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1 Introduction

Reverse mathematics uses subsystems of second order arithmetic to determine which set existence axioms
are required to prove particular theorems. Surprisingly, almost every theorem studied is either provable in
RC Ay or equivalent over RC Ag to one of four other subsystems: WK Lq, ACAg, ATRy or 11} — C Ag. Of
these subsystems, I} — C'Aq has the fewest known equivalences. This article presents a new equivalence
of I} — C Ay which comes from ordered group theory.

One of the fundamental problems about ordered groups is to classify all possible orders for various
classes of orderable groups. In general, this problem is extremely difficult to solve. Mal’tsev (1949) solved
a related problem by showing that the order type of a countable ordered group is Z“Q¢ where Z is the
order type of the integers, Q is the order type of the rationals, « is a countable ordinal, and € is either 0
or 1. The goal of this article is to prove that this theorem is equivalent over RC'Aq to I} — C'Ay.

In Section 2, we give the basic definitions and notation for RC Ay, AC Ay and IIi — C A as well as
for ordered groups. For more information on reverse mathematics, see Friedman et al. (1983) or Simpson
(1999) and for ordered groups, see Kokorin and Kopytov (1974) or Fuchs (1963). Our notation will follow
these sources. In Section 3, we show that II} — C' Ay suffices to prove Mal’tsev’s Theorem and the reversal
is done over RC' Ag in Section 4.

2 Basic Definitions

We will be concerned with three subsystems of second order arithmetic: RC Ay, ACAg and II} — CAy.
RC Ag contains the ordered semiring axioms for the natural numbers plus A? comprehension, X{ formula
induction and the set induction axiom

VX ((0e X AVn(ne X > n+1€ X)) — Vn(n € X)).
The AY comprehension scheme consists of all axioms of the form
vn (¢(n) < ¢(n)) — 3XVn (n € X < ¢(n))

where ¢ is a ) formula, v is a I19 formula and X does not occur freely in either ¢ or 1. We will use N
to denote the set defined by the formula x = z. Notice that in the comprehension scheme ¢ may contain
free set variables other than X as parameters.

The computable sets form the minimum w-model of RC Ay and any w-model of RC Ay is closed under
Turing reducibility. RC Ag is strong enough to prove the existence of a set of unique codes for the finite
sequences of elements from any set X. We use Finx to denote this set of codes. Also, we use (a,b), or
more generally (zg,...,2,), to denote pairs, or longer sequences, of elements of N. For any sequences o
and 7, we denote the length of o by lh(c), the k'" element of o by o(k), and the concatenation of o and
7 by o * 7. The empty sequence is denoted by A and has length 0. The i*" column of X is denoted X;
and consists of all n such that (n,i) € X.



Definition 2.1. (RCAg) A tree is a set T C Finy which is closed under initial segments. That is, for
any 0,7 € Finy, if o C 7 and 7 € T, then o € T. A path through T is a function f such that for all n,
the sequence f[n] = (f(0),...,f(n—1)) € T. A sequence of trees is a set A such that each column of
Ais a tree. A is frequently written as (Ty|k € N) to emphasize that we are thinking of it as a sequence of
trees.

AC Ap consists of the axioms of RC Ay plus the scheme of arithmetic comprehension, 3XVn(n € X «
p(n)) for all formulas ¢ which have no set quantifiers and in which X does not occur freely. All w-models
of ACAq are closed under the Turing jump and the arithmetic sets form the minimum w-model.

I} — CAp consists of the axioms of ACAj plus the scheme of IIi comprehension. An important
property of II] — C' Ay is that it is strong enough to define sets by the transfinite recursion of an arithmetic
formula over any well ordered set. In the next section we will give formal definitions for a well order. The
following theorem states an equivalence of this subsystem that can be proved in RC Ay. For a proof see
Simpson (1999).

Theorem 2.2. (RCAq) The following are equivalent:
1. I} — C Ay

2. For any sequence of trees (Ty|k € N), there exists a set X such that k € X if and only if Ty, has a
path.

The main tools from ordered group theory needed to prove Mal’tsev’s theorem are the induced order
on quotient groups and the idea of an Archimedean class.

Definition 2.3. (RCAj) A linear order is a set X together with a binary relation <x (formally a set
of ordered pairs) which satisfy the usual axioms for a linear order. Similarly, a group is a set G together
with a binary function -¢ and a constant 14 which satisfy the axioms for a group. An ordered group is
a pair (G, <g) where G is a group, <¢ is a linear order on G and for all a,b,g € G, if a < b then ag < bg
and ga < gb.

Example 2.4. RC Ay proves that (Z,+) and (Q,+) are ordered groups under the standard orders.

Example 2.5. Let G be the free abelian group with generators A = {a;|i € N} and let <4 be any linear
order on A. Elements of G have the form ), ; ¢; - a; where I is a finite set and each ¢; € Z \ {0}. To
compare this element with >, ;d; - a;, let K = I UJ and define ¢; = 0 for j € K\ I and d; = 0 for
i € K\ J. The order on G is defined by:

Zcioai < Zdj~aj & o < dg

iel jeJ

where ay is the <4-greatest generator for which ¢x # d. This order is called the lexicographic order
induced by <4 and its existence is provable in RC Aj.

The subscript on <g is frequently dropped and we refer to the ordered group as G, suppressing
mention of the linear order. In the literature, these groups are often referred to as fully ordered groups to
distinguish them from partially ordered groups. We will be concerned only with fully ordered groups and
hence we use the term ordered group. Notice that any ordered group must be torsion free, but that being
torsion free is not a sufficient condition to guarantee orderability.

The quotient group G/H is defined in RC Ay by picking the N-least representative of each coset, using
the fact that aH = bH if and only if a='b € H. That is, a € G/H if and only if a € G and for all z <y a,
either x ¢ G or v~ la ¢ H.

Definition 2.6. (RCAp) A subgroup H of an ordered group G is convex if for all a,b € H and g € G, if
a<g<bthen g€ H. If H is a convex normal subgroup of G, then the induced order on G/H is defined
by

aH <g/p bH & (aH =bH)V (aH #bH Na < b).



We need to know when we can combine an order <¢ /5 on G/H and an order <z on H to get an order
<¢ on G under which H is convex, <pg is < restricted to H and <g JH 18 the same as the induced order
from <& on G/H. Notice that in an ordered group, the order is preserved under conjugation. (H,<p) is
called G-ordered if the order on H is preserved not only under conjugation by elements of H, but under
conjugation by any element of G. This condition turns out to be both necessary and sufficient. For a
proof of the following theorem, see Kokorin and Kopytov (1974).

Theorem 2.7. (RC'Ay) Let H be a normal subgroup of G, <g be a G-order on H, and G/H be ordered
by <g/u- There exists an order <g on G such that H is conver, <p is < restricted to H, and <qg /g
is the same as the induced order on G/H.

Definition 2.8. (RCAg) For an ordered group G, |z| = if x > 1g and |z | = 27! otherwise.

Definition 2.9. (RCAp) If G is an ordered group, then ¢ € G is Archimedean less than b € G,
denoted a < b, if |a™| < |b] for all n € N. If there exist n,m € N such that |a™| > |b| and [b™ | > |a],
then a and b are Archimedean equivalent, denoted a ~ b. The notation a g b means a ~ b Va < b.
G is an Archimedean ordered group if G is ordered and for all a,b # 1g, a = b.

It is not hard to check that ~ is an equivalence relation and that < is transitive, antireflexive, and
antisymmetric. The next lemma lists several other straightforward properties of ~ and <. For proofs,
see Fuchs (1963).

Lemma 2.10. (RCAy) If G is an ordered group, then the following conditions hold for all a,b,c € G.
1. Exactly one of the following holds: a < b, b < a, or a = b.
2. a < b implies that rax™' < xbx~! for all x € G.
3. a < b anda = c imply that c < b.
4. a < b and b= c imply that a < c.

3 Order Type of a Group

Definition 3.1. (RCAg) A linear order (X, <x) is a well order if there is no function f : N — X such
that f(n+1) <x f(n) for all n.

In keeping with the notation of set theory, we use «, 8 and ~ to stand for well orders. It is useful to
talk about the longest initial segment of a linear order which is well ordered.

Definition 3.2. (RCAy) The well ordered initial segment of a linear order X is defined by
W(X) = {zeX|-3f(f:No>XAfO0)=xAVi(fi+1)<[f(i)}.

Notice that W (X) need not exist in systems like RC'Ag, but that II} — C'Aq certainly suffices to prove
its existence. It is clear from the definition that if (W (X), <) does exist, then it is a well order and that
ifye W(X) and z < y then z € W(X).

Definition 3.3. (RCAp) Let (X, <x) and (Y, <y) be linear orders. The product XY is the linear order
(Z,<z) where

Z={{z,y)[zeXNyeY}
(x1,91) <z (T2, 92) < Y1 <y Y2 V (11 = y2 A1 <x T2).

We also need a definition for ZX. In set theoretic terms, Z¥X is the set of functions f : X — 7Z with
finite support. If f # g, then f < g if and only if f(x) <z g(x) where = is the maximum value of X
on which f and g disagree. To represent ZX in second order arithmetic, we use finite sequences of pairs
(x,z) with z € X and z € Z\ 0. To insure a unique normal form for the sequences, we require that the
X-components in each sequence be in decreasing order. By convention, Z? is the single element linear
order. Recall that 7, and 7y are the projection functions for pairs.



Definition 3.4. (RCAy) Let X be a nonempty linear order and Y = X x (Z\ {0}).
Z* = {z|z € Finy AVi < (Ih(z) — 1) (m1(2(i)) >x m(z(i+1))) }

Two elements x,y are equal if and only if they are identical as sequences. If  # y and lh(z) <y lh(y),
then there are two cases to consider.

1. If z C y then = <zx y < m2(y(lh(z))) >z 0.
2. Ifx ¢ y, let i be the least number such that x(7) # y(i) and suppose x (i) = (z;, u;) and y(i) = {y;, v;).

(a) If ; <x y; then x <zx y < v; >z 0.
(b) If ; >x y; then z <zx y < u; <z 0.
(¢) If &; = y; then z <zx y « u; <z v;.

To see why this definition captures the set theoretic notion, think of each sequence z € ZX as rep-
resenting the function that sends 7 (x (7)) to me(x(¢)) for each ¢ < Ih(z) and sends all other values in X
to 0. In Case 1 of the definition, m (y(1h(x))) represents the largest value of X on which the functions
associated to x and y differ. The function for x sends this element to 0, so = < y if and only if ¥ maps
this element to something greater than 0. The other cases have similar explanations.

Notice that instead of representing elements of Z¥X as sequences, we could represent them as finite
formal sums. In this notation, the sum ), ;riz;, with r; € Z\ {0}, would represent the function
mapping x; to r; for ¢ € I and all other elements of X to 0. We can move back and forth between these
representations in RC' Ay and we will use whichever is the most convenient.

Definition 3.5. (RCAp) If G is an ordered group and X is a linear order, then X is the order type of
G if there is an order preserving bijection f: G — X.

If f:G— X and g : G — Y are two order types of G, then the map go f~! : X — Y is an order
preserving bijection between X and Y. So, in RC'Ag the order type is unique up to order preserving
bijection.

If G, A, <4 and <¢ are as in Example 2.5, then the order type of G is Z*. This fact is most easily
proved in RC Ay using the formal sum notation for elements of Z“. For more details on this correspondence,
see the discussion following Proposition 4.4

To clear up a possibly confusing point of terminology, an order preserving bijection is a bijection
between linearly ordered structures that preserves the order, but ignores any other structure they might
have. On the other hand, an order isomorphism, or o-isomorphism, is a group isomorphism that preserves
order. We can now state the main theorem.

Theorem 3.6. (RCAg) The following are equivalent:
1. IIi — C A

2. Mal’tsev’s Theorem: Let G be a countable ordered group. There is a well order o and € € {0,1} such
that Z*Q° is the order type of G.

3. Let G be a countable ordered abelian group. There is a well order a and € € {0,1} such that Z*Q¢
is the order type of G.

In this section, we prove that (1) implies (2). The idea of the proof is that if G is an ordered group,
then either G has a least strictly positive element or it does not. If G does not have such an element,
then it has order type Q. If G does have a least strictly positive element a, then the order type of G is
the product of Z and G/{a), where (a) is the convex normal subgroup generated by a. This process is
repeated with G/{a) and continues to be repeated until we have either used up all of G or found a quotient
of G which has order type Q. The recursion can be done in AT R, (a subsystem strictly between ACAg
and I} — CAy), but I} — C Ay is required to prove that the process eventually terminates.



Lemma 3.7. (RCAg) Let G be an ordered group and H a conver normal subgroup. If X is the order
type of H and Y is the order type of the induced order on G/H, then XY is the order type of G.

Proof. Since G/H is a set of representatives for the cosets, each element of G can be uniquely written
as ah where a € G/H and h € H. If g1 # g2, g1 = a1hy and g = ashs, then by the definition of the
induced order, g1 <g g2 if and only if a1 <g/g a2 or a; = az and hy <g ha. Suppose fg : H — X and
fa/u : G/H — Y are the order preserving bijections. Define f : G — XY by g — (fu(h), fa/u(a)), where
g = ah is the decomposition of g given above. This map is the desired order preserving bijection. O

Definition 3.8. (RCAy) Let G be an ordered group. The set Arch(G) is a set of unique representatives
of the Archimedean classes of G.

Arch(G) = {gEG|Vh€G(h <Ng—>ﬁ(h"\‘49))}

Arch(G) is ordered by taking x < y if and only if z < y. In general, RC Ay is not strong enough to
prove the existence of Arch(G). However, if Arch(G) exists, then we can define a function f : G — Arch(G)
such that f(g) = d if and only if d € Arch(G) and g =~ d. If d € Arch(G), then we can express g = d by
both a 3¢ and a II{ formula.

g~d < InIm (g™ > |d|Ald"] > |g])
& Yy € Arch(G)Vn¥m (y # d — (ly™[ < |g] V |"] < |u]))

Since f(g) has a A} definition with Arch(G) as a parameter, it is definable in RC' A from Arch(G).

Lemma 3.9. (RCAg) Let G be an ordered group. Suppose Arch(G), Y = W(Arch(G)) and H = {g €
GlyeY(g<yVygry)} exist and Y # Arch(G). Then H is a convex normal subgroup of G and G/H
has order type Q.

Proof. H is clearly a convex subgroup. To show H is normal, suppose h € H, g € G and ghg™' ¢ H.
Let a € Arch(G) be such that a ~ ghg~' and notice that g~ 'ag ~ h. Because ghg~* & H, it follows that
a ¢ Y and so there is an infinite descending chain f : N — Arch(G) with f(0) = a. By Lemma 2.10,
f(n+1) < f(n) implies g~ f(n +1)g < g~ f(n)g. Define f : N — Arch(G) by setting f(n) to be the
element of Arch(G) which is Archimedean equivalent to g~ f(n)g. f is an infinite descending chain below
£(0), and so f(0) is not in Y. However, f(0) ~ g~'ag ~ h which contradicts the fact that h € H.

To finish the proof, it suffices to show that the induced order on G/H is dense with no endpoints. The
key fact is that for any b € Arch(G) \ Y there exists ¢ € Arch(G) \ Y such that ¢ < b. Consider the case
when 1¢H < g1 H < goH, then there are b, ¢ € Arch(G) \'Y such that g; &~ b and ¢ < ¢;. Since h < ¢ for
all h € H and g1 - || = g1 < g2, it follows that (g - |c|)H is strictly between g1 H and goH. The other
cases showing that G/H is dense and has no endpoints are similar. O

Lemma 3.10. (ACAy) Let G be an ordered group. If G has a least strictly positive element x then
Vg € G(gx = xg) and the subgroup generated by x is convex and isomorphic to Z.

Proof. Suppose there exists g such that gx # zg. Without loss of generality, assume that gz < xg and
hence grg~' < x. Since 1g < z, we have 1g < gzg~' < = which contradicts the fact that z is the least
strictly positive element.

The subgroup generated by x has a %¢ definition, so its existence can be proved in AC 4. Because G
is torsion free, the elements of this subgroup have the form z™ for n € Z. Suppose there is an n € Z and
a ¢ € G such that 2™ < ¢ < ™", Tt follows that 15 < cx™™ < x which contradicts the hypothesis. O

Lemma 3.11. (RCAy) Let G be an ordered group. If G contains elements ay,as such that a1 < as and
Vg(al <g<as— (a1 =gVay= g)), then G has a least strictly positive element.

Proof. Let z = agal_l. Because a; < as, we have 1¢ < z and if 1¢ < b < z, then a1 < ba; < as which
contradicts the hypothesis. O



We are ready to prove that (1) implies (2) in Theorem 3.6.

Proof. Let G be an ordered group. IIi — C'Ag suffices to prove that W(Arch(G)) exists. Let X =
W (Arch(G)). We use 0 to denote the least element of X, §+ 1 to denote the successor of § in X, and we
say 7y is a limit if v has no immediate predecessor in X. For any § € X, let ﬁ ={yeXly<pg}

The strategy is to construct a chain of convex normal subgroups Ag C G for § € X. At each step,
we prove that the order type of Ag is Z° and that unless we have reached the end of X, Ag is strictly
contained in G. If we reach a step where Ag cannot be extended to Ag41, the construction terminates
early. Otherwise the construction terminates at the end of X.

Construction: Define Ag = {15}.
Successor Step: Assume Ag is a convex normal subgroup, Az # G and the order type of Ag is Z°.
G/Ap is given the induced order. There are two cases to consider:

1. If G/Ap has no least strictly positive element, then terminate the construction early at 5. By Lemma
3.11, G/Ap has order type Q.

2. If G/Ap has a least strictly positive element, let agy1 € G represent this least positive coset. Define
Agy1 to be the subgroup generated by Ag and agyi.

Limit Step: If A is a limit ordinal in X, Ay = s, Ag.
End of Construction

We need to verify that at each step of the construction, Ag is a convex normal subgroup with order
type Z”. Notice that proving the order type is Z” requires transfinite induction along W (Arch(G)) with
a X} formula. This induction is possible because II} — C' Ay proves the general scheme of i transfinite
induction (see Simpson (1999)).

First, consider the successor step 8+ 1. Since ag41Ag is the least positive element of G/Ag, Lemma
3.10 says that ag+1A4gs is in the center of G/Ag and the subgroup it generates is convex. This fact means
that agy1 commutes with elements of G modulo Ag. That is, for every g there is an a € Ag such that
gag+1 = agr1ga. Thus any element of Agy; can be written in the form agﬂb for some n € Z and b € Ag.
Also, since Ag is convex and agy1 & Ag, ag+1 is Archimedean greater than all the elements of Ag. We
can now verify the following claims.

Claim. (1) Agy1 is normal.

Let @ = aj,,b. Because agi1 commutes with elements of G modulo Ag, there is a b € Ag such
that gag+1bg_1 = ag+1g5bg_1. The fact that Ag is normal implies that gbbg~! € Ap and therefore that
grg—l € Agyq.

Claim. (2) Ag41 is convex.

Ifaj,b<z< agﬁrlg then aj;,, Ag < zAg < aff,; Ag in G/Ag. Since the subgroup of G/Ag generated
by ag14p is convex, zAg = ajy,, Ag for some p. It follows that z = af}, ;¢ for some ¢ € Ag, 50 2 € Agy1.
Claim. (3) The order type of Ag+1/Ag is Z.

Elements of Agi1/Ag are of the form aj,,Ag. Since b < agiq for all b € Ag, it follows that
agq 7 agyq modulo Ag if n # m.

Claim. (4) For all b € Ag1, either b < ag41 or b=~ ag1.

If ag41 < b, then a < b for all a € Ag and so b is not in the subgroup generated by agy; and Ag.

Claim (4) shows that unless 5+ 1 is the maximum element of X, Ag.; # G. Claim (3), together with
Lemma 3.7 and the induction hypothesis, shows that the order type of Agy; is 75+,

To check the properties at a limit step, assume A is a limit in X. From the construction it is clear that
Ay is a convex normal subgroup and that unless A marks the end of X, there are elements of Arch(G)
above Ay, apd so Ay # G. For § < X assume fg : Ag — 7P is an order preserving bijectioAn. D(;ﬁne
fr:Ax — Z* by a— fs(a) where 3 is the least element of X such that a € Ag. Notice that Z# C Z*, so



we can view fg(a) as an element of 7Z*. This map is an order preserving bijection, so Ay has the desired
order type.

Since the construction may have terminated early and W (Arch(G)) may or may not be Arch(G), there
are four cases to consider to finish the proof. First, if W(Arch(G)) = Arch(G), then

e If the construction terminates early at 3, then Ag has order type /e , G/Ap has order type Q, and
so by lemma 3.7 G has order type Z°Q.

e If the construction completes and 3 is the maximum element of X, then G = A and so G has order
type Z°.

Second, if Arch(G) is not well ordered, then

e If the construction terminates early at 3, then as in the first case, G has order type ZBQ.

o If the construction is completed and (3 is the maximum element of X, then G/Ag has order type Q
by Lemma 3.9 and G has order type Z°Q.

O

4 The Reversal

The goal of this section is to show that RC A, suffices to prove that (3) implies (1) in Theorem 3.6. The
proof takes place in two steps. First, we show that RC'Ay plus statement (3) in Theorem 3.6 suffices to
prove the well ordered initial segment of every linear order exists. Second, we use this fact plus some
properties of the Kleene-Brouwer order on trees to prove that (3) implies (1).

Definition 4.1. (RCAp) For a linear order X, U C X is dense if U has at least two elements and for
every u,v € U, if u <x v then there is a w € U such that u <x w <x v.

The next two lemmas show that there are no dense subsets of ZX for a well order X. The arguments
are longer than one might expected because of the restriction to RCAy. Recall that u € ZX is a finite
sequence of pairs (z, z) with x € X and z € Z\ {0} such that 7 (u(7)) > 71 (u(i +1)). u is best thought of
as representing the function that maps each w1 (u(i)) to m2(u()) and maps all other elements of X to 0.

Lemma 4.2. (RCAq) Let X be a well order and U be a dense subset of ZX. There are sequences of
elements of U, ug,u1, ... and vg,v1,... such that for each n € N

1 up < Upt1 < Upy1 < Up,
2. W(uy) > n and Ih(v,) > n, and
3. un(0) = v,(0),un (1) = v,(1),...,un(n) = v,(n).

Proof. If X = (), then ZX has only one element and hence has no dense subsets. Assume that X # () and
U C ZX is dense. We define the sequences by induction starting with uy and vg.
Claim. There are u # v in U such that 71 (u(0)) = 71 (v(0)).

Suppose there are no such u and v. We will contradict the fact that X is a well order. Since U is
infinite, we can pick u and v such that either both m2(u(0)) and w5 (v(0)) are positive or both are negative.
Without loss of generality, assume they are both positive and u <zx v. Define a function g : N — ZX
such that ¢(0) = v and g(i + 1) is the N-least element of U strictly between u and g(7). The density of U
insures that g(i + 1) is defined. For any ¢ € N we have

u <zx g(Z+1) <zx g(Z) <zx V.



We verify that 71 (u(0)) <x m1(g(¢+1)(0)). Assume that this inequality does not hold. By assumption,
m1(uw(0)) # 71 (g(i + 1)(0)), so we must have m1(g(i + 1)(0)) <x 71 (u(0)). However, by the definition of
<zx and because m2(u(0)) > 0, this inequality implies that ¢g(i + 1) <zx w, which is a contradiction.

Because m1(u(0)) <x m1(g(i + 1)(0)) and v <zx g(i + 1), the definition of <zx implies that m(g(i +
1)(0)) > 0. Therefore, we can apply the reasoning of the previous paragraph to ¢g(i + 1) <zx ¢(i) and
conclude that 71 (g(i + 1)(0)) <x m1(g(2)(0)). Define the function h : N — X by h(i) = m1(g(¢)(0)). The
properties of g imply that h(i 4+ 1) <x h(i) for all ¢, which contradicts the fact that X is a well order and
proves the claim.

Let u,v € U be such that v < v and 7 (u(0)) = 71 (v(0)). Let Uy = {z € Ulu <z <w}. U; is also a

)

dense subset of X and for any x € Uy, m1(x(0)) = m1(uw(0)). To finish the n = 0 case, it suffices to find
r,s € Uy such that r # s and m2(r(0)) = m2(s(0)). Suppose there are no such elements. If r # s € Uy,
then

r<zx s & ma(r(0)) < ma(s(0)).

However, if r € Uy, then m(r(0)) is between m2(u(0)) and m2(v(0)). Thus there are a finite number of
elements in Uy, which contradicts the density of U;. Let (ug,vo) be the N-least pair of elements of U such
that ug < vg and ug(0) = vo(0).

The argument for the induction step is similar. Assume we have u,, and v,. Consider the set V of
elements x € U with u, <zx x <zx v,. For any © € V, (i) = u,(i) for 0 < i < n. By a notationally
cumbersome, but similar argument, we can find r,s € V such that » # s and r(n + 1) = s(n + 1). Let
(Unt1,Un+1) be the N-least pair in V' such that u,41 < vn41 and upp1(n+1) = vpp1(n+1). O

Lemma 4.3. (RCAg) If X is a well order, then there are no dense subsets of Z~ .

Proof. Suppose X is a well order and U is a dense subset of ZX. Let ug,u1,... and vg,v1,... be the
sequences from Lemma 4.2. Define F' : N — X by F(n) = m1(u,(n)). F is an infinite descending chain
which contradicts the fact that X is a well order. O

Proposition 4.4. (RCAy) (1) implies (2) where

1. For any countable ordered abelian group A, there is a well order o and € € {0,1} such that Z*Q° is
the order type of A.

2. The well ordered initial segment W (X) exists for all linear orders X.

The proof of Proposition 4.4 follows from the next two lemmas. Let X = {xg,z1,...} be an infinite
linear order and G be the free abelian group on the generators {ag, a1, ...}. Elements of G are represented
by finite sums, >°,; 73a; where I is a finite set and r; € Z\ {0}. Rather that writing the elements of ZX as
finite sequences, we will write them here as finite sums, ), _; 7;2; where I is a finite set and r; € Z\ {0}.
This sum represents the function that sends each z; to r; and all other elements of X to 0. When G and
7X are presented this way, there is a natural bijection between them that sends D icr i t0 Do it

X is used to define an order on G, just as in Example 2.5. To compare two distinct elements of G,
diermiai and Yy sjag, let K =1 U J,ry=0for k€ J\Iand sy =0for ke I\J. Let n be such
that x,, is X-maximal in {xg|k € K Ary # si}. The order is defined by

E ria; < E $ja; <> Ty < Sp.

iel jeJ

Under this order, the bijection from G to ZX is order preserving. Statement (1) in Proposition 4.4
guarantees an order preserving bijection from G to Z“Q¢° for some well order @ and € = 0 or 1. We
continue to use the sequence notation for elements of Z*Q¢.

Lemma 4.5. (RCAy) X is a well order if and only if e = 0.

Proof.



Case. (=)

Suppose X is a well order. Because there are order preserving bijections between G and ZX and
between G and Z*Q¥¢, it follows that there is an order preserving bijection between ZX and Z2Q¢. If
€ = 1, then the set {()\,q) | ¢ € Q} is dense in Z*Q (recall that A denotes the empty sequence). Because
RC Ay proves that the image of any subset of the domain of a bijection exists, the image of this set exists
and is dense in Z~. This statement contradicts Lemma 4.3.

Case. (<)

Suppose X is not a well ordering and g : N — N is such that x4y > z41) > -+ forms an infinite
descending chain in X. There is a corresponding infinite descending chain of generators in G, ag) >
ag(1) > ---. Let H be the subgroup of G' generated by pnag,) where py, is the n*™ prime.

Zriai €H < VielIdp, <|ri|(g(n) =14 A p, divides r;)
il

Because the quantification is bounded, this condition is X3. It suffices to show that H is dense, for in that
case, the image of H in Z“Q° is dense and by Lemma 4.3, ¢ must be 1.

To show H is dense, consider two elements of H, » . ;ma; < ZjeJ sja;. Define the coefficients in
the sums for all the elements of K = I U J by setting v, = 0 for k € K\ I and s =0 for k € K\ J.
Let n be such that x, is X-maximal in {zy|k € K A sx # 7 }. n is in the range of g, so there is an m
with g(m) = n. The element ZZ—GI Ti@; + Pm+10g(m+1) lies in H and is strictly between the two elements
given above. O

If X is not well ordered, then by Lemma 4.5, G has order type Z*Q. Let f : G — Z*Q be the order
preserving bijection. For any xp € X, there is an associated generator ax in G. f(ay) has two components,
one from Z“ and one from Q. The second component is the key to defining W (X).

Lemma 4.6. (RCAy) If X is not well ordered, then xy, € X is in W(X) if and only if m2(f(ar)) =
ma(f(16))

Proof.

Case. (=)

Suppose x, € W(X). Let H be the subgroup generated by a; for z; <x xy. H exists since its elements
are exactly those of the form ), _; rja; where Vi € I(x; <x wy).

Claim. H is convex.

Let > ,crriai <c D jc;sja; be two elements in H and let g € G lie strictly between them.
Zie[ ria; < g implies that for all z,, >x x, the coefficient of a, in g is greater than or equal to
0. On the other hand, g <¢ ZjeJ sja; implies that for all 2, >x i, the coefficient of a,, in g is less than
or equal to 0. Hence, g € H as required.

f(H) exists because f is a bijection, and f(H) is convex because f is order preserving. Suppose
mo(f(ag)) # m2(f(1g)). The contradiction we will derive is that f(H) has a dense suborder while H does
not.

Define the well order X = {y € X|y < zx}. Since H is the free abelian group on the generators a,,
with z, € X , it follows from the definition of < that the order type of H is ZX. Lemma 4.3 shows that
H has no dense suborders.

As for f(H), since ma(f(ak)) # m2(f(1g)) and 1lg <g ag, it follows that mo(f(1g)) <q@ m2(f(ak)).
Thus, for any g € Q strictly between these values, (), q) is strictly between f(1¢) and f(ax). Since f(H)
is convex, the set of such points is in f(H). Thus f(H) has a dense suborder.

Case. (<)
This case is similar to the proof of Lemma 4.5. Suppose z ¢ W(X). Let g : N — N be such that
T = Ty(0) > Ty(1) > -+ is an infinite descending chain. This function also gives a descending chain of

generators with ag) = ar and ag(;) > ag(i41) for all i. Let H be the subgroup of G' which is generated
by the elements of the form ppag(,) for n > 1, where p,, is the n™ prime. Let P = {g|g > 1¢}. By



an argument similar to the one in Lemma 4.5, P N H is a dense suborder of G. Now, suppose that
mo(f(ax)) = m2(f(1g)). To complete the proof, we show that f(P N H) does not have a dense suborder.

Claim. For any y € f(PNH), m2(y) = m2(f(1a)).

Suppose not. If ma(y) <g m2(f(1g)) then y <zeq f(lg) and f~1(y) <g 1. This contradicts the fact
that 1¢ is the least element of f(P N H). If mo(f(1g)) <g m2(y), then by similar reasoning and the fact
that 7o (f(1g)) = ma(f(axr)) we have that ar, <g f~'(y). However, since H is generated by Pnlg(n) for
n > 1, any element of H is below ay.

To show that f(P N H) has no dense suborders, let f: f(PNH) — Z* be the map that takes y to
m1(y). f is order preserving and one-to-one, but is not necessarily a bijection. If U C f(PNH) then f(U)
is definable by a 9 condition.

fU) = {z€2%(z,m(f(1c))) €U}

If U C f(PNH) is dense, so is f(U) C Z*. Hence, by Lemma 4.3, there are no dense subsets of
f(PNH). O

We can now give a proof of Proposition 4.4.

Proof. If X is well ordered, then W (X) = X. Otherwise, by Lemmas 4.6,

W(X) ={zp € X [ ma(f(ar)) = m2(f(16))},
which exists by the recursive comprehension axiom. O

To finish the proof of the reversal we need a certain property of the Kleene Brouwer order (defined
below) which requires AC Ag. Therefore, to make the reversal work over RC Ay, we use Proposition 4.4
to show that Mal’tsev’s Theorem implies ACAg over RCAq. If « is a well order, then we use a + 1 to
denote the well order obtained by adding a new largest element onto the end of «.

Definition 4.7 (Friedman and Hirst (1990)). (RCAg) Let a and 8 be well orders. We say « is
strongly less than (3, denoted v <, 3, if there is a 1-1 order preserving map from « onto an initial segment

of 3.
Theorem 4.8 (Hirst (1999)). (RCAo) The following are equivalent:

1. ACAy.

2. If a and B are well orders such that o < 8 and 8 £s «, then o+ 1 <, 3.
Lemma 4.9. (RCAp) (1) implies (2) where

1. For any countable abelian ordered group A, there is a well order o and € € {0,1} such that Z*Q° is
the order type of A.

2. ACA,.

Proof. By Theorem 4.8, it suffices to show that given well orders o and 3 such that o <; 8 and 3 £ a,
we have that o« +1 <; 8. Let f : a — (§ be an order preserving injection onto an initial segment of (.
Notice that 8 £, « implies that the range of f is not all of 8. Define a new linear order X by setting
X = 8 x N with the strict inequality given by (b1, m) < (be,n) if and only if either

e by < byor
e by = by, m<mn,and It <n(f(t) =b) or
e by = by, m >mn, and Vt < m(f(t) # by).
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To get a picture for X, think of X as replacing each point y € 8 by the collection of points (y, m) for
m € N. First, if y € range(f), say y = f(n), then X replaces y by a copy of N.

(y,n) <x (y,n—1)<x - <x (¥,0) <x (y,n+1) <x (y,n+2) <x -+~ (1)

In particular, if x € X satisfies ¢ <x (y,n), then = (b,m) for some b <g y. Second, if y ¢ range(f),
then X replaces y by an infinite descending chain.

<X (y72) <x (yv 1) <x (yao) (2)

In particular, if y & range(f), then (y,0) is not in the well ordered initial segment of X.
By Proposition 4.4, we know that Mal’tsev’s Theorem implies that W (X) exists. Hence, RC Aq suffices
to prove the existence of

Y = {bep[(b0)¢W(X)}

Y is not empty since it contains all pairs (b, 0) for which b is not in the range of f. Since 3 is a well order,
Y has a <g-least element, which we call by. We can now extend the map f to have domain o+ 1. Let a
denote the largest element of « 4+ 1 and define f(a) = by.

We verify that f now witnesses a+1 <; 3. First notice that if by <g b, then b; is in the range of f, for
otherwise (b1,0) ¢ W (X) which contradicts the choice of by as the least such element. All that remains to
show is that by is not itself in the range of f. Suppose for a contradiction that f(x) = by for some z € a.
Let g : N — X be an infinite strictly decreasing chain below (bg,0). Since g is strictly decreasing, we have
by Equation (1) that g(x+1) <x (bo,z) and so g(x+1) = (¥, n) for some b’ <g by. Either (b',n) < (¥',0),
which implies g(x + 1) <x (V',0), or (¢/,0) <x (V',n), which implies g(z +1+n) <x (¥',0) by Equations
(1) and (2). In either case, (b',0) € W(X), contradicting out choice of by. O

We can now continue the proof of the reversal working in AC Aj.

Definition 4.10. (RCAy) The Kleene-Brouwer order, KB, on Finy is defined by: ¢ <gp 7 if and
only if o D 7 or there is a j < min(lh(o),lh(7)) with o(j) < 7(j) and o(i) = 7(4) for all i < j. I T is a
tree, then K B(T), the Kleene-Brouwer order of T, is KBN (T x T).

Lemma 4.11 (Friedman et al. (1983)). (ACAg) A tree T has a path if and only if KB(T) is not a
well order.

Lemma 4.12. (ACAy) In Theorem 3.6, (3) implies (1).

Proof. Assume (3) and let (T; | i € N) be a sequence of trees. By Theorem 2.2, it suffices to construct the
set {#|T; has a path }. If none of the T;’s has a path, then X = (). Therefore, assume at least one T; has
a path.

First we define a tree T' that contains each T; as a subtree.

T = {NMU{ixT|r €Ty}

The set T is ordered by the Kleene-Brouwer order, K B(T'). Since at least one T; has a path, T has a path
and K B(T) is not a well order. Define A; by

A; = {T€T|<i—1> <kBT<KB <Z>}

The map which sends 7 € T; to i x 7 € T is one-to-one, preserves the tree structure and has image A;.
Thus, while A; is technically not a tree (since A € A;), it can be viewed as an isomorphic copy of T; with
the property that K B(T;) and KB(T) N (4; X A;) are isomorphic as linear orders.

By Lemma 4.11, T; has a path if and only if KB(T;) is not well ordered, which holds if and only if
KB(T)N(A; x A;) is not well ordered. Thus it suffices to form the set

{i| KB(T) N (A; x A;) is not well ordered }.
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Let G be the free abelian group on the generators a,, for 7 € 7. Order the generators by a, < a, if
and only if 7 <gp 7. As in Example 2.5, this order of the generators determines a lexicographic order
on G with order type ZXB(T) (see also the discussion following Proposition 4.4). By statement (3) in
Theorem 3.6, there is an order preserving bijection f : G — Z*Q¢°. Because K B(T) is not a well order, it
follows from the proof of Lemma 4.5 that e = 1.

Claim. If Y C T then there is an order preserving bijection between ZY and the subgroup generated by
ar with 7 € Y, denoted (a,|7 € Y).

As shown above, when the elements of (a,|T € V) and Z¥ are represented as finite sums, there is a
natural order preserving bijection between them.

Claim. For each i, (a |t € A;) has a dense suborder if and only if A; is not well ordered by KB(T) N

If A; is well ordered, then by the first claim and Lemma 4.3 it follows that (a.|7 € A;) has no dense
suborders. If A; is not well ordered, then we can use a descending chain to build a dense suborder as in
Lemma 4.5.

Claim. For each i > 0, the subgroup (a-|T € A;) has a dense suborder if and only if mo(f(ag—1))) #
ma(f(ag))-

Suppose m2(f(ai—1y)) # m2(f(ag)). Then the set
U = {veT|m(flan1y)) <ma(flay)) <m2(flaw))}

is contained in A; by the definition of the Kleene-Brouwer order. Since the elements of T" are all actually
elements of N we can trim this set down farther. Let V be the set defined by

V={reU|vycU(y <n 7 — ma(f(ay)) # m2(f(ar)) }-

Because f maps G onto Z*Q¢, V C A; is dense which implies that A; is not well ordered. It follows
by the second claim that (a.|7 € A;) has a dense suborder. To prove the other direction, suppose
ma(f(agi—1y)) = m2(f(aw)) = ¢. The image of (a-|7 € A;) in Z*Q is contained in Z“ x {q} which has no
dense suborders by Lemma 4.3.

Similarly, we can show ( a, |7 < (0) ) has a dense suborder if and only if w2 (f(a))) # m2(f(1g)). This
fact together with the last claim give us a X9 definition for the set

{i| KB(T) N (A; x A;) is not well ordered },

showing that RC Ag suffices to prove its existence. O

References

Friedman, H. M. and J. L. Hirst (1990): “Weak comparability of well orderings and reverse mathematics,”
Ann. Pure Appl. Logic, 47: pp. 11-29.

Friedman, H. M., S. G. Simpson and R. L. Smith (1983): “Countable algebra and set existence axioms,”
Ann. Pure Appl. Logic, 25: pp. 141-181.

Fuchs, L. (1963): Partially ordered algebraic systems, Pergamon Press.

Hirst, J. L. (1999): “Ordinal inequalities, transfinite induction, and reverse mathematics,” J. Symbolic
Logic, 64, no. 2: pp. 769-774.

Jockusch Jr., C. G. and R. I. Soare (1991): “Degrees of orderings not isomorphic to recursive linear
orderings,” Ann. Pure Appl. Logic, 52: pp. 39-64.

Kokorin, A. and V. Kopytov (1974): Fully ordered groups, Halsted Press.

12



Kunen, K. (1980): Set theory an introduction to independence proofs, North—Holland.

Mal’tsev, A. (1949): “On ordered groups,” Izv. Akad. Nauk. SSSR Ser. Mat., 13: pp. 473-482, (Russian).
Simpson, S. G. (1999): Subsystems of second order arithmetic, Springer—Verlag.

Soare, R. 1. (1987): Recursively enumerable sets and degrees, Springer—Verlag,.

Solomon, D. R. (1998): Reverse mathematics and ordered groups, Ph.D. Thesis, Cornell University.

Solomon, R. (1999): “Ordered groups: a case study in reverse mathematics,” Bull. Symbolic Logic, 5,
no. 2: pp. 45-58.

13



