
An ExampleMany people seemed confused by the last example we did in class on Nov. 20. So here aresome more details. Recall that we were solving the di�erential equation@2t u = @2xuwith the initial conditionsu(x; 0) = f(x) = 0; @tu(x; 0) = g(x) = � 1 jxj < 10 jxj � 1:The If we take the Fourier transform of this equation in the x variable, we obtain the di�erentialequation û00(!; t) = �!2û(!; t);which is a one-parameter family of ODEs. Here the 0 denotes di�erentiation with respect to t.The general solution of the equation for û is thenû(!; t) = f̂(!) cos(!t) + ĝ(!)! sin(!t):Taking the inverse Fourier transform, we haveu(x; t) = F�1(f̂(!) cos(!t) + ĝ(!)! sin(!t)):So far, this has all been standard, but now we have to plug in our initial conditions: f(x) = 0,so f̂(!) = 0. The initial velocity g is a square pulse, so we haveĝ(!) = 2 sin(!)p2�! =p2=� sin(!)! :So û(!; t) =p2=pisin(!) sin(!t)!2 =p2=�� sin(!)! �� sin(!t)! � :We want to recognize û as the Fourier transform of something. The key observation is that it'spretty close; indeed, the �rst factor in the product is the Fourier transform of the initial squarepulse. The second factor in the product looks very similar; if we can manipulate it a little bitthen we're basically done, becasue the product of two Fourier transforms in the Fourier transformof a convolution. So let's look at the second term:g� := sin(!t)! :The factor of t in the sin part of g� fouls everything up, so let's see if we can get rid of it bylooking at the inverse Fourier transform. We will use the change of variables � = !t below. Then! = �=t and d! = d�=t. If we compute the inverse Fourier transform of g� we �nd�g�(x; t) = 1p2� Z 1�1 eix!g�(!; t)d! = 1p2� Z 1�1 eix! sin(!t)! d!= 1p2� Z 1�1 eix�=t sin(�)�=t d�=t = 1p2� Z 1�1 ei(x=t)� sin(�)� d�= 1p2� Z 1�1 ei(x=t)�p�=2ĝ(�)d� =p�=2g(x=t)1



Thus if we let gt(x) := g(x=t), we haveg� = sin(!t)! =p�=2gt(x) =p�=2g(x=t):Now we plug this into our solution. We haveû(!; t) =p2=�� sin(!)! �� sin(!t)! � = 12 ĝ(!)ĝt(!) = 12F(g � gt)(!):Taking the inverse Fourier transform we haveu(x; t) = 12g � gt(x):We can actually compute this convolution:g � gt � x) = Z 1�1 gt(x � y)g(y)dy = Z 1�1 gt(x� y)dy = Z 1�1 g((x� y)=t)dy:This last integral just measures t times the length of the overlap of the intervals [�1; 1] and[(y � 1)=t; (y + 1)=t]. Measuring this overlap, we seeg � gt(x) = 8<: t+ x �t � x � 0t� x 0 � x � t0 otherwise.Thus the waveform at time t looks like
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There are two �nal comments. First: the wave form should look sort of like that. The initialposition was zero, and the initial velocity was a non-negative, even function. So the wavefrontsshould push out symmetrically from the origin. Think of what happens when you throw a pebbleinto a still pond. Second: how did I come up with this crazy formula? Well, when I was tryingto come up with example of for class I �rst wrote down the case where the initial velocity is zeroand the initial position is the square pulse. When I did that, I noticed that the Fourier transformof the square pulse looked a lot like the (1=!) sin(!t) term, which every solution to the waveequation has. That hinted at the change of variables above.2


