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These notes summarize the most salient properties of the exponential and logarithmic
functions and also describe a few applications involving them.

Exponential Functions

A function of the form f(x) = bx, where b is a �xed, positive real number, is called an
exponential function. Its key properties are the following.

(1) If b > 1, then f(x) = bx is an increasing function.
(2) If 0 < b < 1, then f(x) = bx is a decreasing function.

(A consequence is that, if x 6= y, then bx 6= by.)
(3) Df = <, Rf = <+. (In other words, bx can be evaluated for all real numbers x, and

every value of bx will be positive.)
(4) f(0) = 1.

One particular exponential function is singled out and called the exponential function.
This is the function exp(x) = ex. The real number e is a special mathematical constant
equal to limn→∞(1 + 1/n)n. The main thing we need to know about e is that it is between
2 and 3.

Functions of the form f(x) = kbx, where k and b are constants, are also called exponential
functions.

Logarithmic Functions

Since an exponential function f(x) = bx is an increasing function, it has an inverse, which
is called a logarithmic function and denoted by logb. (Here we are assuming that b > 1.
Most of the conclusions also hold if b < 1.) The inverse of the exponential function exp is
also singled out, called the natural logarithm function and is denoted by ln.

Since logb is the inverse of the exponential function f(x) = bx, it follows that, for any real
number x,

(1) y = bx if and only if x = logb y.

This immediately leads to the two very useful formulas

(2) blogb x = x and logb b
x = x

for appropriate values of x. Each of these formulas embodies the historical de�nition of a
logarithm: The logarithm of a number to a given base is the power that base must be raised
to in order to yield that number.

Each of the properties listed above for exponential functions has an analog for logarithmic
functions. These are listed below for the natural logarithm function, but they hold for all
logarithm functions.
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(1) ln is an increasing function.
(2) Dln = <+, Rln = <. (In other words, lnx can be evaluated for all positive real

numbers x, and every value of lnx will be positive.)
(3) ln(1) = 0.
(4) y = ex if and only if x = ln y.
(5) elnx = x and ln(ex) = x.

Question: What’s ln e?
The rules for manipulating exponents quite naturally give rise to analogous rules for log-

arithmic functions. These are the logarithm of a product or quotient is the sum or difference
of logarithms and the logarithm of a number to a power is the power times the logarithm of
that number. Symbolically, we write the formulas

(3) logb(uv) = logb u+ logb v, logb(u/v) = logb u− logb v, logb(u
v) = v logb u,

but you should remember the meanings, not the formulas themselves.
Question: These formulas have analogues for the special case of the natural logarithm

function. What are they?
Historically, these formulas were used to aid in arithmetic, particularly multiplication,

division and raising a number to a power, by transforming the calculation into one involving
looking up logarithms in a table, performing an addition or subtraction, and then looking up
an anti-logarithm in a table. Although they are no longer needed for calculations, logarithms
are even more useful today for various applications, some of which are described below.

In order to use logarithmic functions, you need to be totally familiar with all of the
properties listed above and ready to use them at a moment’s notice.

Exponential Equations

Logarithms are useful for solving exponential equations. These are equations in which the
unknown occurs as part of an exponent. Examples are 32x+1 = 5, or 4x

2−1 = 34x−3.
There is really only one thing that you need to remember in order to solve exponential

equations{equate the logarithms of both sides. Once you do that, if you employ the properties
of logarithms, you will be left with a more conventional equation.

An Example. Consider the �rst equation listed above. If we equate the logarithms of both
sides, we obtain

ln(32x+1) = ln 5.

(Although we theoretically may use any logarithm function, it’s most convenient to use the
natural logarithm function. Get in the habit of doing so.)

If we employ the properties of logarithms, speci�cally the fact that the logarithm of a
number raised to a power is the power times the logarithm of that number, we obtain the
linear equation

(2x+ 1) ln 3 = ln 5.



3

This may not immediately appear to be a linear equation, but if we multiply out, we see
that it can be rewritten in the form

(2 ln 3)x+ ln 3 = ln 5.

This is the same form as the linear equation 3x + 8 = 23 and can be solved exactly the
same way:

(2 ln 3)x = ln 5− ln 3, x =
ln 5− ln 3

2 ln 3
.

Logarithmic Equations

A logarithmic equation is an equation where an unknown occurs as part of an argument
for a logarithm function. The only thing you need to remember in order to solve such an
equation is to exponentiate, using the base of the logarithm function as the base for your
exponential function. For example, if the original equation involves a logarithm to the base
5, then exponentiate both sides using a base of 5.

An Example. Consider the logarithmic equation

log3(2x+ 1) = 4.

Since it involves a logarithm to base 3, exponentiate using a base of 3 to obtain

3log3(2x+1) = 34.

Now, use the properties of exponential and logarithmic functions, speci�cally (2), the prop-
erty blogb x = x, to obtain

2x+ 1 = 34.

This is now an ordinary (linear) equation which can easily be solved as follows.

2x+ 1 = 81, 2x = 80, x = 40.

Applications

There are many important applications involving exponential functions, usually involving
a model where some function is an exponential function of the form f(t) = keat, where k
and a are constants and t represents time, measured from some appropriate point in time.
Such applications are said to involve exponential growth or decay.

Three examples, described below, involve interest on a bank balance, population growth
and radioactive decay, which is used to date archeologocal �nds. You should observe that
the basic models are very similar and the methods used in each of these applications are the
same.
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Bank Interest. There are two basic interest formulas.

Compound Interest Formula: P = P0(1 + r/n)nt.(4)

Continuous Interest Formula: P = P0e
rt.(5)

In each of these formulas, P represents the balance t years after the initial deposit is made,
P0 represents that initial balance, and r is the annual interest rate. In the case of compound
interest, n represents the number of times per year that interest is compounded.

A word of caution in regards to the value of r. Interest rates are usually described in terms
of percentages, for example, 5%. Remember, however, that a percentage is just a convenient
way of describing a number, and that percent really means per 100. In the interest rate
formulas, r should be written as an ordinary number (usually using decimals). Thus, if the
interest rate is 5%, then you should take r = .05, since 5% = 5/100 = .05. Similarly, an
interest rate of 7 1/4% should be written as r = .0725.

Some Examples. Suppose $500 is placed in a bank account paying interest at an annual rate
of 6%, compounded quarterly, and you want to know what the balance will be in �ve years.

To �nd the balance, realize that you would be looking for the value of P when t = 5,
and that you are given P0 = 500, r = .06 and n = 4 (since compounding is done four times
each year). You may plug that information into the compound interest formula (4) to obtain
P = 500(1 + .06/4)4·5 = 673.4275 (rounded to �ve places after the decimal point), and you
would conclude that the balance after �ve years would be $673.43.

If the money was compounded continuously rather than quarterly, you would use the
continuous interest formula (5) to obtain P = 500e.06·5 = 674.9294 and you would conclude
that the balance after �ve years would be $674.93.

Notice how much more money accumulated when the interest was compounded continu-
ously.

Suppose, rather than wanting to know how much the balance would be in �ve years, you
were interested in how long it would take before the balance reached, say, $800?

For this question, let’s consider the continuous interest scenerio �rst.
The simplest way to look at the question is to recognize that, since continuous interest

may be modelled with the formula (5) P = P0e
rt, we have a situation where we know the

value of each variable except t. If we plug in the value of each of the variables, we get the
equation 800 = 500 · e.06·t. We recognize that this is an exponential equation, which we may
solve by equating the logarithms of each side. Since the base used is e, we will use natural
logarithms to obtain ln 800 = ln(500 · e.06t) and then use the properties of logarithms to
simplify this equation until it is rather routine to solve.

First, we use the fact that the logarithm of a product is the sum of the logarithms to
obtain ln 800 = ln 500 + ln e.06t.

Next, we use the fact that ln ex = x to obtain ln 800 = ln 500 + .06t.
This is now an ordinary linear equation which can easily be solved. (Don’t let the presence

of logarithms intimidate you.)

.06t = ln 800− ln 500, t =
ln 800− ln 500

.06
, t ≈ 7.8333938.
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We conclude that it will take 7.83 years for the balance to reach $800.
(Note that we could have made some of our work a little easier with some foresight. For

example, if we had immediately divided both sides by 500, we would have gotten the equation

e.06t = 8/5 before taking logarithms, eventually obtaining t =
ln(8/5)

.06
. Verify that this is

equivalent to the �rst answer obtained. There are also several other paths we could have
taken to the same result.)

You should also recognize that this problem, on a theoretical basis, could have been
approached from a functional point of view. Essentially, we have a function P = f(t),
de�ned by the formula f(t) = 500e.06t, whose value for a given value of t gives the balance in
the bank account at time t. Our problem involved �nding the value of t for which f(t) = 800.
We were actually calculating f−1(800).

Now consider the same problem, but with interest compounded quarterly instead of
continuously. Then the compound interest formula (4) would lead us to the equation
800 = 500(1 + .06/4)4t. Once again, we would equate the logarithms of both sides. This
time, let’s divide both sides by 500 �rst. This leads to the following steps.

(1+.06/4)4t = 8/5 = 1.6, ln(1.0154t) = ln 1.6, 4t ln 1.015 = ln 1.6, t =
ln 1.6

4 ln 1.015
≈ 7.8919984

and we conclude that it takes eight years for the balance to reach $800. Question: Why
isn’t our answer 7.89 years?

Suppose we are told that a bank compounds interest continuously and that any amount
deposited will double in ten years. We can �nd out what interest rate is being paid as follows.

Since the balance at any time satis�es the formula (5), P = P0e
rt, and we know that

P will equal twice P0 after ten years, we can plug that information in equation (5) to get
2P0 = P0e

r·10. If we divide both sides by P0, we obtain the exponential equation e10r = 2,

which we can solve as before (how?) to obtain t =
ln 2

10
≈ 6.9%.

If the bank compounded interest quarterly and the balance doubled in ten years, then
we would plug the same information in the compound interest formula (4) to get 2P0 =
P0(1 + r/4)4·10. Dividing by P0 then yields (1 + r/4)40 = 2 and when we take logs we get
40 ln(1 + r/4) = ln 2. This is now a logarithmic equation. If we immediately exponentiate,
we will be going around in circles. However, if we �rst divide both sides by 40, we get

ln(1 + r/4) =
ln 2

40
and then exponentiating yields 1 + r/4 = e

ln 2
40 = 21/40. This gives

r = 4(21/40 − 1) ≈ 6.99%.
You should recognize how you could solve similar questions, but with di�erent amounts

and di�erent rates.

Population Growth. Most populations experience exponential growth in the absense of
outside factors such as war (for humans), disease, famine or nearing the limits of the ability
of the environment to sustain the population. In other words, a population may be modeled
by the formula
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(6) y = keat,

where y represents the population at a given time t and k and a are constants. Note
the similarity between this formula and formula (5) for continuous interest. This formula
holds both for human population and virtually any other animal population. Of course, the
constants will depend on the unit of time used.

Consider the following situation. A certain population numbers ten million at a certain
time. Three days later, the population numbers �fteen million and we would like to know
the population �ve days after that.

The natural, although not the only possible approach, is to scale t in days, starting with
t = 0 at the time when the population is ten million. We can plug that information into
the exponential growth formula (6) to obtain 10, 000, 000 = kea·0. This immediately tells us
that k = 10, 000, 000 and we now can write the formula as y = 10, 000, 000eat.

We still need to know the value for a. However, since we know that y = 15, 000, 000 when
t = 3, we can plug that information in to obtain 15, 000, 000 = 10, 000, 000ea·3. This is an

exponential equation which we can solve to obtain a =
ln(3/2)

3
. Note the similarity between

this and the problem of finding the interest rate if we know that a bank balance doubles in

ten years. We can now plug this value in the formula to obtain y = 10, 000, 000e
t ln(3/2)

3 . If
we want to �nd the populations �ve days later, we merely have to plug in t = 8 (why?) to

obtain y = 10, 000, 000e
8 ln(3/2)

3 ≈ 29, 483, 341. Note the similarity between this and finding a
bank balance after a given period of time.

Radioactive Decay. The amount of a radioactive substance also satis�es an exponential
function of the form

(7) y = f(t) = keat,

where y is the amount of the substance at time t and k and a are constants. This turns
out to be very useful for dating archeological �nds. The basic idea is that all living tissue
contains the same proportion of Carbon-14, which immediately starts disintegrating upon
death of the host organism. A measurement of the amount of Carbon-14 in a fossil can then
be used to date the specimen.

One term often used in radioactive decay is half life. The half life of a substance is
the length of time it takes for half the substance to disintegrate. Carbon-14 has a half
life of 5568 years, and this can be used to calculate the constant a in (7). We observe that
f(0) = kea·0 = k, so that, for Carbon-14, it follows that f(5568) = k/2. If we plug that value
into (7), we obtain kea·5568 = k/2. Dividing both sides by k leaves us with the exponential

equation e5568a = 1/2, which we easily solve to obtain a =
ln(1/2)

5568
= − ln 2

5568
. Note the

similarity between this and finding the interest rate if we know the balance on a bank account
doubles in ten years.

Thus, for Carbon-14, we have the formula
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(8) y = ke
−t ln 2
5568 .

Suppose now that we know that, in the appropriate units, the amount of Carbon-14 in a
certain specimen had to be 6.68 when it was alive, but is 0.97 now. If we measure t from


