PROPERTIES OF POLYNOMIALS, ORTHOGONAL ON A
CIRCUMFERENCE, WITH RANDOM PARAMETERS
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A method for the construction of orthogonal polynomials in terms of circular parameters is known. In this
paper it is shown that if for the latter one takes some independent random variables, then the spectral measure
will be almost always absolutely continuous. One obtains estimates for the density of this measure.

Assume that there is given a sequence of complex numbers {a }5° _, satisfying the condition

lagl<d, n=0,1,2,... (1)

Then one can construct a sequence of polynomials {¢,(z)}5° -, according to the recurrence relations
—
%W@=1, 9, @=20,@)-a, % @), 8, @=0 @-0,20, @, @)

where for any polynomial p(z) of degree n we have set P*(Z j= " —p( Z-1) . The constructed polynomials are orthogonal
on the circumference T = { | z | = 1} with respect to some measure ¢, depending on the numbers {a,} > _,, which are callec
circular parameters. -

It is known that if , 2 [&n| < . then the measure o is absolutely continuous with respect to the Lebesgue measure
and the derivative o', which exists almost everywhere, is uniformly separated from zero and from infinity. At the same time,
the condition

& 2
2. jan] <
=0 €))

is equivalent to the Szegd condition In ¢’ € L(T), which admits an essential arbitrary singular component (see [1]).

In [2], E. M. Nikishin has formulated and solved the problem on the behavior of the random measures o. He has shown
that if an arbitrary sequence of complex numbers {a«n}z___ o » satisfying only the conditions (1) and (3), is provided with
independent random signs, then the measure o is almost always absolutely. continuous.

We mention that in Nikishin’s paper there is some inaccuracy: without justification he considers independent the

variables YK (J&) -—-r‘K(f) %"r—i”%— : in addition, in the formulation of the theorem there is a misprint: instead of exp v(d")? €
KAE
L,(T) one should have exp(y In2¢") € L(T) (see below).

In this paper we wish to show that the basic steps of E. M. Nikishin’s reasoning are valid also in the more general
situation of arbitrary independent random variables.
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THEOREM. Assume that the circular parameters represent a sequence of independent random variables &, &,,...,
satisfying the following conditions

Bal <Ay 2 ElBnlt<e, 22 |Epyl<oo. “

Then with probability 1:

a) the measure ¢ is absolutely continuous;

b) for some 4y > 0 we have exp{y |In¢’ [ In|In¢' |} € Li(T).

Proof. We consider the sequence of events A, = { | £, | <1 —1/»,k=0,1,...},» =3,4,5,... and the sequence
of sections of random variables

~§ — gxy if '.gK|<"'"'—'
0, £ %yl 7 4—— )

©0 \ =4
Since the series KZ’.O E ¢ converges with probability 1, we have P{&};Av}" { . Consequently, almost always, starting with

some (random) index »,, we have &, = £7, k = 0, 1,... for any » > Vo-
We fix » and we consider the sequence of polynormals {CP (z)}n 0 constructed according to formulas (2) with
parameters {"%n,}n .o - Everywhere below we shall assume | z | = 1. Under this condition, we have |¢ (Z)\—IQ’&e (.
There exists a constant C > 1, depending on », such that | 1 + x |P < 1 + p®x + CIP| | x| 2 for any real
number p and for any complex number x, | x| < 1-1/v. We note that ¢,(z) depends only on £g,..., £, ; and it does not
depend on £;. Therefore,

E{l1-35),z n‘*’lP:go, B
P!
<Eft-pRelz zi’*‘z]w' B
$i+lpEs) [+CPE 157

%0’ 7§n- }

Directly from relations (2) there follows that

9, @) ﬂ {1-% zzi(:)} ©

We obtain by induction that

n-4
Efq’i*(Z)'PﬁDo{“lpE%”KHC'P'EIg‘,’,l“}, h=1y2,. ..

for any real p. Consequently, there exists a constant B such that

Wil
E19, i< exp(BCPY, n=g,.. ™
From this it follows, in particular, that
% =9
E(syp19, @l )< const < co. ®

Indeed, according to formula (6) we have:

E{107% N 50r 5o b
@ E{li-5, 2 %&1 %or. . Entl}

7/(4+|E§Wl)4l¢w(z)|.
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Consequently, the sequence {]d)-:b*(z)l 4k@0_(4+|E§ n‘)} n~4 formsa submartingale. This proves inequality (8) since
0 v _
QO(HIE%IRM, E }¢,f(z>| ZS%P(BCZ)<OO.

It is known that the measure with density | ¢7(z) | —2 converges weakly to the measure o under a suitable choice of
the normalizing constant (see [1]). At the same time, with probability unity there exists a summable majorant for the

5 -2 '
justification of the limiting process, since almost always i( 6%}) I CDH*(z)l ldzl <02, Consequently, with probability 1 the
0

¥ -2
measure ¢ is absolutely continuous and 10, @ 6@, almost everywhere with respect to the Lebesgue measure.
From inequalities (7) there follows that E(a')? < exp(DC /P !) (D = const) for any real number p. Setting t = (In
x)/(In ¢) (x > 1), we obtain

p{lf/ﬂ/ﬁ’/‘ >x}.—_P{ (5I)t>€bx}+P{ (6")'1;7 etx}é
¢20ap{ DCH- bax} = Dexp{ Dx- AfX ],

Making use of this estimate, we obtain

Ee/xp{p&w';%;&wqy
somwhgﬁr(&mme WX 1 671> ) dat <0 )
1

for some v > 0, The theorem is proved.
Remark 1. If, under conditions (4), for any sufficiently large » there exists a sequence of positive constants {@n}:__o
such that for any real number p, | p| = 1, and any complex number @, | @ | = 1, we have the inequalities

E]4+D¢g IP< ebx P Oy §o$K<w, (10)

then for any y > 0 we have exp{ylns'} € L,(T) with probability 1.
Indeed, similarly to (7) one can show that

‘”K Zz4.
(z)l} P17

We fix A > . Then there exists n, such that GQKZ @K< i, . We also have the inequality

S K(z ol qué K
E{UOH_EK Cp-”(z)l } e " ) IPI;'/‘{
Let xg = 4ngln ». Then for any x > x, setting = xg;nginv %ﬁ;( , we have P{['&né"bX}é
caeap Thnodnis b, b-txf <™
Consequently,
E%P{a”»&ml <(}0’VW{7+S"]"2X9 P,&%ﬁ'")x}d/x<w (1D

0

@, 2 ,
Remark 2. If there exist positive numbers {Cn}n=0 such that Cp <1, P Cl <©° and the random independent

)
circular parameters satisfy the conditions | Enl<Chns IE3 n! <Cn | then with probability 1 we have exp{yln%¢'} € L (T) for
any real number y. We note that these conditions are satisfied by the random parameters considered in E. M. Nikishin's paper.
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For the proof it is sufficient to verify the validity of the conditions (10). We have the following series of estimates
(lpl 2L |af =1 P
El+ g =E U+ 2Rea,, + 15,4 <
¢Eexp{pReat,+Ipl Oc} )}<
2 _PL'C_zL
coap{Ip1O(cE)] (4+1pl Ciy + 25

20(c
<eap{Ipl 0(cA) ™~ prentipich)<e’ )

Remark 3. Inequalities (9) and (11) cannot be improved in a certain sense. Namely: we define random variables &g,
£1,... in the following manner:

{

with sequence -2-”/-4-
=J _ 1-&
S

with sequence —%H,

o wfo

with sequence 4-— H/ ,670

Then the sequence - {gn} =0 satxsﬁes the conditions (4), but there exists ¥y > 0 such that E | rexp{y | In ¢’ | In| In

o' |} |dz| = oo. If we set
1

_.__8 "
Q ——
§o=§4=0 gn= G y £ with sequence 7 4
-~ Z with sequence j&— O<8<‘§,

then the random variables {En}:= o satisfy the conditions (10) and E,TS%P' D601 dz)=c0 - for 8 > de/(1 — 2e).

We prove only the second assertion; the first one is proved in a similar manner. Indeed, according to (6) we have
l¢:fL Chas] éﬁa(ﬂ IExl), B6€[0,29] . We note that for real parameters we have ¢,(1) = ¢,*(1). Therefore, with
probability not less than 2-7+2, there occurs the event (D;(")-”- ﬁ (4+18xi) n=2,3,... By Bernshtein’s theorem we have

|0 ™)|<n fiw 5yl).
Consequently, with probability exceeding 20, for any 8 E["zin", 72%] and for sufficiently large n we have the inequalities

-4 ie

i chn
0@ )lo4 | 1us i)z ge @0,

Thus,
P{ZSE/JOPIZ&ml%(e %48 5L op (g0nt g™

, i-g 246 .
Setting x= w,P(cn" ) ' , we obtain that for sufficiently large x we have

%
P{”%’PS oapl24n |9} o) I(g'+5d9>ao} yeap(-6ntx),

)
o <!

where & =(

Function f(x) = exp | Inx | 2*% is convex in domain x > 0. Therefore, sequence {exp|n (B e"‘e)ﬂzw},‘,ia-forms
a submartingale for any fixed § € [0, 2] since the sequence{(b* ©*®)}yp - forms a martingale. Thus,
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0
The proof is concluded.
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DETECTION OF OUTLIERS BY THE CHAUVENET TEST IN
OBSERVATIONS CONNECTED IN A HOMOGENEOUS
MARKOV CHAIN

N. M. Khalfina UDC 519.281

Let x;, ..., x, be random variables, connected in a normal Markov chain. The paper investigates the
asymptotic behavior when n - oo of the distribution of the random variable N, equal to the number of outliers
in the Chauvenet sense.

The statistical problem of detecting outliers in the results of observations has been considered for the first time by L.
N. Bol shev [1] and by L. N. Bol’shev and M. Ubaidullaeva [2] for functions of the normal distribution. Subsequently, the
investigation has been carried out in two directions; in one of them the authors have obtained more precise results for particular
distributions [3], [4], while in the other direction the authors have considered wider classes of distributions, up to most general
ones [5] - [8]. But in all the above mentioned investigations one has assumed that one observes independent random variabl-
while in this paper the random variables will be assumed to be dependent, connected in a simple homogeneous Markov cha

Thus, assume that there is given a sequence of random variables ..., X_,, X_j, Xo, X|s Xg, .evy X, connected .
a simple homogeneous Markov chain and, moreover, any pair of neighbors X, _;, X, has a nondegenerate two-dimensional
normal distribution with parameters

E(Kp-)=E(Ru)=0,, ‘%<xm—1)=@(xm)=6aa R(Ru-y, X )=p, [P1#1.

Assume that on the random variables X, ..., X,4 one has performed n + 1 successive observations Xj, ..., X, 41, and the
parameters a, o, p are known. The marginal probability density f;(x;) of X; and the conditional probability den31ty

‘{(m’i|xt=1=mz,—1>, P=2,..., #+ i
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