INFINITE DIMENSIONAL LF.S. AND SMOOTH FUNCTIONS
ON THE SIERPINSKI GASKET

ANDERS PELANDER AND ALEXANDER TEPLYAEV

ABSTRACT. We describe the infinitesimal geometric behavior of a large class
of intrinsically smooth functions on the Sierpinski gasket in terms of the limit
distribution of their local eccentricity, which is essentially the direction of
the gradient. The distribution of eccentricities is codified as an infinite
dimensional perturbation problem for a suitable iterated function system,
which has the limit distribution as an invariant measure. Continuity prop-
erties of the gradient are used to define a class of nearly harmonic functions
which are well approximated by harmonic functions. The gradient is also
used to identify the part of the Sierpiriski gasket where a smooth function
is nearly harmonic locally. We prove that for nearly harmonic functions
the limit distribution is the same as that for harmonic functions found by
C)berg, Strichartz and Yingst. In particular, we prove convergence in the
Wasserstein metric. We consider uniform as well as energy weights.

1. INTRODUCTION AND NOTATION

There is an extensive theory of analysis on fractals, see for example the books
by Kigami [3] and Strichartz [9], and the survey article [7]. For the most part
of the analytic theory (there is also a probabilistic theory) one is concerned
with fractals which are not too complicated. In the present paper we consider
the Sierpinski gasket, which is the example of two-dimensional fractal theory
which is best understood from an analytic point of view.

In classical analysis the study of the local structure of smooth functions
is fundamental and has many important consequences. For instance it gives
rise to such a basic notion as the tangent space. In analysis on fractals the
local stucture of smooth functions is not yet understood well enough to make
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2 A. PELANDER AND A. TEPLYAEV

it clear what conclusions can be drawn. In this paper we will address some
questions concerning the local structure of smooth functions on the Sierpinski
gasket. We actually show that they inherit a property of the local structure of
harmonic functions, which could be seen as the analogues of linear functions
on an interval, proven in [6].

The Sierpinski gasket K is the invariant set for the iterated function system
(i.f:s.) in the plane given by

1

where ¢; are the vertices of an equilateral triangle. More specifically, K is the
unique compact subset of R? such that K = Fy(K) U F}(K) U Fy(K).

q1

q0 q2

FIGURE 1. Sierpinski gasket.

One reason why the Sierpinski gasket is not 'too complicated’, is that it is
an example of a fractal which is post-critically finite (p.c.f.). In this particular
case, the p.c.f. condition says that for the boundary Vg := {qo, ¢1,¢2} of K we
have

FKNF;K C FVoNE;Vp,

for i # j. The general definition can be found in [3].

We regard K as the limit of graphs I';,, with vertices V,, and edge relations
x ~, y defined inductively as follows. Let I'y be the complete graph on V, =
{q0,¢1,¢2}. Then V,, = U, FiV,—1 with  ~, y if and only if there exists ¢
such that x = Fyo', y = Fyy’ and 2’ ~,_1 y'. Note that V,,_; C V,,. We regard
Vo = 0K = {qo, ¢1, g2} as the boundary of each of the graphs I',,, so that V,,\ V4
consists of all non-boundary vertices in I',,. Note that every such vertex has
exactly four neighbors in V,,. Points in V,, \ Vj are called junction points.

We define W,, as the space of finite sequences, or words, w = w; - - - w, of
length |w| =n, W, =], W, as the space of finite words of all lengths, and
2 as the space of infinite sequences w = wywy---, w; € Wy = {0,1,2}. For
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w = wwy--- € Q let [w|py = wy---wy € Wy and likewise for w € W, and
k < |w|. We denote

Fy=F, 0---0F, and K, = F,(K).

For any function f on K and w € W, we will use notation f,, for the function
fw = f o F, defined on K.
We will denote by m the standard self-similar measure on K defined by

1
=
Note that there is a natural continuous projection 7 : 2 — K defined by

71'((4}) = m K[w]n.

n=>0

m(Ky)

We will abuse notation and define a measure m on €2 as the pullback of the
measure m on K under the projection map m, that is m(7~1(-)) = m(-). Then
m is the product Bernoulli measure.

A continuous function h on K is said to be harmonic if for all n its restriction
to V,, is graph-harmonic: its value at every nonboundary vertex z € V,, is equal
to the average of its values at the four neighboring points in V/,,

(11) W) = 7 3 hiy)

Yy~nZ
We say that f is n-harmonic if all restrictions f,,, w € W,, are harmonic.
We will need the concept of energy for functions defined on K. Define graph
energy forms

i) = (3) 3 (ule) — ul)0(0) — ()

Yy~ n
Then the sequence of graph energies &,(u) = &,(u,u) is nondecreasing for

every u and the harmonic functions are the only ones for which the sequence
is constant. The energy of a continuous function u can thus be defined as

E(u) = lim &,(u),

and we will say that v € Dom& if and only if u has finite energy. The energy
form is defined on Domé& through

E(u,v) = lim &, (u,v).

Constant functions are the only ones with zero energy and Domé& modulo
constants is a Hilbert space with the energy form as inner product. Functions
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with finite energy are continuous and form a dense subspace of C'(K). To every
function f € Domé& we associate its energy measure vy through

3

vi(K) = (g)_lw E(fu), we .,

and, as with m, we denote also by v; the measure on (2 that is the pullback
under 7 of vy.

There is an unbounded Laplacian denoted A for which the domain of defini-
tion, DomA, is a dense subset of C'(K), and such that the harmonic functions
are exactly those for which Af = 0. The Laplacian Af can be defined as a
pointwise limit of difference operators A, f|y, but also by means of a Green’s
operator G (see [2, 3, 9]). We will say that Af = v if f and u are continuous
and

f=—-Gu+Hf

where H f is the unique harmonic function that coincides with f on the bound-
ary and

(1.2) Gu(z) = /K w(y)g(, y)dm(y).

Here g(x,y) is a Green’s function, which is nonnegative, symmetric and g(z,y) =
0 if x or y is a boundary point. Since the Sierpinski gasket is a regular harmonic
structure, g(x,y) is continuous on K x K [2, Proposition 5.4]. The relation
between the Laplacian and the energy form is given by the Gauss—Green’s
formula
&(u,v) = —/ uAvdm + Z u(p)dv(p),
K pEVD

where dv(p) is a certain normal (Neumann) derivative of v at p (see [2, Propo-
sition 7.3]). The Laplacian satisfies the following scaling identity

A(fu) =5"I(Af)w.

The functions we will consider in this paper are those for which A f is Holder
continuous. We will call such functions smooth.

It is proved in [8] that any function in the domain of the Laplacian is Holder
continuous with Holder exponent a = —llzggg. Thus, the important eigenfunc-
tions of A and multiharmonic functions, i.e. functions for which A" f = 0 for

some n, are smooth.

A central notion in this paper is the concept of eccentricity of a function
defined on the Sierpinski gasket
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Definition 1. For a function f defined on the Sierpinski gasket K with bound-
ary points qo, q1, g2, ordered so that f(q) < f(q1) < f(q2), we define the
eccentricity e(f) by

o) - {% provided f(g0) < £(a»),
-1 if f(QO) = f(Ch) = f(C_I2).

For every n the Sierpinski gasket is naturally decomposed into 3" copies K,
w € W, of itself. Our objective is to study how eccentricities are distributed
among the restrictions f,,, w € W, of a smooth function f to these copies
(cells), generalizing results obtained in [6] for harmonic functions.

Note that the eccentricity is invariant under the symmetries of the Sierpiniski
gasket, and also is invariant under any affine transformation f — af+b, a # 0.
So we may assume, without loss of generality, that if f is not constant on the
boundary then f(qo) = 0, f(q1) = e, f(q2) = 1 and if f is constant on the
boundary then f(q) = f(q1) = f(q2) =0

The distribution of eccentricities of harmonic functions is governed by an
i.f.s. {¢;}2_, acting on ({—1} U [0,1]) that produces the new eccentricities on
each of the three smaller copies K;, given an eccentricity on K for a harmonic
function. The i.f.s. is derived from the harmonic extension algorithm:

2

(1.3) h(z) = 2h(y) + %h(z) + %h(v)

where z € V,,\V,,_1, where y and z are the two neighbors of z in V,, that belong
to V,,_1, and v is the third vertex of the triangle in V,,_; that contains y and z.
The maps of the i.f.s. are computed by letting the maps v; be defined as

pi(e(h)) = e(ho F),

where e(h) is the eccentricity on K for the harmonic function h. If h is constant
on the boundary, then A is a constant function, thus ¢;(—1) = —1fori =0, 1, 2.
If h is not constant on the boundary, we let h(qo) = 0, h(q1) = e and h(g) = 1.
The harmonic extension algorithm gives the new values for the blow-up ho Fy:

e(hoFy) = (2e+1)/(e+2) =o(e),

since h(Fy(qo)) = 0, h(Fy(q1)) = (2¢ +1)/5 and h(Fo(g2)) = (e +2)/5. The
other maps, 1, and vy are calculated analogously and one obtains the full
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iterated function system for z € [0, 1]:

( 20+ 1
¢0($)_x+2’
( 1 — 3z 1
-y < p< -
53 @ UsTs3
) 1 2
1
N T !
\ 3z —1 3
x
\¢2(l’):3_x-

Since the only harmonic functions for which any restriction h,, is constant on
Vi actually are the constant functions, the arbitrary definition of eccentricity for
functions constant on Vj does not give any extra information in the harmonic
case. However, when working in the larger class of smooth functions it may
happen that some f, are constant on Vj even though f is not constant. To
describe the distribution of eccentricities for our larger class it is therefore
necessary to define the eccentricity of functions constant on V4.

In [6] the i.fs. {¢4},7 = 0,1,2 acting on [0, 1] were studied. It was shown
that, with respect to uniform weights %, %, %, there exists a unique probability
measure (1o which is a weak limit, as m — oo, of the distribution of the
eccentricities at level m, the discrete measure 37" 37, 6(¢w(e)). This limit
distribution p does not depend on the nonconstant harmonic function, that is,
the starting point of the iterations.

The case when each map in the i.f.s. is given the same weight as the restric-
tion of the function to the corresponding subcell contributes to the energy of
the whole function was also considered in [6]. Let h be the harmonic function
with boundary values h(qy) = 0, h(q1) = e and h(gy) = 1. These energy weights
will be

5E(h;)
Pie) = gy
which equals
p0(€) = %:ztiiia
(1.5) pi(e) = 13522kl

pa(e) = $2.

The same type of convergence result as for uniform weights holds in the energy
case. There exists a unique probability measure pe, different from g, that is
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the weak limit of the discrete measures -, puw(€)d(¢w(e)). Here py(e) =
H?ll pwi(,l?bwifl---wl (6))

In Section 2 we show that for a certain class of nearly harmonic functions,
eccentricities are in [0, 1] on all scales. Using the gradient defined in [10], we
identify the part of the Sierpinski gasket where a smooth function is nearly
harmonic locally.

In Section 3 we define an i.f.s. {¥;}2 that governs the distribution of ec-
centricities of smooth functions. This i.f.s. will be a perturbed version of the
original i.f.s. (1.4), and it will act on an infinite dimensional space, since the
space of smooth functions is not finite dimensional. We prove convergence of
the perturbed i.f.s. to the same measures iy resp. fe, as in [6] with uniform
weights (Theorem 4) and energy weights (Theorem 5) respectively. But with
uniform weights we have the restriction that the starting point must corre-
spond to a nearly harmonic function. This restriction is not necessary in the
energy case since the subset of the Sierpinski gasket where a smooth function
is nearly harmonic locally has full energy measure.

The same measures iy and pue occurs as limit distribution of eccentricities,
because the perturbation of the original i.f.s. collapses fast enough on smaller
scales. This could be interpreted that every function with Holder continuous
Laplacian in the limit satisfies the % — % extension algorithm.

Acknowledgements. The authors are grateful to Volker Metz, Anders Oberg
and Robert Strichartz for helpful discussions. We also thank the anonymous
referee for corrections and useful suggestions.

2. GRADIENT AND LOCAL ECCENTRICITIES

2.1. Nearly harmonic functions. In this section we define a class of func-
tions for which the local eccentricities are in [0,1] on all levels. These are
functions for which most of the energy comes from the harmonic part, i.e, the
harmonic function with the same boundary values. We rely to a great extent
on the theory of gradients developed in [10], in particular on Theorem 3 of that
paper.

Let || f||o be the Holder norm with Holder exponent o (with respect to the
Euclidean norm in R?) of a function f on K. This norm is equivalent to an
intrinsic norm

(2.1) 11l = [Ifllec +sup sup sup p~"|f(z) = f(y)]

n>0 weW, z,yc Ky
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1 . . .. ..
where o = —lggg. We will be using this intrinsic norm on the space H® of

Holder continuous functions on K in the rest of the paper.

Following the notation in [10] we equip the space of harmonic functions H
with the norm ||h]3, = &(h,h) + (Zmevo h(x))2. Let H be the orthogonal
complement to constant functions and P the orthogonal projection from H
onto H. On H, as well as on Domé& modulo constants, we will use the norm
17112 =&(f, ) N

If {hy,hy} is an orthonormal basis of H then the Kusuoka measure, v =
Up, + Up,, is independent of the choice of orthonormal basis. The Kusuoka

measure is nonatomic and vy is absolutely continuous with respect to v for any
f € Domé&, see [1, 5, 10]. Again, we denote by v its pullback on €2 under .

Fori =0,1,2let the linear map M; : H — H be defined by M;h = ho F; and
define M; : H — K, by M; = PM;P*. The Sierpinski gasket is a nondegenerate
harmonic structure, i.e., the restriction of any non-constant harmonic function
to any K,, w € W, is non-constant, since the matrices Mi, 1 = 0,1,2 are
invertible. For any continuous f we denote by H f the unique harmonic function
that coincides with f on Vj and let H = PH. In [10] Grad,, f for w € W, is
defined as

Grad,, f = M, H(f.),
where Mw = Mwn o Mwl and
Grad, f = lim Grady,, f,

for w € 2 whenever the limit exists.
Holder continuity of Af gives the following estimate of ||Grad,, f||, which is
a refinement of Theorem 3 in [10].

Theorem 1 ([10] Theorem 3). Suppose that Af is Héolder continuous on the
Sierpiniski gasket, that is |Af(z) — Af(y)| < cp” if v,y € Ky, w € W,,. Then
Grad,, f is defined for every w € €2 and

@)

22) [Grads — A1fl <8 (5

The estimate (2.2) also holds for Grad, f, w € W,.
The map w +— Grad,, f is continuous at w in the standard topology of 2 if w
is mot constant after a finite segment or Af(mw(w)) = 0.

For the convenience of the reader we mention that the proof in [10] consists
o] — Gradp,, f, and
carefully estimating these terms using the Green’s formula (1.2), and properties

of writing Grad,, f as a telescoping sum of terms Gradj,,
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of the matrix M[;}ln- The constant 8 in (2.2) is not explicitly found in [10],
however it follows from the argument there by inserting elementary estimates
of the terms h, and hy into the proof. The estimates we use are

3W6

[hall < TCP
and
1
V2

Remark 1. If x is a point in K, then the definition of the gradient of f at x is
more delicate. If x € K is not a junction point, then there is a unique w € 2

sl < —5 1A oo

such that x = w(w). Then one can see that the map = = 7(w) — Grad, [ is
well defined, and is continuous at x in the topology of K.

However, z = m(w) is a boundary point if and only if w is constant, and
x = m(w) is a junction point if and only if w is constant after a finite segment.
If x € K is a junction point, then there are two different wy,ws € 2 such that
x = m(wy) = m(wy). Then there can be two different gradients, Grad,, f and
Grad,, f, of f at x. It is easy to construct examples of such a situation, for
example, every localized eigenfunction of the Laplacian has points with this

property.
Remark 2. In [10] there was an obvious typo that —H f was omitted in (2.2)

The following theorem gives a criterion to have all local eccentricities in
[0,1], i.e. for the function to have a non-constant harmonic part on all cells.
It will also be a key for uniqueness of the distribution of eccentricities of such
functions.

Theorem 2. There exists a real number eg > 0, such that if f is smooth and

1AS1l
(23) < €,
nal
then flv, is not constant and
LA
(2.4) 15 full = 5 - s > 0,
2| M |

for any finite word w.

Proof. We write f = Hf — Gu, where u = Af. If Hf = 0 then since
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E(Gu):—/ Gu-AGudm:/ Gu - udm
K K

N /K Kg(x,y)U(ﬂf)U(y)d(m xm)(z,y)

< llgllocllullZ

we have

1811, 1
I = Vel

and f|y, is not constant for appropriate €, in (2.3). In the sense of the energy
norm, f is a slightly perturbed harmonic function, since E(f) = E(H f)+E&(Gu)
and &(Gu) < ||glleo€3E(f) implies

(2.5) HHFI = A/ (1= llglleced) £

Then for ¢y > 0 small enough we have

W full = W full = | EECH )y B (G| = || W PH 4+ N0, N H (G|
(B o1 I |
= |My (PHf + M, "H(Gu), > PHf + M; H(Gu),
H ( >’ 1M 1|| IIM ] ‘ ’
L ps G| ML ICmGul 1L
M M %3 M
The last inequality follows from Theorem 1. O

Definition 2. A smooth function f defined on K is nearly harmonic if f
satisfies (2.3) with ¢y small enough that the conclusions of Theorem 2 hold.

The term nearly harmonic stems from inequality (2.5). Note that if & is a
nonconstant harmonic function and u is any Holder continuous function on K
with |lul|, = 1, then h + tGu is nearly harmonic whenever 0 < [t| < gl R]].

Proposition 3. If p <1 — %\/g ~ 0.816288... then € is independent of p,

and can be put to ¢ = 0.06
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Proof. To give a numerical value of ¢, it is necessary to estimate the supremum
norm of the Green’s function g, which is defined by (see [2] and [3]),

(2.6) g(z,y) = Z TV

weW,Ug
where
Vo(.y) = {\D((erl(x)), (F) ') iy € K.
0 otherwise
and
(2.7) Z X, 05, ()00 (9).

2,q€V1\Vo

Since the functions 1, are 1-harmonic the maximum of ¥ will be obtained for
z and y in V3, which gives ||¥||o = .

For any pair of points x and y, it is clear that W, (x,y) can be non-zero
for more than one w € Wy, only if x and y lie in Vj, but for such points
U, (x,y) = 0. Thus, for every k, there can only be at most one non-zero term
U, (z,y), w e Wy, and

=3\ 9
0o < = v 0o = /Rr¢
lol <3 (3) 191l = 55

From the proof of Theorem 1 it follows that if p < 1 — —\/g the sum of the
asymmetric parts are bounded by 8¢ and thus the right hand side of (2.2) can
be replaced by 8||Af]|,. In the last step of the proof of Theorem 2 we choose
€o small enough that

1711~ [GraduGul > (1= gl ) 161> 3111

which holds for €y = 0.06. This value is also small enough to assure that f|y,
is not constant. O

Remark 3. In [4] it is conjectured that ||g||.c = 178839/902500.

Remark 4. Note that in the important case p = Wthh includes all functions
whose Laplacian is itself in DomA, the hypothe51s of Proposition 3 is satisfied.

Remark 5. The value % in (2.5) is of course arbitrarily chosen from (0, 1).

Replacing it with a number close to 0, it is possible to obtain a value of ¢
1

v/ 64+]lgllo

5 to a factor b(p) € (0,1) depending on p to have Proposition 3 valid for

arbitrarily close to in Proposition 3. Also note that we can change
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more values of p. For p < 1 — —3¥6___ it is possible to choose b so that
P P sy/1-lgles O P (p)

Proposition 3 is valid but it seems impossible to have a value ¢, valid for all p.

2.2. Eccentricities of restrictions of smooth functions. In this section
we show that the value of eccentricities of restrictions of smooth functions
depend on whether the gradient vanishes or not. In particular we prove that
restrictions of smooth functions are nearly harmonic on small enough cells
where the gradient does not vanish.

Proposition 4. Suppose f is a smooth function. Let O be the subset of €2
where Grad, f # 0. Then for any € > 0 there exists an open set O. C O with
the following property. For any w € O, there is n such that

Aflw
(2.8) w <€

| fiwlm

for all m = n. Moreover, O\O, consists only of sequences which are constant
after a finite segment. In particular, O\O, is at most countable.

Proof. We have,

(2.9) IAfull, <57 AF,
and
. - 1
(210)  [[frgull Z 1H fromll = M, Grad,, fl| 2 ———I[|Grady,, f|-

(ol

Suppose Grad,, f # 0 and wy is not constant after a finite segment. Then
lim inf,, . |Grady,,, f|| > 0 uniformly in a neighborhood of wy, we even have
for some n that ||Grad,),wf| > cu,|/Grady, f|| for every w € W,. In addition,
HM ' =5 and lim,, . 5 "HM[wo] | = 0 by the estimate in Theorem 2 in [10]
(see also Lemma 8 below). We thus have

1A froglly 757 M JMIAFL, 57Ny IIAS,

[ fwolwwll |Gradiuy),wfll T cullGrady, fI
for every w € W,. This completes the proof.

U

Corollary 5. Suppose f is a non-constant smooth function. Then for any
€ > 0 there exists W! C W, such that

1A fuwllp
<€
[ fowll

(2.11)
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for all w that can be written as w = w'w, where w' € W! and w, € W,.

Moreover, if O is the subset of Q where Grad, f # 0, then m(O)\(Uyew Kw)
consists only of boundary and junction points. In particular, this set is at most
countable.

Proof. As W! take the set of all [w],, with w € O, not constant after a finite
segment, where n is the least possible value for which (2.8) holds. Then apply
the projection 7 to the objects in the previous corollary. U

This corollary tells us that any restriction f,,, w € W/ is nearly harmonic.
We want to show that f is constant on cells whose intersection with Uwew;, K,
is at most finite. This does not follow directly from Theorem 1 since the set
T(O)\(Uyew, Kw) might intersect such cells. We will need the following result.

Proposition 6. Suppose f is a smooth function and that
v({we Q| Grad,f =0}) =1,
where v is the Kusuoka measure. Then f is constant.

Proof. We prove that E(f) = 0. Let f, be the n-harmonic function that coin-
cides with f on V,,. Then E(f) = lim,, E(f,,). Let

gn= Y < Grad,f, Z,(w)Grad, f > 1,

weWn,
where 1k, denotes the characteristic function of K, and
M* M,
Zn(w) = —2——
TrM;M,
It is noted in [10, section 4] that

E(fn):/Kgndy.

Theorem 1 implies g, is uniformly bounded and Grad, f = 0 for v a.e. w gives

lim,, . gn(z) = 0 for v a.e. . Dominated convergence completes the proof.
O

Remark 6. If the set
K. N (uweWéOKw) e W,

is finite or empty, then f, is constant, since by Corollary 5, Grad,, f, # 0 for at
most a countable number of w, and v has no atoms, so Proposition 6 applies.
The converse is trivially true.
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For smooth functions, depending on where in K a point z lies, restrictions to
small enough neighborhoods of z will exhibit one of three possible behaviors.
Either they will be constant, nearly harmonic or exhibit what we will call
exceptional behavior.

Theorem 3. Let f be a smooth function on K. Then there are sets K, Kfc
and K¢ such that

K=K/UK{UKY
where pairwise intersections between the sets in the union are at most count-
able and such that f is nearly harmonic locally on K]{{, in the sense that the
restriction to any cell contained in K]If 1s nearly harmonic. Also f is constant
locally on Kfc in the same sense. The set K}E 15 closed and nowhere dense.

Proof. The different parts of K can be constructed as follows. Partition W,
into
Wi = {w | [w]x € W, for some k < n}
Wnc:f ={w| flk, = const}
and W,ff what is left. Then define three sequences of subsets of K
KrIL{,f = UwEWffKUM Kr?:f = Uw€W7?:wa7 and Kf,f = UwEWfwaa
with the property that
_ poH c E
K=K, ; UK, ;UK.

Note that Kf:{ s and Kg s are increasing and Kf’ s decreasing. Define

K = U1Kl K§ = Ups1 K pand K7 = M1 K
Then K = K{ U K§ U K¢ with pairwise intersections at most countable, f
is nearly harmonic (constant) locally in Kf' (K¢) and the closed set K7 has
empty interior (Remark 6). O

On the exceptional set K f we can not say anything about the local behavior
of f. If z = m(w) € K is not a junction or boundary point then Grad,f = 0
but we don’t have Grady,, f = 0 for n big enough. Thus the eccentricity of
fiw),, might very well jump between —1 and [0, 1].

This partition shows that in the case of uniform weights we can not hope for
convergence of the perturbed i.f.s. for arbitrary starting points since possibly
m(K f ) > 0. But in the energy case this is true because of the following fact.

Proposition 7. If f is a function with Holder continuous Laplacian then
l/f(K?) = I/f(KfE) =0.
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Proof. 1t is trivial that Vf(KfC) = 0, so we can suppose that f is not constant
on any subcell of K.

Let f,, be the n-harmonic function that coincides with f on V,,. From [10,
section 4], we know that

I/fn(KfL’f) = Z Z < Gradyy f, Zn(ww')Gradyy f > v(Kypw ),

’IUEW,,% w'eWn—m

for n > m.
Then, because be, s 1s a finite union of cells, we have

Vf(be,f) = nh_{go Vfn (Krg,f)

= lim Z Z < Gradyw f, Zn(ww')Gradyw f > V(K yw)

’LUEW,,% w'eWn—m

= / < Grad, f, Z(w)Grad, f > dv(w),

T K \THKF)

where we have used that Grad,f = 0, v a.e. on 7 '(K7). Since Holder
continuity of A f implies that < Grad,, f, Z(w)Grad,, f > is uniformly bounded,

we see that
vi(K7) = lim vp(KpL ;) =0.

m—00

3. DISTRIBUTION OF ECCENTRICITIES

3.1. Perturbation of the iterated function system. To study the limit
distribution of eccentricities of smooth functions it is necessary to extend the
original i.f.s. on {—1}U|0, 1] describing the harmonic case to ({—1}U[0, 1])x H*,
where H® is the space of Holder continuous functions on K. For this purpose we
make the following identification, the notation for which will be used through-
out this section. Let (e,u) € ({—1}U]0, 1]) x H* correspond to a function with
Holder continuous Laplacian through the following identification. If e € [0, 1]
let f = h — Gu where h is the unique harmonic function such that h(gg) = 0,
h(q1) = e and h(ge) = 1, and if e = —1 let f = —Gu. After composition with
a symmetry of the Sierpinski gasket and an affine transformation any function
with Holder continuous Laplacian is of this form so it is sufficient to study such
functions.

The i.f.s. that describes the distribution of eccentricities on this larger class
of functions is of course the same as the original i.f.s. on ({—1} U [0,1]) x {0}
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but for non-zero second coordinate the maps are perturbed to

/
u'.
J

(6(fj>’ 5(maxy, fj—miny, f;)

) if f;|v, is not constant
(31 leu) -

(-1,%) if fi|v, is constant

with u} = u; o R where R is a symmetry of K such that fI = f; o R has the
property that maxy, f} is achieved at the vertex g, of K and miny, f] is achieved

at the vertex gop of K. Thus, in the above identification ¥;(e,u) corresponds

; .
(maxVO fj—JminVO 1) 1
In the case of energy weights there will also be new weights p;(e,u) that

depend on the second coordinate.
For ease of notation we will let ¥, = \IIWQ o---0W, where w w' is the
permutation of W, such that

to f; if f;|v, is constant and to f filv, is not constant.

(e(fw), 5 (maxv, fz g fw)> if fu|v, is not constant
\I/w/(e, u) =

(-1, %) if fu|v, is constant.

Since we will only be interested in estimating the norm of the second coordinate
we will skip the prime notation.

Lemma 8. The second component in the perturbed i.f.s. W,, tends to 0 for
every orbit w € ) that is not constant after a finite segment, from any starting
point (e,u) € ({—1} U [0,1]) x H* corresponding to a function f such that
Grad, f # 0.

Proof. We know from Corollary 5 that [w],, = w for some w € W/ . Then
according to Theorem 2

8 fUJ m
E(H fi,) = Const— _E 1) o

H [o™(W)]n—m

Wl =

. 2
(mV%X Jwln — min Jwr)” 2

With the estimate
(32) M) | < 5mpeen,

where § < 1 and C(w,n) is the number of changes in [w],, from the proof of
Theorem 2 in [10], it follows that for any w €  we have

| fiol |

(3.3) 5 (n}/%x flwln — min Jiwln) = ConstW — 00
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We conclude that the second term of the iterates
u[W]n

- — 0
5" (maxy, flu), — miny, fi),)

in Holder norm. ]

Remark 7. Note that if (e,u) corresponds to a nearly harmonic function f
then Lemma 8 is true without any assumption on Grad,, f. However, for nearly
harmonic functions Grad,, f # 0 for every w € Q2 anyway, because of (2.2).

3.2. Limit distribution with uniform weights. It was shown in [6] that
the i.f.s. (1.4) on [0, 1] with uniform weights has a unique invariant measure
Ho in the sense that

3
1 .
(3.4) o= zHoots
j=1

Our extension of this i.f.s. to {—1} U [0,1] trivially gives rise to some new
invariant measures that satisfy (3.4), namely

pe =to_1 + (1 —t)po, t € [0,1].
Since ¥, (x,0) = (¢j(x),0), it is obvious that i x Jy are invariant measures of
1

the perturbed i.f.s. (3.1) in the sense that

3

1
My X 60 = Z g(lut X 60) o \I/]_l

i=1

We define the action of an operator A on a probability measure A on ({—1}U
[0,1]) x H* by

1
-y L / P((e, u), B)dA(e, ),
3 ({=1}U[0,1]) x He

Jj=1

where B is any Borel subset of ({—1} U[0,1]) x H* and

3
(e, =Z§ = m( | Y, ) € B)

is the probability, with respect to uniform weights, of ending up in B when
starting from (e, u). Then the invariant measures u; X dy are exactly the fixed
points of A.

To state our main result we need the following definition.
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Definition 9. The Wasserstein metric for probability measures 1 and v on a

measurable set X is defined as
/ fdu — / fdv|.
X X

In [6] it was proven that A™d. — p in the Wasserstein metric, regardless of

dw(p,v) = sup
lfllLip<1

the starting point e. Next, we prove that the limit distribution of eccentricities
for nearly harmonic functions is the same as for harmonic functions.

Theorem 4. For any (e,u) € ({—1} U [0,1]) x H* corresponding to a nearly
harmonic function f,

Ané(e,u) — Mo X 60

in the Wasserstein metric.

Theorem 4 does not follow immediately from Lemma 8. That Lemma only
tells us that if A"J ) converges in the Wasserstein metric it must converge to
a measure with support in ({—1}U[0,1]) x {0}. However, to prove Theorem 4
it is necessary to show that the perturbation of the original i.f.s. is, in some
sense, continuous in the second coordinate; if a function is close enough to
harmonic, eccentricities distribute almost like in the harmonic case.

Lemma 10. Suppose flv, and filv,, i = 0,1,2 are not constant. If ||ulle <

gl then
(3.5) le(fi) — ¥i(e)] < Const||lul|loe 7=0,1,2.
Proof. Let V; \ Vo = {p07p17p2} where py = Fl(Ch) pP1 = F2(Q0) = Fo((h)

and f = Hf — Gu with f(q) =0 < f(q1) = e < f(q) = 1. The harmonic
extension algorithm (1.1) gives that H f(py) = % + %, Hf(p) = % + £, and
Hf(po) = 3+ %.

Under the hypothesis of the lemma it is clear from (1.2) that ||Gul|s < 55 and
this is enough to control in what point of F;(Vj) either maxy;, f; or miny, f; will
occur. In the case i = 0 it is clear that miny, fo = f(¢o) = 0 and independently
of e we have

e(f,) = min <§+§+Gu(p1) %+%+Gu(p2)) .

% + % + Gu(py)’ % + £ + Gu(py)
Define

1 1 1 1

%,%] X [—%7%] — R

ecco : I x [—
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2 e 1 2e
5 + 5 +x 5 + 5 + y)
1 2e )2 e :
5 + 5 +y 5 + 5 +x

Note that eccq is Lipschitz continuous and that eccy(e,0,0) = g(e) and
ecco(e, Gu(pr), Gu(p2)) = e( fo), hence

(e,z,y) — min (

le(fo) — tho(e)| < Constl|(e, Gu(pr), Gu(p2)) — (e, 0,0)]]
< Const max(|Gu(p1)], |Gu(p2)|) < Const||Gu||e < Const||u||oo-

For i = 2 we know that maxy, fo = f(q2) =1 so

5 5

¢(f») = min £+ Gu(po) — Gu(py)| |§ + Gu(po) — Gu(py)]
: 2 —Gu(p) = 22— Gulp)

and a similar proof as for ¢ = 0 can be done with

ecca(e, z,y) = min (‘g—l-f—y‘, ‘?’g—l-i—y‘) )

5 5 4 5735 7%

The case © = 2 is a mixture of the two previous cases and is treated similarly.
O

Proof of Theorem 4. We must estimate

dW(AN(S(e,u)v Ho X 50)

BLN Z h(\l{w(e’u))—/h(l’,O)dﬁLO(x)

= sup
[E=RE A=A
= sp | DT elf) o )= [ b 0)d(a)
Izt |3Y S BN (maxy, fi, — miny, fu) IR

For this it is necessary to first iterate a certain number of steps so that the
norm of the second coordinate is small enough on most subcells of K, and
then use the result obtained in [6, Thm 5.6] together with Lemma 10 on those
subcells.

Inequality (3.3) from the proof of Lemma 8 tells us that

o < Const l2loc

3.6 : MPWeo”

69 |l 171

for any w € W,,. In the rest of the proof we will always assume that M is big
enough that

ﬁC(w,n)

M
. 1
Const lloe? <

nal 20/lgl"




20 A. PELANDER AND A. TEPLYAEV

so that Lemma 10 applies whenever C'(w,n) > M.
Let m, m' and M be such that m +m' = N and M < m. Then for any
|h]|Lip < 1 we have

Uny

maxy;, f,, — miny, fu)

7 2 helh): zam )= [ bl 0)duo(e)

weWn

D D L et el KOS

weWn,C(w,m)<M (maXVo fw — Mminy, fw)

Y e ) hel).0)

lw| _
weWn,C(w,m)>M ) (maxvo fuw — miny, fw)

b o S (el 0) — A((e(fu)). 0)

woE€W,,C'(wo,m) =M 2€W,

b X g Y el 0~ [ 0)d(o).

woEWp,,C'(wo,m)=M z€W, 1

The last term in the previous inequality is in [6, Thm 5.6] shown to be
bounded by Consta™, with @ < 1. To estimate the third term, let B =
max;—1 23 ||1i]|Lip and use that if C'(wg, m) > M we obtain by using (3.2) and
Lemma 10 that for every z € W,/

le(fuoz) = P=(e(fuo))]
< le(fuwoz) — Ve, (e(waZ1...zmr,1>>|
+|¢zm/ (6(fwozl...zm/71)) - ¢zm/zm/71(6(fwozl...zm/72))|
+...

+|wzm/...z2( (fwoz1)) - 77bz( (fwo))|

< Const Z phllieelr lull 3™
2. B

We can conclude that

Uny

maxy, f,, — miny, fu,)

7 2 helh): zam )= [ bl 0)duo(e)

weWn
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Uy

5|w‘(maXVO fw - minVo fw)

< 2m[C(w, m) <M]+3iN Z '

weWn,C(w,m)>M

m/

Const
+Cons o1

ﬁM + Consta™

m/

< 2m[C(w,m) < M] + B (Const + Const BB —

where a < 1, # <1 and B > 1. This completes the proof.

) + Consta™

U

With Theorem 4 we know that eccentricities of smooth functions locally has
the same limit distribution of eccentricities as harmonic functions in the set
K J{{ . In particular Theorem 4 remains true if Grad,f # 0 for every w € .
Without control on the behavior of the perturbed i.f.s. on W_l(K]‘?) it is not
possible to have convergence for arbitrary starting points. But in case K f is
negligible we still have convergence.

Corollary 11. If (e,u) € ({—1}UI0,1]) x H* corresponds to a function f for
which m(K7) = 0. Then

An(s(e,u) — Mg X 607
with t = m(K§), in the Wasserstein metric.

Proof. Partition W,, into Wn o W ' and W '+ as in section 2. We estimate
dW(A 6(e,u)a M X 50)

= sup Z h(U (1—t)/h(:c,0)du0(:):)—th(—l,O)

”hllLipSl UJEWN

1
< sup |== h(¥ )) —th(—1,0)
et |37 Zf

+ sup 3N > (T —(1—1) / h(z,0)dpo(z)

IPllLip<1 weWwl,

+ sup BiN S h(Wa(ew)]|.

h||Lip<1
L k)

Since ¥, (e,u) = (—1,0) if w € Wﬁf, we have
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sup 3N > W(Wy(e,w) = th(—1,0)| < |m (K§ ;) —t] =0

[IPlleip<1 C
' weWy

and for the last term note that

sup Z MWy (e, u))| < m(Kg ;) — 0.

”h”LipS1 wEWE

Given € > 0, take n such that m(K /' \ K;) < e. Then for any N > n we
can estimate the mid term by,

sup 3N S (1) / Bz, 0)dpio ()

Illeip <1

weWH
1
< s | 3w (k) / Bz, 0)dpio ()
||h||Lip§1 wewH
N
+ sup m(K,Iff) —(1-1)) /h(x,O)d,uo
IhllLip<1

< Y g [ 3 hTulew)) - [ A 0)d(o)

w/ewelo |w’|<n ”h”LipS1 wEWN,‘w/‘

+2¢.

and for each w’ € W/ with |w’| < n this supremum goes to 0 by Theorem 4.
U

3.3. Limit distribution with energy weights. Energy weights are natu-
rally expressed as normalized energy measure of the subcells of level one. If f is
the function corresponding to the point (e, u) # (—1,0), then p;(e, u) = v(K;)
where
b= A
TE

Cells on which a function is constant do not matter since they give no contri-
bution to the energy. Thus we can arbitrarily define p;(—1,0) = =
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It was shown in [6] that there is a unique invariant measure pe to the if.s.
(1.4) on [0, 1] with energy weights p;(e) = p;(e, 0) satisfying

3
(3.7) pe =y pile)ue o vy
j=1

The extension of the original i.f.s. with energy weights to ({—1} U [0, 1]) will
then have invariant measures

per =101+ (1 —t)pe,

and clearly pe; X 0y are invariant measures to the perturbed i.f.s. (3.1) with
energy weights, and in fact there are no others.

Proposition 12. pe,; X dy are the only invariant measure for the perturbed
i.f.s. (3.1) with energy weights.

Proof. The result follows from Lemma 8 and Proposition 7. Suppose A is an
invariant measure. Then A is a fixed point of the operator

Z/ (e,u)d\(e,u) = /({—1}u[0,1})xHa P:(e,u), BldA(e,u)

acting on the probability measures on ({—1}U[0, 1]) x H*. Here Pt[(e,u), B] =
Ui(w | Wy, (e,u) € B) is the probability, with respect to energy weights, of
ending up in the Borel set B starting from (e, u). So

(3.8) A(B) = APA(B) = / P (e, u), B)dA(e, ),

where
Pe((e,u), B) = vp(w | Wi, (e, u) € B).

Let B = ({—1}U[0, 1]) X By, in equality (3.8), with B,,, = {u € H* | |Ju, > L}.
The second coordinate of W, (e,u) tends to zero in Holder norm for every
w € O, that is not constant after a finite segment. This is a set of full vy
measure thus P\ ((e,u), ({—1} U [0,1]) x B,) — 0 for every (e, u).

Dominated convergence gives that A(({—1} U [0,1]) x B,,) = 0 and thus
A(({—1}U]0,1]) x {0}¢) = 0 and the support of A must be included in ({—1}U
[0,1]) x {0}. The only possibilities are A\ = pg + X . O

With energy weights we have a nicer convergence result than for uniform
weights since we have convergence, to the same measure, no matter what start-
ing point. With respect to energy, the limit distribution of eccentricities is the
same for all non-constant smooth functions. This is a consequence of the fact
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that the set K Jf{ where a non-constant smooth function f is nearly harmonic
locally has full energy measure.

Theorem 5. For any (e,u) € ({—1} U [0,1]) x H*, with (e,u) # (—1,0)
Agd(e) — e X do
in the Wasserstein metric.

Proof. The proof follows the same path as the proofs of Theorem 4 and Corol-
lary 11, only some more attention to the weights has to be paid. In view of
Proposition 7, one can mimic the proof of Corollary 11 to see that it is enough
to consider starting points (e, u) corresponding to a nearly harmonic function
f.

We must show
dW(AéV(S(e,u)nuc‘l X 50)

= sup
[[hllLip<1

> oKWl ) — [ he0)dps(a)

’LUEW’rL

> v(Ku)h ((e(fw)’ STl (o, = miny, fw)> )

’LUEW’rL

= sup
[[hllLip<1

— 0.

- /h(x, 0)dpe ()

As in the proof of Theorem 4 we will always assume that M is big enough

that u
o 1
Const lloe? <

[l 20[[glo0”
so that Lemma 10 applies whenever C(w,n) > M.

Let m, m’ and M be such that m +m’ = n and M < m. Then for any
|h]|Lip < 1 we have

Uy

(3.9)

Z Df(Kw)h(e(.fw)’ 5wl

wGWn

Q—/ﬁmnm%@>

(max f,, — min f,

Uny
" 5lvl(max f,, — min f,,)

< Y K |he(fa)

weEWn,C(w,m)<M

)—/M%@@d@

Uy
5*l(max f,, — min f,)

h(e(fw),

P )~ hle(fa).0)

weWn,C(w,m)>M
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+ > 75 (Kuy) Y Dt (B2) 1A =), 0) = B4 (e(fun)), O)]

woEWm,C(wo,m) =M 2€W,

+ > U (Kuo) D 1Py (B2) = Dty (B[ B(=(e( ), 0)]

woEWim,C(wo,m)>M 2€W, 1

Y K|S g, (KR (e(fu,),0) — / B, 0)de ()]

woEWp,,C'(wo,m)=M 2€W,

The three first terms can be handled as in the proof of Theorem 4. The
last term in the previous inequality is in [6, Thm 5.9] shown to be bounded by
Consta™ , with a < 1. So what is new in this proof is the fourth term.

To estimate it note that

17wa H fwozl 25 j)
and
DwaO (KZ) = HD(HfMO)zl“‘ijl (sz)

so using the fact that all terms in the product are bounded by 1

(3.10) |7y, (K2) — Vg, (K3)] < Z Doy (B2y) = Pt )y ey, ()1,

and each term can be estlmated by

(311) |Vfwozl Zi (sz) - D(wa())zl'“zjfl (KZ])|

S ‘Vfwozlnzjil (KZ]) - ﬂwaozl“‘zjfl (KZ])‘

Jj—1

+|VwaOz1 Zj— 1(KZJ) V(wa())zl Zj— 1(KZ])|
To bound the first term of (3.11) we show that if f = Hf — Gu with
maxy, f = 1 and miny, f = 0, then for ||u||o small enough

(3.12) |7p(K) — v p(KG)| < Constl| |-

Since the difference in the first term does not change if we rescale fy,.,. z;_,
as in the i.f.s. (3.1) and that u for this function is bounded by (3.6) inequal-
ity (3.12) will hold for large enough M.
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Note the estimates &(Gu) < Const||u%, and &((Gu);) < Const|ul/?, that
follows by the same reasoning as in the proof of Theorem 2 and E((H f);, (Gu);) =
Eo((H f)i, (Gu);) < Constl|ul|«, where the equality holds since H f is harmonic.

Thus (3.12) for small enough ||u||« is a consequence of the equalities

35 (K)) = E(fi) _ E((H [f)i) + E(Gu)i) + 2E((H )i, (Gu)i)
5 TR E(Hf) + &(Gu)
and
3 _ E((Hf))
3= ey

together with &(H f) > 2. Using (3.6) once more gives

‘ﬂfwozlmz‘jil (KZJ) - Dwaozl.HZjil (KZJ)‘ S ConStﬂM

Using Lemma 10 and once again that the second coordinate of the iterates
satisfies (3.6) we estimate the second term of inequality (3.11) by

’I;wa()zlmzj71 (KZ]) - I;(wao)zl.nz]»il (KZ])

< C|€(fwozl...2j,1> - ¢zl...zj,1 (e(fwo>>|

j—1
< CZ ConstBkﬁM < Const
k=0
where B = max;—1.23 ||7~pi||Lip and C = max;—1.23 ||piHLip7 where p; are the
energy weights (1.5) for the original i.f.s.
Summing up all terms on the right hand side of (3.10) we have

|7t (K2) = Phy,, (K|

By
517

!

Bm
B—-1

S m'ﬁM(l +

).

It follows from (3.9) that

Uny

5wl(maxy, f, — miny, fi,)

> vp(Eu)h(e(fu),

weWn,

>—/Mamwww

< 20¢[C(w,m) < M|
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B™ —1 B™
+6M (Const + Constﬁ +m/(1+ ))

B-1
+Consta™
where a < 1, f < 1 and B > 1. Note that v¢[C(w,m) < M] — 0 since vy
does not have atoms. This completes the proof. U
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