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1 Introduction

The fundamental question in reverse mathematics is to determine which set existence axioms
are required to prove particular theorems of ordinary mathematics. In this case, we consider
theorems about ordered groups. While this section gives some background material on reverse
mathematics, it is not intended as an introduction to the subject. The reader who is unfamiliar
with this area is referred to Simpson (1999) or Friedman et al. (1983) for more details. This
article is, however, self contained with respect to the material on ordered groups.

We will be concerned with three subsystems of second order arithmetic: RC'Aq, WK Lg
and ACAy. RCAy contains the ordered semiring axioms for the natural numbers plus AY
comprehension, 3¢ formula induction and the set induction axiom

VX ((0eX AVn(ne X - n+1€X)) — Vn(n € X)).
The AY comprehension scheme consists of all axioms of the form
vn (¢(n) < ¥(n)) — 3IXVn (n € X < ¢(n))

where ¢ is a X? formula, ¢ is a II{ formula and X does not occur freely in either ¢ or . The
»¢ formula induction scheme contains the following axiom for each ¢ formula ¢,

(cp(()) A Vn(gp(n) — p(n+ 1))) — Vn(gp(n))

We will use N to denote the set defined by the formula x = x. Notice that in the comprehension
scheme ¢ may contain free set variables other than X as parameters.

The computable sets form the minimum w-model of RC'Ay and any w-model of RC Ay is
closed under Turing reducibility. RC A, is strong enough to prove the existence of a set of
unique codes for the finite sequences of elements from any set X. We use Finyx to denote
this set of codes. Also, we use (a, b), or more generally (xq, ..., z,), to denote pairs, or longer
sequences, of elements of N. For any sequences o and 7, we denote the length of o by lh(o),
the k' element of o by o(k), and the concatenation of o and 7 by ¢ * 7. The empty sequence
is denoted by () and has length 0. The i*® column of X is denoted X; and consists of all n
such that (n,i) € X.



Definition 1.1. (RCAj) A binary branching tree is a set 7' C Fing ;3 which is closed
under initial segments. A path through 7" is a function f : N — {0, 1} such that for all n,

fln] = (f(0),.... f(n—1)) € T.
Weak Konig’s Lemma. FEvery infinite binary branching tree has a path.

W K Ly consists of RC Ay plus Weak Konig’s Lemma and ACAq consists of RC' Ay plus
arithmetic comprehension. Any w-model of AC'A is closed under the Turing jump and the
arithmetic sets form the minimum w-model of ACAy. The w-models of W K L, are exactly
the Scott sets and by the Low Basis Theorem each must contain a set of low Turing degree.

We use RC Ay as our base system, which means that if RC'Aq F T, we will not look for a
proof of T" in a weaker subsystem. However, if we find a proof of T"in AC'Ag or WK Ly and
not in RC' Ay, then we will try to show that RC' Ay + T suffices to prove the extra axioms in
AC Ay or WK Ly. When proving such a reversal, the following theorems are extremely useful
(for proofs, see Simpson (1999)).

Theorem 1.2. (RC'Ay) The following are equivalent:
1. WKL

2. For every pair of functions f,g such that for all m,n, f(n) # g(m), there exists a set
X such that for all m, f(m) € X and g(m) ¢ X.

Theorem 1.3. (RCAy) The following are equivalent:
1. ACAy

2. The range of every 1 — 1 function exists.

Given the characterizations of the w-models of RC Ay, WKLy and ACAj in terms of
Turing degrees, it is not surprising that equivalences in reverse mathematics have immediate
consequences in computable mathematics. Any theorem provable in RC' Ay is effectively true,
while the effective version of any theorem equivalent to W K Ly or AC'Ag is not true. Results
in computable mathematics are stated as corollaries throughout this article.

In Section 2, we present the basic definitions for partially and fully ordered groups. The
main result is that RC' A suffices to prove the existence of the induced order on the quotient
of a fully ordered group by a convex normal subgroup, but AC Ay is required for the induced
order on the quotient of a partially ordered group.

Sections 3 and 4 deal with group conditions that imply full orderability. Downey and Kurtz
(1986) were the first to explore the computational content of the classical theorem stating that
every torsion free abelian group is fully orderable. They constructed a computable torsion
free abelian group with no computable full order. Hatzikiriakou and Simpson (1990) went on
to show that this theorem is equivalent to W K Ly. In Section 3, we show that WK L is in
fact equivalent to the theorem that every torsion free nilpotent group is fully orderable. In
Section 4, we consider direct products of fully ordered groups. RC A, suffices to prove that
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any finite direct product of fully orderable groups is fully orderable, but because of uniformity
issues, W K Ly is required for countable products.

As a side issue from the work on nilpotent groups, we examine the center of a group in
Section 5. Not surprisingly, the existence of the center is equivalent to AC' Ay. As a corollary,
we show that the center of a computable nilpotent group can be as complicated as 0/, even
if the length of the lower central series is three and the group is computably fully orderable.
This result illustrates the computation difference between finitely and infinitely generated
nilpotent groups (see Baumslag et al. (1991)).

In addition to studying group conditions, algebraists have looked at semigroup conditions
that imply orderability. We consider three of these conditions in Section 6 and prove that
each is equivalent to W K Lj.

Holder’s Theorem states that every Archimedean fully ordered group is order isomorphic
to a subgroup of the additive group of the real numbers under the standard order. In Section
7 we show that Holder’s Theorem is provable in RC'Ay and hence is effectively true.

Finally, we turn to the divisible closure of an abelian group. There are three interesting
questions to ask about divisible closures in reverse mathematics: which axioms are required
to prove that they exist, which are required to prove that they are unique, and which are
required to prove that the original group is isomorphic to a subgroup of the divisible closure.
In the context of ordered groups, we can also ask if the answer to any of these question is
effected by having a full order on the group. Smith (1981) proved that each computable group
has a computable divisible closure. Friedman et al. (1983) showed that RC A, suffices to prove
the divisible closure exists and that AC Ay is equivalent to its uniqueness. Downey and Kurtz
(1986) proved that each computably fully ordered computable group has a unique computably
fully ordered computable divisible closure whose order extends that of the original group. In
Section 8, we consider the notion of the strong divisible closure and prove that the existence
of a strong divisible closure is equivalent to AC Ay, even if the group is fully ordered.

The notation for objects from computability theory will follow Soare (1987). For example,
we use <7 to denote Turing reducibility and 0’ for the Turing jump of the empty set. The
notation for ordered groups will follow Fuchs (1963) and Kokorin and Kopytov (1974).

2 Ordered Quotient Groups

The main result of this section is that RC Ay suffices to prove the existence of the induced
order on the quotient of a fully ordered group, but AC Ay is required if the group is only
partially ordered.

Definition 2.1. (RC'Aj) A group is a set G C N together with a constant, 14 (or sometimes
0c), and an operation, -, which obeys the usual group axioms.

Definition 2.2. (RCAy) A partial order is a set X together with a binary relation <y
which satisfies the standard axioms for a partial order.



Definition 2.3. (RC'Ay) A partially ordered (p.o.) group is a pair (G, <) where G is
a group, <g is a partial order on the elements of G, and for any a,b,c € G, if a <g b then
a-gc<gb-gcand c-¢ga <gc-gb. If the order is a linear order, the pair (G, <s) is called
a fully ordered (f.0.) group. A group for which there exists some full order is called an
O-group.

Except for cases when they are needed to avoid confusion, the subscripts on ¢ and <g
are dropped.

Example 2.4. The additive groups (R,+), (Q,+), and (Z,+) with the standard orders
are f.o. groups. Let Q1 and R" be the strictly positive rational and real numbers. The
multiplicative groups (R*,-) and (QT,-) are f.o. groups under the standard orders.

Example 2.5. The most important example for our purposes is the free abelian group on w
generators. Let G be the free abelian group with generators a; for i € w. Elements of G have
the form Zie ;Tia; where I C w is a finite set, r; € Z and r; # 0. To compare the element
above with ). ;gja;, let K =1UJ. For each k € K, define r, =0if k € J\ I and g =0
is k € I\ J. Let k be the maximum element of K such that r, # gx. The order is given by:
dierTiti < Y icyqja; if and only if ry < gy This order makes G into an f.o. group.

As expected, RC' Ay suffices to prove many basic facts about p.o. groups.
Lemma 2.6. (RCAy) Let (G, <) be a p.o. group.

1. If a < b then ac < bc and ca < cb.

2. If a < b then c tac < ¢ the.

3. Ifa<bthenbt <al

4. If a < b and ¢ < d then ac < bd.

Defining a partial order can sometimes be notationally complicated. It is frequently easier
to specify only the elements which are greater than the identity. Such a specification uniquely
determines the order.

Definition 2.7. (RCAj) The positive cone, P(G, <) of a p.o. group is the set of elements
which are greater than or equal to the identity.

P(G,<¢) = {9€CG | 1¢ <c g}

Each element = € P(G,<g) is called positive. Sometimes we consider the strict positive
cone which contains only the elements strictly greater than the identity.



When the intended order < is clear, P(G) is used instead of P(G, <¢). Because P(G)
has a ) definition, RC' Ay is strong enough to prove its existence. Conversely, the relationship
between any two elements can be defined in RC Ay using P(G) as a parameter because a < b
if and only if a™'b € P(G). Hence, RC A suffice to prove that each positive cone uniquely
determines an order on G. Notice that if G is a computable group, we have deg(P(G)) =
deg(<¢) for any partial order < and its associated positive cone.

Example 2.8. The complex numbers (C, +) with the set of positive elements P(G) = {z +
yi|z >0V (z=0Ay >0)} forms an f.o. group. The group (Q7, -) with the order determined
by P(G) = NT is a p.o. group. Unraveling the definition of the positive cone shows that if
a,b € Q7 then a < b if and only if a divides b. This order is not a full order but does form a
lattice.

There are classical algebraic conditions which determine if an arbitrary subset of a group
is the positive cone for some full or partial order on that group.

Definition 2.9. (RCA) If X C G, then X '={g! | g€ X}. X is a full subset of G if
XUX™'=(G and X is a pure subset of G if X N X! C {15}

Theorem 2.10. (RCAy) A subset P of a group G is the positive cone of some partial order
on G if and only if P is a normal pure semigroup with identity. Furthermore, P is the positive
cone of a full order if and only if in addition P is full.

Proof. The standard proof of this theorem carries through in RC'Ay. For details, see Kokorin
and Kopytov (1974) or Fuchs (1963). O

One can state a similar result for the strict positive cone. P is the strict positive cone of
a full order if and only if P is a normal semigroup, PU P~! = G\ {1g}, and PN P~ = ().

In the study of ordered groups, it is natural to ask which theorems of group theory hold
for ordered groups and which theorems either fail completely or require extra conditions.
For example, if H is a normal subgroup of G, then G/H inherits a group structure from G.
However, if G is partially ordered, then H must also be convex (defined below) for the partial
order on G to induce a natural partial order on G/H. To formulate this statement in second
order arithmetic, we first need a definition for the quotient group. Unique representatives of
each coset gH in G/H are chosen by picking the <y-least element of gH. These choices can
be made in RC' Ay because mH = nH if and only if m™'n € H.

Definition 2.11. (RC'Ay) If G is a group and H is a normal subgroup of GG, then the quotient
group G/H is defined by the set

{n|neGAVm<n(mgGVm ' -ngH)}

and the operation a -g/;y b = ¢ if and only if a,b,c € G/H and ¢ ' -¢a-¢ b€ H.



Definition 2.12. (RC'Ay) A subset X of a partial order Y is convex if
Va,bx €Y ((a,b € X Na<z<b) —»z€X).
A subgroup H of a p.o. group G is convex if it is convex as a subset of G.

Definition 2.13. Let (G, <) be a p.o. group and H a convex normal subgroup. The induced
order, </, on G/H is defined by a <q/g b if and only if 3h € H(a <¢ bh).

A useful variant of this definition is that P(G/H) is the image of P(G) under the canonical
map G — G/H.
P(G/H)={g9€ G/H|3h € H(gh e P(G))}

As above, the subscript on <g/p is dropped as long as it is clear whether a and b are being
compared as elements of G or G/H. When the context is not clear, we denote elements of
G/H by aH and bH.

We would like to know which set existence axioms are required to form the induced order
on G/H. It turns out that the answer depends on whether we have a full or partial order
on G. The condition in Definition 2.13 is XY, so 3} comprehension certainly suffices. The
following theorem shows that in the case of fully ordered groups, we can do better than the
32 definition.

Theorem 2.14. (RC'Ay) Let (G, <) be an f.o. group and H a convexr normal subgroup. The
induced order on G/H exists.

Proof. Let a,b € G/H and a # b. Because a and b are representatives of different cosets,
ab™' ¢ H.
Claim. 3h € H (a < bh) if and only if a < b.

If a < b then, because 1 € H, it follows that 3h € H (a < bh). For the other direction,
suppose 3h € H(a < bh) and b < a. Then b < a < bh and so 1g < b~'a < h. Since H is
convex, b~'a € H which gives a contradiction. The induced order can now be given by a 3
condition: aH < bH if and only if aH = bH or a < b. [

Corollary 2.15. If (G, <g) is a computably fully ordered computable group and H is a com-
putable convexr normal subgroup, then the induced order on G/H is computable.

It is also important to know when we can combine full orders on G/H and H to form
a full order on G under which H is convex and the induced orders on H and G/H are the
ones with which we started. Notice that an order on H is not necessarily preserved under
conjugation by arbitrary elements of G, but that any order on G must have this property.
Hence a necessary condition for an order on H to extend to all of G, is that a <y b implies
gag~! <z gbg~! for all ¢ € G. This condition is also sufficient.

Definition 2.16. (RC' Ay) Let H be a normal subgroup of G and < a full order on H. (H, <)
is fully G - ordered if for any a,b € H and g € G, a < b implies gag~! < gbg~!.



Theorem 2.17. (RCAy) Let (H,<g) be a fully G-ordered normal subgroup and (G/H, <¢/m)
an f.o. group. G admits a full order under which the induced orders on H and G/H correspond
to those given and H s convex.

Proof. The standard proof goes through in RC'Ay. The idea is that given a,b € G, we define
a <¢ b if and only if either aH <y bH or aH = bH and a™'b € P(H). For more details,
see Kokorin and Kopytov (1974). O

Next we show that ACAq is equivalent to the existence of the induced order on the
quotient of a p.o. group. By Theorem 1.3, AC' Ay is equivalent to the existent of the range
of an arbitrary 1 — 1 function. Given such a function, the strategy is to code its range into
a group in such a way that it can be recovered from the order on the quotient group. The
torsion free abelian group A on generators a;, b; for ¢ € N is used to do the coding. The
first step is to present this group formally. Because A is an abelian group, we use additive
notation.

The elements of A are quadruples of finite sets (I, ¢, J, p) where I and J are finite subsets
of N and p and ¢ represent functions

q: 1 —7Z\{0} and  p:J—Z\{0}.

The element represented by (I,q,J,p) is denoted ., gia; + Zje ;pibj. The elements
represented by (1,q,J,p) and (I', ¢, J',p’) are equal if and only if I = I', J = J', g = ¢’ and
p =p'. The sum

(Zqiai + ijbj) + (Zrkak + Zslbl>
iel jel keK leL

is e tm@m + D e n Unby where M = (IUK)\{z € INK |q, +7, =0} and

Im if mel\K
tm = 1% Tm if me K\I
Gm +7m if me KNI.

N and u,, are defined similarly. The identity element, 04, is represented by (0,0, 0, 0) and if
g is represented by (I, q, J, p), then g~! is the sum

Z_Qia'i + Z—pjbj~
iel jeT
Theorem 2.18. (RCAy) The following are equivalent:
1. ACA,

2. For every p.o. group (G,<g) and every convexr normal subgroup H, the induced order
<¢/u on G/H exists.



Proof.
Case. (1) = (2):
For z,y € G/H, use XY comprehension in AC' Ay to define the relation

r<g/my < 3JheH (x<gyh).

Case. (2) = (1) :
Let f: N — N bea 1l —1 function. By Theorem 1.3, it suffices to show that the range of
[ exists. Define P(A) to be the semigroup generated by the a;’s using 39 comprehension.

P(A) = {Zqiai + ijbj

el jeJ

JZ@/\WEI(qi>O)}

This definition is 3 because Vi € I is a bounded quantifier.
Claim. P(A) is the positive cone for a partial order on A.

It suffices to show that P(A) is a pure normal semigroup with identity. By definition,
04 € P(A). P(A) is normal because it is a subset of an abelian group and P(A) is a
semigroup since it is closed under componentwise addition. Finally, since P~!(A) is defined

by
Pil(A) = {Zqzaz -+ ijbj

iel jeJ

J:(Z)/\Wel(qmo)},

it is clear that P(A) is pure.
Let H be the subgroup generated by elements of the form —a, + b,, where f(n) = m.
Formally, > °,c; qiai + >_;c;p;b; is in H if and only if either I = J =0 or I # () and

VieI(f(i) e JNG = —pre) N VjeJ Tel(f(i)=7Nq=—pj).

This condition is X since all the quantification is bounded. H is normal because the group
is abelian.

Claim. H is convex.

It suffices to show that there are no nontrivial intervals in H. That is, for any ¢,d € H,
¢ < d implies ¢ = d. Notice that any ¢,d € H can be expressed as

c=) —aa + Y abgy and  d= —pia; + Y pb.

il iel jeJ jeJ

If ¢ < d, then —c+d € P(A). Since P(A) is generated by the a;’s, the b; part of the sums
must cancel out. Hence ) .., —qibsu) + Zjejpjbf(j) = 0. Since 0 is represented by the
quadruple (0,0,0,0), we have I = J and q = p. Hence ¢ = d as required.

Now that A, P(A), and H are defined, all that remains to show is how the range of f can
be defined from the induced order <4,z on A/H. This definition follows from the final two
claims.



Claim. The existence of <,/ implies the existence of P(A) 4 H.

Given z € A, we need to decide if v € P(A)+H. Let n € G/H be such that n+H = x+H.
Since z and n differ by a element of H, z € P(A) + H if and only if n € P(A) + H. However,

OA/H SA/Hn — 3h€H(n+hEP(A))
—~ neP(A)+H.

Thus, P(A) + H is definable from <,y in RC'Ay.
Claim. b,, € P(A)+ H < m € range(f)
First assume that b,, = p + h for some p € P(A) and h € H. Then b,, can be written as

b = > G + (Z—Pﬂj + ijbf(j))'

iel jeJ j€J

The parts of the equation with a;’s must cancel out, leaving I = J. Furthermore, because
only b, appears on the left of the equation, J = {n} where f(n) = m and p, = 1. Hence m
is in the range of f.

For the other direction, assume that m is in the range of f. For some n, f(n) = m, and
hence —a,, +b,, € H and a,, € P(A). Adding these equations shows that b,, € P(A)+ H. O

Corollary 2.19. There is a computably partially ordered computable group (G,<g) and a
computable convex normal subgroup H such that the degree of the induced order on G/H is
0.

Proof. Let f be a computable 1 — 1 function that enumerates 0'. Since f is computable, the
p.o. group in the proof of Theorem 2.18 is a computably partially ordered computable group.
The range of f is computable from the induced order on G/H, so 0" <r deg(<g/i). On the
other hand, <g,g has a X{ definition, so deg(<q/m) <r 0. n

3 Group Conditions for Orderability

Any group can be partially ordered: take the trivial partial order under which no two distinct
elements are comparable. Determining when a group admits a full order is more complicated
question. Being torsion free is a necessary condition, but unfortunately not a sufficient one.
If G is the group presented by the letters a and b with the relation aba™! = b~!, then G is
torsion free but not orderable. Indeed, if b > 15 then aba™' = b~' forces b=! > 15 and if
b < 1¢ then aba™! = b~! forces b™' < 1.

The simplest group condition that implies full orderability is being torsion free and abelian.
A proof of this fact can be found in Fuchs (1963) or Kokorin and Kopytov (1974).

Theorem 3.1. Fvery torsion free abelian group is an O-group.



The effective content of Theorem 3.1 was first explored in Downey and Kurtz (1986). They
constructed a computable group classically isomorphic to @ Z which has no computable full
order.

Theorem 3.2 (Downey and Kurtz (1986)). There is a computable torsion free abelian
group with no computable full order.

Hatzikiriakou and Simpson (1990) used a similar proof in the context of reverse mathe-
matics to show that Theorem 3.1 is equivalent to W K Ly. By the Low Basis Theorem, this
fact implies that every computable torsion free abelian group must have a full order of low
Turing degree.

Theorem 3.3 (Hatzikiriakou and Simpson (1990)). (RCAy) The following are equiva-
lent:

1. WKL

2. FEvery torsion free abelian group is an O-group.
Theorem 3.1 is generalized in Kokorin and Kopytov (1974) to torsion free nilpotent groups.
Theorem 3.4. FEvery torsion free nilpotent group is an O-group.

The goal of this section is to use arguments similar to those in Hatzikiriakou and Simpson
(1990), to show that Theorem 3.4 is equivalent to W K Ly. Notice that as long as RC' A suffices
to prove that every abelian group is nilpotent, Theorem 3.3 already shows that Theorem 3.4
implies W K Ly. To state the result precisely, we need a formal definition of nilpotent groups
in second order arithmetic.

In keeping with standard mathematical notation, if H is a normal subgroup of G, we let
7 : G — G/H denote the projection function. That is, 7 picks out the <y-least representative
of gH. Frequently, we write gH instead of 7(g).

Definition 3.5. The center of a group G is defined as
C(G) = {geG|Vr € G(gr =xg9)}.

In general, the existence of the center is equivalent to AC'Ag, as we shall see in Section 5.
However if C(G) is given, the next two lemmas can be proved in RC Ay.

Lemma 3.6. (RCAy) If C(G) exists then C(G) is a normal subgroup of G.

Lemma 3.7. (RCAy) If H is a normal subgroup of G, 7 : G — G/H and C(G/H) exists,
then K ={g € G | m(g) € C(G/H)} = m~Y(C(G/H)) is a normal subgroup of G.

Definition 3.8. Let GG be a group. The upper central series of G is the series of subgroups
(G < GG < GG < --- defined by (G = (1g), (G = C(G), and (:1G = 7 H(C(G/GG))
where 7 : G — G/(;G. G is nilpotent if (,G = G for some n € w.
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Notice that (;11G/(;G = C(G/(;G). In order to use nilpotent groups in RC Ay, we need
to define a code for them that explicitly gives the information contained in the upper central
series.

Definition 3.9. (RCAg) The pair N C N and n € N is a code for a nilpotent group G
if the first n + 1 columns of N satisfy

1. Ny = (1g)
3. N,=G

4. For 0 <i<n,if 7: G — G/N;, then Ny = 7 H(C(G/N;)).
A group G is nilpotent is there is such a code (N, n) for G.
Lemma 3.10. (RC'Ay) Every abelian group is nilpotent.

Proof. 1f G is abelian then we can define a code for G as a nilpotent group by setting n =1
and N C N with Ny = (15) and N; = G. O

Lemma 3.11. (RCAp) If (N,n) is the code for a nilpotent group G then for all 0 < i <mn
Ni11/N; is abelian.

~

Proof. By definition, N;,; = 7 *(C(G/N;)) with 7 : G — G/N;. Therefore, N;1/N;
C(G/N;).

O Re

Theorem 3.12. (RCAy) The following are equivalent.
1. WKL
2. FEvery torsion free nilpotent group is an O-group.

The idea of the proof is that a nilpotent group is formed from a finite number of abelian
quotients N;;1/N;. These quotients are torsion free, so each is fully orderable by Theorem
3.3. We need to put these orders together using a finite number of applications of Theorem
2.17. Notice that if (N, n) is the code for a torsion free nilpotent group G and n > 1, then
N; must be torsion free since it is a subgroup of G.

Definition 3.13. The commutator of x and y, denoted [z, y], is the element =1y ~1xy.

Lemma 3.14. (RCAy) Let (N,n) be a code for a nilpotent group G. If 0 < i < n and
x € Niy1, then [z,g] € N; for all g.
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Proof. Notice that for i = 0, the lemma follows trivially because N is the center of G. Assume
1 > 1. By definition, x € N;y; means xgN; = gxN; for all g. For any particular g, there is a
¢ € N; such that xg = gzc and hence also cg 'z~! = 27 1¢g~!. Let h be any element of G.

1

[z, 9] - h= v g lwg - h=a"'g ' grch = ch

Since ¢ € N;, we know that ch = hcc for some ¢ € N;_;. We now have:
ch = hcé = heg ta twgé = ha g 'xge.
Thus, we have [x,g]-h = h - [z, g] - ¢ for some ¢ € N;_; and hence
[x,9] - hN;_1 = h [z, g]N;_1.
This equality implies that [z, g][V;_; is in the center of G/N;_; and hence that [z, g] € N;. O

Lemma 3.15. (RCAy) Let (N,n) be a code for a nilpotent group G. If 1 < i < n and
x € Njyq, then for allm > 0, [z, g]™N;_1 = [™, 9] N;_1.

Proof. Because [z, g]™N;_1 = [#™, g]N;_1 is a 3J statement, we can prove this lemma in RC A,

by induction on m. The case for m =1 is trivial, so assume the equality holds for m and we

prove it for m + 1. Since [z, ] = [z, g]™ - [z, g], we can apply the induction hypothesis in

the form [z, g]™ = [z, g] - ¢ for some ¢ € N;_;. We now have

m—l—l:[ 1

[z, g] ™, gl -c-[x,g) =2""g aMge - [, g].

By Lemma 3.14, © € N;;; implies [z,g] € N; and so [z, g] commutes with elements of G
modulo N;_;. Therefore, for some ¢ € N;_; we have

e g aMge - o, g) = T [a, g - g e gee
— l'_m_lg_ll’gg_lxmgCE
[z, g] - ce.
Because cc € N;_1, this calculation establishes the induction case. O

Lemma 3.16 (Mal’cev). (RCAy) Let (N,n) be a code for a torsion free nilpotent group G.
For every 0 <i <mn, N;11/N; is torsion free.

Proof. We prove this theorem by bounded induction on i. Because Ny = (lg) we have
N1 /Ny = Ny, which establishes the theorem for ¢ = 0. Assume i > 1 and the theorem holds for
i—1. The induction hypothesis tells us that N;/NV;_; is torsion free. Let x € N;;1 and suppose
that ™ € N; for some m > 0. We need to show that x € N;. For any g € GG, Lemma 3.15
implies that [z, g|"N;_1 = [z, g]N;—1. By Lemma 3.14, 2™ € N; implies that [2™, g] € N;_;.
Therefore, [z, g|™ € N;_1. Applying Lemma 3.14 to = € N, tells us that [z, g] € N;. Putting
these facts together, we have [z, g|N;_1 € N;/N;_1 and [z, g]"N;_1 = 1¢N;_1. Since N;/N; 4
is torsion free, it must be that [z, g] € NV;_;. However, this fact implies that xgN;_; = gz N;_4
for all ¢ and so x € N; as required. O
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Lemma 3.17. (WKL) Let (N,n) be a code for a torsion free nilpotent group G. For every
0 <i<n, Niy1/N; is a fully G/N;-orderable group.

Proof. We need to show that there is a full order on N;1/N; such that for all a,b € N;1/N;
and g € G/Nj, if aN; < bN; then gag™'N; < gbg ' N;. By Lemmas 3.11 and 3.16, N;;/N; is a
torsion free abelian group and hence by Theorem 3.3, W K Ly proves that it is fully orderable.

Let < be any full order on N;1/N;, let a < b be elements of N;,1/N; and let g € G/N;.
Since N;11/N; & C(G/N;), we have gag~'N; = aN; and gbg~'N; = bN;. Hence, aN; < bN;
implies gag ' N; < gbg ' N;,. [

We are now ready to prove Theorem 3.12

Proof.
Case. (2) = (1)

Assume every torsion free nilpotent group is an O-group. By Lemma 3.10, this assumption
implies that every torsion free abelian group is an O-group. From here, Theorem 3.3 implies

(1).
Case. (1) = (2)

For each 1 < i < n, let P, be the strict positive cone of a full G/N;_j-order on N;/N; ;.
Set P,={z € N; | zN,_; € P;} and P = (U, P)) U {15}

The following series of claims proves that P is the positive cone for a full order on G.
Claim. P is a semigroup with identity.

It suffices to show P is closed under multiplication. Let x,y € P with x,y # 1. There
are 4,7 such that z € P, and y € P;. If i = j then o N;_;,yN,;_; € ﬁl and so xyN;_| € 151 and
xy € P;. 1f i # j then, without loss of generality, assume that ¢ < j. Since x € P;, it follows
that x € N; and hence x € N;_;. But then, zyN;_; = yN;_; and so zy € P;.

Claim. P is normal.

Let x € P, x # 1g and g € G. There is an ¢ such that z € P;. Since P, is the strict positive
cone of a full G/NZ 1-order on N;/N;_1, we have that zN;_; € P, implies that gzg'N;_, € P,.
Hence gzg~! € P;.

Claim. P is pure.

Let € P and x # 1g. We need to show that x~! & P. There is an i such that x € P;.
Because P is the strict positive cone on N;/N;_1, we know that z € N; and = ¢ N;_;. Hence
L e N;and 27! € N,_;. However, because zN;_; € R, it follows that 7' N,_; ¢ R and so
_1 ¢ P,. To show 27! & P; for j > i, notice that since z7! € N;, we also have 27 € N;_;.
Therefore 27 'N;_; = 1GNJ~,1 and hence ~! ¢ P;. Finally, assume for a contradiction that
j <iand z~! € P;. It follows that 2~ € N;_;. However, above we showed that 2~ & N;_;.
Thus, 2~ ¢ P; for any j.
Claim. P is full.

13



Let + € P and = # 1g. We need to show that either x € P or 7! € P. There is an
¢t such that x € N; and x ¢ N,;_;. Since R is a full order on N;/N; 4, either zN;_; € P or
1NZ,1€P. Thus, either z € P, or 27! € P,. ]

4 Direct Products

Groups are frequently constructed by means of a direct product. These constructions preserve
full orderability. A proof of the following theorem can be found in either Fuchs (1963) or
Kokorin and Kopytov (1974).

Theorem 4.1. Any direct product of O-groups is an O-group.

To examine this theorem in reverse mathematics, we need to distinguish between finite and
restricted countable direct products. The finite direct product Ag x A; X ... x A, _1 consists
of sequences of length n such that the i*® element of each sequence is in A4;. Multiplication
is componentwise. The elements of the restricted direct product of A; for i € N are finite
sequences o such that for all i < lh(o), o(i) € A;. The idea is that the element represented
by o has 1,4; as its J* component for all j > 1h(c). In order to make each sequence represent
a distinct element, we add the requirement that the last element in the sequence is not an
identity element. The formal definitions are given below.

Definition 4.2. (RCAy) If n € N and for all i < n, A; is a group, then the finite direct
product G = [/, A; is defined by:
G={oeFiny|lh(oc)=nAVi<n(o(i) € A;)}
le = (1ag,1ay,--y1a, )

0-¢7={(0(0)4,7(0),...,0mn—1)-4, , 7(n—1)).

Theorem 4.3. (RCAy) If n € N and for all i < n, A; is an O-group, then G = [[._, YA, s
an O-group.

Proof. Let P*(A;) be the strict positive cone of a full order on A;. Order G lexicographically:
PY(G)={oeG|Ti<n(o(i) e PT(A)AVj<i(o(j) =14,))}
P(G) = P+(G) U{ <1A07 SRR 1An71> }

From this definition, P(G) is clearly full, pure, and contains the identity. It remains
to check that it is a normal semigroup. Since P(G) is closed under multiplication, it is a
semigroup. To see that it is normal, let ¢ € P(G) have its first non-identity element at o(i).

If 7= {go,...,gn-1) € G then To77 ! is

<gOa te 7gn71> G <1A07 c 1A¢,17a‘1'7 cee 7an71> G <g617 cee 7grjil>

The first non-identity element in this product is g;a;g; *. Because a; € P*(A;), we have
gia;g; * € PT(A;) and hence Tor~! € PT(G). O

14



Corollary 4.4. The direct product of a finite number of computably fully orderable computable
groups is computably fully orderable.

Definition 4.5. (RC4,) Let A be a set such that for each i, the i® column A; is a group.
The restricted direct product G =[], A, is defined by:

G ={o € Finy | Vi <1h(o) (c(i) € A; Ao(lh(o) — 1) # 1A1h(0)71)}
lg = ()

where () is the empty sequence. Multiplication is componentwise, removing any trailing
identity elements.

Theorem 4.6. (RCAy) The following are equivalent:
1. WKL

2. If i (A; is an O-group) then G = [],cy Ai is an O-group.

Proof.
Case. (1) = (2):

We know Vi3Y (Y is a positive cone on A;) and by Theorem 4.3, for each n € N, RC Aq
suffices to prove that there exists a positive cone on H;:Ol A;.

A uniform (strict) order on the A;’s is a set P such that its i*" column P is the (strict)
positive cone of a full order on A;. To prove that G is an O-group, it suffices to prove the
existence of a uniform order on the A;. From a uniform order, we can define the lexicographic
order on G as in Theorem 4.3. To show the existence of a uniform order, we build a tree T
such that any path on the tree codes such an order. 7' is built in stages such that at the end of
stage s, all nodes of length s are defined. Each node on T keeps a guess at an approximation
to a uniform strict order. Suppose o is a node on T" at level s, s + 1 = (e,i), e # 14,, and
P, is 0’s approximation. At stage s + 1 we check if 14, € P, for any j. Since P, is a finite
set, this can be done computably. If 14, € P, then P, cannot be a subset of a uniform strict
order, so we terminate this branch. Otherwise, we define two extensions of P,: one by adding
e € A; to P, and the other by adding e™! € A; to P,. These sets are each closed under one
step multiplication and conjugation by elements less than s. One extension becomes P,,, and
the other becomes P,,;. This construction is presented formally below. T} is the set of nodes
of T of length s.

Construction
Stage 0: Set Ty = {()} and P, = 0.
Stage s+ 1: Assume s = (e, ). For each o € Ty do the following:

1. Check if 14, appears in P, for any j. If so, o has no extensions on 7', so move on to the
next node in 7. If not, add o x 0 and o * 1 to Ts.1; and move on to 2.

2. If e = 14, or e does not represent an element of A;, then set P,.o = P,.1 = P, and move
on to the next node in Ty. Otherwise, move on to 3.
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3. If e e A; and e # 14, define

P, =P, U{{e} i)} and P,y =P, U{{ei)}
Extend these by:

(k,j) € Pro = (k,j) € Py V
3<m7j>7<n7]>epa*0(mAjn:k) \/
dn < s3(m, j) € ﬁa*o(n € AjAn a4, mog, n~t = k)

<k,j>€Pa*1 — <k7j>6-pa'*1 V
E|<m7j>7<n7j>Epo*l(m'Ajn:k) V
3n§83<m7j>Epa*l(neAj/\n'Ajm-Ajn_l:k)‘

End of Construction
Claim. T is infinite.

For a contradiction, suppose that 7" is not infinite and hence there is some level n at which
T has no nodes. Because the standard coding for pairs satisfies the inequality (z,y) > vy, we
know that if (z,y) occurs in the construction before stage n, then y < n. That is, at stage
n, T has only considered elements from Ay through A,. By Theorem 4.3, RC A, suffices to
prove that [, A; is an O-group. Let X be the strict positive cone for a full order on this
finite product and let P*(A;) be defined by

Z'Ep—i_(Al) — <1A07"'7]‘Ai717x71Ai+17"'71An>EX‘
For each k <n, k = (z,4) for some i < n. Define ¢ € Finy with lh(c) = n by

{ 1 ifk=(x,i) ANz e PT(A)

o(k) = 0 otherwise

From the definition it is clear that
ok)=0«x=14Va € P (A)VrdA. (1)

To prove the claim, it suffices to show that o € T. We show by induction that for all £ < n,
olk] = (0(0),...,0(k = 1)) € T and P,y € X. Clearly, ¢[0] = () € T and P,y = 0 C X.
Assume that o[k] € T and P, € X. Because 14, ¢ Py we know that o[k + 1] € T.
From the definition of ¢ and Equation (1), it is clear that JBU[kH] C X. Because Pypyq) is
obtained by multiplying and conjugating elements of f’g[kﬂ], it follows that P, € X.
Thus, o[n] =0 € T.
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Since T is infinite, W K Lo provides a path f through T'. Let f[n] denote the sequence
(f(0),...,f(n—1)) and define

Z =\ P

neN

Z =27 U {{14,,i) | i € N}.

Z has a X9 definition, but for z # 1,,, we have (z,i) € Z < (z~',i) ¢ Z. Thus, Z has a AY
definition and so both Z and Z exist. It remains to show that Z; is the positive cone for a
full order on A;.

To show Z; is full, consider any = € A;, x # 14,. Let 0 = f[n]| with lh(o) = (x,4). Since
f is a path, either 0 * 0 = f[n+ 1] or o x 1 = fln + 1].

ox0=fin+1] = (2,i) € Py =z € Z;
oxl=fln+1]= @ i)ePuu=2"'cZ

To show Z; is pure, suppose * # 14, and z,27' € Z;. Tt follows that for some n, both
(z,i) and (z',4) are in Pjp,). From the construction, 14, appears in both Pyp,jso and Py
so neither f[n]* 0 nor f[n]* 1 has an extension. This contradicts the fact that f is a path.

Z; is a semigroup since if z,y € Z; then there is an n such that (x,4), (y,i) € Pyp). By
the one step multiplicative closure, (x -4, ¥,%) € Pfn41) and hence z -4, y € Z;. Showing Z; is
normal is similar but uses the one step closure under conjugates. Thus Z; is a full order on
A; and we have constructed the desired uniform order.

Case. (2) = (1):
Assume the restricted countable direct product of O-groups is an O-group. Let f, g be
functions such that for all n,m, f(n) # g(m). By Theorem 1.2 it suffices to prove the existence

of a set S such that
range(f) €S A range(g) C N\ S.

Recall from the first half of this proof that an order on the direct product is equivalent
over RC'Aj to a uniform order on the components A;. The idea of this proof is to give abelian
groups A, each of which has two generators, a,, and b,. If n is in the range of f, we force a,
and b,, to have the same sign in any order on A,. That is, either both are positive or both
are negative. If n is in the range of g, we force a,, and b,, to have different signs in any order.
If neither of these holds, then we let A,, be a free abelian group on two generators. Since the
groups are abelian, we use additive notation. The groups look like:

Ay = (armys gy | apmy = pnbrw))
Agn) = (agn): bgn) | agn) = —Pnby(n))

where p, is the n'" odd prime. If n is not in the range of f or ¢ then

A = (an, by | —).
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Formally, the elements of A, are formal combinations ca,, + db,, where ¢, d € Z and
~3i(ps < 2ld] A £(0) =n) A ~3i(p: < 20d] A g(i) = n).

To add ca,, + db, and da, + d'b, we check whether (¢ + ¢)a, + (d + d') b, violates either of
these conditions. If there is an i such that p; < 2|d+d'| and f(i) = n, then we use the relation
a, = pib, to rewrite (d + d') b, as ’a, + d"b, where |d"| < p;/2. If the second condition is
violated, we do the same thing except we use the relation a,, = —p;b,.

Because the definition of A, is uniform in n, the sequence A,, exists. It remains to show
that each A, is orderable and that the separating set is definable from a uniform order of the
A,.

Claim. Each A, is an O-group.

The proof of this claim splits into two cases. In RC Aj, we cannot tell which case holds,
but we know that one of them must hold. If f(i) = n or if n ¢ range(f) U range(g) then
P(A,) ={ca, +db, | ¢ >0V (c=0Ad>0)}. If g(i) = n then P(A,) = {ca, +db, | ¢ >
0V (c=0Ad<0)}. Ineach case it is easy to verify that the set given is the positive cone
of a full order. This shows that RC Ay F Vn(A, is an O-group). By assumption, there is a
uniform order on the A,,. Let P be the uniform positive cone. That is, P, is the positive cone
of a full order on A,,. Define S by

S={n|a,€ P, —b, €P,}

S is the desired separating set since if n is in the range of f then a, € P, < b, € P, while if
n is in the range of g then a, € P, < —b, € P,. O

Corollary 4.7. There is a uniform sequence of computably fully orderable computable groups
G;, 1 € w, such that ;e ,G; is a computable group with no computable full order. 1l;c,G; does
have a full order of low Turing degree.

5 The Center

In this section we show that the existence of the center is equivalent to AC'Ag and that this
result holds even for 2 step nilpotent groups, which are intuitively the simplest nonabelian
groups.

Definition 5.1. G is n step nilpotent, for n > 1, if (,G = G. G is properly n step
nilpotent if G is n step nilpotent and (,_1G # G.

According to the definition, G is properly 2 step nilpotent if C'(G) # G and G/C(G) is
abelian. These groups can also be defined in terms of the lower central series. The following
lemma states the essential property of this alternate definition.

Lemma 5.2. G is 2 step nilpotent if and only if each commutator [z,y| commutes with all
the elements of the group.
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Lemma 5.2 can be used to establish the following identity for 2 step nilpotent groups.

-1 1 1

[yl =2y ey = ay ey
=xz-ly,a]- 2" =[y,a]
Similarly, we have [z,y™"] = [y, 2], [z, y '] = [z,y], and [z,y]"" = [y, z].

Let G be a free 2 step nilpotent group on the generators a;, © € N. That is, G is presented
by the generators a; and subject to the relations [[g, h], k] = 1 for all g, h, k € G. We have
the following identity:

a;a; = ajaiai’laj’laiaj = a;a; - [a;, a;].

Using the identities above and performing similar calculations, we get

a;'a; = aja;’ - [aj, a)

1

aa; = aj_lai -ay, ;]

a;'a;t =a;ta; - ai, ag).

Because these identities allow us to commute any pair of generators modulo a commutator
of generators, we can write any element of G as

ko ki ki
jo L aj,

a e
where jo < j1 < -+ < ji, k; € Z \ {0} and c is a product of commutators. Furthermore, we
can write ¢ as a product of powers of commutators of the form [a;, a;] or [a;, a;]™" with i < j.
To get a unique normal form for each element, we arrange these commutators so that a power
of [a;, a;] occurs to the left of a power of [ax, a;] if and only if i < kori =k and j <.
These normal forms give us a computable presentation of the free 2 step nilpotent group.
Furthermore, since we can write down a description of the normal form using only bounded
quantifiers, we can define the free 2 step nilpotent group on generators a;, ¢ € w, in RC'Ay.
Because an element is in the center if and only if it is a product of commutators, RC'Ag

suffices to prove that there is a nilpotent code for this group.
Theorem 5.3. (RCAy) The following are equivalent:

1. ACA

2. For every group G the center of G, C(G), exists.

Proof.
Case. (1) = (2)

The center of G is defined by a IIY formula, so AC A suffices to prove its existence.
Case. (2) = (1)
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By Theorem 1.3, it suffices to prove the existence of the range of an arbitrary 1—1 function
f. Let G be the free 2 step nilpotent group on generators a; and b; for i € N with the following
extra relations

a;a; = aja; for all 4,5 € N
bibj = b]bl for all Z,j eN
Formally, elements of G have unique normal forms a;" - - - a;/* b7 - - - bj" - ¢ where iy < -+ < iy,
1 <--<g,n,#0for1 <p<k m;,#0for1 <q<I and cis a product of commutators
with those which match the added relations removed. By the comments above, GG exists as a
group in RC'Ay. However, as we are about to see, RC' Ay is not strong enough to prove that
there is a code for GG as a nilpotent group.
Let C(G) be the center of G. To define the range of f we use the following equivalences:

bj € C(G) & Y (aibj = bjai)
o ViVE<i(f(K) £ )
& VE(f(k)# 7).

Therefore, b; € C'(G) if and only if j is not in the range of f. This equivalence allows us to
give a X definition of the range of f.

range(f) = {j | bj ¢ C(G) }
]

Corollary 5.4. There is a computably fully orderable computable 2 step nilpotent group G
such that C(G) =r 0.

Proof. Consider the group G constructed in the theorem when f is a computable 1—1 function
enumerating 0'. G is clearly a computable 2 step nilpotent group. Since we can define the
range of f from C(G), we have 0/ <7 C(G). However, because C(G) has a 119 definition from
G and G is computable, we know that C(G) <r 0.

It remains to show that GG is computably fully orderable. Let H be the subgroup generated
by the commutators. H is normal because G is 2 step nilpotent and H is computable because
we can tell if an element is the product of commutators by looking at the normal form. H
is generated by commutators of the form [a;,b;] for which 3k < i(f(k) = j). There are
no relations between these commutators, so H is a torsion free abelian group which can be
computably fully ordered lexicographically from its generators. Since G is 2 step nilpotent,
the elements of H commute with all elements of G. Therefore, any full order on H is a full
G-order. G/H is the abelianization of G, so it is the free abelian group generated by a; and
b; for i,j € w. Again, there are no extra relations between these elements in G/H, so G/H
can be computably fully ordered from its generators. Using Theorem 2.17, the orders on H
and G/H can be combined into a computable full order on G. O
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The use of infinitely many generators in the proof of Theorem 5.3 is unavoidable due to
the following result.

Theorem 5.5 (Baumslag et al. (1991)). The center of a finitely generated nilpotent group
18 computable.

6 Semigroup Conditions

In addition to examining which group conditions imply full orderability, algebraists have also
looked for semigroup conditions which imply full orderability. That is, given a group G, state
conditions in terms of subsemigroups of G' which imply the full orderability of G. In this
section, we study three theorems giving such semigroup conditions. The versions stated in
Kokorin and Kopytov (1974) are given below. In these theorems, S(ay,...,a,) denotes the
normal semigroup generated by ag,...,a,. Recall that a semigroup is normal if it is closed
under inner automorphisms.

Theorem 6.1 (Fuchs (1958)). A partial order on G with positive cone P can be extended
to a full order if and only if for any finite sequence of non-identity elements, a4, ...,a, € G,
there 1s a sequence €, . .., €, with ¢, = 1 such that

PN S(al,...,a) = 0.

n

Theorem 6.2 (Los (1954), Ohnishi (1952)). G is an O-group if and only if for any
finite sequence of non-identity elements ay,...,a, there exists a sequence €y, ..., €, with each
€; = £1 such that

lg & S(af,...,a).

Theorem 6.3 (Lorenzen (1949)). G is an O-group if and only if for any finite sequence
of non-identity elements ay, ..., ay

mS(ail7 coa)y =10
where the intersection extends over all sequences €1, . ..,€, with ¢, = 1.

The first step in studying these theorems in reverse mathematics is to translate the semi-
group conditions into the language of second order arithmetic. If A is a code for a finite
sequence of elements of G, let S(A) denote the normal semigroup generated by A. Think
of S(A) as built in stages with Sp(A) = A and S, ;1(A) containing all the elements that
can be formed by conjugating a member of S, (A) or by multiplying two members of S, (A).
Formally, we define a function s such that x € 5,,(A) if and only if s(A,n, m,z) = 1 for some
m. Define s by recursion on n with A and m as parameters.

1 ifze A

s(A,0,m,z) = { 0 otherwise
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s(A,n+1,m,z) = Ja,

0 otherwise

Definition 6.4. (RC'Ap) If A is a code for a finite sequence of elements of G, let A~* be the
code for the finite sequence defined by A™'(k) = A(k)™! for 0 < k < 1h(A).

Lemma 6.5. (RCAg) If A is a code for a finite sequence of elements of G and s(A,n,m,z) =
1, then Ip (s(A~  n,p,z7 1) =1).

Proof. The proof is by X? induction on n. For the base case, assume that s(A4,0,m,z) = 1
and so r € A. By definition, 27! € A™! and s(A7',0,m,z7!') = 1. For the induction
case, assume s(A,n + 1,m,z) = 1 and split into three subcases. First, if s(A,n,m,z) = 1
then the induction hypothesis implies there is a p such that s(A™!,n,p,27!) = 1 and hence

s(A71n+1,p,x71) = 1. Second, if there are g,a < m with s(A,n,m,a) =1 and z = gag™",

then by the induction hypothesis there is a p with s(A™!,n,p,a™) = 1. Since 27! = ga~'g7 1,
taking p to be the largest of p, g and a™! gives s(A71,n +1,p,271) = 1. Third, if there are
a,b < m with s(A,n,m,a) = s(A,n,m,b) =1 and = = ab, then by the induction hypothesis
there are py, py such that s(A™', n,p;,a™!) = 1 and s(A™!,n,ps,b~') = 1. Let p be the largest
of p1, p2, a=t and b~!. Since 271 = b~ta™!, if follows that s(A~',n+1,p,z71) = 1. O

Lemma 6.6. (RCAy) Let P be the positive cone of a full order on G and A be a code for a
finite sequence of nonidentity elements of P. If s(A,n,m,x) =1 then x > 1¢.

Proof. The proof is by induction on n. For the base case, assume that s(A, 0, m,z) = 1. Since
ACPand 1g € A, x > 1g. For the induction case, use the same three subcases as in Lemma
6.5. O

The next step is to write the semigroup conditions using s(A,n,m,z). Let Finy,; denote
the set of codes for finite sequences of 1’s and —1’s. If A € Fing, 0 € Finy,, and 1h(A) = 1h(o),
then let A, € Fing be defined by

Ih(A,) = Ih(A)
VEk < 1h(A,) (Ag(k) = A(k)7R),

For example, if A= (1g,a) and o0 = (+1,—1) then A, = (1g,a™!).

In the remaining equations in this section, it is assumed that A ranges over Fing,;, and
o ranges over Fing,. Theorems 6.1, 6.2 and 6.3 can now be stated in the language of second
order arithmetic. Notice that since 3o € Finy; with lh(o) = lh(A) is a bounded quantifier,
each of the semigroup conditions is ITY.
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Theorem 6.7. (WK Ly) A partial order on G with positive cone P can be extended to a full
order if and only if

VA3oVz,n,m (Ih(A) = ko) A (s(As,n,m,z) =0V z & P)). (2)

Theorem 6.8. (WK Lgy) G is an O-group if and only if
VA3oVn,m (Ih(A) = Ih(o) A s(Ag,n,m, 1¢) = 0). (3)

Theorem 6.9. (WKL) G is an O-group if and only if
VAVz 3o Vm,n (I(A) = h(o) A s(As,n,m,x) = 0). (4)

There are several connections between these theorems. G is an O-group if and only if the
trivial partial order with positive cone P = {1} can be extended to a full order. By Theorem
6.7, this condition is equivalent to:

VAJoVz,n,m (Ih(A) = lh(o) A (s(Ag,n,m,z) =0V z # 1¢))

which in turn is equivalent to Equation (3). Hence, RC'Ay proves that Theorem 6.8 is a
special case of Theorem 6.7. Furthermore, setting x = 15 shows that Equation (4) implies
Equation (3).

Showing that Equation (3) implies Equation (4) requires more work. For ¢ € Fingy,
let ¢! have the same length as ¢ with o7!'(k) = —o(k). Notice that A,-1 = AJ! and

(Ag-1)~t = A,. For a contradiction, suppose that Equation (3) holds and Equation (4) does
not. Because Equation (4) fails, there are A and x such that

Vo € FingIm, n (Ih(o) = 1h(A4) — s(As,n,m,z) = 1). (5)
Fix A and z. Because Equation (3) holds, there is a o such that lh(o) = 1h(A) and
Vn, m (S(Ag, n,m,lg) = O). (6)

Fix 0. Applying Equation (5) with o=, we have s(A,-1,n,m,z) = 1 for some m,n and
hence by Lemma 6.5, s(A4,,n,p,z~!) =1 for some p. Applying Equation (5) with o we have
$(Ag,n,m,x) = 1 for some m,n. Without loss of generality, assume n > n. By definition,
s(Ay,n,m,x) = 1 and so if k is larger than n, m and p, then s(A,,n,k,1g) = 1. This fact
contradicts Equation (6).

Theorem 6.10. (RCAy) The following are equivalent:
1. WKLy
2. Theorem 6.7
3. Theorem 6.8
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4. Theorem 6.9

By the comments above, we know that Statement 2 implies Statement 3 and that State-
ments 3 and 4 are equivalent. It remains to show that Statement 1 implies Statement 2 and
that Statement 3 implies Statement 1.

Lemma 6.11. (RCAy) If a partial order on G with positive cone P can be extended to a full
order, then Equation (2) holds for P.

Proof. Assume () is the positive cone of a full order extending P. Given any A € Fingy,,,
let 0 € Finy; be such that lh(o) = lh(A) and for every k < lh(o), A(k)™*® € Q. For a

contradiction, assume for some x,n, m we have
s(Ay,n,m,x) =1ANx € P.

Because P C @), we have that € ). Applying Lemma 6.5 to s(A,,n,m,z) = 1, we have
s(Ay-1,m,p,xz71) = 1 for some p. However by our choice of o, A,-1 must be contained in
Q \ 1¢ and hence x7! > 15 by Lemma 6.6. Thus z,2z~! € Q and so z = 1. This conclusion
contradicts 7! > 1¢. O

Proposition 6.12. (WK Ly) If P C G and Equation (2) holds for P then P can be extended
to the positive cone of a full order on G.

Proof. This proof is similar to the proof of Theorem 4.6. Without loss of generality assume
that the domain of G is N and that 0 represents the identity. We sometimes use g; instead of
1 to indicate that we are thinking of ¢ as an element of G. We build a binary branching tree T’
which codes the positive cone of a full order along every path. Equation (2) will imply that T
is infinite and so W K Ly guarantees that it has a path. To simplify the notation we construct
T C Finy, instead of 7' C Fingg 13. For each o € T' with lh(o) = k, let Q, € Fing\1,, be

o(1 o(k—1
ch - <gl( )7"'7gk;(—1 )>

For example, if 0 = (+1,—1,—1) then Q, = (9;*,95"'). The reason for not including gy in
@, is so that 15 € Q,. @, represents ¢’s guess at a subset of a strict positive cone extending
P. T} denotes the nodes of T at the end of stage k.
Construction
Stage 0: Set 7o = {()} and Qy = ().
Stage 1: Set 71 = {(),(—1)} and Q(—1y = (). The purpose of this stage is to code 1¢ into
every path without coding it into any @,
Stage s = k+1: For each o € T}, check if Equation (2) has been violated with witnesses
below k:

Jz,n,m <k (S(Qg,n,m,x) =1Aze€ P).

If Equation (2) has been violated, then do not put either o*—1 or o*+1 into T;,;. Otherwise,
extend o by putting both ¢ %« —1 and ¢ % +1 into T ;.
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End of Construction
We need to verify various properties of the construction. Let [k] = (¢1,...,9x-1) and

o o(k—
[k]a = <gl (1)7 ce 7gk£1 1)>
Lemma 6.13. (RCAy) T is infinite.

Proof. 1t suffices to show that for each k there is an element of 7" of length k. Fix k£ > 0.
Since P satisfies Equation (2), there is a ¢ € Finy; with lh(o) = k and

vz, n,m (s([klg,n,m,z) =0V ¢ P).

In particular, this condition holds if we bound the quantifiers by k. From the definition of T,
it follows that for all i < k, (¢(0),...,0(i — 1)) € T" and hence o € T. O

By Weak Konig’s Lemma there is a path A through 7. Let
h[n] = <h(0)7 ( 1)> S Flnil
il[n] = [n]h[n] - <gil(1)a s QZ(_ )> c FlIlG
Lemma 6.14. (RC'Ay) For any v € G\ 1g, h(z) =1 < h(z™') = —1.

Proof. Suppose h(z) = h(z™') =1, 27! = g;, and k is the maximum of j and z. By definition,
z, 27" € h[k+1] and since s(h[k +1],0,0,2) = 1 and s(h[k+1],0,0,z7') = 1, it follows that
s(h[k+1],1,k, 1) = 1. But, 1¢ € P and so by the construction of T, h[k+1] has no extensions.
This statement contradicts the choice of h as a path. The case for h(z) = h(z™!) = —1 is
similar. [l

We are now in a position to define ) and verify that it is a full order extending P.
giGQHh(i):—l

Q exists by AY comprehension. It contains 1¢ because o(0) = —1 for every o € T and it is
both full and pure by Lemma 6.14. To simplify the notation, we write h(g;), or h(a) if a = g;
instead of h(i).

Claim. P C Q

For a contradiction suppose ¢g; € P\ 1¢ and h(g;) = 1. By definition, g; € h[z + 1] and so
s(h[i +1],0,0,g;) = 1. As in Lemma 6.14, s(h[i +1],0,0,¢;) = 1 and g; € P contradicts the
fact that h is a path.
Claim. @ is closed under multiplication.

Suppose that a,b € Q and ab & Q. From Lemma 6.14 and the definition of @, it follows
that h(a) =1, h(b*) = 1 and h(ab) = 1. For a large enough k, we have a=*,b~*, ab € hlk]
and hence if m is the maximum of a=*,b~* and ab, then s(h[k],2,m,15) = 1. Since 15 € P,
this statement contradicts the fact that A is a path.

Claim. @ is normal.
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Suppose ¢ € (), g € G and gqg~ ! € Q. As above, fg(qil) =1, h(gqg™') = 1 and there is
a k with g7, gqg~' € h[k]. There is an m such that s(h[k],2,m, 1¢) since the definition of s
yields the normal semigroup. As above, h[k] cannot be on a path. This claim completes the

proof that @ is a full order extending P. n

Together Lemma 6.11 and Proposition 6.12 show that Statement 1 implies Statement 2
in Theorem 6.10. The last step is to show that Statement 3 implies Statement 1 in Theorem
6.10.

Proposition 6.15. (RC'Ay) For an abelian group G, Equation (3) holds if and only if G is
torsion free.

Proof.

Case. Equation (3) holds = G is torsion free.

For a contradiction assume that Equation (3) holds and a # 14 is a torsion element of G.
Claim. For all k > 1, Ip[s({(a), k — 1,p,a*) = 1].

The claim is proved by ¥ induction on k. If k = 1, then a € (a) implies s({a),0,0,a) = 1.
For k+1, the induction hypothesis states that there are p and p’ such that s({a), k—1,p,a*) =1
and s((a),k—1,p',a) = 1. If p” is the largest of p, p’ and a, then s({a), k, p", a**') = 1, which
proves the claim.

If a is a torsion element then for some k, a* = (a7')* = 15. Equation (3) for the sequence
(a) says that either

Vn,m (s((a),n,m, lg) = 0)

or  Vn,m (s({a™"),n,m,1g) = 0).
But the claim implies there is a p such that

s({(a),k —1,p,1¢) = s({a),k — 1,p,a") =1
and s(la™), k—1,p,1¢) = s({a™ ),k — 1,p, (a™")*) = 1.

Case. G is torsion free = Equation (3) holds.

The first step is to show that for an abelian group GG the normal semigroup generated by
A € Fing\1,, is the same as the semigroup generated by A. That is, if A = (a1,...a,) then
any element of S(A) can be written as a%' ---af» for some choice of ky,...k, € N with at
least one k; > 0. Informally this statement is clear because any subset of an abelian group
is normal. To prove this fact in RC' Ay, we use the function prod(A, o) from Fing x Finy
to G that takes A = (ay,...,a,) and 0 = (0y,...,0,) to a]'---aZ". Formally, prod(A,o)
is defined by recursion on lh(A). The next two lemmas follow by straightforward induction

proofs.

Lemma 6.16. (RCAy) If A € Fingi,, 0,7 € Finy and [h(A) Io) = Ih(T) then
prod(A, o)-prod(A, T) = prod(A, o+T1) where o+1 € Finy is defined by (o0+7)(k) = o(k)+7(k).
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Proof. This lemma is proved by induction on lh(A). O

Lemma 6.17. (RCA,) If A € Fing\1,, n € N, € G and Im [s(A,n,m,x) = 1] then
there is a o € Finy with Ih(o) = Ih(A) and at least one k < Ih(c) with o(k) > 0 such that
x = prod(A, o).

Proof. This lemma is proved by induction on n. O]

We can now prove that if G is torsion free abelian then Equation (3) holds by I1{ induction
on lh(A). For the base case, we need to show that for each a € G\ 1¢ either

vn,m (s({a),n,m,1¢) = 0)

or Vn, m (s((a‘1>,n,m, lg) = O).

Suppose that neither equation holds and that s((a),n,m,1lg) = 1. By Lemma 6.17, 15 =
prod((a), o) for some ¢ with ¢(0) > 0, and so 1¢ = a®® by the definition of prod. Therefore
a is a torsion element which contradicts the fact that G is torsion free.

The induction step will be presented less formally to avoid an undue amount of nota-
tional baggage. Assume Equation (3) holds for (ay,...,a,) and fails for (ai,...,a,,b). Let
(€1,...,€,) be the exponents in Equation (3) for (ai,...,a,). By assumption, there are
ni, My, Ny, My such that

s({af,...,a, by, ny,my, 1g) =1

s((as,...,a5, b7, ng,my, 1g) = 1.

) n

By Lemma 6.17, there are ki, ..., k,+1 and [y, ..., [,+1 such that

ailkl . a;nknbkn+l =1g and ailll .. a;nl'rzb_ln+1 =1g
I ktlnt1+hn g1l (b1 +kns1ln : : . .
which gives St Ftnrihnait) o gen(bnbniithnsibn) _ q . This equation contradicts Equation (3)
for (a1,...,an). O

Proposition 6.15 shows that Statement 3 in Theorem 6.10 implies that every torsion free
abelian group is an O-group. By Theorem 3.3, this statement implies W K Ly. We have now
completed the proof of Theorem 6.10.

7 Holder’s Theorem

An early conjecture about ordered groups was that the number of full orders of a given O-
group was always a power of 2. This conjecture included the statement that a group could not
have a countable number of orders. Buttsworth (1971) constructed a group with a countably
infinite number of orders and Kargapolov et al. (1965) showed the conjecture was false for
groups with a finite number of orders. A more difficult problem is to classify all possible full
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orders for a given class of O-groups. One of the few classes for which this problem has been
solved is the class of torsion free abelian groups of finite rank. These results can be found
in several places, including Teh (1960). The key ingredient in each of these results about
counting or classifying full orders is Holder’s Theorem. For a more in depth discussion, see
either Kokorin and Kopytov (1974) or Mura and Rhemtulla (1977). In this section, we will
show that Holder’s Theorem is provable in RC'Ag. It remains open whether the classification
theorems mentioned above can also be proved in RC'Ag, or whether they require somewhat
stronger set existence axioms.

Definition 7.1. (RCAp) If G is an f.o. group, then the absolute value of = € G is given by

_Jx if zeP(G)
e R N < (e))

Definition 7.2. (RC'Ay) If G is an f.o. group, then a € G is Archimedean less than b € G,
denoted a < b, if |a"| < |b] for all n € N. If there are n,m € N such that |a™| > |b| and
|0™| > |a|, then a and b are Archimedean equivalent, denoted a ~ b. The notation a < b

means a = b Va < b. G is an Archimedean fully ordered group if G is fully ordered
and for all a,b # 1g, a = b.

It is not hard to check that ~ is an equivalence relation and that < is transitive, antire-
flexive, and antisymmetric. The next lemma lists several other straightforward properties of
~ and <. For proofs, see Fuchs (1963).

Lemma 7.3. (RCAg) If G is a f.o0. group, then the following conditions hold for all a,b,c € G.
1. Ezactly one of the following holds: a < b, b < a, or a =~ b.
2. a < b implies that zraz™' < xbx~! for all x € G.
3. a << banda =~ cimply that ¢ < b.
4. a << bandb=cimply that a <K c.

Holder’s Theorem states that every f.o. Archimedean group can be embedded in the nat-
urally ordered additive group of the reals. In this section we show that Holder’s Theorem is
provable in RC'Ag. Recall that real numbers in second order arithmetic are given by func-
tions from N to Q with appropriate convergence properties, so the first step towards proving
Holder’s theorem is to decide what a subgroup of the real numbers should be in second order
arithmetic.

Definition 7.4. (RCAj) A real number is a function f : N — @, usually denoted by
(qr |k € N), such that for all k and 7, | qx — qryi | < 27%. Two real numbers x = (g | k € N)
and y = (¢, |k € N) are equal if for all k, |qx — ¢},| < 27**1. The sum x + y is the real
number ( gy1 + ¢4 |k € N).
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Definition 7.5. (RC'Ay) A nontrivial subgroup of the additive real numbers (R, +z)
is a sequence of reals A = (r, | n € N) together with a function +,4 : N x N — N and a
distinguished number 7 € N such that

1. ry = OR
2. n4+am = piftand only if r,, +grp, =1,
3. (N, +4) satisfies the group axioms with i as the identity element.

Combining these definitions, we see that A is a double indexed sequence of rationals
A= (gym | n,m € N) where r, = (¢m | m € N).

Let (G, <) be an Archimedean fully ordered group. Because G must be abelian, see Lemma
7.6, we use additive notation for G. The idea of the proof of Holder’s theorem is to pick an
element a € P(G), a # 14, and define a subgroup of (R, +) using a to approximate the other
elements of G. For now, assume that 2" divides a in G for all n. That is, assume there exists
¢ € G such that 2"c¢ = a. To construct the real corresponding to g # 1¢, we first find py € Z
such that ppa < g < (po + 1) a. Such a p, exists because G is Archimedean. Next we find
p1 such that p1(a/2) < g < (p1 + 1)(a/2) and continue to find p; such that p;(a/2") < g <
(p; + 1)(a/2%). The real corresponding to g will be (p;/2'|i € N). Because the elements a/2’
may not exist, we achieve the same effect by choosing p; such that p;a < 2'g < (p;+1) a. The
standard proofs of Holder’'s Theorem are similar but use Dedekind cuts instead of Cauchy
sequences. The motivation for using Cauchy sequences here is they are simpler to use in the
context of second order arithmetic.

Lemma 7.6. (RCAq) Every Archimedean fully ordered group is abelian.

Proof. The standard proof goes through in RC'Ay. For the details, see Kokorin and Kopytov
(1974). O

Holder’s Theorem. (RCAy) Every nontrivial Archimedean f.o. group is order isomorphic
to a nontrivial subgroup of the naturally ordered additive group (R, +).

Proof. Let (G, <) be an Archimedean f.o. group and go, g1, ... be an enumeration of G with
no repetitions such that go = 1¢ and g; € P(G). We construct a subgroup A of (R, +) by
constructing 7, = (¢nm | m € N) uniformly in n from ¢, and g;. For simplicity of notation,
let @ = g;. The first two elements of A are ro = (0 | m € N) and r; = (1 | m € N). To
construct r,, for n > 1, define p,,, € N and ¢,,., € Q by

Pn,m

Prm @ < 2™g, < (Ppm +1)a and Qo =

Because G is Archimedean, the p,, exist and are uniquely determined. Define r, =
(qnm | m € N). It remains to show that A = (r, | n € N) is a subgroup of (R,+)
and that the map from G to A sending g, to r, is an order preserving isomorphism.
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Claim. Each r, is a real number.

To prove this claim we must verify that | ¢,m — @nmir | < 27™ for all m and k. It follows
from p,ma < 2"g, < (Pum + 1)a that 2p,,a < 2™g, < (2p,, + 2)a. Hence either
Prnm4+1 = 2pn,m (and Gnm+1 = Qn,m) O Ppm+1 = 2pn,m +1 (and Qnm+1 = Qn,m + 1/2m+1)
Thus,

i=k
1 1

‘Qn,m — Qnm+k ’ S Z om+i < 2_m
i=1

Claim. 1t g, + g = gr then r, +r,, = rp.

As above, this claim reduces to checking the convergence rates. By definition, r, + r,, =
(Gnit1+qmit1 | @ € N). To prove r, + 1, = ri we need to show that | gnit1+ Gmit1 — @ri| <
27" for every ¢ € N. Adding the equations defining py ;11 and py, ;41 yields

(Pt + Pmir1) a <27 g < (Pnivt + Pmis1 + 2) a.

Thus prit1 is either pn i1+ Pm,iv1 OF Ppit1 +Pm,iv1+1. Ineither case, qrit1 — gn,it1 — Gmit1 <
27~ and we have the following inequalities.

| Gnit1 + Qmitt — Qeit1 |+ | Qeivr — Qi |
2—i—1 + 2—i
2—i+1

| Gnit1 + Qmitr — Qi |

AN VANPVAN

The map sending g,, to 7, is onto by definition and the following claim shows it is 1-1.

Claim. If n # m, then r, # r,,.

To establish r,, # r,,, we need to find an ¢ such that | ¢, ; — ¢n,i| > 271 or equivalently,
| Pni — Pmi | > 2. Because n # m implies g,, # ¢, assume that g,, < ¢,,,. There are four cases
to consider.

Case. g, < 1g < gm

Because G is Archimedean there is an ¢ such that 2°g, < —3a < 1g < 2'¢g,,. It follows
that p,; < —3 and p,,; > 0. Hence |pn; — pm.i| > 3.
Case. g, = 1g < gm

There is an ¢ such that 1¢ < 3a < 2 g,,. It follows that Dn,i = 0 while p,,; > 3.
Case. 1g < gn < Gm

Since 1g¢ < gm — gn, there is an ¢ which yields the following equations:

la<a<2(gm—9n) =2" gm — 2" gn
2 gy < a+2 g, <2 gn
902 g < 4+ 242 g, < 22 g

There is a k such that ka < 2°7%g, < (k + 1)a. Combining these equations yields ka <
20 g, < (k+4)a < da+ 272 g, < 22 g,,. Tt follows that p, ;10 =k and ppiy2 > k + 4.
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Case. g, < gm < lg

In this case, 1¢ < g — g and so the previous argument works. This case completes the
proof of the claim and shows the map is 1-1.

The claims show A is a subgroup of (R, +) and is isomorphic to G. Finally, to show that
Gn < gm implies r, < 7, notice that if g, < g, then ¢,; < ¢ for every i. Thus, r,, < 7p,.
But, since g, # ¢, implies r,, # r,,, we have r, < r,,. m

8 Strong Divisible Closures

The algebraic closure of a field, the real closure of an ordered field and the divisible closure
of an abelian group are three naturally occurring notions of closure in algebra. Every abelian
group has a unique divisible closure up to isomorphism and is isomorphic to a subgroup of its
divisible closure. Similar results hold for the other notions of closure. From the perspective
of reverse mathematics, it is useful to separate three aspects of these closure operations and
examine each individually. That is, we ask the following questions about the divisible closure.
How hard is it to prove that each abelian group has a divisible closure? How hard is it to
prove that this divisible closure is unique up to isomorphism? How hard is it to prove that
each abelian group has a divisible closure for which it is isomorphic to a subgroup of that
divisible closure? Similar questions can be asked about the other notions of closure, and the
questions can easily be reworded to reflect concerns about computable mathematics instead
of about reverse mathematics.

Friedman et al. (1983) proved several results about these closures, including the following
theorem which illustrates that the answers to these questions need not be the same.

Theorem 8.1 (Friedman et al. (1983)). (RCAy)
1. Every field has an algebraic closure.
2. WKLy is equivalent to the statement that every field has a unique algebraic closure.

3. AC Ay is equivalent to the statement that every field has an algebraic closure such that
the original field is isomorphic to a subfield of the algebraic closure.

Friedman et al. (1983) give the following definitions.

Definition 8.2. (RCAj) Let D be an abelian group. D is divisible if for all d € D and all
n > 1 there exists a ¢ € D such that nc = d.

Definition 8.3. (RC'Ay) Let A be an abelian group. A divisible closure of A is a divisible
group D together with a monomorphism A : A — D such that for all d € D,d # 1p, there
exists n € N with nd = h(a) for some a € A,a # 14.
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Smith (1981) proved that every computable abelian group has a computable divisible
closure and that this divisible closure is unique if and only if there is a uniform algorithm
which for each prime p decides if an arbitrary element of the original group is divisible by p.
Friedman et al. (1983) proved the following theorem.

Theorem 8.4 (Friedman et al. (1983)). (RCAy)
1. Every abelian group has a divisible closure.

2. AC'Ay is equivalent to the statement that every abelian group has a unique divisible
closure.

In this section, we extend these results to strong divisible closures. Downey and Kurtz
(1986) considered another possible extension. They proved that every computably fully or-
dered computable abelian group has a computably unique divisible closure. An examination
of their proof shows that RCAg suffices to prove the uniqueness of the divisible closure for
fully ordered abelian groups.

Theorem 8.5 (Downey and Kurtz (1986)). (RC Ay) Every fully ordered abelian group G
has a f.o. divisible closure h : G — D such that h is order preserving. This divisible closure
1S unique up to order preserving isomorphism.

Definition 8.6. (RCAy) Let A be an abelian group. A strong divisible closure of A is
a divisible closure h : A — D such that h is an isomorphism of A onto a subgroup of D. If
A is a f.o. group, D is fully ordered and h is order preserving, then we call h : A — D an
f.o. strong divisible closure.

Because RC'Aq suffices to prove the uniqueness of the divisible closure for f.o. abelian
groups, but ACA, is required to prove the uniqueness for abelian groups in general, it is
reasonable to hope that proving the existence of a strong divisible closure would be easier for
f.o. abelian groups than for abelian groups. The next theorem shows this is not the case.

Theorem 8.7. (RCAgy) The following are equivalent:
1. ACA,
2. Every abelian group has a strong divisible closure.
3. Every fully ordered Archimedean group has an f.o. strong divisible closure.

The idea of proving (3) implies (1) is fairly simple. Let py be an enumeration of the primes
in increasing order. Given a 1-1 function f, let G be the subgroup of Q generated by 1 and
p~* for each k in the range of f. This group has an Archimedean full order and the range of
f can be recovered from the strong divisible closure by

vange(f) = {k\%) e W(G)}.
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Lemma 8.8. (RCAq) Let p;, enumerate the primes in increasing order. If k € Z, j € N and
Vi <j (0 <m; <p;), then 3, ;mi/p; =k implies that k =0 and m; =0 for all i < j.

Proof. Let p be the product pyg - - - p; and let p; be p/p;. If we multiply the sum by p we obtain

Zmiﬁi = kp.

1<j

This equation must hold modulo p; for all I < j. However, if u # [, then (m,p, = 0) mod p,
because p; divides p,. Therefore, we have

(Z mip; = mlﬁz> mod py.

i<j

Also, (kp = 0) mod p; and so we have (my;p; = 0) mod p;. It follows that p; divides m;. Because
0 < my; < p;, my must be 0. O

Using Lemma 8.8, we can give a proof of Theorem 8.7.

Proof.
Case. (1) = (2)

AC Ay suffices to prove that the image of the embedding h exists.
Case. (2) = (3)

The following full order on D makes h order preserving.

P(D) = {de D|3n>03g € P(G)(nd =h(g)) }
= {deD|¥n>0Vg € G(nd=h(g) — g€ P(G))}

Because P(D) has a AY definition, RC Ay suffices to prove it exists and to verify that it is a
full order on D.
Case. (3) = (1)

Let f be a 1-1 function and let pr be an enumeration of the primes in increasing order.
It suffices to show that the range of f exists. Let GG be the group with generators a and z;
for + € N, and relations py;x; = a. The intuition is that G is isomorphic to a subgroup
of Q with @ — 1 and z; — p;(li). In RC A, we represent the elements of G' by finite sums
ka + Zigj m; x; where k € Z, 0 < m; < py;) and m; # 0. Using the relation equations, any
element of G can be reduced to one of these finite sums. We need to show that no two of
these finite sums represent the same element of G.

Claim. If ka + Zigj m; x; = ka + Zig} mx; then k =k, j = j and for all i < j, (m; = my).
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First notice that 15 has a unique representation as the finite sum Oa. Indeed, if ka +
Zigj m; ; = 1lg = 0-a then using the relations, we obtain Zigj m;(a/psu)) = —ka. Because
GG is torsion free, this equation implies Z@'gj m;/psiy = —k. By Lemma 8.8, k = 0 and
m; = 0. To show that j must equal j in the claim, suppose that j < j and

ka + Zmixi = ka + me

i<j i<j

Reducing (k — k) a + Doici(mi — ) + 325 5 Mz, we obtain

Ea+ Z mix; + Z mz; = la

i<y’ §<i<y

for some & and m;. Because 1 has a unique normal form, 7; = 0 which gives the desired

contradiction and shows j = J.

A similar argument shows that m; = m; for all ¢ < j. Suppose there is an ¢ < j such
that m; # m;. Since we can always subtract off equal terms, we can assume without loss of
generality that m; < m;. If

(k—k)a + Y (i —my)x;

i<j—1

reduces to the normal form k'a + >, mjz; for some j" and mj, then (k—k)a + D iy
m;)z; reduces to the normal form

Ka + Zm;xz + (m; —my)z; = Oc.

1<y’

By the uniqueness of the normal form for O¢, we have that m; —m; = 0, which is a contra-
diction. Therefore, m; = m; for all : < j. Our equation reduces to ka = ka which implies
that k = k.

Claim. G is fully orderable.
Define the positive cone P(G) by

ka + Zml$7, GP

1<j z<]

P(G) is normal because G is abelian. To verify the other properties, notice that if two finite
sums ka + Zig RS and ka + Zig} m;x;, not necessarily in normal form, are equivalent
under the group relations then

ey

i<j pf(l




This property is proved by induction on the number of applications of relation equations it
takes to transform one sum into the other. This property immediately yields that P(G) is a
pure, full semigroup with identity. Furthermore, it shows that G is Archimedean under this
order because Q is Archimedean.

Applying condition (3) from the theorem, we have a divisible closure h : G — D and the
image h(G) exists.

h(a)

X = {k| € hG)}
Pr
hle) € h(G) < py divides a in G
Dk
— Fi(prz; = a)
o () = k)
Thus X is the range of f. m
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