
Math 2141 Homework 2: Due Wednesday September 6

Problem 1. Let A, B, C and D be sets. Prove that if A ⊆ B and C ⊆ D, then A−D ⊆ B−C.

The next problem is designed to help you learn how to show that mathematical statements
are false. At first it might seem plausible that A − (B − C) = (A − B) ∪ C is always true
for any sets A, B and C. However, it is false! To show that it is false, you need to construct
a counter-example. That is, you need to give an example of sets A, B and C for which
A− (B − C) 6= (A− B) ∪ C. (As a hint, it might be helpful to draw the Venn diagrams for
A− (B − C) and for (A−B) ∪ C.)

Problem 2. Give an example of sets A, B and C for which A− (B − C) 6= (A−B) ∪ C.

Problem 3. For each of the following functions f : R→ R, sketch the graph to determine if
it is 1-to-1, onto, both or neither. If necessary, restrict the domain and/or codomain of the
function so that it is 1-to-1 and onto.

3(a). f(x) = ex

3(b). f(x) = (x− 3)2 + 4

3(c). f(x) = x3 + 1

For the next problem, you will prove that a straight line (which is not horizontal or vertical) is
1-to-1 and onto. For this problem, I don’t want you to use the horizontal line tests. Instead,
follow the algebraic method we used in class.

Problem 4. Let f : R → R be the function f(x) = cx + d where c and d are fixed real
numbers and c 6= 0. (The graph of f is a line which is neither horizontal nor vertical.)

4(a). Prove f(x) is 1-to-1. That is, assume that r0 and r1 are real numbers such that f(r0) =
f(r1) and show that r0 = r1. (Be sure to indicate where you use the fact that c 6= 0.)

4(b). Prove that f(x) is onto. That is, let r be a real number and show that there is a real
number a such that f(a) = r.

The next three problems give you a new way to prove that a function is 1-to-1. You will
need the following definition. A function f : R → R is called strictly increasing if whenever
r0 < r1, we have f(r0) < f(r1).

Problem 5. Prove that f(x) = 3x + 2 is strictly increasing without using calculus.

Hint. Use the definition of strictly increasing. Assume r0 < r1 and show f(r0) < f(r1).



Problem 6. Prove that if f : R→ R is strictly increasing, then f is 1-to-1.

Hint. Recall that one of our definitions for f to be 1-to-1 is that if r0 6= r1, then f(r0) 6= f(r1).
Start your proof by assuming that r0 6= r1. Since r0 6= r1, you can assume that you have
labelled r0 and r1 so that r0 < r1. How does this help you to show that f(r0) 6= f(r1)? This
proof is very short. If you find yourself writing much, try to think again about the logic.

Problem 7. Let f(x) = cx + d be the equation of line with c > 0.

7(a). Prove that f(x) is strictly increasing without calculus. (Hint: Think about Problem 5.
Be sure to indicate where you use the fact that c is positive!)

7(b). Use Problems 6 and 7(a) to explain why f(x) is 1-to-1.

Practice Problems

Practice Problem 1. A function f : R → R is strictly decreasing if whenever r0 < r1, we
have f(r0) > f(r1). Prove that if f is strictly decreasing, then f is 1-to-1.

Practice Problem 2. Sketch the graph of y = tan(x). Give a domain and codomain for this
function (as large as possible) on which it is 1-to-1 and onto. Sketch a graph of its inverse
function.

Practice Problem 3. Let f : R → R be given by f(x) = cx + d where c and d are fixed
real numbers with c 6= 0. Explain why f is 1-to-1 using the notions of strictly increasing and
strictly decreasing. What happens if c = 0?


