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Abstract

We show how to calculate the spectrum of the Laplacian operator
on fully symmetric, nitely rami ed fractals. We consider well known
examples, such as the unit interval and the Sierpinski gasket, and much
more complicated ones, such as the hexagasket and a non-post critically

nite self-similar fractal. We emphasize the low computational demands
of our method. As a conclusion, we give exact formulas for the limiting
distribution of eigenvalues (the integrated density of states), which is a
purely atomic measure (except in the classical case of the interval), with
atoms accumulating to the Julia set of a rational function. This paper is
the continuation of the work published by the same authors in [1].
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1 Introduction

In a previous paper [1] we gave a theoretical justi cation for a method by which
the spectrum of the Laplacian operator on fully symmetric, nitely rami ed
fractals can be computed. The advantage of this method is that the compu-
tational demands are low. The purpose of this paper is to provide detailed
explanations and examples of how this method can be applied to a range of
fractals.

For the background on the analysis on fractals one can consult the recent
textbook [2], with more advanced topics covered in monographs [3,/4, 5]. Among
many applications of fractal structures we particularly note [6, 7]. The recent
survey [8] describes relation between analysis on fractals and self-similar groups.

The rst self-similar set that we examine is the unit interval! Section [4.
The purpose of this example is to show that when the nitely rami ed fractal
is also a set that is amenable to classical analysis, the spectrum that we obtain
is the same as the one obtained from the classical analysis. Next we examine
the Sierpinski gasket, Section 5] as one of the simplest and best known fractals
that does not admit a classical analysis of the Laplacian. From here we go on to
analyze the Hexagasket, Section[6, which is a more complicated and to a novice
less familiar fractal than the Sierpinski gasket, yet it is still very similar to the
Sierpinski gasket. Lastly we analyze a fractal that is not post-critically nite,
Section [7} to show how the process works in a more general setting.

Figure 1: A basic Neumann eigenfunction on the Sierpinski gasket, three di-
mensional views.

Before continuing, we shall take a moment to describe what exactly it is
that is vibrating. The physical intuition for these calculations is based on a
thin piece of material placed horizontally that is struck and begins to vibrate

1The unit interval admits a decomposition into smaller intervals, and so is the attractor
of an iterated function system, but perhaps the interval can not be called a fractal, according
to the terminology introduced by Mandelbrot in [9]. The term \fractal" is usually reserved
for geometric objects not having simpler Euclidean descriptions. Rather than calling the unit
interval a fractal, we call it a Euclidean set admitting a self-similar decomposition.



vertically. One may think of a horizontal fractal membrane or plate which,
when vibrating, moves up and down in the vertical direction. It is well known
that the pure vibration modes correspond to the eigenmodes of the Laplacian.
In particular, the frequency of the vibration corresponds to the eigenvalue, and
the shape or amplitude corresponds to the eigenfunction. In the classical one
dimensional case of a string, meaning a unit interval in our terminology, the pure
vibration modes are given by familiar sine curves. Figure[1 shows an example
of an eigenfunction on the Sierpinski gasket with vastly exaggerated amplitude.
Figures 2] and [3] show eigenfunctions on the level-3 Sierpinski gasket. These

gures makes use of Neumann boundary conditions as do the basic calculations.
For us the Neumann boundary conditions simply imply a re ecting boundary
so that no energy is lost from the vibrating fractal, but do not impose any
restrictions on how our fractal may vibrate. The case when the boundary points
are xed in space corresponds to Dirichlet, or zero, boundary conditions. In
this case the calculations are very similar and so we omit them. Among many
related computations of eigenmodes on fractals and in the domains with fractal
boundary, we particularly note [10} 11, 12], which also contain many references.

Figure 2: A basic Neumann eigenfunction on the level-3 Sierpinski gasket, three
dimensional views.

2 Fractal Basics

The type of fractal that we consider in this paper consists of a compact subset
of R? which is the xed set of a family of injective mappings. Note that there
is nothing special about dimension two Euclidean space, just that it makes
the pictures easier to draw. Denote the fractal as F and the set of injective
map%'ngs as T jgjL;. Then the fractal is the unique compact subset such that
F= i”:1 iF, that is, the fractal is the xed point of the set of mappings. We
require that ;F\ jF is, when i & j, at most a single point and quite possibly



empty. The set of points which are xed under one of the injections is called
the boundary set, that is x = jx for some i.

We choose to approximate these fractals by a sequence of nite graphs whose
limit is the full fractal. The vertices of the depth n approximation are the images
of the boundary points under n of the injections. So if fz;gjZ, is our boundary
set then the vertices for the depth 3 approximation of F are i, i, i,(z;) for

by an edge if they are images of di erent boundary points under the same
sequence of n injections. For example, if we look at the boundary points and
the depth zero graph, we get the complete graph with those vertices. If we look
at the depth one graph we get the vertices ;(z;) where we place edges between
the vertices f i(zj)gjf“=l and do this for each i. The most intuitive example of
this is Figure[6l We denote the set of vertices for the depth n graph V, which
we also use for the graph itself. Once we have this graph approximation we can
consider the probabilistic Laplacian on Vi, whose matrix we give the name M.

We write (M) for the spectrum of the matrix M which, since the matrices
are nite dimensional, is just the set of eigenvalues. If z 2 (My) then we write
mult,z for the multiplicity of z as an eigenvalue of M. We will spend a great
deal of time considering mult,z as n increases to in nity in later sections.

Figure 3: A Neumann eigenfunction on the level-3 Sierpinski gasket, three di-
mensional views.

3 Eigenfunction Extension

The theoretical underpinnings of our procedure are a collection of results of
an entirely algebraic avor that relate the eigenvalues of a given matrix to
the eigenvalues of a submatrix. The relation is described through two rational
functions and in all of our examples the submatrix that we look at is the identity
matrix which is the reason we have such low computational demands.

The Laplacian matrix that we start with is the depth one Laplacian matrix,
M1 = M. It is written as a square matrix with ones on the diagonal. O -

diagonal entries are determined by a;j = W&a) where X; is a vertex in Vq if X



and x; are joined by an edge and a;; = 0 when X; and X; are not joined by an
edge. These matrices have the nice property that when summing across a row
the sum is always zero. We de ne A to be the square block in the upper left
hand corner that has as many rows and columns as there are boundary points
in the fractal. This matrix is always just a copy of the identity matrix. To begin
the iterative process of extending eigenvalues from one Laplacian to a deeper
one we have to do the base case rst, of extending the eigenvalues of Mg to
those of M. We begin by writing M is block form:

A B

M= ¢ b

We consider the Schur Complement of M zI which is
S@z)=(A zI) B(D z2) C:
In [1] we showed, using ideas from [13, 14], that
S(2)= )Mo R(2)):

Where (z) and R(z) are scalar valued rational functions, providing that z 2

(D). If we let Ng be the number of boundary points then Mg has entries
ajj = 1 and a;; = Wll We can look at speci ¢ entries in this matrix valued
equation to get the following two scalar valued equations:

(@)= (No 1)Si2(2)

and
Sl;l(z) .
(2)
Already we can see two types of z which would cause problems for us, either
z2 (D)or (z)=0, we collectively call these points exceptional and the set

of them E(M; My), the exceptional set.
Let us dispose of non-exceptional values of z rst:

R(z)=1

Theorem 3.1. Suppose that z is not an eigenvalue of D, and not a zero of
. Then z is an eigenvalue of M with eigenvector v if and only if R(z) is an

. . . V
eigenvalue of Mg with eigenvector vg, and v = Vﬁ.’ where

V= (D zI) Cvp:

This implies that there is a one-to-one map from the eigenspace of Mg corre-
sponding to R(z) onto the eigenspace of M corresponding to z.

Theorem (3.1, in particular, de nes the eigenfunction extension map v’ A
(D zl) Cvp. Using this map iteratively one can compute eigenfunctions



with very high accuracy and e ciency. The programs implementing this hier-
archical iterative procedure do not involve large matrix calculation, and the
results are illustrated in Figures(3,2 and[3. The rst numerical calculations on
the Sierpinski gasket were done in [10], with more topics considered in [12, 2,
and references therein]. The level-3 Sierpinski gasket was studied in [1, 15, 4, 2]
and other works.

Theorem[3.1lis proved in [1]. It leaves the exceptional values to be dealt with,
which are addressed in the next Proposition. In this proposition multp(z) is
the multiplicity of z as an eigenvalue of D, a similar usage to that of multy.
Here and throughout dimp, is the dimension of the function space on Vy, since
Vn isa nite collection of points the space of functions on Vp, is just the number
of points in V.

Proposition 3.1. 1. If z2 E(Mg; M), then
mUItn(Z) = mult, 1(R(Z)); (1)

and every corresponding eigenfunction at depth n is an extension of an
eigenfunction at depth n 1.

2. Ifz2 (D), (z) =0 and R(z) has a removable singularity at z, then
mult,(z) = dim, 1; )
and every corresponding eigenfunction at depth n is localized.

3. Ifz2 (D), both (z) and (z)R(z) have poles at z, R(z) has a removable
singularity at z, and £ R(z) & 0, then

multa(z) = m" multp(z) dim, 1 +mult, 1(R@)); 3
and every corresponding eigenfunction at depth n vanishes on V ;.

4. If z2 (D), but (z) and (z)R(z) do not have poles at z, and (z) & O,
then
multa(z) = m" multp(z) + mult, 1(R(2)): 4)

In this case m" *multp(z) linearly independent eigenfunctions are local-
ized, and mult, 1(R(z)) more linearly independent eigenfunctions are ex-
tensions of corresponding eigenfunction at depth n 1.

5.1fz2 (D), but (z) and (z)R(z) do not have poles at z, and (z) =0,
then
multa(z) = m" multp(z) + mult, 1(R(z2)) + dimn 1 (5)

provided R(z) has a removable singularity at z. In this case there are
m" multp(z) +dim, 1 localized and mult,, 1(R(z)) non-localized corre-
sponding eigenfunctions at depth n.

2http://www.math.uconn._edu/~teplyaev/fractals/



6. Ifz2 (D), both (z) and (z)R(z) have poles at z, R(z) has a removable
singularity at z, and £R(z) =0, then

mUItn(Z) = mult, 1(R(Z)); (6)

provided there are no corresponding eigenfunctions at depth n that vanish
on Vn 1. In general we have

mult,(z) = m" multp(z) dim, 1 +2mult, 1(R(z)) )
7. 1fz2 (D), (z) =0 and R(z) has a pole z, then mult,(z) =0 and z is
not an eigenvalue.

8. 1fz2 (D), but (z) and (z)R(z) do not have poles at z, (z) =0, and
R(z) has a pole z, then

n 1

mult,(z) = m" “multp(z) 8)

and every corresponding eigenfunction at depth n vanishes on V, ;.

The proof of this Proposition can be found in [1] and in a large part depends
on the Schur complement formula and taking inverses of matrices in block form.
This proposition does the heavy lifting for us as we recursively extend eigenval-
ues from the V; approximation to the full fractal F. We are nally at a point
where we can fully write down the description of our method:

1. Identify the self-similar structure of a nitely rami ed fractal, create the
V1 and V, approximations to the fractal. Note how many cells the fractal
is thought of as having (when we consider the unit interval we actually do
so three times with di erent numbers of cells). Write the matrix of the
Laplacian.

2. ldentify Mg, D, and nd their eigenvectors. Calculate R(z) and (z). List
(Mp) as the level zero eigenvalues. List (D) and the poles of (z) as
E(Mp; M), the exceptional values.

3. Do the inductive calculations using Proposition[3.1 to nd the multiplici-
ties of the eigenvalues for any V,, approximation of the fractal, and nally
take the limiting distribution of those multiplicities.

The choice of examples in this paper show o to full advantage the utility of
this process. The example of the one-dimensional interval shows that the num-
ber of cells we see the fractal as having is non-canonical and that the method
adapts to this, and also it reinforces that classically known results about Lapla-
cians on Euclidean spaces are compatible with our results. The Sierpinski gasket
example shows how our method works in a non-trivial fractal that many readers
are already familiar with. Then on to the Hexagasket which has a construction
very similar to the Sierpinski gasket to reinforce the methods before going onto
the non-p.c.f. fractal in the nal example. The most salient detail about this
fractal is that the vertices have unbounded degree as we consider higher and
higher level approximations to the fractal.



4 One dimensional interval as a self-similar set

In this section we show how our results allow us to recover classically known
information about the spectrum of the discrete Laplacians that approximate
the usual one dimensional continuous Laplacian. The unit interval [0,1] can be
represented as a self-similar set in various ways. Here we consider three cases:
when it subdivided into two, three or four subintervals of equal length. In our
notation this means that m is 2, 3, or 4. The depth-1 networks for these cases
are shown in Figure[4. The rst two cases were also discussed in [16]. Note
that in each case the function R(z) is the same as the Chebyshev polynomial
of degree m for the interval [0,2], which is the smallest interval that contains
the spectrum of the matrices Mp. It is shown in [16], in particular, that the
iterations of these polynomials are related in a natural way with the Riemann
zeta function. The proof that R(z) is given by the Chebyshev polynomials can
be found in [17].

X1 X3 X2
r r r r
X1 X3 Xa X2
L [ r r r

Figure 4: V; networks for the interval in cases m = 2; 3; 4 respectively.

Case m = 2. The matrix of the depth-1 Laplacian M; = M is

(0] 1
1 0 1
M=@ o 1 1A
1 1 1
2 2

and the eigenfunction extension map is

_ 1 1
(D 2) 'C= 2z 1) 2z D

Moreover, we compute that

1
@D=3a

and
R(z) =2z(2 2):

The only eigenvalue of D is (D) = flg: One can also compute (M) = f2;1;0g
with the corresponding eigenvectorsff-1, -1, 1g, f-1, 1, Og, f1, 1, 1gg. It is easy
to see that (z) & 0. Thus, the exceptional set is

E(Mp; M) = flg:



To begin the analysis of the exceptional value, note that R(z) does not have
any poles. We are interested in the value of R(z) at the exceptional point, which
is R(1) = 2. It is easy to see that 1 is a pole of (z), R(z) has a removable
singularity at 1, and dd—ZR(l) = 0. So for all n we can use Proposition[3.1(6) to
compute its multiplicity

mult, (1) = 1:

[ e
o
S
a

| e

0.5 1 1.5 0.5 1 1.5 0.5 1 1.5 2

Figure 5: The graph of R(z) for F = [0;1]] withm =2 m =3 and m = 4
respectively.

Case m = 3. The matrix of the depth-1 Laplacian M; = M is

o 1
1 0 1 0
w=g 7 1 ¢ 1§
2 013
0 5 5 1
and the eigenfunction extension map is
]
2(z 1) 1 -
(D Z) 1C — 3 821+4z2 822(24221) 3

8z 4z2 3 3 8z+4z2

Moreover, we compute that

(Z)=4 z

Njw
N
NI

and
R() =z(3 22)%

The eigenvalues of D, written with multiplicities, are

31
®r= 33
with corresponding eigenvectorsff-1, 1g, f1, 1gg. One can also compute

3
(M) = 2,5, ;0

N =



with the corresponding eigenvectorsffl, -1, -1, 1g, f-2, -2, 1, 1g, f-2, 2, -1, 1g,
fl, 1, 1, 1gg. It is easy to see that (z) & 0. Thus, the exceptional set is

31
E(Mo; M) = 5; >

Again, note that R(z) does not have any poles. We are interested in the values
of R(z) at the exceptional points, which are

R()=0; RG) =2
Since C;’—ZR(Z) = 0 at these points, we can use Proposition[3.1(6) to obtain

multa(3) = multa(3) =1

for all n.
Case m = 4. The matrix of the depth-1 Laplacian M; = M is
(@) 1
1 0 1 0 0
g 0 1 0 0 1
M = 3 0 1 3 0
o 0 3 1 3
o 3 0 3 1
and the eigenfunction extension map is
o (D 2) c= 1

3 8z+42° 1
8 4( 1+?z 622+2z3)  4( 1+gz 622+2z3)

2 8z+4z2 2 8z+4z2
1 3 8z+4z°
4( 1+5z 6z2+2z3) 4( 1+5z 6z2+2z3)

We compute that L

@)= 20+ 2422 82

and
R(z)=8z(z 2)(1 2)*

The eigenvalues of D, written with multiplicities, are

1 P~ 1 P
D)= 35 2+ 2 L; 2 2

with corresponding eigenvectors
nn o n 00

1; 2;1 ;f 1;0;1g; 1, p2;1
One can also compute

M)y= 2,- 2+ 2 ;1

1
2

10



It is easy to see that (z) & 0. Thus, the exceptional set is
E(M;M)= 1 2+72 ;1,1 2

To begin the analysis of the exceptional values, note that R(z) does not have
any poles. We are interested in the values of R(z) at the exceptional points,
which are p_ p_
RGQ+ 2)=2 RO)=0 RGEQ "2)=2

Once again, %R(z) = 0 at these points, and by Proposition [3.1({6) we have
multn (32 + I35)) = multy (1) = mult,(53(2 IOE)) =1

for all n.

5 Sierpinski gasket

Spectral analysis on the Sierpinski gasket originates from the physics literature
including [18,19] and is well known [20,10, 21, 22,2, 13]. In this section we show
how one can study it using our methods. Note that Sierpinski lattices recently
appeared as the Schreier graphs of so called Hanoi tower groups [23, 5, 24, 25]
(see also [26]).

Figure 6: The Sierpinski gasket and its V1 network.

Figure [6/ shows the depth one approximation to the Sierpinski gasket. The
depth one Laplacian matrix M = M, which is obtained from the above gure,

IS (o) 1
1 0 0 0 % %
0 1 0 % 0 5
1 1
m=B ° ? 1 2 7 7
0 7 = 1 7 =
1 0 i 1 1 i
i1 5 101 3
4 4 4 4

The eigenfunction extension map is

O 1 2( 1+z) 2( 1+z) 1
5+2(7 4z)z 5+2z( 7+4z) 5+2z( 7+4z)

1~ — 2( 1+2) 1 2( 1+z)
(O 2z) C= 5 5+27( 7+42) 5¥2(7 42)z 5¥2z( 7+47) R

2( 1+2z) 2( 1+z) 1
5+2z( 7+4z) 5+2z( 7+4z) 5+2(7 4z)z

11



From these we have that

3 2z

@)= 57+ 22

and
R(z)=(G 4z2)z:

|
I
I
|

15— == — = —— = ----

Figure 7: The graph of R(z) for the Sierpinski gasket.

The eigenvalues of M written with multiplicities are

M) = E;E;E;Z;Z;O
and the corresponding eigenvectors are f-1, -1, 0, 0, 0, 1g, f-1, 0, -1, 0, 1, Og,
fo0, -1, -1, 1, 0, Og, 2, 0, -2, -1, 0, 1g, 2, -2, 0, -1, 1, Og, f1, 1, 1, 1, 1, 1g. The
eigenvalues of D written with multiplicities are

5

(D) = Z;

Al Ol
N =

and the corresponding eigenvectors are f-1, 0, 1g, f-1, 1, Og, 1, 1, 1g. The

equation ” = 0 has as its solution f%g so the exceptional set is
513
E(Mg;M)= =:2;=
(Mo; M) 127

We can nd the multiplicities of these exceptional values by using Proposi-
tion 3.1.
For the value %, which isapole of (z)andin (D), we use Proposition[3.1(3)
to nd the multiplicities:
mult;(3) =2 3+1=0;
mult,(3) =6 6+1=1;
mults(3) = 18 15+ 1=4;

12



For the value % which is also a pole of (z) and in (D), we again use

Proposition [3.1(3) to nd the multiplicities:
multy(3) =1 3+2=0;
mult;(3) =3 6+3=0;
mults(3) =9 15+6=0;
For the value 2, since 32 (D) and (3) =0, we use Proposition 3.1(2) to
nd the multiplicities. Here the multiplicity of % in the n™ depth is equal to
the dimension at depth n 1.
multy(3) = 3;
multz(3) = 6;
mults(3) = 15;

Table [1 shows the ancestor-o spring structure of the eigenvalues of the
Sierpinski gasket. The symbol * indicates the branches

(2) = 5 P16
ner= 8
and
5+p25 16z
22) = g ——

of the inverse function R 1(z) computed at the ancestor value z. By Proposi-
tion3.1(I) the ancestor and the o spring have the same multiplicity. The empty
columns represent exceptional values. If they are eigenvalues of the appropriate
Mn, then the multiplicity is shown in the right hand part of the same row.

By induction one can obtain the following proposition, which is known in
the case of the Sierpinski gasket (see [21, 2, 13]).

Notation R n is used for the preimage of a set A under the n-th composition
power of the function R.

Proposition 5.1. (i) (M) = f0; 3g.
(i) Forany n>0
L 3
(Mp) R mf0; 59
m=0
and for any n > 1 we have

n|

C '
(Mn) =f3g R mf0; 39

In particular, for n > 2

n| n|

C T C
(Mp) = 10; %g R mf%g R mf%g



z2 (Mo)|| ©

NIw

multo(z) 1 2

z2 (My)|| ©

N
NIw

Mo

N bW
w

mult;(z) || 1

z2 (Mz) 0

Mo

13)] 23
multz(z) || 1 2 2 3 6|1

Mlw
N[
Nlw
Al

z2 (Ms) 0

EN[é)]
Hlw
NI
NIw
Ao

mults(z) |1 2l 22| 2| (33 |6] [1]1]15]4

Table 1: Ancestor-o spring structure of the eigenvalues on the Sierpinski gasket

(iii) For any n >0, dim, = 3*3,

(iv) For any n =0, mult,(0) = 1.

(v) For any n > 0, multa(3) = 352,

(vi) If z2 R Fg then multn(z)—3 “ 3 forn>1,06k6n 1.
(vii) If z 2 R F2g then multn(z)—3 “llfrn>206k6n 2.

Corollary 5.2. The normalized limiting distribution of eigenvalues (the inte-
grated density of states) is a pure point measure  with the set of atoms

1 1
C E "L E )
f%g R mf%g R mf%g
m=0 m=0
Moreover,
1
f%g = gi
and
(fzg=3 m1?

ifz2R mf3;2g.

The second and third claim of the corollary follow from the proposition by
taking the multiplicity of an eigenvalue at depth n and dividing it by the number
of eigenvalues of the depth n Laplacian, counting multiplicities, then limiting n
to 1.

14



6 Hexagasket

The hexagasket, or the hexakun, is a fractal which in di erent situations [27,
28,14, 2,129, 30, 31, and references therein] is called a polygasket, a 6-gasket, or
a (2, 2, 2)-gasket. The depth-1 approximation to it is shown in Figure 8.

X2
T
T
X4 X10 TXs X5
T T
T T
T X7 xiT
T T
T T
Xq — X127 X9 Tx3
T
T
T
Xe

Figure 8: The hexagasket and its V; network.

The matrix of the depth-1 Laplacian M; = M is
(o]

[eNeoNoNeoNeNeNalll L oNal
OO0 O0OoOoOMPrOoOOOr O
coodRrOoOOOORr OO
O ONRFRR O O ObF = O ONF
ONF O O O ORR RLAR O ONIF
ONFR O O ObF RAFRO ONFO
NF O O OfR RO O OV o
NF O OPRRM O O ONFO O
O ONR RAFRO O OMNFO O
corMooooORMro oo
oOr oo ooOMP oo OO
rOoooOMBrOoOOOOOO
)29209229222202200 00 2

and the eigenfunction extension map (D z) *C is the matrix

O 44 2(23+4z( 9+42)) 1+z 2+ (7 4z)z 1
4+ 2z(23+4z( 9+ 4z)) 2+ (7 4z)z 1+z
2+ (7 4z)z 4+ z(23 +4z( 9+ 4z)) 1+z
1+z 4+ 223+ 4z( 9+ 4z)) 2+ (7 4z)z
1+z 2+ (7 4z)z 4+2z(23+4z( 9+ 4z))
2+ (7 4z)z 1+z 4+ 2z(23+4z( 9+ 4z))
3+4(3 2z)z 1 3+4(3 2z)z
3+4(3 2z)z 3+4(3 2z)z 1
1 3+4(3 22)z 3+4(3 22)z

divided by 1 6z +4z2 (7 24z+16z2). Moreover, we compute that

_ 3+4(z 2)z
D= T 6r+a0 @ 20z+1629)
and X
R(2) = 2z(z 1)(7 24z + 16z ):

2z 1

15
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Figure 9: The graph of R(z) for the hexagasket.

The eigenvalues of D, written with multiplicities, are

3331
(D) = 3257 3 1 3 "2 3
One can also compute
333333.3311
M — 777.7.7717.7.77.
M) 2'2'2°2'2'2 ’4'4'4’4’0
with the corresponding eigenvectors f0; 1; 0; 0; 0; 0; 1; 0; 0; 0; 0; 1g, f1; 0; O;
0; 1;0;0;0;0;0; 1; 09, f1;0; 0; 1;0;0;0; 0; 0; 1; 0; Og, f1;0; 1; 1;0;0;
0;0;1;0;0; 0g, f0; 1; 1;0;0;0; 1;1;,0;0;0;0q, f1; 1,0;0; 1;1;0;0;0;
0,0; 09, f L 1 100,000,011 1g, fl; 1 0,0; 3, 510 3 3
1,0;1g, f0; 1;1; ;%0 3 %; 0; 1,109 f 11,0 1; 3414
3 1,019,701 1 353530 301 1,109 15151515115 15 4

1;1; 1; 1g:
Itis easy to see that (z) = 0 has two solution % and % Thus, the exceptional

set is
3.1 P

P 1
533 5 3 =

1
E(Mg; M) = P= 2
(Mo; M) 2 5
To begin the analysis of the exceptional values, note that % is the only pole
of R(z) and therefore is not an %genvalue by Prgﬁosition 3.1(7).

It is easy to see that (3 ~ 2)and 3 5 are the four poles of (z)
and so we can use Proposition 3.1(3) to compute the multiplicities. We obtain

multy (3(3 IoE)) =6° 2 3+1=0;
multy(1(3 IC)5)) =6 2 12+1=1;
multy (3(3 IOE)) =621 3+2=0;
multz(3(3 p3)) =61 1 12+6=0:
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22 (Mo) 0

NIW

multy(z) 1 2

2 ()| o | 1ol d | g jelsl

multy (z) 1 1 2 2 6

22 (M2)(0]1/252 HHEREIE IR
multz(z) ||1|1 1111 2|2|2|2(2|2|2(2 6/6 30/1 1

Table 2: Ancestor-o spring structure of the eigenvalues on the hexagasket.

The exceptional value % is in the spectrum (D), not a pole of (z) and (%) =
0. For this reason we can use Proposition[3.1[(5) to compute the multiplicities.

mult;(3) = 6° 3+0+3=6;
multx(3) = 6' 3+ 0+ 12 =30
As in the other sections, the multiplicities of all eigenvalues at depths 0, 1 and

2 are shown in Table 2. The following Theorem and Corollary summarize the
absolute and relative multiplicities of eigenvalues on the hexagasket.

Theorem 6.1. (i) (Mo) = f0; 3g.

.. 1
(ii) We have that (M1) = 0; Z; %; 1; g and for n > 2 we have
| C !
3 L ' 13 L[CL s Pz
(Mp) O; - Rm 1,-;- R m :
2 4" 4 4
m=0 m=0
+ n

(iii) For any n > 0 we have dim, = %:

6+4 6"
—

(v) Forany n > 1and 0 6 k < n 1 we have that if z 2 R (1) then
multn(z) = 1

(vi) Foranyn>1and 06 k<n 1we have that if z2 R f%;3g then

(iv) For any n >0, mult,(0) = 1 and mult,(3) =

6+4 6" K1

mult,(z) = 5
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P—
VII rany n =2 an <n we have that If z K then
(vii) Fo 2 and 0 6 k 2 we h hat if z2 R (3;-2) th

n k 1 1
multh(z) = — 5
.- p7
(viii) For n >0 we have mult,(3,-2) = 0:

Proof. For this fractal we have (D) = f0; 3g with multo(3) = 2 and, for the
purposes of Proposition (3.1, m = 6.

Item (i) is obtained above in this section.

Item (ii) follows from the subsequent items.

Item (iii) is straightforward by induction.

Item (iv) follows from Proposition[3.1(1) because 0 is a xed point of R(z),
and from Proposition 3.1(5).

Items (v) and (vi) follow from Proposition [3.1(1).

Items (vii) and (viii) follow from Proposition [3.1(3). O

Corollary 6.1. The normalized limiting distribution of eigenvalues (the inte-
grated density of states) is a pure point measure  with the set of atoms

r e ¢ P,
. .

3
m=0

T4

Al w

N w
N

m

Moreover, f3g = —;and

(fzg) =46 M1 if z2R mfi; 3g;
—1lg m 1 ; 3 P3 .
(fzg) 56 if z2R mf>4=g

7 A non-p.c.f. analog of the Sierpinski gasket

Several non-p.c.f. analogs of the Sierpinski gasket were introduced in [29]. Here

we analyze the simplest one of them. It is nitely rami ed but not p.c.f. in

the sense of Kigami. This fractal can be constructed as a self-a ne fractal in

R? using 6 a ne contractions, as shown in [29]. One a ne contraction has the
xed point (0;0) and the matrix

ENTE NI
ENTEE

and the other vea ne contractions can be obtained by combining this one with
the symmetries of the equilateral triangle with vertices (0; 0), (1;0) and (%; 73).
Figure [10] shows the fractal and the V; network for it. It is proved in [29] that
this particular embedding into R? has the advantage that the set restrictions
of C1(R?) functions to the fractal is dense in the domain of the energy form
E. It is signi cantly more di cult to describe the domain of the Laplacian, as

18



X2

Xy, 6

5
X1 X3

Figure 10: The non-p.c.f. analog of the Sierpinski gasket and its Vi network.

explained in [32]. Note that [29] considers the same energy (Dirichlet) form, but
a di erent Laplacian.
The matrix of the depth-1 Laplacian M; = M s

O 1
1 0 0 0o i 3
0 1 0 % 0 3 :
o 0o 1 % 3 O ?
= 0 3 % 1 0 0 3
% 0 3 0 1 0 3
7 ¥ 0 0 0 1 3
A S S S |
6 6 6 6 6 6
and the eigenfunction extension map is
O 1 5+6z 5+6z 1
6 18z+12z2  12(1 3z+2z2) 12(1 3z+222)
5+62z 1
(D 2) ic =g 12(1 5342.3222) 6 15%;1&2 12(1 3z+2z2) §
Z y4
12(11 3z+2z2) 12(% 3z+2z2) 6 182+1222
3+6z 3+6z 3+62
Moreover, we compute that
15 14z
)= —————
@ 24 72z + 4822
and 24z(z 1)(2z 3)
2(z z
R(z) = :
@) 14z 15
The eigenvalues of D, written with multiplicities, are
3 1
(D) A

with corresponding eigenvectors f-1, -1, -1, 19, -1, 0, 1, Og, -1, 1, 0, Og, f1, 1,
1, 1g. One can also compute



0.5 1 1.5 2

Figure 11: The graph of R(z) for the non-p.c.f. analog of the Sierpinski gasket.

with the corresponding eigenvectors f-1, -1, -1, 0, 0, 0, 1¢g, -1, -1, -1, 1, 1, 1,
0g, ¥-1,0, 1, -1, 0, 1, Og, -1, 1, 0, -1, 1, 0, Og, f1, O, -1, -1, O, 1, Og, f1, -1, O,
-1,1,0,0g, f1,1,1,1,1, 1, 1g.

It is easy to see that (z) = 0 has one solution f12g. Thus, the exceptional

- 14
set IS 3 115
E(Mg;M)= -;1;-;, =
MoM)= 51512
z2 (Mo) 0 3
multo(z) 1 2
z2 (My)|| 0 [13] 2| 2 3
mult1(z) || 1 2 2 2
22 (M2)0]1[2 HHERE
multa(2) ||1 2|2(2|12|2]2| |2]2|1|6|7

Table 3: Ancestor-o spring structure of the eigenvalues on the non-p.c.f. analog
of the Sierpinski gasket.

To begin the analysis of the exceptional values, note that % is a pole of R(z2)
and therefore is not an eigenvalue by Proposition[3.1(7). We are interested in
the values of R(z) in the other exceptional points, which are

R(1)=R()=0 and R(3)=3:

It is easy to see that 1 and % are poles of (z) and so we can use Proposi-
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