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ABSTRACT. We study self-similar local regular Dirichlet, or energy, forms on
a class of fractal N-gaskets, which are generalizations of polygaskets. This
is directly related to self-similar diffusions and resistor networks (electrical

circuits). We prove existence and uniqueness, and also obtain explicit formulas
for scaling factors and resistances (transition probabilities). We also study
asymptotic behavior of these quantiles as the number of “sides” N of an N-
gasket tends to infinity.
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INTRODUCTION

This paper is a part of a relatively, but now well established, new field of analysis
and probability on fractals, see [1} 13, (4, [16, [17, 18, [24] 125, 31| 135, 38, [39, 140,
and references therein] for a sample of mathematical literature on the analysis on
fractals. Furthermore, many of the questions addressed here are related to the
general Dirichlet form theory; for further information on this subject the reader
can refer to the now classical books [5,/10]. To be more precise, we are interested in
local regular self-similar Dirichlet, or energy, forms on a subclass of finitely ramified
self-similar fractals. Non local Dirichlet forms on fractals have been also extensively
studied, see for instance [13,/43, and references therein].

Roughly speaking, self-similar fractals are objects that can be divided, with
infinite detail, into smaller objects of similar shape. A snowflake is a classic example.
The properties and physical applications of various types of these objects have been
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the subject of many studies in physics, of which we mention only a few [2,/11, (28,
29, 132]. Fractal antennas were studied and successfully tested, in particular, in
some wireless devices [14] [26, 27].

One particular type of self-similar fractal objects, known as polygaskets, are
formed by dividing a regular polygon into smaller regular polygons of the same
shape, arranged in a circular pattern [1, 33,35, 36, 38, 41, 42]. If a polygasket
is finitely ramified (that is, point connected), then it belongs to the class of so
called nested fractals [20] 22| 38]. The N-gaskets belong to the larger class of so
called p.c.f. self-similar sets [17, [18], and are generalizations of finitely ramified
polygaskets.

In this study we consider self-similar fractal resistor networks (electrical circuits)
or, equivalently, a self-similar energy (Dirichlet) form on an N-gasket. Using a com-
bination of various methods of mathematical analysis, some of which come from
electric engineering (see Appendix), we construct networks with the property that
every resistor in a network of a given order is a scalar multiple of the corresponding
resistor in the next-order network, this scalar being constant across the fractal.
This allows to translate the resistance of these fractal electrical networks into con-
ventional, easily manipulated networks. We prove existence and uniqueness, up to
a multiplicative constant, of a self-similar resistance (Dirichlet, energy) form on any
N-gasket. In general this is a difficult and delicate question [12, 21, 22| [23] 30].
We derive explicit formulas which uniquely determine all the resistances and scal-
ing constant for every N-gasket. Furthermore, we explore the behavior of these
constants as certain parameters are allowed to tend to infinity, thus capturing the
general properties of the current flow in an N-gasket with large N.

This paper is organized as follows. In SectionIJwe define N-gaskets and state our
main objectives. In Section[2 we transform the self-similar structure of an N-gasket
in order to simplify the problem and to be able to use some ideas from electrical
engineering. In Section[3 we compute the resistance scaling factor ¢, which is one of
our main results, and also the resistances in the transformed network. In Section [4
we use the results of the previous sections to compute the resistances in the original
problem we deal with. In Section[5 we study various asymptotic behaviors of the
resistance scaling factor ¢ and of resistances as parameters of an N-gasket approach
infinity. In particular, we compute the asymptotic of the dimension in effective
resistance metric and asymptotic spectral dimension in Corollary 5.4l In Appendix
we provide a brief description of the relevant electrical circuits formalism, prove an
auxiliary result which is used in the main body of the paper, describe relation of
or results to the theory of random walks, and give some related references.

Acknowledgments. The authors thank Andrew Polonsky for useful remarks. The
last author is grateful to Volker Metz for helpful suggestions and to Michael Levy,
Richard Kenyon, and Robert Strichartz for involvement in the early part of this
project at Cornell University.

1. DEFINITIONS AND EXAMPLES

An N-gasket is a self-similar fractal /' which is a compact metric space made of
N scaled copies F1, ..., Fiy of itself, that is

N
F=JF;.
j=1
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These copies F; are called depth-1 cells, or 1-cells for short. The self-similarity
means that there are contractive homeomorphisms

d)j:F*)Fj

foreach j =1,...,N.

By definition, the so called boundary of the N-gasket consists of N points vy,
..., UN, one in each 1-cell, with the property 1;(v;) = v;. The boundary of the k-th
scaled copy F}, of an N-gasket consists of points vy 1, ..., vx,n, numbered in such
way that

Vk,; = Pr(v;).

In particular, vy = v .

Notation 1.1. When numbering cells in an N -gasket we always use cyclic notation
mod (N), that is Fxny1 = F1, vyy1 = v ete.

Up a homeomorphism an N-gasket is defined by three numbers Ny, Ny, N3 with
N7 + No 4+ N3 = N. The most important property of an N-gasket is that

Fpy N Fyp1 = Uk kg Ns,
FyNFy 1 = Uk by N—Ny»

and the depth-1 cells are otherwise disjoint (note that we use cyclic notation as in
Notation 1.1). Thus, we have identifications

Vk,k+N3 = Vk4+1,k+14+N—N5-

This means that each k-th scaled copy Fj of the N-gasket is connected to the other
scaled copies via its boundary points vy, ., and viy_ . . if we denote vy ; = v’.
Thus, an N-gasket with these connectivity properties we will sometimes call the
(N1, N3, N3)-gasket. In Figure[llone can see that the Sierpinski gasket is a (1,1, 1)-
gasket, the pentagasket is a (1, 2, 2)-gasket, and the hexagasket is a (2, 2, 2)-gasket.
The so called fractal cut square and the fractal red cross in Figure2 are a (2,1, 1)-
gasket and a (1,1, 2)-gasket respectively.

o R M

Ty e : %

P, e %
Sttt g, .
g e o el BT g G p , .
Y5 R BA RE W g
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FIGURE 1. Examples of polygaskets: Sierpiniski gasket, pentagas-
ket and hexagasket, which are (1,1, 1)-gasket, (1,2, 2)-gasket, and
(2,2,2)-gasket respectively.

One can see from general theory [15, 16] that an N-gasket exists for any triple
(N1, N3, N3) of positive integers with N = N; + N + N3. An N-gasket can be
easily constructed as a factor space of the one-sided shift space {1,..., N}, as in
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FIGURE 2. Examples of 4-gaskets: fractal cut square and fractal
red cross, which are (2,1, 1)-gasket and (1, 1, 2)-gasket respectively.

the appendix to [16]. Moreover, an N-gasket is defined uniquely up to a home-
omorphism by the triple (N7, N3, N3) except that an (Ny, N3, N3)-gasket and an
(N1, N3, No)-gasket are homeomorphic via the obvious “reflection” map.

Note that any polygasket, and any nested fractal in general, by definition has a
dihedral symmetry group. It is easy to see from the definition that for any N-gasket
there is a homeomorphism p such that

poP;=Pjt10p.
In particular, p(Fj) = Fji1, p(vj) = vj41, and {p*}Y_ | is a cyclic group of N
elements isomorphic to Zy = Z/NZ. Without loss of generality we can assume
that p is an isometry. An N-gasket can be embedded in R? in such a way that this
isometry p is a rotation by QW” Thus, we have the following proposition.

Proposition 1.2. An N-gasket has the dihedral symmetry group Dy if and only
if No = N3. Otherwise the symmetry group is the cyclic group Zn of N elements.

We will denote the symmetry group of an N-gasket by G.

We are interested in the existence and uniqueness, up to a multiplicative con-
stant, of a self-similar local regular G-invariant resistance (Dirichlet, energy) form
& on any N-gasket. By the general results [4, 12, 16,18, 22| 23] (30, 38] it is enough
to prove the existence and uniqueness of a scaling constant ¢ and resistances Ry,
k=1,...,N — 1, such that the following property holds.

First, consider a resistor network with vertices {v;}¥; such that each pair v;
and v;4 is connected by a resistance Rj;. We will call this network the 0-depth
network. Note that we use cyclic notation mod (N) for indices. Let R) be the
effective resistance between v; and v;4, which obviously does not depend on i, in
this 0-depth network. Second, consider a resistor network with vertices {v; ;}1;_;
such that each pair v;; and v; j4r is connected by a resistance Ry, and pairs
of distinct vertices in different 1-cells are not directly connected. We will call
this network the 1-depth network. Note that we have identification of vertices
Uk k+Ns = Uk+1,k+1+N—N,- Let R} be the effective resistance between v; and v;1
in this second 1-depth network, which again does not depend on i. These two
networks are illustrated in Figures[3Jand[4. The existence and uniqueness of a self-
similar local regular G-invariant resistance (Dirichlet) form € on F is equivalent to
the existence and uniqueness of a resistance scaling constant ¢ and resistances Ry,
k=1,....N — 1, such that

(1.1) Y =cRy,
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forall k=1,..., V.
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FIGURE 3. The 0-depth and 1-depth networks in the case of the
fractal cut square.
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FIGURE 4. The 0-depth and 1-depth networks in the case of the
fractal red cross.

In other terms, let
Vo={v}iL, Cc Vi = {”i,j}f\fj:r
On V) we define a finite dimensional §-symmetric Dirichlet form
1
Eo(f, f) =2 7—(f(w) = f(v))*,
i#g

and then on V7 we define a finite dimensional §-symmetric Dirichlet form Dirichlet
form

N
1
€1(g,9) =D (9(vk,i) — g(vr5)).
— R;_j
k=1 i#j
Then our main equation, which is equivalent to (1.1), is

(1.2) 80 = CT’I“Vogl,
that is &g is the same as the trace of ¢€1 on V. The trace of Dirichlet forms on
subsets is defined in the Appendix.
Equations (1.1) and (1.2) allow to define a local regular self-similar Dirichlet
form on F' by
N

E(fif)=Tim ™ Y E(fotu, - 0V, O w0 V)
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for any f in the domain of the form. The reader can find the general theory of
Dirichlet forms in [5,[10], and the theory of self-similar Dirichlet forms on fractals
in [4, 18} 38]. According to this theory, on F' there exists a densely defined self-
adjoint operator A, called the Dirichlet self-similar Laplacian on F', such that

&(f. f) = /F FAS dp

for any function in the domain of the A that vanishes on the boundary of F'. Here
is the unique self-similar balanced probability measure on F', which has the property

that N
1
/Ffdu=N;/Ffowidu

for any bounded Borel measurable function f.
For any resistance form there correspond the so called effective resistance metric

2
Reyy(p,q) = sup {W tu € Domé€, E(u,u) > 0} .

This metric is studied in detail in [17,[18]. In particular, it is not self-similar, but
asymptotically self-similar with scaling constant c. The effective resistance metric
is not related to a particular embedding of the fractal into R™, but rather to its
intrinsic structure.

Remark 1.3. The resistance scaling constant c is important, in particular, because
it allows to compute the Hausdorff dimension of the fractal with respect to the
effective resistance metric. According to [17,18,[19], the Hausdorff dimension of
the N-gaskets with respect to the effective resistance metric is

log N
=

loge’
Note that this dimension has no relation with the embedding of the fractals into R?
in Figures 1 and[2, and it does not correspond to the “usual” dimension of self-
similar fractals in R™. It rather depends on the “inmner” structure of the fractal,
and on the way in which parts of the fractal are connected.

By definition, the so called spectral dimension of the Laplacian is equal to

ds =2 lim 28(P(2)
a—oo  log(z)

b

if the limit exists, where p(x) is the eigenvalue counting function of the Laplacian.
The spectral dimension is not a dimension in the usual sense of topology or geo-
metric measure theory, but just the exponent that determines rate of growth of the
eigenvalue counting function of the Laplacian. However it is called “dimension”
because in the case of the usual Laplacian on a compact Riemannian d-dimensional
manifold or a domain in R? the spectral dimension is equal to the topological and
metric dimension d. According to [18,/19], for the standard Laplacian on a p.c.f.
self-similar set we can compute the spectral dimension by the formula

o QdH - 210gN

~dg+1  log(Ne)'

According to [37, 38] this formula shows that the Laplacian is an operator of order
dg + 1.

ds
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Note that the spectral dimension dg is not equal to the Hausdorff dimension dg
unless both are one. These dimensions for any N-gasket can be computed using
Theorem[2, and their asymptotic behaviors under different assumptions are given
in Corollary[5.4.

2. TRANSFORMED N-GASKETS

Equivalent equations (1.1) and (1.2) can be considered a nonlinear (N — 1)-
dimensional eigenvalue problem, which is difficult to solve in general [12,(22, 23, 30].
To achieve our results we have to change self-similarity structure of F' and apply

various transformations to the networks involved.
We define

Gy =p "o
and note that by definition ¢;(F) = F; and v¢,(vg) = vjyk—1. This means, in
particular, that
Vi(v1) = v,
ibvk(UN3+1) = Vk,k+N3»

Vr(UN-Ny+1) = Vk bt N— Ny
It is important that the vertices in the left had side of these three formulas do not
depend on k. Thus, we can consider the three vertices vi,vn,41,VN—N,+1 as the
boundary of F if we use the self-similar structure of contractions 121, ...,JN. For
simplicity we will denote

q1 = V1,
g2 = UN3+1,
g3 = UN—Ny+1-

Based on this construction, it is enough to begin with the network of three
vertices q1,q2,q3 and three resistances Ry, 4, between them. We transform this
network into another network of four vertices and three resistances rq,rs,73 by
the well known basic technique from elementary circuit theory known as the A-Y

transform given by

R‘]j st+1RQj7‘Ij71

’
RQI’QZ + RQI’QS + RQZ#IS

(21) r; =
and illustrated in Figure[5.

q1 q1

R‘]lv‘ls RQI#]Z

q3 qu s q2 q3 q2

FIGURE 5. Illustration for the A-Y transform (2.1).

As the first consequence of these transformations we obtain the following lemma.

Lemma 2.1. For each k=1,....N — 1 we have Ry = Ry_.
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q1 q1
I’rl

1 T2 T3
r3 T2
r r
d3 e 02 q3 e—1 | L1 G2
T3 T2 79 T3
T3 r2

T1

FIGURE 6. The transformed 0-depth and 1-depth networks in the
case of the fractal cut square.
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q3 o 13 |
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g2

FIGURE 7. The transformed 0-depth and 1-depth networks in the
case of the fractal red cross.

q1
T1
T2
T3
71 \'3
43 o 43
3
T2

71

q2 q2

FI1GURE 8. The transformed 0-depth and 1-depth networks in the
case of large V.

Note that these symmetries of the resistances do not correspond to any symme-
tries of the N-gasket if Ny £ N3. Also note that ro #£ r3 if Ny # Nj.

Proof of Lemma(2.1. One can see that in Figure[8 (see also Figures Figures/6land[7
as examples) the resistances ro and r3 are connected in pairs to form a resistances
r9 + r3. Therefore in the network shown in Figure [8 on the right hand side, the
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resistance between v; and v; 1 is the same as the resistance between v; and v;_y.
This implies Ry = Ry_g for k=1,..., N — 1. O

3. COMPUTATIONS IN A TRANSFORMED N-GASKET

Theorem 1. Initial resistances ry,r2,13 correspond to a self-similar energy form
on the (N1, Na, N3)-gasket if and only if there is a constant ¢ such that the following
three equations hold

Ny N.
(3.1) ey =1 28

(r2 +13)
N1 N.

(3.2) ery =11+ " (r2 - 73)
N1 N

(3.3) cr3 =711+ }V 2(rs +13)

Proof. The network in Figure [8 is the same as the network in Figure[9 if we are

q1

b

Ng(T’Q + 7"3)

Kl
a2
FIGURE 9. Illustration for the proof of Theorem [1.

concerned with the effective resistances between the three points ¢1, g2, ¢3. In the
latter network we do the A-Y transform (2.1) with the triangle of resistances N3 (ro+
r3), Na(re +r3) and Ny(rg +r3). Thus, the result follows from (1.1) and (2.I). O

Theorem 2. Let s = N + N1yN3 + N1Ny. Then,

s+ +/s2+ (2N;N3 — Ny N3 — N1 Np)4AN
B 2N ’

(3.4)

Proof. By (3.1) we have
1 NQN?,(’I“Q + 7“3)
(c—1) N ’
which we then plug into and and obtain
1 N2N3(’I”2—|—’I“3) + N1N3(’I"2+T3)
(c—1) N N ’
1 NgNg(T2+T3) + NlNQ(T'2+T‘3)
(c—1) N N

=

Cro =

Crs =
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Then by adding these two lines and dividing by ro + r3 we obtain the following
quadratic equation for ¢

Nc2 — (N + Ny N3 + N1 No)e + Ny N3 + N1 Ny — 2No N3y = 0.

This implies the result since it is easy to see that ¢ > 1, which also follows from
the general theory [18]. O

This result is simplified in the following situation.

Corollary 3.1. If Ny = Ny = N3 =n then

2
c=1+ 3n.

The case n = 1 corresponds to the Sierpinski gasket, the case n = 2 corresponds
to the hexagasket, see Example [3.4] and Figure[1]. The larger values of n do not
correspond to self-similar fractals in R2, but any (n,n,n)-can be constructed as an
abstract metric space.

Now that we have solved for ¢, we can find values for ri,7r5,73. Note that
the resistances are defined up to a scalar multiplier, and so we have to choose a
normalization. The simplest answer is obtained with the normalization r; = 1, and
also we obtain the formulas with normalizations ro +1r3 =1 and ry +7r9 + 13 =1
as corollaries.

Theorem 3. For any normalization we have

1 N1
: =14 (e—1 7)
(3:5) "2 c( +e-Dy
1 N1
3.6 — 7(1 1 )
(3.6) ry=_(1+(c )N3
where ¢ is given by (3.4).
Proof. Using equation (3.1) we obtain that ro + r3 = %rl, and so
cro =11 + (C — 1)r
2T NN, Y
era — 4 N(c—l)r
BT UNIN, !

from (3.2) and (3.3). (|

Corollary 3.2. When ro + 13 =1 we have

NN,
(37) T = N(C — 1)

_ NoN3 + N1N3(C — 1)
(38) ro = NC(C — 1)

o N2N3 + NlNQ(C - 1)
(39) ry = NC(C — 1)

where ¢ is given by (3.4).
Proof. Using equation (3.1) and 79 + r3 = 1 we obtain that
N3 Ns

N )

cry =11+
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which imply (3.7). Then (3.8) and (3.9) follows from (3.2) and (3.3), again using
the normalization ro 4+ r3 = 1. O

Corollary 3.3. When r1 + 13 +r3 =1 we have
N3oN3
N(C — ].) —+ N2N3

where ¢ is given by (3.4), and ra,r3 can be computed by (3.5) and (3.6).
Proof. If r9 +1r3 =1 —ry then (3.1) immediately imply the result. O

r =

Example 3.4. For the Sierpiriski gasket in Figurell, which is a (1,1,1)-gasket, we
have

5
c= -
3

and r1 =19 = 13.
For the pentagasket in Figure|l, which is a (1,2,2)-gasket, we have

. 9+ /161
o 10

and ro =13 = Y 1%_17"1,

For the hexagasket in Figurell, which is a (2,2,2)-gasket, we have

c= -

3
and r1 =19 = 13.
For the fractal cut square in Figure 2, which is a (2,1, 1)-gasket, we have

2+2
CcC =
2

and 9 = r3 = \V/2r1.
For the fractal red cross in Figurel2, which is a (1,1,2)-gasket, we have
7+ 65
c=——
8

and ro =11, T3 = 2V645_57"1,

4. RESISTANCES OF THE IN-GASKET USING MATRIX COMPUTATIONS

Having computed the resistance scaling factor ¢ as well the resistances r1, 79,3,
we are now interested in the resistances R,, between points vy and vgy,,. Note
that the A-Y transform allows to compute effective resistances between points vy
and vy, but does not allow to compute R,,. Instead we use a method when we
first compute certain harmonic functions, and then the resistances (see Appendix).

Notation 4.1. Let ji,...,jn be the junction points between resistances T1,72,73,
as indicated in Figurel10. In particular, each point ji is connected to the boundary
point vy by a resistance r1. Let h be a harmonic function with boundary values
h(v1) = 1 and h(vg) = 0 for k = 2,...,N. Then we denote J, = h(ji) for each
k=1,..,N.
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UN g1 =1

72

JN—No+1
UN—No+1 = @3¢ "1 \ys3

T3

jN3+1
1

g2 = UN3+1

F1Gure 10. Notation for the junction points in the trans-
formed 1-depth network.

Lemma 4.2. Ifk # 1 then

1 1
Jp— Jp — J| Ji —J, =0
U + ((Je = Jr+1) + (J k+1))r2+r3
and
1 1
Ji—1)—+(J1 = J + (S —=J =0
(1 ) (J1 2)r2+7,3 (J1 N)r2+r3
Proof. These are the equations of a harmonic function. [l
We then rewrite the above equations as follows.
Lemma 4.3. Let
(4.1) c=oy 2178
1
where
ro+rs 1 N3 + N3
42 - 7(1 — Ny )
( ) 71 C + (C ) ! N2N3
and ¢ is given by (3.4). Then
(4.3) Iy = Jpm —dy gy 2T

1
and if k=0,...,.N —1

i ][0 11

@ )=l ]

Proof. These are just transformed equations of the previous lemma. Note that
Jo = Jn since the harmonic function is unique and the network in Figure is
symmetric around j;. More exactly, resistances ry and r3 are not symmetrically
placed, but in this set-up we are interested only in the joint resistance ro + 73
between each pair of points ji and jr11 (see also Lemma[2.1). Note that Jyi1 is
the same as J; by Notation [1.1. O
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Next, we will find the powers of the matrix,

(4.5) M= [ Ol }

Lemma 4.4.

1 )\k:—l _ Ak_l )\k _ Ak
k= - + + =
(45) M= [ S AP VAR U ]
where
z+Vz22 -4
(4.7) Ay = —
z—Vz2—4
4. _ =
(1) A :

are the eigenvalues of M.

Note that both Ay and A_ are real, since we know that z > 2.

Proof. First, we find the eigenvectors of the matrix M, that is we solve for MV, =
Ay Vi and MV_ = A_V_. Then we can find M¥ = CD*C~! where

(4.9) D= [ M M ]

and C' = [V, V_] is the matrix made from the eigenvectors of the matrix M. The
matrix C' is not unique and the easiest way to write is

1 1
w10 [0 ]
and
1 - 1
_1 _
(4.11) c = 7)\+ 0 { A -1 ]
Thus

)

1 11 AE0
k= +
M_)\+—)\[>\+ AHO A’i}

Simplifying this equation, we get

[ DA s S
T = Al [ AR R Ay -1 |

1 [ —AEA AR AE = }
PV I VARD WD WD LRI VAR
Notice that Ax A\_ = 1. Therefore, the lemma is proved. ([l

From the previous two lemmas we obtain the following corollary. Note that by
our notation Jyy1 is Ji.

Corollary 4.5. Fork=2,...N +1
1

(4.12) Ji = oA ((

N2 A T+ (B = AN )
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Theorem 4.

(413)  J = <T2+T3) a
' 1 2N AT £ AN = ANz =20 - A0)

and

1 r9 + T3
4.14 == —
( ) Jz 9 <ZJ1 " )
where z, (ro + r3)/r1, Ay, A= are given by formulas (4.1), (4.2), (4.7), (4.8)
respectively.
. . N_1 A B
Proof. Equation (4.14) follows from (4.3). Then given that M =lc pl

we have
Jn | A B Ji
JN+1 o C D J2

However, we know that Jyi1 = Ji. So after matrix multiplication we get that
J1 = CJi + DJsy. Substitution of Jy gives us that

1
Ji = CJy + ~D(z, — 12178
2 T1
which implies
J - T2 + T3 D
YTy 20+:2D—2
Then (4.13) follows from (4.6). |

Remark 4.6. Note that the values Ji are important since they allow to compute
so called harmonic matrices, that is transformations h — ho; acting on the space
of harmonic functions [18, /38, [40].

Recall that, by definition, R, is the resistances between the boundary points vy
and v,+1 in the N-gasket. The set of these resistances is defined uniquely up to a
constant multiplier. It seems the most convenient to normalize these resistances so
that R1 =1.

Lemma 4.7. Up to a multiplicative constant, which depends on the normalization,
we have

(4.15) Ry, =

where Jpy41 18 given by .

Proof. According to Notation the harmonic function h that is considered in
this section is the same as a harmonic function h, considered in the Appendix
if y = v1. Moreover, by definition R,, is the resistance between v; and v,,+1 in
the network which is the trace of of the network in Figure [I0 on the boundary

71

Jm+1

{v1,...,un}. Therefore P%m = C, v, in the notation of Theorem [10. Therefore,
by Theorem[10 with & = v, 1, we have that

1 . 1
E = 01’m+1,jm+1 h(.]m+1) = 71 m+1-

Note that in this case the sum in the second formula in Theorem [10 has only one
nonzero term with p = j,,41. (]
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Theorem 5. If the normalization of resistances is such that Ry = 1, then

Ar — Ao

m m J1(ymo1 -1
xS ()
2

where Ay, A_, Ji, Jo are given by formulas (4.7), (4.8), (4.13), (4.14) respectively.
Proof. According to Lemmal4.7, we have
(4.17) R, = const

(4.16) Ry, =

m+1
where J,,41 is given by and const is a normalization constant. We choose
this constant by the condition Ry = 1. (I

5. ASYMPTOTIC BEHAVIOR

In this section we study the asymptotic of the resistances R,,, and the resistance
scaling factor ¢ as Nj, No, N3 tend to infinity. More precisely, we assume that
Ni(n), N2(n), N3(n) depend on a parameter n in a given way and consider various
asymptotics as n — oco. Our main result in this section is the following theorem.

Theorem 6. Assume that
Ni(n) = an+ o(n)n— o,
Ny(n) = Bn+ o(n)n—oo,
Na(n) = 7m + 0(m)n—co:
where a, 3,7 are positive constants. Then we have the following limits

. cn) _ aB+9)

and
. _ _ y\Im|-1
(5.2) 7}1_{1010 Rin(n) = Rimco = AL
where
Zoo + /22 —4
) Ay =0T Vi 77
(53) N v
and
B+
5.4 Zoo =2+ @ .
(5.4) 5

Note that the set of resistances {Rm(n)} is defined up to a scalar multiplier, and
for convenience we use the normalization with Ry (n) = 1.

Note also that according to our notation R_1 = Ry_1, R_o = Rny_3 etc.
Proof. Formula (5.1) follows from since
N(n) = (a+B+7)n+ o(n)noo
and
s(n) = ayn® + afn® + o(n?)p_ oo
Then from (3.7) and (4.1) we obtain the limits

(5.5) Tim 7 (n) = a(ﬁﬂlw

= T1,00)
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given the normalization ro 4+ r3 = 1, and
2
(5.6) lim z(n) = L2007+
n—o0 By
Hence we also have the limits

oo

Zoo + /22 —4

(5.7) i Ay () = X TVER S g
and
_ 2 _ 4
(5.8) lim A_(n) = % N
Moreover,
(5.9) lim Jy(n) = 2O ED
n—0o0 By/2%, —4
and
: a(B+7) z
(510) nh_,H;o JQ(n) = Zﬁf}/ (\/2207_4 — 1) = Afyoojl,oo = J2,oo
which imply
(5.11) lim Ji(n) = A2

for £ > 0; note that according to our notation Jy = Jy, J_1 = Jy_1 etc. Then

follows from (4.17). O

Remark 5.1. Note that we use a specific normalization for the resistances. With
the normalization ro + r3 = 1 we have

. B2~%\/22 — 4 4
for m > 0. Formula
(5.13) Tim Ry, (n) = AR

is also true for normalizations ry =1 and r1 + 19 + 13 = 1.

Corollary 5.2. Assume that N = No = N3 = n — oo. Then we have the
following limits
i €M) _ 2
n—oo N 3
and
lim Ry(n) = 2+ V3)"!

with normalization Ry = 1.

Corollary 5.3. Assume that the N-gasket F' is a polygasket. Then we have the
following limits
tim <0
n—oo mn
and
lim Ry(n) = (3+2v3)™™

with normalization Ry = 1.
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Proof. Tt is easy to obtain from elementary geometry, see [33,/36,38,/41], that an N-
gasket is a polygasket if and only if IV is not divisible by 4 and Ny = N3 = [N/4]+1,
where [-] means the integer part of a number. O
Theorem 7. Assume that

Ni(n) = «,

Na(n) = pn+ o(n)n—oo,

N3(n) = yn + o(n)n—oo,

where o, 3,7 are positive constants. Then we have the following limits

. cn) |, By
(5.14) nlirxgo N 2ﬁ+’77

and

(5.15) lim

for any nonzero n, k.
Proof. Formula (5.14) follows from (3.4)) since
N(n) = (B+7)n+ o(n)n—oco,

and
s(n) = (a+1)(B+y)n + o(n)n—oc-
Then from (4.2) we obtain

ro(n) + r3(n)

5.16 lim =0
(5.16) Jim 2
which implies
(5.17) lim z(n) = 2.
Hence we also have the limits
(5.18) lim Ap(n) = lim A_(n) =1.
n—oo n—oo
This implies (5.15). O

Theorem 8. Assume that
Ni(n) = an+ o(n)n—oo,
Na(n) = Bn + o(n)n—oco,
N3(n) =1,

where a, 3,7 are positive constants. Then we have the following limits

. cn) af
(5.19) ”11_{20 n a4+ 3’
and
. Rm(n)
5.20 lim =0

if Im| > |k| > 0.
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Proof. Formula (5.19) follows from (3.4)) since
N(n) = (a+ B)n+ o(n)n—oo,
and
s(n) = afn?® + o(n?)n_oo-
Then from (4.2) we obtain

ra(n) +rs(n) _a
o

which imply (5.20]). t

(5.21)

Note that case
Ni(n) = an+ o(n)n—oo,
Na(n) = 8,
N3(n) =yn+ o(n)n—oo
can be treated analogously.

Theorem 9. Assume that

Ni(n) = an+ o(n)n—oo,

Na(n) = B,
N3(n) =1,
where o, 3,7 are positive constants. Then we have the following limits
(5.22) lim ¢(n) =B+,
and
(5.23) i 2™

if l/m| > |k| > 0.
Proof. Formula (5.22) follows from (3.4)) since
N(n) =an+ o(n)n—oo,
and
s(n) =1 +~v+ Ban+ o(n)p—co-
Then from (4.2) we obtain

lim z(n) = oo
n—oo

which imply . O

Corollary 5.4. For any value of the parameter n we denote the spectral dimension
of the Laplacian on the N-gasket by ds(n) and the Hausdorff dimension of the N -
gasket with respect to the effective resistance metric by dg(n), as in Remark[1.3.
Then

(1) With the assumptions of Theorem[6 or!8 we have
(5.24) lim dg(n) =ds(n) =1,
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(2) With the assumptions of Theorem|7 we have

4
lim dgy(n) =2 and lim dg(n) = =;

n— o0 n— 00 37

(3) With the assumptions of Theorem![9 we have
lim dg(n) = o0 and lim dg(n) = 2.

n—oo n—oo
Note that formula (5.24) applies, in particular, to polygaskets with the number
of sides in the corresponding polygon approaching infinity.

6. APPENDIX: RESISTOR NETWORKS, HARMONIC FUNCTIONS, TRACES OF
DIRICHLET FORMS AND RANDOM WALKS

In this section we recall some basic facts about laws of resistor networks (elec-
trical circuits) and their relation to the finite dimensional Dirichlet forms and to
random walks. The timeless classical reference on the relation between random
walks and discrete potential theory is [9]. A newer and more relevant reference
with respect to the electrical circuits formalism is [8]. As an expository remark we
note there exists a different use of probabilistic techniques in analysis on fractals
which uses notions of Martin and Poisson boundaries [6, 7, and references therein].

For a single resistor the Ohm’s Law is that the voltage V is equal to the current I
times the resistance R, which is expressed by the formula

V =1R.
In addition, we have the formula for the electrical energy
E=VI.
If we define a conductance C' by C' = %, then we have
(6.1) E=CV2

In a resistor network we also have the Voltage Law: the total change of voltage
over a closed loop is zero, and the Current Law: at an inner junction point, the
same amount of current flows in as out.

These laws imply two basic rules for resistances. If there are two consecutively
connected resistances Ry and Rs, also called series resistors, then the total resistance
is Ry + Rs. If there are two parallel resistances R, and Rs, then the total resistance
is R]?fli. So if there are two parallel conductances C; and Csq, then the total
conductances is C7 + C2. Another rule is the A-Y transform (2.1).

In a network we denote V(z,y) the voltage change from x to y. Then the
Voltage Law implies that there is a function U(z), called electric potential, such
that V' (z,y) = U(z) — U(y) for any two points x,y in the network. The potential
is unique up to an additive constant. An easy construction of a potential is as
follows. Assign some potential Uy to some zy. Then for another x consider a path
20, %1, ..., Ty, such that z; and x;; are connected. Then define

U(x) =Uy + V(xo,21) + V(x1,22) + - - + V(2p_1, ).

The Voltage Law implies that U(x) is the same for different paths from x4 to x.
The conductance between any two junction points x and y in the network is
denoted by C; 4 > 0. The conductance C, , is zero by definition if the points x
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and y are not directly connected. For a given function f defined on junction points
of the network we define its energy by

E(f 1) =D Cay(f(@) = f(y)*.

Note that, according to (6.1), if f = U is a potential, then the energy & is the same
as the total electrical energy, which is the sum of energies (6.1) over all resistors in
the network.

From now on we will denote the set of junction points in the network by V,
which should not be confused with the voltage mentioned in the beginning of this
section. Also, from now on the junction points will be called vertices.

Definition 6.1. A function h is called harmonic at p if

3" Cpalhlp) — h(g)) = 0.

qeVv

We call h a harmonic function if it is harmonic at every inner vertex.

It is an easy consequence of Ohm’s and Current Laws that any electric potential
function U(z) is a harmonic function.

We always assume that a network is connected in the sense that for any vertices
z and y there is a path * = xg, 21, ...,%, = y such that each pair z; and x;; is
connected by a positive conductance.

It is easy to see from the connectedness of the network, definition of a harmonic
function and the positivity of conductances that the Strong Mazimum Principle
holds for any harmonic function: a harmonic function can not have a local maxi-
mum or minimum at an inner verter. From this principle one can obtain another
important fact about harmonic functions: for any set of boundary values there
exists a unique harmonic function with these values. In other terms it means the
following. Let Vjpper denote the set of inner vertices and 0V denote its complement
in V. Naturally 0V is called the boundary. Then the unique harmonic extention
property is that for any function g on the boundary 9V there is a unique harmonic

function h such that g = h| . To prove the unique harmonic extention property

notice that the equations in ‘ghe definition of a harmonic function are linear, the
number of equations is the same as the number of variables, and the only solution
of the homogeneous system is zero by the Strong Maximum Principle.

The formula for the harmonic extention can be written as follows. For each
y € OV we define by hy(x) the unique harmonic function such that h,(y) = 1 and
hy(x) = 0 for every other € V. Then the harmonic extention formula is

W)= 3 i)y ()
yeoVv
for any z € V.

The last of the principles is the Minimal Energy Principle that is the harmonic
function has the minimal energy among the functions with given boundary values.
This principle is proved directly by minimization in the definition of the energy.
The Minimal Energy Principle implies that the Effective conductance between p
and q is

 E(hh)
Oeffect(pa Q) = (h(p) — h(q))ga
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where h is any non constant harmonic function in the network with the boundary
values given at OV = {p, ¢}. The effective resistance is the reciprocal of the effective
conductance. Note that here and in other situations the notion of the boundary
OV of a finite set V is flexible, and can depend on a particular function and on
other considerations.

The trace of the resistance form € on the boundary 0V is defined as the unique

resistance form T'rg,,€ such that for any function g on 9V we have

Travg(g,g) = e(h? h)a

where h is the unique harmonic extention of g. The next theorem is the main result
of this section.

Theorem 10.

Troy€lg.9) = Y Ch,(g9(z) —9())*
z,yedV

where

C;,y = Z h‘y(p)cm,P’

peV

Note that the strong maximum principle implies that h,(p) > 0 and so C; , > 0.

Proof. For any function h we have

E(h,h) = > Cup(h(x) - h(p))

x,peV
= Y Copl(h(@)(h(z) = h(p)) + h(p)(h(p) — h(z)))
z,peV
=2 Y W(x) Cyp(h(z) = h(p))
z,peV

Let A be the unique harmonic extention to V of a function g defined on V. Then
> pey Cap(h(z) — h(p)) = 0 if  is not a boundary point. Therefore

Eh,h)y=2 Y h(x)Cap(h(z) = h(p)).

z€dV,peV

For any p € V' we have

Z hy(p) = 1.

yeov

This formula follows from the fact that the function which is identically one on 0V
has a unique harmonic extension which is identically one on V. Using this and the
formula h(x) = Z h(y)hy(x) we obtain

yeov
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Eh,h)=2 > h(z)Cap Y hy(p) (h(z) — h(y))

zedV,peV yeoVv
=2 ) h(@) (h(z) = h(y)) Y Cophy(p)
z,ycdV peV
= > (hl@) (hl@) = b)) + h(y) (hly) = h(@) ) D Cophy(p)
z,yedV peV
= > (9(z) = 9)*>_ Caphy(p),
z,yedV peV
which completes the proof. (I

It is well known that Dirichlet forms, resistor networks and symmetric random
walks lead to essentially the same harmonic analysis on a finite set V (see for
instance [8]). It is clear that Dirichlet forms and resistor networks are in one-to-
one correspondence. A random walk X,,, n = 0,1,2,..., is defined in terms of
its transition probabilities p(z,y), x,y € V. This means that X, 11 = y with
probability p(z,y) given that X,, = z. In what follows we assume that, for = # y,

— Cﬂ?»y

zeV YT,z

In this situation we’ll say that the resistor network and the random walk are equiv-
alent. Any random walk defined in this way is called symmetric. The symmetric
random walks are in one-to-one correspondence with Dirichlet forms up to a con-
stant multiple.

We assume that E(f, f) = 0 if and only if f is constant. This means that the
random walk X, can reach any point with positive probability in a finite number
of steps. In terms of the resistor network, this means that the network does not
have more than one connected components.

Let P.{-} denotes the probability distribution of the random walk X,, which
starts at Xo = z, that is P,{Xo = z} = 1, and let E, denotes the expectation
with respect to Py{-}. Then a function h is harmonic at x € V if and only if
h(z) = E.h(X1) = 32, cy (@, y)h(y). Moreover, h(z) can be expressed through
its boundary values as follows. Let 7 be the first time X,, reaches 9V, that is
7 =min{n : X,, € OV}. Then h(zx) = E, h(X;) for any z € V. Note that this
expression depends only on the values of h on OV since X, € 9V with probability
one. In particular, hy(z) = P{X; = y}.

Let p'(x,y) = P.{X;, =y} where 7, be the first time X,, reaches 9V'\{z}, that
is 77 = min{n : X,, € OV\{z}}. In other words, the random walk X, that starts
at © € 9V is killed at OV\{z}. Then p’(z,y) is the probability that this walk is
killed at y. Then it is easy to see from the Markov property that p’(x,y) are the
transition probability of the random walk on OV that corresponds to the Dirichlet

form T'r,,, €. This is the relation which was used in [4, 20, and references therein]
and other works to define self-similar diffusion on the fractals. One can obtain
other relations between random walks and resistance forms. For instance, ¢ = %pg
where p!! is the probability that the random walk X, that starts at x € IV returns
to x before it is killed when it hits OV\{z}.
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