiTheca Mephl Oy U

—’-—'—1-'*—{ d o;\(x) .
[x—z]

Teopema 2. Credyrowue yreepidenus K8 USANEHTHDL.

(@) Houru dnn ecex \ u3 obaacru | \| < 1 (oThocurensro v) Mepa o) OUCKpeTHA.

(1) Houru oas acex z € T (omocurenvro 1) Go(2z) <eo.

Teopema 2 Jerxo clefyeT M3 JIeMMBI 1. i 2, KOTOpbie Mbl IMPHBOIUM HIOKe Ge3
noxasaTenbeTBa. Jlajlee MBI JaeM HeoGXOOuMble ONpelelieHMs M HamMeuaeM [OKa3aTeNhbeT-
Bo nemMsl 3, [Tocne dopMynupoOBKY 3T0R JleMMbI CllefyeT HeCIOXHOe paccys/eHue, Ko-
TOpOe Ha OCHOBE JIEMMbI 3 IOKa3bIBAET, UTO 1A CIIyYafHBIX HApaMeTpoB U3 TeOpeMsl }

C BepOATHOCTBHIO eMHHLA BhINONHAeTCA yenosue (II) Teopemst 2.
Iycts ofP; 03° u 01° — 310 COOTBETCTBEHHO WHCTO TOUEUHAs, CHHIYIIADHO He-

HpepsIBHAA M aBCONIOTHO HellpepbIRHAg KOMIIOHEHTbI Mepbl 0y (10 OTHOLIEHMIO K ).

Hemma 1l IIyem A ={z € T: Gy(z) <o} Ulz € T: 0o({2z}) >0}.B =

={z € T: cyyecreyer npeden. Fy(z) = ITimF o(rz) u Re Fo(z) > 0}. Tozda dan aéo-
rt .

20\ usobnacru [N | <1 ofP(T\4)=0, of°(T\B)=0, 0;°(4UB)=0.
Jle mma 2. ITycrs mepa T va T onpedenena caedyiowgum o6pazom:

Ga(z) = %

1 -
)=~ [ ox )
T OIAI<1

ona.nwbozo Gopenesckozo mHowecrea A CT.
Tozoa mepvt T u | 3x8usanenTHel. Ilpeobpasoeanue Cruarveca Fery(z) mepor 1

y0084eT80pAET COOTHOWEHUID

Fo(Z) -1
Fo(Z) +1

Ipn moxasatenseTBe 3TMX JIEMM CYIUECTBEHHO HCIONMB3YETCH ¢dopmyna, korTopas
TIO3BOMIAET BBIPasUTh NpeoGpasoBaHme Crwitheca F (z) Mepsl o) uepes npeoBpasopa-

F('r)(z)= I+
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HHE émrbeca Fy(z) mepot 0y:
2L +22) Fo(@) + 1)+ (z + ) Fo(2) - 1)
21 =22 Fo(D) + D)+ (X - 2) Foz) 1) °

910 COOTHOLUEHHE MOXKHO BBIBECTH M3 PA3NIONeHHA byskuuu F) (z) B HelpepblBHYI0
ApoGs, monmyyerHoro f.J1. Teporumycom B [1].

Hanee Ham He mpumeTCs paccMATpUBATH 3aBHCHMOCTS MEpBl 0 OT Iapamerpa c
HyneBbIM HOMepoM. IlosToMy ™Mbl GymeM cunuTars, uro (bHUKCHpOBaHa II0CIeJOBATEN b
HOCTh {4,},=0, YAOBNETBOPAIOWAS YCIOBHIO 1.

Temepe Mpr ompemenuM yHHTapHEBIH ONEpaTOp B HpPOCTPAHCTBE INOCI/IeIOBATENILHO-
CTe, KOTOpbIH, C OJHOM CTOPOHDI, €CTECTBEHHEIM 00pa3oM CBA3aH ¢ OTHOIICHHAMHE (2),
C IpYro# CTOPOHBI, COOTBETICTBYET ONEPATOPY YMHOMNEHHA Ha X B npocrparctse L5 7.

Iycts lf 0,m) TJ1b6e PIOBO NPOCTPAHCTBO MO CIeA0BATEBHOCTEH, €, €1, €3, .0u—
3

CTECTBEHHBIA Gasuc B HeM (T.e. (€y)m = 8ppm). Onpepenum usomerpuyeckoe 010 Gpa-

xerme U: l?o ) —>Lf’ 7 TIONOXKMB st GasucHbix BekTopoB U(e,) = 3,. Mycts H —

YHUTApHBIT ONEpaTop YMHOKEHHS Ha CBOGOMHYIO nepementyw B L2 7, 1.e. mpu mobom

¢ € LYp (HY)(x) = x{(x). Hyxubiii nam omepatop ¥: 1[20 -y 7 Ilz0 ) 3aHaeTCs
2 3

dopmynoit 3 = U*HY. Tpy NOMOIM COOTHOMIEHH, YCTaHOBNeHHBIX B [2], MOXHO

TI0KA3aTh, Y10 MEMEHTHI MATPHUbI, OTIpefieN AloLLei onie patop J(,

"0, k>n+1,

VIi—la,I*, k=n+1,
(3 (Hex,e,) = "1

_Enak—l 1§l Vl——ldplz, 1
p=k
n-—1
g, I 1-|a,?, k=0.
p=0

Orciopa cnenyert, uto yHUTapHOCTH OTlepaTopa 3 K BHBATEHTHA YCIIOBHIO

R\ =

A
e
N
=

@ a,P =
n=0

-

Taxum oGpasom, nomyueno eme ogHo — IpAMOe — JO0KAa3aTeIbCTBO M3BeCTHOTO
dakra, Y0 nuHeliHag 060I0uKa bynxumi {,}y <o mIOTHA B L%,T TOTJa2 M TOJIBKO
TOT[d, KOITIa BRINOAHEHO (4),

Hanee, mo nemmsr 3, Mpl OyHoeM CuMTaTh, 4IO Z — UK CHPOBAHHOE KOMIITIEKCHOE
wmeno v |[z| = 1. Us (3) arenyer, uto z Toraa M TOABKO Torma 6yner coBCTBeHHBIM
TCIOM omeparopa J(, KOIAa CyWIECTBYeT IIOCTeNOBATENBHOCTD KOMIIIEK CHBIX YHCEN
{¥nin=o Taxad, uro ‘

S

G) 0< 2 |ynP < oo

n=0

’ n n-—1
®) 2y, =1-]a, |2w,,+1—a,,kz la,,_1 Hk\/1-|a,,1’wk+
= p=
n—1
+ Ty ,I'IO\/I—]apl"’n[/o.
p=

MosxHo  nokasars, uto ecmu Y, u Yi — HEKOTOpble KOMIUIEKCHbIC WMCIIA, 4 MOCNTeN0Ba-

51




TEJIBHOCTh {Yp, )y = o MOCTPOEHA COTIIACHO PeKYPPEeHTHBIM COOTHOILIEHHAM
Uner = (L=l an P) 71200 - @ad3),
w:+1=(1—lanl’)'”z(w;-anzwn), n=0,1,2,...,

Q)

TO

n—1
8 =1 —lay | \Dn+1—an E ﬂk 1, ﬂ Vl—l”plzd’kJr
n—l
+an v1~|ap|2\1/0

Taxum OﬁpaBOM, u3 (6) u (8) cnepmyeT, uT0 Z TOTHA ¥ TOIBKO TOrpa FABJIAETCA cOBCT-

BEHHBIM wcToM K, KOIa pH Yo =y¢ Bemonnserca (7) u (5),1e. 2 |pp(z)]? <oo.
n=0

3aMeTHM, YT0 B YCIIOBHH TeopeMsl 1 NapameTps! {aply = o TaKOBYI, 410 (4) Bbi-
NOJIHAETCA C BepOATHOCTBIO efuHHua. TakuM oGpasoM, H¢ ymansas oﬁmﬂocm, MOKHO
CUMTaTh, YIO YCIOBHe (4) BBINONHEHO M 06pa3 oToGpaxenus U papen Beemy L7 7 (Te.

OHO YHHTapHO) .
Ilycts G(z) < . Torma Re F(z) = 0 n pynxuus f: x -

X

L% 7. Tipn 3TOMf yHoBneTsopsieT ypasHeHmio zf = Hf + H1 (rne 1 € L% ru1(x) = 1).
Iycts {Yplp=0 — UHOCIHENOBATENBHOCTb, ABJIAWOWAsAcA o6pasom [ npn oToGpaxe-
Huu Y*. Torma 1110 = -4 (1 + F(z)) u, cornacio (3), cupasemiuBo paBeHcTBO (8) mpH
Y3 = Yo +'1 = % — %F (z). ClremoBatensho, CIpaBeJTUBbI PeKYppeHTHbIE COOTHOLUE-

“Hust (7) C HAaHHBIMM HaualbHBIMH YCHOBHAMM B % | Y, |? < oo, HeTpymHO BufeTs,

n=0
YTO BepHO M 0GpaTHOE YTBEPOKICHHE.

JTemma 3. Hnaawboeo z € T credyouyue yT8epikdeHusn paenocwzbuu

L.JIubo G(z) <o, aubo mepa o uMeeT ATOM 6 2.

II. Cywecreywr xomnnexcnvie, He pagHbie OOHOBPEMEHHO HYAN HUCAQ tpo

U Taxue, uro > 0| Y 12 <o, 20e { Y, ln=0 onpedensercs coenacro (7).
n=

Omnpe[1eiMM MATpHIIBI

8n(2)=(1—lan12)“1’2( z _f">\, n=0,1,2,...

—apz

Uz (7) cnepyert, uro

o
( - > = £,0) .. .20(@) (""1>.
n+1 Vo

CoracHo YcnoBHI0 TeOpeMbr 1 5TH CTyYaiiHble MAaTpUIBI TAKOBBI, YTO IS JT06oro z € T
CYIIeCTBYeT IONOXUTEIIBHOE WCTO Y (noxasarens JIanyHoBa) Taxoe, uro ¢ Be PO ATHOCTBI0

eMHHIA
9) lim - log11g,(2) ...80@) I = v

n — o

(CM. [5]). Otciopa cregyeT, WIO NOUIHM HABEPHOE CYMIECTBYIOT TAKHE KOMIUIEKCHBIE

52

TTPUHAYIENWUT

e —

S ot g o

s

ey g

i



wena Yo 1 yd, uto

n => oo

. 1 /Yo -
lim . logllgn(Z)---go(z)\“)H -7,

a 510 Brever ycnosue II memmbr 3. Tak kax marpuua go(z) 06patiMa, BblMoNiHeHHe
JT0T0 yCIOBUA He 3aBHCMT OT 3HAYCHWA NAPaMeTpa gy, T.e. NOYTH HABEDHOE ClIpaBe:-
nmBo yciosue II Teopembi 2, uTo OKa3bIBaeT Te0peMy 1. :

Samevanune. JTONOKATENBHOCTD MOKa3aTeN A llanyHoBa e nABusieTcs npun-
UMTHATTBHO BaXXHOH B [IAHHOM JOKA3aTeNbCIBE, TaK KAaK, MO-BHIAUMOMY, yciosue 1
JEMMBI 3 MOXHO [OKA3aTh HEMOCPENCTBEHHO NpH GONee C1aGhix OTpaHHYeHUAX Ha
CITy4aiiHble I1apaMeTphl.

JleHUHTpaLCKOe OTHeneHue ) Tocryrnuno
MaremarHyeckoro HHCTHTYTa HM. B.A. Crexnosa 31V 1991
Axapnemuu Hayk CCCP
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