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Abstract. We describe the infinitesimal geometric behavior of a large class
of intrinsically smooth functions on the Sierpiński gasket in terms of the limit
distribution of their local eccentricity, which is essentially the direction of
the gradient. The distribution of eccentricities is codified as an infinite
dimensional perturbation problem for a suitable iterated function system,
which has the limit distribution as an invariant measure. Continuity prop-
erties of the gradient are used to define a class of nearly harmonic functions
which are well approximated by harmonic functions. The gradient is also
used to identify the part of the Sierpiński gasket where a smooth function
is nearly harmonic locally. We prove that for nearly harmonic functions
the limit distribution is the same as that for harmonic functions found by
Öberg, Strichartz and Yingst. In particular, we prove convergence in the
Wasserstein metric. We consider uniform as well as energy weights.

1. Introduction and notation

There is an extensive theory of analysis on fractals, see for example the books

by Kigami [3] and Strichartz [9], and the survey article [7]. For the most part

of the analytic theory (there is also a probabilistic theory) one is concerned

with fractals which are not too complicated. In the present paper we consider

the Sierpiński gasket, which is the example of two-dimensional fractal theory

which is best understood from an analytic point of view.

In classical analysis the study of the local structure of smooth functions

is fundamental and has many important consequences. For instance it gives

rise to such a basic notion as the tangent space. In analysis on fractals the

local stucture of smooth functions is not yet understood well enough to make
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2 A. PELANDER AND A. TEPLYAEV

it clear what conclusions can be drawn. In this paper we will address some

questions concerning the local structure of smooth functions on the Sierpiński

gasket. We actually show that they inherit a property of the local structure of

harmonic functions, which could be seen as the analogues of linear functions

on an interval, proven in [6].

The Sierpiński gasket K is the invariant set for the iterated function system

(i.f.s.) in the plane given by

Fix =
1

2
(x− qi) + qi i = 0, 1, 2,

where qi are the vertices of an equilateral triangle. More specifically, K is the

unique compact subset of R2 such that K = F0(K) ∪ F1(K) ∪ F2(K).
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Figure 1. Sierpiński gasket.

One reason why the Sierpiński gasket is not ’too complicated’, is that it is

an example of a fractal which is post-critically finite (p.c.f.). In this particular

case, the p.c.f. condition says that for the boundary V0 := {q0, q1, q2} of K we

have

FiK ∩ FjK ⊆ FiV0 ∩ FjV0,

for i 6= j. The general definition can be found in [3].

We regard K as the limit of graphs Γn with vertices Vn and edge relations

x ∼n y defined inductively as follows. Let Γ0 be the complete graph on V0 =

{q0, q1, q2}. Then Vn =
⋃

i FiVn−1 with x ∼n y if and only if there exists i

such that x = Fix
′, y = Fiy

′ and x′ ∼n−1 y
′. Note that Vn−1 ⊆ Vn. We regard

V0 = ∂K = {q0, q1, q2} as the boundary of each of the graphs Γn, so that Vn\V0

consists of all non-boundary vertices in Γn. Note that every such vertex has

exactly four neighbors in Vn. Points in Vn \ V0 are called junction points.

We define Wn as the space of finite sequences, or words, w = w1 · · ·wn of

length |w| = n, W∗ =
⋃

n>0Wn as the space of finite words of all lengths, and

Ω as the space of infinite sequences ω = w1w2 · · · , wj ∈ W1 = {0, 1, 2}. For
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ω = w1w2 · · · ∈ Ω, let [ω]k = w1 · · ·wk ∈ Wk and likewise for w ∈ W∗ and

k < |w|. We denote

Fw = Fw1 ◦ · · · ◦ Fwn and Kw = Fw(K).

For any function f on K and w ∈ W∗ we will use notation fw for the function

fw = f ◦ Fw defined on K.

We will denote by m the standard self-similar measure on K defined by

m(Kw) =
1

3|w| .

Note that there is a natural continuous projection π : Ω → K defined by

π(ω) =
⋂

n>0

K[ω]n.

We will abuse notation and define a measure m on Ω as the pullback of the

measure m on K under the projection map π, that is m(π−1(·)) = m(·). Then

m is the product Bernoulli measure.

A continuous function h on K is said to be harmonic if for all n its restriction

to Vn is graph-harmonic: its value at every nonboundary vertex x ∈ Vn is equal

to the average of its values at the four neighboring points in Vn,

(1.1) h(x) =
1

4

∑

y∼nx

h(y).

We say that f is n-harmonic if all restrictions fw, w ∈ Wn are harmonic.

We will need the concept of energy for functions defined on K. Define graph

energy forms

En(u, v) =

(
5

3

)n ∑

y∼nx

(u(x) − u(y))(v(x)− v(y)).

Then the sequence of graph energies En(u) = En(u, u) is nondecreasing for

every u and the harmonic functions are the only ones for which the sequence

is constant. The energy of a continuous function u can thus be defined as

E(u) = lim
n→∞

En(u),

and we will say that u ∈ DomE if and only if u has finite energy. The energy

form is defined on DomE through

E(u, v) = lim
n→∞

En(u, v).

Constant functions are the only ones with zero energy and DomE modulo

constants is a Hilbert space with the energy form as inner product. Functions
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with finite energy are continuous and form a dense subspace of C(K). To every

function f ∈ DomE we associate its energy measure νf through

νf(Kw) =

(
3

5

)−|w|

E(fw), w ∈ W∗,

and, as with m, we denote also by νf the measure on Ω that is the pullback

under π of νf .

There is an unbounded Laplacian denoted ∆ for which the domain of defini-

tion, Dom∆, is a dense subset of C(K), and such that the harmonic functions

are exactly those for which ∆f = 0. The Laplacian ∆f can be defined as a

pointwise limit of difference operators ∆nf |Vn but also by means of a Green’s

operator G (see [2, 3, 9]). We will say that ∆f = u if f and u are continuous

and

f = −Gu+Hf

where Hf is the unique harmonic function that coincides with f on the bound-

ary and

(1.2) Gu(x) =

∫

K

u(y)g(x, y)dm(y).

Here g(x, y) is a Green’s function, which is nonnegative, symmetric and g(x, y) =

0 if x or y is a boundary point. Since the Sierpiński gasket is a regular harmonic

structure, g(x, y) is continuous on K × K [2, Proposition 5.4]. The relation

between the Laplacian and the energy form is given by the Gauss–Green’s

formula

E(u, v) = −
∫

K

u∆vdm+
∑

p∈V0

u(p)dv(p),

where dv(p) is a certain normal (Neumann) derivative of v at p (see [2, Propo-

sition 7.3]). The Laplacian satisfies the following scaling identity

∆(fw) = 5−|w|(∆f)w.

The functions we will consider in this paper are those for which ∆f is Hölder

continuous. We will call such functions smooth.

It is proved in [8] that any function in the domain of the Laplacian is Hölder

continuous with Hölder exponent α = − log 3
5

log 2
. Thus, the important eigenfunc-

tions of ∆ and multiharmonic functions, i.e. functions for which ∆nf = 0 for

some n, are smooth.

A central notion in this paper is the concept of eccentricity of a function

defined on the Sierpiński gasket
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Definition 1. For a function f defined on the Sierpiński gasket K with bound-

ary points q0, q1, q2, ordered so that f(q0) ≤ f(q1) ≤ f(q2), we define the

eccentricity e(f) by

e(f) =

{
f(q1)−f(q0)
f(q2)−f(q0)

provided f(q0) < f(q2),

−1 if f(q0) = f(q1) = f(q2).

For every n the Sierpiński gasket is naturally decomposed into 3n copies Kw,

w ∈ Wn of itself. Our objective is to study how eccentricities are distributed

among the restrictions fw, w ∈ Wn, of a smooth function f to these copies

(cells), generalizing results obtained in [6] for harmonic functions.

Note that the eccentricity is invariant under the symmetries of the Sierpiński

gasket, and also is invariant under any affine transformation f 7→ af+b, a 6= 0.

So we may assume, without loss of generality, that if f is not constant on the

boundary then f(q0) = 0, f(q1) = e, f(q2) = 1 and if f is constant on the

boundary then f(q0) = f(q1) = f(q2) = 0

The distribution of eccentricities of harmonic functions is governed by an

i.f.s. {ψi}2
i=0 acting on ({−1} ∪ [0, 1]) that produces the new eccentricities on

each of the three smaller copies Ki, given an eccentricity on K for a harmonic

function. The i.f.s. is derived from the harmonic extension algorithm:

(1.3) h(x) =
2

5
h(y) +

2

5
h(z) +

1

5
h(v)

where x ∈ Vn\Vn−1, where y and z are the two neighbors of x in Vn that belong

to Vn−1, and v is the third vertex of the triangle in Vn−1 that contains y and z.

The maps of the i.f.s. are computed by letting the maps ψi be defined as

ψi(e(h)) = e(h ◦ Fi),

where e(h) is the eccentricity on K for the harmonic function h. If h is constant

on the boundary, then h is a constant function, thus ψi(−1) = −1 for i = 0, 1, 2.

If h is not constant on the boundary, we let h(q0) = 0, h(q1) = e and h(q2) = 1.

The harmonic extension algorithm gives the new values for the blow-up h ◦F0:

e(h ◦ F0) = (2e+ 1)/(e+ 2) = ψ0(e),

since h(F0(q0)) = 0, h(F0(q1)) = (2e + 1)/5 and h(F0(q2)) = (e + 2)/5. The

other maps, ψ1 and ψ2 are calculated analogously and one obtains the full
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iterated function system for x ∈ [0, 1]:

(1.4)





ψ0(x) =
2x + 1

x+ 2
,

ψ1(x) =





1 − 3x

2 − 3x
, if 0 ≤ x ≤ 1

3

3x− 1, if
1

3
≤ x ≤ 2

3
1

3x− 1
, if

2

3
≤ x ≤ 1,

ψ2(x) =
x

3 − x
.

Since the only harmonic functions for which any restriction hw is constant on

V0 actually are the constant functions, the arbitrary definition of eccentricity for

functions constant on V0 does not give any extra information in the harmonic

case. However, when working in the larger class of smooth functions it may

happen that some fw are constant on V0 even though f is not constant. To

describe the distribution of eccentricities for our larger class it is therefore

necessary to define the eccentricity of functions constant on V0.

In [6] the i.f.s. {ψi}, i = 0, 1, 2 acting on [0, 1] were studied. It was shown

that, with respect to uniform weights 1
3
, 1

3
, 1

3
, there exists a unique probability

measure µ0 which is a weak limit, as m → ∞, of the distribution of the

eccentricities at level m, the discrete measure 3−m
∑

|w|=m δ(ψw(e)). This limit

distribution µ does not depend on the nonconstant harmonic function, that is,

the starting point of the iterations.

The case when each map in the i.f.s. is given the same weight as the restric-

tion of the function to the corresponding subcell contributes to the energy of

the whole function was also considered in [6]. Let h be the harmonic function

with boundary values h(q0) = 0, h(q1) = e and h(q2) = 1. These energy weights

will be

pi(e) =
5E(hi)

3E(h)
,

which equals

(1.5)





p0(e) = 1
5

e2+e+1
e2−e+1

,

p1(e) = 1
5

3e2−3e+1
e2−e+1

,

p2(e) = 1
5

e2−3e+3
e2−e+1

.

The same type of convergence result as for uniform weights holds in the energy

case. There exists a unique probability measure µE, different from µ0, that is
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the weak limit of the discrete measures
∑

|w|=m pw(e)δ(ψw(e)). Here pw(e) =∏m
i=1 pwi

(ψwi−1...w1(e)).

In Section 2 we show that for a certain class of nearly harmonic functions,

eccentricities are in [0, 1] on all scales. Using the gradient defined in [10], we

identify the part of the Sierpiński gasket where a smooth function is nearly

harmonic locally.

In Section 3 we define an i.f.s. {Ψi}2
i=0 that governs the distribution of ec-

centricities of smooth functions. This i.f.s. will be a perturbed version of the

original i.f.s. (1.4), and it will act on an infinite dimensional space, since the

space of smooth functions is not finite dimensional. We prove convergence of

the perturbed i.f.s. to the same measures µ0 resp. µE, as in [6] with uniform

weights (Theorem 4) and energy weights (Theorem 5) respectively. But with

uniform weights we have the restriction that the starting point must corre-

spond to a nearly harmonic function. This restriction is not necessary in the

energy case since the subset of the Sierpiński gasket where a smooth function

is nearly harmonic locally has full energy measure.

The same measures µ0 and µE occurs as limit distribution of eccentricities,

because the perturbation of the original i.f.s. collapses fast enough on smaller

scales. This could be interpreted that every function with Hölder continuous

Laplacian in the limit satisfies the 1
5
− 2

5
extension algorithm.

Acknowledgements. The authors are grateful to Volker Metz, Anders Öberg

and Robert Strichartz for helpful discussions. We also thank the anonymous

referee for corrections and useful suggestions.

2. Gradient and local eccentricities

2.1. Nearly harmonic functions. In this section we define a class of func-

tions for which the local eccentricities are in [0, 1] on all levels. These are

functions for which most of the energy comes from the harmonic part, i.e, the

harmonic function with the same boundary values. We rely to a great extent

on the theory of gradients developed in [10], in particular on Theorem 3 of that

paper.

Let ‖f‖α be the Hölder norm with Hölder exponent α (with respect to the

Euclidean norm in R2) of a function f on K. This norm is equivalent to an

intrinsic norm

(2.1) ‖f‖ρ = ‖f‖∞ + sup
n≥0

sup
w∈Wn

sup
x,y∈Kw

ρ−n|f(x) − f(y)|
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where α = − log ρ
log 2

. We will be using this intrinsic norm on the space Hα of

Hölder continuous functions on K in the rest of the paper.

Following the notation in [10] we equip the space of harmonic functions H

with the norm ‖h‖2
H = E(h, h) + (

∑
x∈V0

h(x))2. Let H̃ be the orthogonal

complement to constant functions and P̃ the orthogonal projection from H

onto H̃. On H̃, as well as on DomE modulo constants, we will use the norm

‖f‖2 = E(f, f).

If {h1, h2} is an orthonormal basis of H̃ then the Kusuoka measure, ν =

νh1 + νh1, is independent of the choice of orthonormal basis. The Kusuoka

measure is nonatomic and νf is absolutely continuous with respect to ν for any

f ∈ DomE, see [1, 5, 10]. Again, we denote by ν its pullback on Ω under π.

For i = 0, 1, 2 let the linear map Mi : H → H be defined by Mih = h◦Fi and

define M̃i : H̃ → H̃, by M̃i = P̃MiP̃
∗. The Sierpiński gasket is a nondegenerate

harmonic structure, i.e., the restriction of any non-constant harmonic function

to any Kw, w ∈ W∗ is non-constant, since the matrices M̃i, i = 0, 1, 2 are

invertible. For any continuous f we denote byHf the unique harmonic function

that coincides with f on V0 and let H̃ = P̃H. In [10] Gradwf for w ∈ Wn is

defined as

Gradwf = M̃−1
w H̃(fw),

where M̃w = M̃wn . . . M̃w1 and

Gradωf = lim
n→∞

Grad[ω]nf,

for ω ∈ Ω whenever the limit exists.

Hölder continuity of ∆f gives the following estimate of ‖Gradωf‖, which is

a refinement of Theorem 3 in [10].

Theorem 1 ([10] Theorem 3). Suppose that ∆f is Hölder continuous on the

Sierpiński gasket, that is |∆f(x) − ∆f(y)| 6 cρn if x, y ∈ Kw, w ∈ Wn. Then

Gradωf is defined for every ω ∈ Ω and

(2.2) ‖Gradωf − H̃f‖ 6 8

(
c

1 − ρ
+ ‖∆f(x)‖∞

)
.

The estimate (2.2) also holds for Gradwf , w ∈ W∗.

The map ω 7→ Gradωf is continuous at ω in the standard topology of Ω if ω

is not constant after a finite segment or ∆f(π(ω)) = 0.

For the convenience of the reader we mention that the proof in [10] consists

of writing Gradwf as a telescoping sum of terms Grad[w]n+1
f −Grad[w]nf , and

carefully estimating these terms using the Green’s formula (1.2), and properties
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of the matrix M̃−1
[w]n

. The constant 8 in (2.2) is not explicitly found in [10],

however it follows from the argument there by inserting elementary estimates

of the terms ha and hs into the proof. The estimates we use are

‖ha‖ ≤ 3
√

6

5
cρn

and

‖hs‖ ≤ 1√
2
‖∆f‖∞.

Remark 1. If x is a point in K, then the definition of the gradient of f at x is

more delicate. If x ∈ K is not a junction point, then there is a unique ω ∈ Ω

such that x = π(ω). Then one can see that the map x = π(ω) 7→ Gradωf is

well defined, and is continuous at x in the topology of K.

However, x = π(ω) is a boundary point if and only if ω is constant, and

x = π(ω) is a junction point if and only if ω is constant after a finite segment.

If x ∈ K is a junction point, then there are two different ω1, ω2 ∈ Ω such that

x = π(ω1) = π(ω2). Then there can be two different gradients, Gradω1f and

Gradω2f , of f at x. It is easy to construct examples of such a situation, for

example, every localized eigenfunction of the Laplacian has points with this

property.

Remark 2. In [10] there was an obvious typo that −H̃f was omitted in (2.2)

The following theorem gives a criterion to have all local eccentricities in

[0, 1], i.e. for the function to have a non-constant harmonic part on all cells.

It will also be a key for uniqueness of the distribution of eccentricities of such

functions.

Theorem 2. There exists a real number ε0 > 0, such that if f is smooth and

(2.3)
‖∆f‖ρ

‖f‖
< ε0,

then f |V0 is not constant and

(2.4) ‖Hfw‖ > 1

2
· ‖f‖
‖M̃−1

w ‖
> 0,

for any finite word w.

Proof. We write f = Hf −Gu, where u = ∆f . If Hf = 0 then since
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E(Gu) = −
∫

K

Gu · ∆Gudm =

∫

K

Gu · udm

=

∫

K×K

g(x, y)u(x)u(y)d(m×m)(x, y)

≤ ‖g‖∞‖u‖2
∞,

we have

‖∆f‖ρ

‖f‖ ≥ 1√
‖g‖∞

,

and f |V0 is not constant for appropriate εo in (2.3). In the sense of the energy

norm, f is a slightly perturbed harmonic function, since E(f) = E(Hf)+E(Gu)

and E(Gu) ≤ ‖g‖∞ε20E(f) implies

(2.5) ‖Hf‖ ≥
√

(1 − ‖g‖∞ε20)‖f‖.

Then for ε0 > 0 small enough we have

‖Hfw‖ = ‖H̃fw‖ =
∥∥∥H̃(Hf)w + H̃(Gu)w

∥∥∥ =
∥∥∥M̃wP̃Hf + M̃wM̃

−1
w H̃(Gu)w

∥∥∥

=
∥∥∥M̃w

(
P̃Hf + M̃−1

w H̃(Gu)w

)∥∥∥ ‖M̃
−1
w ‖

‖M̃−1
w ‖

≥ 1

‖M̃−1
w ‖

∥∥∥P̃Hf + M̃−1
w H̃(Gu)w

∥∥∥

=
1

‖M̃−1
w ‖

∥∥∥P̃Hf + GradwGu
∥∥∥ ≥ ‖Hf‖ − ‖GradwGu‖

‖M̃−1
w ‖

≥ 1

2
· ‖f‖
‖M̃−1

w ‖
.

The last inequality follows from Theorem 1. �

Definition 2. A smooth function f defined on K is nearly harmonic if f

satisfies (2.3) with ε0 small enough that the conclusions of Theorem 2 hold.

The term nearly harmonic stems from inequality (2.5). Note that if h is a

nonconstant harmonic function and u is any Hölder continuous function on K

with ‖u‖ρ = 1, then h+ tGu is nearly harmonic whenever 0 ≤ |t| ≤ ε0‖h‖.

Proposition 3. If ρ ≤ 1 − 3
20

√
3
2
≈ 0.816288 . . . then ε0 is independent of ρ,

and can be put to ε0 = 0.06



INFINITE DIMENSIONAL I.F.S. AND SMOOTH FUNCTIONS ON THE SG 11

Proof. To give a numerical value of ε0 it is necessary to estimate the supremum

norm of the Green’s function g, which is defined by (see [2] and [3]),

(2.6) g(x, y) =
∑

w∈W∗∪∅
rwΨw(x, y),

where

Ψw(x, y) =

{
Ψ((Fw)−1(x)), (Fw)−1(y)) if x, y ∈ Kw

0 otherwise

and

(2.7) Ψ(x, y) =
∑

p,q∈V1\V0

Xp,qψp(x)ψq(y).

Since the functions ψp are 1-harmonic the maximum of Ψ will be obtained for

x and y in V1, which gives ‖Ψ‖∞ = 9
50

.

For any pair of points x and y, it is clear that Ψw(x, y) can be non-zero

for more than one w ∈ Wk, only if x and y lie in Vk, but for such points

Ψw(x, y) = 0. Thus, for every k, there can only be at most one non-zero term

Ψw(x, y), w ∈ Wk, and

‖g‖∞ ≤
∞∑

k=0

(
3

5

)k

‖Ψ‖∞ =
9

20
.

From the proof of Theorem 1 it follows that if ρ ≤ 1− 3
20

√
3
2

the sum of the

asymmetric parts are bounded by 8c and thus the right hand side of (2.2) can

be replaced by 8‖∆f‖ρ. In the last step of the proof of Theorem 2 we choose

ε0 small enough that

‖Hf‖ − ‖GradwGu‖ ≥
(√

(1 − ‖g‖∞ε20) − 8ε0

)
‖f‖ ≥ 1

2
‖f‖.

which holds for ε0 = 0.06. This value is also small enough to assure that f |V0

is not constant. �

Remark 3. In [4] it is conjectured that ‖g‖∞ = 178839/902500.

Remark 4. Note that in the important case ρ = 3
5
, which includes all functions

whose Laplacian is itself in Dom∆, the hypothesis of Proposition 3 is satisfied.

Remark 5. The value 1
2

in (2.5) is of course arbitrarily chosen from (0, 1).

Replacing it with a number close to 0, it is possible to obtain a value of ε0
arbitrarily close to 1√

64+‖g‖∞
in Proposition 3. Also note that we can change

1
2

to a factor b(ρ) ∈ (0, 1) depending on ρ to have Proposition 3 valid for
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more values of ρ. For ρ < 1 − 3
√

6ε0

5
√

1−‖g‖∞ε2o
it is possible to choose b(ρ) so that

Proposition 3 is valid but it seems impossible to have a value ε0 valid for all ρ.

2.2. Eccentricities of restrictions of smooth functions. In this section

we show that the value of eccentricities of restrictions of smooth functions

depend on whether the gradient vanishes or not. In particular we prove that

restrictions of smooth functions are nearly harmonic on small enough cells

where the gradient does not vanish.

Proposition 4. Suppose f is a smooth function. Let O be the subset of Ω

where Gradωf 6= 0. Then for any ε > 0 there exists an open set Oε ⊆ O with

the following property. For any ω ∈ Oε there is n such that

(2.8)
‖∆f[ω]m‖ρ

‖f[ω]m‖
< ε

for all m > n. Moreover, O\Oε consists only of sequences which are constant

after a finite segment. In particular, O\Oε is at most countable.

Proof. We have,

(2.9) ‖∆fw‖ρ 6 5−|w|‖∆f‖ρ

and

(2.10) ‖f[ω]m‖ > ‖H̃f[ω]m‖ = ‖M̃[ω]mGrad[ω]mf‖ >
1

‖M̃−1
[ω]m

‖
‖Grad[ω]mf‖.

Suppose Gradω0f 6= 0 and ω0 is not constant after a finite segment. Then

lim infm→∞ ‖Grad[ω]mf‖ > 0 uniformly in a neighborhood of ω0, we even have

for some n that ‖Grad[ω0]nwf‖ ≥ cω0‖Gradω0f‖ for every w ∈ W∗. In addition,

‖M̃−1
j ‖ = 5 and limn→∞ 5−n‖M̃−1

[ω0]n
‖ = 0 by the estimate in Theorem 2 in [10]

(see also Lemma 8 below). We thus have

‖∆f[ω0]nw‖ρ

‖f[ω0]nw‖
≤

5−n5−|w|‖M̃−1
[ω0]nw‖‖∆f‖ρ

‖Grad[ω0]nwf‖
≤

5−n‖M̃−1
[ω0]n

‖‖∆f‖ρ

cω0‖Gradω0f‖
,

for every w ∈ W∗. This completes the proof.

�

Corollary 5. Suppose f is a non-constant smooth function. Then for any

ε > 0 there exists W ′
ε ⊆ W∗ such that

(2.11)
‖∆fw‖ρ

‖fw‖
< ε
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for all w that can be written as w = w′w∗ where w′ ∈ W ′
ε and w∗ ∈ W∗.

Moreover, if O is the subset of Ω where Gradωf 6= 0, then π(O)\(
⋃

w∈W ′
ε
Kw)

consists only of boundary and junction points. In particular, this set is at most

countable.

Proof. As W ′
ε take the set of all [ω]n with ω ∈ Oε not constant after a finite

segment, where n is the least possible value for which (2.8) holds. Then apply

the projection π to the objects in the previous corollary. �

This corollary tells us that any restriction fw, w ∈ W ′
ε0 is nearly harmonic.

We want to show that f is constant on cells whose intersection with ∪w∈W ′
ε0
Kw

is at most finite. This does not follow directly from Theorem 1 since the set

π(O)\(
⋃

w∈W ′
ε
Kw) might intersect such cells. We will need the following result.

Proposition 6. Suppose f is a smooth function and that

ν ({ω ∈ Ω | Gradωf = 0}) = 1,

where ν is the Kusuoka measure. Then f is constant.

Proof. We prove that E(f) = 0. Let fn be the n-harmonic function that coin-

cides with f on Vn. Then E(f) = limn E(fn). Let

gn =
∑

w∈Wn

< Gradwf, Zn(w)Gradwf > 1Kw

where 1Kw denotes the characteristic function of Kw and

Zn(w) =
M̃∗

wM̃w

TrM̃∗
wM̃w

It is noted in [10, section 4] that

E(fn) =

∫

K

gndν.

Theorem 1 implies gn is uniformly bounded and Gradωf = 0 for ν a.e. ω gives

limn→∞ gn(x) = 0 for ν a.e. x. Dominated convergence completes the proof.

�

Remark 6. If the set

Kz ∩
(
∪w∈W ′

ε0
Kw

)
, z ∈ W∗

is finite or empty, then fz is constant, since by Corollary 5, Gradωfz 6= 0 for at

most a countable number of ω, and ν has no atoms, so Proposition 6 applies.

The converse is trivially true.
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For smooth functions, depending on where in K a point x lies, restrictions to

small enough neighborhoods of x will exhibit one of three possible behaviors.

Either they will be constant, nearly harmonic or exhibit what we will call

exceptional behavior.

Theorem 3. Let f be a smooth function on K. Then there are sets KH
f , KC

f

and KE
f such that

K = KH
f ∪KC

f ∪KE
f

where pairwise intersections between the sets in the union are at most count-

able and such that f is nearly harmonic locally on KH
f , in the sense that the

restriction to any cell contained in KH
f is nearly harmonic. Also f is constant

locally on KC
f in the same sense. The set KE

f is closed and nowhere dense.

Proof. The different parts of K can be constructed as follows. Partition Wn

into

WH
n,f = {w | [w]k ∈ W ′

ε0 for some k ≤ n}
WC

n,f = {w | f |Kw = const}
and WE

n,f what is left. Then define three sequences of subsets of K

KH
n,f = ∪w∈W H

n,f
Kw, K

C
n,f = ∪w∈W C

n,f
Kw, and KE

n,f = ∪w∈W E
n,f
Kw,

with the property that

K = KH
n,f ∪KC

n,f ∪KE
n,f .

Note that KH
n,f and KC

n,f are increasing and KE
n,f decreasing. Define

KH
f = ∪n≥1K

H
n,f , K

C
f = ∪n≥1K

C
n,f and KE

f = ∩n≥1K
E
n,f .

Then K = KH
f ∪ KC

f ∪ KE
f with pairwise intersections at most countable, f

is nearly harmonic (constant) locally in KH
f (KC

f ) and the closed set KE
f has

empty interior (Remark 6). �

On the exceptional set KE
f we can not say anything about the local behavior

of f . If x = π(ω) ∈ KE
f is not a junction or boundary point then Gradωf = 0

but we don’t have Grad[ω]nf = 0 for n big enough. Thus the eccentricity of

f[ω]n might very well jump between −1 and [0, 1].

This partition shows that in the case of uniform weights we can not hope for

convergence of the perturbed i.f.s. for arbitrary starting points since possibly

m(KE
f ) > 0. But in the energy case this is true because of the following fact.

Proposition 7. If f is a function with Hölder continuous Laplacian then

νf(K
C
f ) = νf (K

E
f ) = 0.
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Proof. It is trivial that νf (K
C
f ) = 0, so we can suppose that f is not constant

on any subcell of K.

Let fn be the n-harmonic function that coincides with f on Vn. From [10,

section 4], we know that

νfn(KE
m,f ) =

∑

w∈W E
m

∑

w′∈Wn−m

< Gradww′f, Zn(ww′)Gradww′f > ν(Kww′),

for n ≥ m.

Then, because KE
m,f is a finite union of cells, we have

νf(K
E
m,f ) = lim

n→∞
νfn(KE

m,f)

= lim
n→∞

∑

w∈W E
m

∑

w′∈Wn−m

< Gradww′f, Zn(ww
′)Gradww′f > ν(Kww′)

=

∫

π−1(KE
m,f )\π−1(KE

f )

< Gradωf, Z(ω)Gradωf > dν(ω),

where we have used that Gradωf = 0, ν a.e. on π−1(KE
f ). Since Hölder

continuity of ∆f implies that < Gradωf, Z(ω)Gradωf > is uniformly bounded,

we see that

νf (K
E
f ) = lim

m→∞
νf(K

E
m,f ) = 0.

�

3. Distribution of eccentricities

3.1. Perturbation of the iterated function system. To study the limit

distribution of eccentricities of smooth functions it is necessary to extend the

original i.f.s. on {−1}∪[0, 1] describing the harmonic case to ({−1}∪[0, 1])×Hα,

whereHα is the space of Hölder continuous functions onK. For this purpose we

make the following identification, the notation for which will be used through-

out this section. Let (e, u) ∈ ({−1}∪ [0, 1])×Hα correspond to a function with

Hölder continuous Laplacian through the following identification. If e ∈ [0, 1]

let f = h −Gu where h is the unique harmonic function such that h(q0) = 0,

h(q1) = e and h(q2) = 1, and if e = −1 let f = −Gu. After composition with

a symmetry of the Sierpiński gasket and an affine transformation any function

with Hölder continuous Laplacian is of this form so it is sufficient to study such

functions.

The i.f.s. that describes the distribution of eccentricities on this larger class

of functions is of course the same as the original i.f.s. on ({−1} ∪ [0, 1]) × {0}
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but for non-zero second coordinate the maps are perturbed to

(3.1) Ψj(e, u) =





(
e(fj),

u′
j

5(maxV0
fj−minV0

fj)

)
if fj|V0 is not constant

(
−1,

uj

5

)
if fj|V0 is constant

with u′j = uj ◦ R where R is a symmetry of K such that f ′
j = fj ◦ R has the

property that maxV0 f
′
j is achieved at the vertex q2 ofK and minV0 f

′
j is achieved

at the vertex q0 of K. Thus, in the above identification Ψj(e, u) corresponds

to fj if fj|V0 is constant and to
f ′

j

(maxV0
fj−minV0

fj)
if fj|V0 is not constant.

In the case of energy weights there will also be new weights pi(e, u) that

depend on the second coordinate.

For ease of notation we will let Ψw = Ψw′
1
◦ · · · ◦ Ψw′

n
where w 7→ w′ is the

permutation of Wn such that

Ψw′(e, u) =





(
e(fw), u′

w

5n(maxV0
fw−minV0

fw)

)
if fw|V0 is not constant

(
−1, uw

5n

)
if fw|V0 is constant.

Since we will only be interested in estimating the norm of the second coordinate

we will skip the prime notation.

Lemma 8. The second component in the perturbed i.f.s. Ψw tends to 0 for

every orbit ω ∈ Ω that is not constant after a finite segment, from any starting

point (e, u) ∈ ({−1} ∪ [0, 1]) × Hα corresponding to a function f such that

Gradωf 6= 0.

Proof. We know from Corollary 5 that [ω]m = w for some w ∈ W ′
ε0. Then

according to Theorem 2

(max
V0

f[ω]n − min
V0

f[ω]n)2 > 1

3
E(Hf[ω]n) > Const

E(f[ω]m)

‖M̃−1
[σm(ω)]n−m

‖2
.

With the estimate

(3.2) ‖M̃−1
[ω]n

‖ ≤ 5nβC(ω,n),

where β < 1 and C(ω, n) is the number of changes in [ω]n, from the proof of

Theorem 2 in [10], it follows that for any ω ∈ Ω we have

(3.3) 5n(max
V0

f[ω]n − min
V0

f[ω]n) > Const
‖f[ω]m‖

βC(σm(ω),n−m)
→ ∞.
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We conclude that the second term of the iterates
u[ω]n

5n(maxV0 f[ω]n − minV0 f[ω]n)
→ 0

in Hölder norm. �

Remark 7. Note that if (e, u) corresponds to a nearly harmonic function f

then Lemma 8 is true without any assumption on Gradωf . However, for nearly

harmonic functions Gradωf 6= 0 for every ω ∈ Ω anyway, because of (2.2).

3.2. Limit distribution with uniform weights. It was shown in [6] that

the i.f.s. (1.4) on [0, 1] with uniform weights has a unique invariant measure

µ0 in the sense that

(3.4) µ0 =
3∑

j=1

1

3
µ0 ◦ ψ−1

j .

Our extension of this i.f.s. to {−1} ∪ [0, 1] trivially gives rise to some new

invariant measures that satisfy (3.4), namely

µt = tδ−1 + (1 − t)µ0, t ∈ [0, 1].

Since Ψj(x, 0) = (ψj(x), 0), it is obvious that µt × δ0 are invariant measures of

the perturbed i.f.s. (3.1) in the sense that

µt × δ0 =

3∑

j=1

1

3
(µt × δ0) ◦ Ψ−1

j .

We define the action of an operator A on a probability measure λ on ({−1}∪
[0, 1]) ×Hα by

Aλ(B) =
3∑

j=1

1

3
λ(Ψ−1

j (B)) =

∫

({−1}∪[0,1])×Hα

P ((e, u), B)dλ(e, u),

where B is any Borel subset of ({−1} ∪ [0, 1]) ×Hα and

P ((e, u), B) =

3∑

j=1

1

3
δΨj(e,u)(B) = m(ω | ψ[ω]1(e, u) ∈ B)

is the probability, with respect to uniform weights, of ending up in B when

starting from (e, u). Then the invariant measures µt × δ0 are exactly the fixed

points of A.

To state our main result we need the following definition.
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Definition 9. The Wasserstein metric for probability measures µ and ν on a

measurable set X is defined as

dW (µ, ν) = sup
‖f‖Lip≤1

∣∣∣∣
∫

X

fdµ−
∫

X

fdν

∣∣∣∣ .

In [6] it was proven that Anδe → µ0 in the Wasserstein metric, regardless of

the starting point e. Next, we prove that the limit distribution of eccentricities

for nearly harmonic functions is the same as for harmonic functions.

Theorem 4. For any (e, u) ∈ ({−1} ∪ [0, 1]) ×Hα corresponding to a nearly

harmonic function f ,

Anδ(e,u) → µ0 × δ0

in the Wasserstein metric.

Theorem 4 does not follow immediately from Lemma 8. That Lemma only

tells us that if Anδ(e,u) converges in the Wasserstein metric it must converge to

a measure with support in ({−1}∪ [0, 1])×{0}. However, to prove Theorem 4

it is necessary to show that the perturbation of the original i.f.s. is, in some

sense, continuous in the second coordinate; if a function is close enough to

harmonic, eccentricities distribute almost like in the harmonic case.

Lemma 10. Suppose f |V0 and fi|V0 , i = 0, 1, 2 are not constant. If ‖u‖∞ ≤
1

20‖g‖∞ then

(3.5) |e(fi) − ψi(e)| ≤ Const‖u‖∞ i = 0, 1, 2.

Proof. Let V1 \ V0 = {p0, p1, p2} where p0 = F1(q2), p1 = F2(q0), p2 = F0(q1)

and f = Hf − Gu with f(q0) = 0 ≤ f(q1) = e ≤ f(q2) = 1. The harmonic

extension algorithm (1.1) gives that Hf(p0) = 2
5

+ 2e
5
, Hf(p1) = 2

5
+ e

5
, and

Hf(p2) = 1
5

+ 2e
5
.

Under the hypothesis of the lemma it is clear from (1.2) that ‖Gu‖∞ ≤ 1
20

and

this is enough to control in what point of Fi(V0) either maxV0 fi or minV0 fi will

occur. In the case i = 0 it is clear that minV0 f0 = f(q0) = 0 and independently

of e we have

e(f1) = min

( 2
5

+ e
5

+Gu(p1)
1
5

+ 2e
5

+Gu(p2)
,

1
5

+ 2e
5

+Gu(p2)
2
5

+ e
5

+Gu(p1)

)
.

Define

ecc0 : I × [− 1

20
,

1

20
] × [− 1

20
,

1

20
] → R
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(e, x, y) 7→ min

( 2
5

+ e
5

+ x
1
5

+ 2e
5

+ y
,

1
5

+ 2e
5

+ y
2
5

+ e
5

+ x

)
.

Note that ecc0 is Lipschitz continuous and that ecc0(e, 0, 0) = ψ0(e) and

ecc0(e,Gu(p1), Gu(p2)) = e(f0), hence

|e(f0) − ψ0(e)| ≤ Const‖(e,Gu(p1), Gu(p2)) − (e, 0, 0)‖
≤ Const max(|Gu(p1)|, |Gu(p2)|) ≤ Const‖Gu‖∞ ≤ Const‖u‖∞.

For i = 2 we know that maxV0 f2 = f(q2) = 1 so

e(f2) = min

(∣∣ e
5

+Gu(p0) −Gu(p1)
∣∣

3
5
− e

5
−Gu(p1)

,

∣∣ e
5

+Gu(p0) −Gu(p1)
∣∣

3
5
− 2e

5
−Gu(p0)

)

and a similar proof as for i = 0 can be done with

ecc2(e, x, y) = min

(∣∣ e
5

+ x− y
∣∣

3
5
− e

5
− y

,

∣∣ e
5

+ x− y
∣∣

3
5
− 2e

5
− x

)
.

The case i = 2 is a mixture of the two previous cases and is treated similarly.

�

Proof of Theorem 4. We must estimate

dW (ANδ(e,u), µ0 × δ0)

= sup
‖h‖Lip≤1

∣∣∣∣∣
1

3N

∑

w∈WN

h(Ψw(e, u)) −
∫
h(x, 0)dµ0(x)

∣∣∣∣∣

= sup
‖h‖Lip≤1

∣∣∣∣∣
1

3N

∑

w∈WN

h(e(fw),
uw

5N(maxV0 fw − minV0 fw)
) −

∫
h(x, 0)dµ(x)

∣∣∣∣∣ .

For this it is necessary to first iterate a certain number of steps so that the

norm of the second coordinate is small enough on most subcells of K, and

then use the result obtained in [6, Thm 5.6] together with Lemma 10 on those

subcells.

Inequality (3.3) from the proof of Lemma 8 tells us that

(3.6)

∥∥∥∥
uw

5|w|(maxV0 fw − minV0 fw)

∥∥∥∥
∞

≤ Const
‖u‖∞βC(w,n)

‖f‖
for any w ∈ Wn. In the rest of the proof we will always assume that M is big

enough that

Const
‖u‖∞βM

‖f‖ <
1

20‖g‖∞
,
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so that Lemma 10 applies whenever C(w, n) > M .

Let m, m′ and M be such that m + m′ = N and M ≤ m. Then for any

‖h‖Lip ≤ 1 we have

∣∣∣∣∣
1

3N

∑

w∈WN

h(e(fw),
uw

5|w|(maxV0 fw − minV0 fw)
) −

∫
h(x, 0)dµ0(x)

∣∣∣∣∣

≤ 1

3N

∑

w∈WN ,C(w,m)<M

∣∣∣∣h(e(fw),
uw

5|w|(maxV0 fw − minV0 fw)
) −

∫
h(x, 0)dµ0(x)

∣∣∣∣

+
1

3N

∑

w∈WN ,C(w,m)≥M

∣∣∣∣h(e(fw),
uw

5|w|(maxV0 fw − minV0 fw)
) − h(e(fw), 0)

∣∣∣∣

+
1

3m

∑

w0∈Wm,C(w0,m)>M

1

3m′

∑

z∈Wm′

|h(e(fw0z), 0) − h(ψz(e(fw0)), 0)|

+
1

3m

∑

w0∈Wm,C(w0,m)>M

∣∣∣∣∣∣
1

3m′

∑

z∈Wm′

h(ψz(e(fw0), 0) −
∫
h(x, 0)dµ0(x)

∣∣∣∣∣∣
.

The last term in the previous inequality is in [6, Thm 5.6] shown to be

bounded by Constam′
, with a < 1. To estimate the third term, let B =

maxi=1,2,3 ‖ψi‖Lip and use that if C(w0, m) > M we obtain by using (3.2) and

Lemma 10 that for every z ∈ Wm′

|e(fw0z) − ψz(e(fw0))|
≤ |e(fw0z) − ψzm′ (e(fw0z1...zm′−1

))|
+|ψzm′ (e(fw0z1...zm′−1

)) − ψzm′zm′−1
(e(fw0z1...zm′−2

))|
+ . . .

+|ψzm′ ...z2(e(fw0z1)) − ψz(e(fw0))|

≤ Const
m′−1∑

k=0

Bk ‖u‖∞βM

‖f‖
.

We can conclude that

∣∣∣∣∣
1

3N

∑

w∈WN

h(e(fw),
uw

5|w|(maxV0 fw − minV0 fw)
) −

∫
h(x, 0)dµ0(x)

∣∣∣∣∣
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≤ 2m[C(ω,m) < M ] +
1

3N

∑

w∈WN ,C(w,m)>M

∥∥∥∥
uw

5|w|(maxV0 fw − minV0 fw)

∥∥∥∥

+Const
Bm′ − 1

B − 1
βM + Constam′

≤ 2m[C(ω,m) < M ] + βM(Const + Const
Bm′ − 1

B − 1
) + Constam′

where a < 1, β < 1 and B > 1. This completes the proof.

�

With Theorem 4 we know that eccentricities of smooth functions locally has

the same limit distribution of eccentricities as harmonic functions in the set

KH
f . In particular Theorem 4 remains true if Gradωf 6= 0 for every ω ∈ Ω.

Without control on the behavior of the perturbed i.f.s. on π−1(KE
f ) it is not

possible to have convergence for arbitrary starting points. But in case KE
f is

negligible we still have convergence.

Corollary 11. If (e, u) ∈ ({−1} ∪ [0, 1])×Hα corresponds to a function f for

which m(KE
f ) = 0. Then

Anδ(e,u) → µt × δ0,

with t = m(KC
f ), in the Wasserstein metric.

Proof. Partition Wn into WH
n,f , W

C
n,f and WE

n,f as in section 2. We estimate

dW (ANδ(e,u), µt × δ0)

= sup
‖h‖Lip≤1

∣∣∣∣∣
1

3N

∑

w∈WN

h(Ψw(e, u)) − (1 − t)

∫
h(x, 0)dµ0(x) − th(−1, 0)

∣∣∣∣∣

≤ sup
‖h‖Lip≤1

∣∣∣∣∣∣
1

3N

∑

w∈W C
N,f

h(Ψw(e, u)) − th(−1, 0)

∣∣∣∣∣∣

+ sup
‖h‖Lip≤1

∣∣∣∣∣∣
1

3N

∑

w∈W H
N,f

h(Ψw(e, u)) − (1 − t)

∫
h(x, 0)dµ0(x)

∣∣∣∣∣∣

+ sup
‖h‖Lip≤1

∣∣∣∣∣∣
1

3N

∑

w∈W E
N,f

h(Ψw(e, u))

∣∣∣∣∣∣
.

Since Ψw(e, u) = (−1, 0) if w ∈ WC
N,f , we have
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sup
‖h‖Lip≤1

∣∣∣∣∣∣
1

3N

∑

w∈W C
N,f

h(Ψw(e, u)) − th(−1, 0)

∣∣∣∣∣∣
≤
∣∣m
(
KC

N,f

)
− t
∣∣→ 0

and for the last term note that

sup
‖h‖Lip≤1

∣∣∣∣∣∣
1

3N

∑

w∈W E
N,f

h(Ψw(e, u))

∣∣∣∣∣∣
≤ m(KE

N,f) → 0.

Given ε > 0, take n such that m(KH
f \KH

n,f) < ε. Then for any N ≥ n we

can estimate the mid term by,

sup
‖h‖Lip≤1

∣∣∣∣∣∣
1

3N

∑

w∈W H
N,f

h(Ψw(e, u)) − (1 − t)

∫
h(x, 0)dµ0(x)

∣∣∣∣∣∣

≤ sup
‖h‖Lip≤1

∣∣∣∣∣∣
1

3N

∑

w∈W H
N,f

h(Ψw(e, u)) −m(KH
n,f)

∫
h(x, 0)dµ0(x)

∣∣∣∣∣∣

+ sup
‖h‖Lip≤1

∣∣∣∣
(
m(KH

n,f) − (1 − t)
) ∫

h(x, 0)dµ0

∣∣∣∣

≤
∑

w′∈W ′
ε0

|w′|≤n

1

3|w′| sup
‖h‖Lip≤1

∣∣∣∣∣∣
1

3N−|w′|

∑

w∈WN−|w′|

h(Ψw′w(e, u)) −
∫
h(x, 0)dµ0(x)

∣∣∣∣∣∣

+2ε.

and for each w′ ∈ W ′
ε0

with |w′| ≤ n this supremum goes to 0 by Theorem 4.

�

3.3. Limit distribution with energy weights. Energy weights are natu-

rally expressed as normalized energy measure of the subcells of level one. If f is

the function corresponding to the point (e, u) 6= (−1, 0), then pi(e, u) = ν̄f(Ki)

where

ν̄f =
νf

E(f)
.

Cells on which a function is constant do not matter since they give no contri-

bution to the energy. Thus we can arbitrarily define pi(−1, 0) = 1
3
.
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It was shown in [6] that there is a unique invariant measure µE to the i.f.s.

(1.4) on [0, 1] with energy weights pi(e) = pi(e, 0) satisfying

(3.7) µE =
3∑

j=1

pi(e)µE ◦ ψ−1
j .

The extension of the original i.f.s. with energy weights to ({−1} ∪ [0, 1]) will

then have invariant measures

µE,t = tδ−1 + (1 − t)µE,

and clearly µE,t × δ0 are invariant measures to the perturbed i.f.s. (3.1) with

energy weights, and in fact there are no others.

Proposition 12. µE,t × δ0 are the only invariant measure for the perturbed

i.f.s. (3.1) with energy weights.

Proof. The result follows from Lemma 8 and Proposition 7. Suppose λ is an

invariant measure. Then λ is a fixed point of the operator

AEλ(B) =

3∑

j=1

∫

Ψ−1
j (B)

pj(e, u)dλ(e, u) =

∫

({−1}∪[0,1])×Hα

PE[(e, u), B]dλ(e, u)

acting on the probability measures on ({−1}∪[0, 1])×Hα. Here PE[(e, u), B] =

ν̄f(ω | Ψ[ω]1(e, u) ∈ B) is the probability, with respect to energy weights, of

ending up in the Borel set B starting from (e, u). So

(3.8) λ(B) = An
Eλ(B) =

∫
P

(n)
E ((e, u), B)dλ(e, u),

where

P
(n)
E ((e, u), B) = ν̄f(ω | Ψ[ω]n(e, u) ∈ B).

LetB = ({−1}∪[0, 1])×Bm in equality (3.8), with Bm = {u ∈ Hα | ‖u‖ρ >
1
m
}.

The second coordinate of Ψ[ω]n(e, u) tends to zero in Hölder norm for every

ω ∈ Oε that is not constant after a finite segment. This is a set of full ν̄f

measure thus P
(n)
E ((e, u), ({−1} ∪ [0, 1]) × Bm) → 0 for every (e, u).

Dominated convergence gives that λ(({−1} ∪ [0, 1]) × Bm) = 0 and thus

λ(({−1}∪ [0, 1])×{0}c) = 0 and the support of λ must be included in ({−1}∪
[0, 1]) × {0}. The only possibilities are λ = µE,t × δ0. �

With energy weights we have a nicer convergence result than for uniform

weights since we have convergence, to the same measure, no matter what start-

ing point. With respect to energy, the limit distribution of eccentricities is the

same for all non-constant smooth functions. This is a consequence of the fact
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that the set KH
f where a non-constant smooth function f is nearly harmonic

locally has full energy measure.

Theorem 5. For any (e, u) ∈ ({−1} ∪ [0, 1]) ×Hα, with (e, u) 6= (−1, 0)

An
Eδ(e,u) → µE × δ0

in the Wasserstein metric.

Proof. The proof follows the same path as the proofs of Theorem 4 and Corol-

lary 11, only some more attention to the weights has to be paid. In view of

Proposition 7, one can mimic the proof of Corollary 11 to see that it is enough

to consider starting points (e, u) corresponding to a nearly harmonic function

f .

We must show

dW (AN
E δ(e,u), µE × δ0)

= sup
‖h‖Lip≤1

∣∣∣∣∣
∑

w∈Wn

ν̄f(Kw)h(Ψw(e, u)) −
∫
h(x, 0)dµE(x)

∣∣∣∣∣

= sup
‖h‖Lip≤1

∣∣∣∣∣
∑

w∈Wn

ν̄f(Kw)h

((
e(fw),

uw

5|w|(maxV0 fw − minV0 fw)

))

−
∫
h(x, 0)dµE(x)

∣∣∣∣→ 0.

As in the proof of Theorem 4 we will always assume that M is big enough

that

Const
‖u‖∞βM

‖f‖ <
1

20‖g‖∞
,

so that Lemma 10 applies whenever C(w, n) > M .

Let m, m′ and M be such that m + m′ = n and M ≤ m. Then for any

‖h‖Lip ≤ 1 we have

(3.9)

∣∣∣∣∣
∑

w∈Wn

ν̄f(Kw)h(e(fw),
uw

5|w|(max fw − min fw)
) −

∫
h(x, 0)dµE(x)

∣∣∣∣∣

≤
∑

w∈Wn,C(w,m)<M

ν̄f (Kw)

∣∣∣∣h(e(fw),
uw

5|w|(max fw − min fw)
) −

∫
h(x, 0)dµE(x)

∣∣∣∣

+
∑

w∈Wn,C(w,m)≥M

ν̄f (Kw)

∣∣∣∣h(e(fw),
uw

5|w|(max fw − min fw)
) − h(e(fw), 0)

∣∣∣∣
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+
∑

w0∈Wm,C(w0,m)>M

ν̄f(Kw0)
∑

z∈Wm′

ν̄fw0
(Kz) |h(e(fw0z), 0) − h(ψz(e(fw0)), 0)|

+
∑

w0∈Wm,C(w0,m)>M

ν̄f(Kw0)
∑

z∈Wm′

|ν̄fw0
(Kz) − ν̄Hfw0

(Kz)||h(ψz(e(fw0)), 0)|

+
∑

w0∈Wm,C(w0,m)>M

ν̄f(Kw0)

∣∣∣∣∣∣
∑

z∈Wm′

ν̄Hfw0
(Kz)h(ψz(e(fw0), 0) −

∫
h(x, 0)dµE(x)

∣∣∣∣∣∣
.

The three first terms can be handled as in the proof of Theorem 4. The

last term in the previous inequality is in [6, Thm 5.9] shown to be bounded by

Constam′
, with a < 1. So what is new in this proof is the fourth term.

To estimate it note that

ν̄fw0
(Kz) =

m′∏

j=1

ν̄fw0z1...zj−1
(Kzj

)

and

ν̄Hfw0
(Kz) =

m′∏

j=1

ν̄(Hfw0 )z1...zj−1
(Kzj

)

so using the fact that all terms in the product are bounded by 1

(3.10) |ν̄fw0
(Kz) − ν̄Hfw0

(Kz)| ≤
m′∑

j=1

|ν̄fw0z1...zj−1
(Kzj

) − ν̄(Hfw0 )z1...zj−1
(Kzj

)|,

and each term can be estimated by

(3.11) |ν̄fw0z1...zj−1
(Kzj

) − ν̄(Hfw0 )z1...zj−1
(Kzj

)|

≤ |ν̄fw0z1...zj−1
(Kzj

) − ν̄Hfw0z1...zj−1
(Kzj

)|

+|ν̄Hfw0z1...zj−1
(Kzj

) − ν̄(Hfw0 )z1...zj−1
(Kzj

)|.
To bound the first term of (3.11) we show that if f = Hf − Gu with

maxV0 f = 1 and minV0 f = 0, then for ‖u‖∞ small enough

(3.12) |ν̄f (Ki) − ν̄Hf (Ki)| ≤ Const‖u‖∞.

Since the difference in the first term does not change if we rescale fw0z1...zj−1

as in the i.f.s. (3.1) and that u for this function is bounded by (3.6) inequal-

ity (3.12) will hold for large enough M .
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Note the estimates E(Gu) ≤ Const‖u‖2
∞ and E((Gu)i) ≤ Const‖u‖2

∞ that

follows by the same reasoning as in the proof of Theorem 2 and E((Hf)i, (Gu)i) =

E0((Hf)i, (Gu)i) ≤ Const‖u‖∞, where the equality holds since Hf is harmonic.

Thus (3.12) for small enough ‖u‖∞ is a consequence of the equalities

3

5
ν̄f(Ki) =

E(fi)

E(f)
=

E((Hf)i) + E((Gu)i) + 2E((Hf)i, (Gu)i)

E(Hf) + E(Gu)

and

3

5
ν̄Hf (Ki) =

E((Hf)i)

E(Hf)

together with E(Hf) ≥ 3
2
. Using (3.6) once more gives

∣∣∣ν̄fw0z1...zj−1
(Kzj

) − ν̄Hfw0z1...zj−1
(Kzj

)
∣∣∣ ≤ ConstβM .

Using Lemma 10 and once again that the second coordinate of the iterates

satisfies (3.6) we estimate the second term of inequality (3.11) by
∣∣∣ν̄Hfw0z1...zj−1

(Kzj
) − ν̄(Hfw0 )z1...zj−1

(Kzj
)
∣∣∣

≤ C|e(fw0z1...zj−1
) − ψz1...zj−1

(e(fw0))|

≤ C

j−1∑

k=0

ConstBkβM ≤ Const
Bj

B − 1
βM ,

where B = maxi=1,2,3 ‖ψi‖Lip and C = maxi=1,2,3 ‖pi‖Lip, where pi are the

energy weights (1.5) for the original i.f.s.

Summing up all terms on the right hand side of (3.10) we have
∣∣ν̄fw0

(Kz) − ν̄Hfw0
(Kz)

∣∣

≤ m′βM(1 +
Bm′

B − 1
).

It follows from (3.9) that

∣∣∣∣∣
∑

w∈Wn

ν̄f(Kw)h(e(fw),
uw

5|w|(maxV0 fw − minV0 fw)
) −

∫
h(x, 0)dµE(x)

∣∣∣∣∣

≤ 2ν̄f [C(ω,m) < M ]
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+βM

(
Const + Const

Bm′ − 1

B − 1
+m′(1 +

Bm′

B − 1
)

)

+Constam′

where a < 1, β < 1 and B > 1. Note that ν̄f [C(ω,m) < M ] → 0 since ν̄f

does not have atoms. This completes the proof. �
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