Solutions to the Practice Problems
Math 3150
November 3, 2003

1. Consider the wave equation
Ofu = 0u, u(0,t) = 0 =wu(1,),

where the intial velocity d;u(z,0) is zero and the initial position is given by

0 0<z<1/4
u(z,0) =< 1 1/4<z<3/4
0 3/4<z <1

What is the smallest positive time ¢ such that u(7/8,t) # 0? (Hint: use d’Alembert’s solution.)

In this case, d’Alembert’s solution is given by

u(z,t) = 5[f @+ 1) + f(z - 1),

which is the sum of a left moving pulse (the f(z + ) term) and a right moving pulse (the f(z — t) term).
Therefore, u(7/8,t) is nonzero as soon as the right edge of the right moving pulse hits = 7/8. Since the pulse
moves with speed 1 and the right edge of the initial pulse is z = 3/4, this happens when

t="7/8—-3/4=1/8.
2. Solve the following heat equations.

(a) Oyu = 0%u, u(0,t) = 0 = u(m,t), u(z,0) = 2sin(2x) — sin(3z).
The general solution to this type of a heat equation is

u(z,t) = Zane*(mw)zt/L2 sin((nmz)/L)

where a,, are the Fourier sine coefficients for the initial data f. In this case, f is already in Fourier series,
so we can read off that
ay = 2, az = —1, a, =0 forn #2,3.
Also, we have L = w and ¢ = 1. Putting this all together, we have
u(z,t) = 2e *sin(2z) — e ¥t sin(3z).
(b) Oyu = O2u, u(0,t) = 0 = u(1,t), u(x,0) = 2sin(4rx) — sin(nz).
Same general form as before. This time, L = 1 = ¢ and

a; = —1, as = 2,a+ n = 0 otherwise.

So

u(z,t) = et sin(rz) + 2e 1071 sin(4nx).
(¢) Opu = O2u, u(0,t) = 0 = u(1,t), u(z,0) = (1 — z).
This time we have to do some work to find the Fourier series of f. We have that

1 1 1 1
an, = 2/ f(z)sin(nmz)de = 2 / (1 — z) sin(nwz)de = 2/ zsin(nrz)ds — 2 / 22 sin(nmx)da
0 Jo 0 Jo

Tt 2 2 (!
= 2[—i cos(mr:n)\[l) + —/ cos(nmz)dz] — 2[—:6— cos(nmz)|[1) + — / z cos(nmz)dz)
nm nm Jo nm nw Jo

4 4 S 4 !
= — [ zcos(nmr)dr = —[—sin(nmz)| — — [ sin(nrr)dr] = ——— / sin(nrz)dz
nm Jo nw - nw 0o nmjg n?w? Jq
4 n
= — cos(nma)ly = ——((-1)" = 1).

This last quantity is 0 if n is even and —8/(n®x?) if n is odd. So the Fourier series for f is

8 1 .
fl@)=2(1—12)= 3 Z -3 sin(nmz).
n odd
Therefore, we have
8 —n2n?t _:
u(z,t) = 3 Z e sin(nnz).
n odd



(d)

Opu = 02u, u(0,t) = 0 = u(1,t), u(x,0) = 1/2 + |z — 1/2].
In this problem, we actually want to work with f(xz) = 1/2 — | — 1/2|. Then the analysis below carries
through.

Again, we need to do some work to find the Fourier series of f. This time it will help to use the symmetry
of the function, namely that f(z) = f(1 — x). Because sin(nwz) has the same symmetry, this means

/01 f(z)sin(nmz)de = 2 /01/2 f(z)sin(nrx)dx.

The Fourier coefficient is given by

An

1 1/2 1/2
2 ./0 f(z)sin(nnx)dx = 4 ./0 f(z)sin(nmz)dz = 4 ./0 x sin(nmrz)dz

4 1/2 1/2 4 1 1 1/2
= —[- zcos(nmz)|, " + cos(nma)dr] = —[—< cos(nm/2) + — sin(nmx)|, "]
nmw 0 nmw 2 nmw

= %[% sin(nm/2) — %COS(nﬂ'/2)]-

Thus the solution to the heat equation is given by

u(z,t) = 4 Z[% sin(nm/2) — % cos(nﬂ'/Z)]e*”Q’TQt sin(nmx).

T n?

Ou = 02u, u(0,t) = 0, u(m,t) = w, u(z,0) = 2sin(2z) — sin(3z) + 7z.
This time the boundary data is not zero, but it is constant. So we need to subtractact off the steady state
solution wug(z), which is the linear function interpolating the two boundary data points. We have

up(z) = wx.
Then our modified heat equation is

ovii = 92a, a(0,t) =0 =1a(mt), a(z,0)= f(x)—up(x) = 2sin(2z) — sin(3z).

T

We can read off the Fourier coefficients for this last equation, and they are
as =2, az = —1, an = 0 otherwise.

Therefore, we must have
i(z,t) = 2 *sin(22) — e " sin(32).

Putting this all together, we have

u(z,t) = a(w,t) + uo(x,t) = mz + 2 *sin(2z) — e ' sin(3x).

Ou = 02u, u(0,t) = 2,u(1,t) = 0, u(z,0) = sin(4nz) — sin(7z) + 2 — 27.
Again, we have to find the steady state solution ug(z), which is the linear function interpolating between

the boundary points. We have
ug(z) = 2 — 2z.

The modified problem is then

Ot = 0%a,  w(0,t) =0=a(l,t), a(z,0)= f(z)—uo(zx) = sin(4nz) — sin(rz).

T

We can read off the Fourier coefficients for this last equation, and they are
a; = —1, ag =1, a, = 0 otherwise.

Therefore, we must have
2 2
a(z,t) = —e ™ tsin(mz) + e 97 tsin(4n).

Putting this all together, we have

u(z,t) = u(x,t) +ug(z) =2 — 2z — et sin(mz) + e 1677 sin(4rz).



(g)

Oru = 0%u, 0,u(0,t) = 0 = Oyu(m,t), u(z,0) = 3sin(z) + 2sin(4z).
Replace sin with cos above. The general solution for a heat equation of this type is

u(z,t) = ag + Zane”ﬁt cos(nz)

where
u(x,0) = ag + Z ay cos(nx).

The initial data u(z,0) = 3 cos(z) +2 cos(4x) is already in Fourier series, so we can read off the coefficients
ap:
a; = 3, ag = 2, a, = 0 otherwise.

Thus the solution is
u(z,t) = 3e ' cos(z) + 2% cos(4x).

Ou = 02u, O,u(0,t) = 0 = d,u(1,t), u(x,0) = —sin(2rx) + 2sin(wz).
Again, replace sin with cos above. This time the general solution is

u(z,t) = ag + Z ane " cos(nmx).
We can read off the Fourier coefficients a,,, and they are
a; = 2, ay = —1, a, = 0 otherwise.

Thus the solution is , ,
u(z,t) = 2e" " Lcos(mx) — e ™ tcos(2mx).

Oru = 0%u, 0,u(0,t) = 0 = Oyu(l,t), u(z,0) = 1/2+ |z — 1/2]
Again, the general solution has the form

u(z,t) = ag + Z ape " cos(nmwz).

This time, we have to do some work to find the Fourier coefficients a,,. First, we have that

1 1/2 1
a(]:/ f(a:)da::2/ xdr = —.
0 0 4

Oyu = d2u, u(0,t) =0 =u(L,t), u(x,0) = f(x)

Consider the heat equation

and define the energy at time ¢ as
L
E(t) := / u?(z,t)dx.
0

Show that the energy is a decreasing function in time. Does this make sense physically? (Hint: how
can you characterize decreasing functions of one variable? You might want to use the equation and the
boundary conditions, and integrate by parts at some point.)

We compute the derivative of E:

dE d (v, Lo I
— = = u”(z, t)de = Oru” (z,t)dr = 2 u(x, t)Opu(z, t)dx
dt dt JO J0O JO

L L
= 2/0 u(z, t)02u(z, t)dr = 2u(m,t)8mu(:n,t)|ziOL —2/0 (Opu(z,t))*dx

= -2 /L(azu(m,t))2dm <0.

Here we have used the equation for u, the boundary conditions 9,u(0,t) = 0 = 9,(L,t), and integration
by parts.

This makes sense physically, because the magnitude of temperature distribution is always decreasing in
time.



(b) Consider the same heat equation as in the previous part, but this time with the boundary conditions
0,u(0,t) =0 = 9,(L, t).

Is the energy still decreasing? Explain your answer.
Yes, the energy is still decreasing, because the boundary term in the integration by parts is still zero.

4. Solve the following differential equations on the square {(z,y) |0 <z <1,0 <y < 1}.

(a) O?u = 0%u + 8571, u(0,y,t) = u(l,y,t) = u(z,0,t) = u(z,1,t) =0,
u(z,y,0) = sin(nz) sin(27y), Sru(z,y,0) =0
We have that the general solution is of the form

u(z,y,t) = Z sin(nmz) sin(mny)[an,m cos(mv/n? + m2t) + by sin(r/ m? + n?t)]
where
u(z,y,0) = Z An,m sin(nmz) sin(mny), Opu(z,y,0) = Z 7V n? + m2b, , sin(nrz) sin(mny).

Here the initial velocity is 0, so we have by, ,,, = 0 for all n and m. Also, the initial position is already in
Fourier series, so
a2 =1, an,m = 0 otherwise.

Thus the solution is
u(z,y,t) = sin(mz) sin(2ry) cos(vV/5rt).
(b) 0?u = 0%u + 8511, u(0,y,t) = u(l,y,t) = u(z,0,t) = u(z,1,t) =0,
u(z,y,0) = sin(7z) sin(27y), dyu(x,y,0) = sin(37x) sin(27y)

We have the same general solution as above. Both the initial position and the initial velocity are already
in Fourier series, so we can read off the coefficients a,, ,, and by, n,:

arp =1, an,m = 0 otherwise

and

bn,m = 0 otherwise.

1
b . f— —_—,
3,2 13’

Thus the solution is

1
u(z,y,t) = sin(wz) sin(2ry) cos(V5mt) + e sin(37z) sin(27y) sin(v/13wt).
(¢) Ofu=0zu+ Oju, u(0,y.t) = u(l,y,t) = u(z,0,t) = u(z,1,t) = 0,
u(z,y,0) = sin(rz), Su(z,y,0) =0
Because the initial velocity is zero, we have b, ,,, = 0 for all n and m. To compute the coefficients a,, ,,

we have
1,1 -
anm = 4/ / f(z,y) sin(nmz) sin(mmry)dedy = 4 / / sin(mz) sin(nrz) sin(mry)dzdy =
o Jo Jo Jo
1 1 9 1
= 4/ sin(mmy)dy - / sin(rz) sin(nrz)dr = [-— COS(mW?J)|(1)] : 2/ sin(wz) sin(nrz)dz
0 0 mm 0
9 1
= — (1= (=1)")2 [ sin(rz)sin(nmz)d
mﬂ'( (=1™) /0 sin(mz) sin(nmz)dz

This last quantity is 4/(mm) for m odd and n = 1, and zero otherwise. We have used the orthogonality
properties of the functions sin(nmz) here. Thus the solution is

4
u(z,y,t) = Z — sin(mz) sin(mmy) cos(mv/ 1 + m?t).

m odd



(d) &?u = 0%u+ 8511, u(0,y,t) = u(l,y,t) = u(z,0,t) = u(z,1,t) =0,
u(z,y,0) = zy(1 —z)(1 —y), du(r,y,0) =0
The general solution has the form

u(z,y,t) = Z sin(nmz) sin(mny)[an,m cos(mv/n2 + m2t) + by m sin(ry/n? + m?2t)].

The initial velocity is zero, so by, ,, = 0 for all n and m. However, we need to do a little work to find the
Fourier coefficients a,, ,:

An,m

4/01 '/01 f(z,y) sin(nmzx) sin(mny)dzdy = 4 '/01 /01 zy(l — z)(1 — y) sin(nwz) sin(mry)dzdy

4

m3n3’

(2/0 z(1 — x) sin(nmx)dz) - (2/0 y(1 —y) sin(mmy)dy) = | 34

nem

(D" =1)]-[ ((=1)™ =1)]

This last quantity is 0 if either n or m is even. If both m and n are odd, it is 16/(n*m?3n®). Thus the
solution is

16
u(z,y) = Z o sin(nmz) sin(mny) cos(mv/ n? + m2t).

n,m odd
(e) Oyu = 02u + 8511, u(0,y,t) = u(l,y,t) = u(z,0,t) = u(z,1,t) = 0, u(z,y,0) = sin(3rz) sin(27y)
Here the general solution of this heat equation is
u(z,y,t) = Z anymef("2+m2)”2t sin(nmx) sin(mry)
where
u(z,y,0) = Z Ap,m sin(nz) sin(may).
Here the initial temperature is already in Fourier series, so we have

ago =1, an,m = 0 otherwise.

Thus the solution is )
u(z,y,t) = e 3" Tsin(3mz) sin(2my).

(f) Oyu = O%u + 8511, u(0,y,t) = u(l,y,t) = u(z,0,t) = u(z,1,t) = 0, u(z,y,0) = sin(27y)
This time we have to do a little work to find the Fourier coefficients. We have

Gp,m

4 /0 1 /0 1sin(27ry) sin(nmz) sin(mmy)dedy = (2 /0 1 sin(nmz)dz) - (2 /0 1sin(27ry) sin(mmy)dy)

i(1 - (=D - (2/0 sin(2my) sin(mwy)dy).

nm

This last quantity is 4/(n7) for n odd and m = 2 and 0 otherwise. Thus the solution is
4 2(4+ 2)t A .
u(z,y,t) = Z —e " T hsin(na) sin(2my).
nm
n odd

(8) Oru= 85“’ + 85u7 u(0,y,t) = u(l,y,t) = u(z,0,t) = u(z,1,t) = 0, u(z,y,0) = 1/2 + |aj - 1/2|
(h) Ou = O2u + 8511, 0,u(0,y,t) = Ou(l,y,t) = Oyu(x,0,t) = Oyu(z,1,t) =0, u(z,y,0) = cos(2rz) cos(my)
This time the general solution is

u(z,y,t) =ag + Z e (n*tm¥)t cos(nmx) cos(mmy)

where
u(z,y,0) =ag + Z an,m cos(nmz) cos(mmy).

Fortunately, our initial temperature is already in Fourier series, we we can read off the Fourier coefficients:
a1 =1, an,m = 0 otherwise.

Thus we have ,
u(z,y,t) = e 5" ! cos(2mx) cos(my).



() Bu = 02u + 02, u(0,5,8) = 0, u(Ly,8) = 1, u(w, 0,1) = 2 = u(z, 1,1), u(z,y,0) =z + sin(4rz) sin(37y)
This time we have to subtract off the steady state solution ug(x,y). It turns out that ug = x (see below),
so our modified problem is

Opuy = 631141 + 6;’[141, ux (0, yat) = U1(17y7 t) =u ('Ta 0, t) = Ul(.’E, 1, t): Ul(%y: 0) = Sin(4ﬂ-$) sin(37ry).

The initial temperature is already in Fourier series, so we can read off that the Fourier coefficients are

as3 =1, an,m = 0 otherwise.
Therefore,
2
ur(z,y,t) = e 25" ' sin(4nz) sin(37y)
and the whole solution is
—257%t

u(z,y,t) =ug+ur =z +e sin(4zz) sin(37y).

(G) 0=0%u+ 8511, w(0,y,t) = u(l,y,t) = u(z,0,t) =0, u(z,1,t) = 1.
We will separate variables. Let u(x,y) = X (2)Y (y). Then the equation becomes

X" Yy .

Y=y =%
with the boundary conditions

X(0)=0=X(1), Y (0) =0, Y (1) = constant.
The boundary conditions on X force
X (z) = sin(nmz), A =nm, n=123,,...
Then the equation for Y becomes
Y'" =n?n%Y, Y (0) =0, Y(1) = ay.

Therefore we have Y (y) = a, sinh(nmy), so

u(z,y) = Z ap sin(nmz) sinh(nny),
where
1= Z ay, sinh(nr) sin(nrz).
It remains to find the Fourier series for the function 1. These Fourier coefficients are

! 2 2
Cn = 2/ sin(nrz)dr = —— cos(nmz)|(1] =—(1-=(=D").
0 nw nw

This last quantity is 0 for n even and 4/(n~) for n odd. Thus we have

. 2

an sinh(nm) = —(1 — (—=1)"),
nmw
SO L sinh
Z Msinh(mry) sin(nwz).
nm
n odd
(k) 0=0%u+d;u, u(0,y,t) =1, u(l,y,t) = 2, u(z,0,t) = 0 = u(z,1,t).
Again, we separate variables and write u(z,y) = X (z)Y (y). Then

u(z,y) =

with the boundary conditions



Solving for the equation in Y first, we see

Y (y) = sin(nry) A =nm.

Thus the equation for X is X" = n?72X and
X (z) = ap, cosh(nmz) + by, sinh(nnz).
Our solution is
u(z,y) = Z sin(nmy)[ay cosh(nnx) + b, sinh(nnx)].

We can determine the coefficients by matching the boundary data. Evaluating at = 0 we have

4
1=u(0,y) = Z ap sin(nmy) = Z — sin(nmy),
nw
n odd

so an = 0 for n even and a, = 4/(nn) for n odd. Evaluating at 2 = 1, we have

2 =u(l,y) = Z sin(nny)[a, cosh(nn) + b, sinh(nn)] = Z % sin(nmy).
n odd

So we have b,, = 0 for n odd and, for n even, we have

4 2 — cosh(nn)

nm sinh(nm)

b, =

Thus we have
(2 — cosh(n))

Sinh (nm) sinh(nmz)].

u(z,y) = Z ni sin(nmy)[cosh(nmx) +
n odd

(1) 0= 03u+ dyu, u(0,y,t) =y = u(l,y,t), u(z,0,t) = 0, u(z,1,t) = 1. (Hint: you might be able to guess
the solution to this one.)

This is one of those problems where it helps to draw a picture. The boundary data for this problem all
lies in the plane z = z, which is the graph of the linear function u(z,y) = x. So the solution is just

u(z,y) = .
5. Consider the differential equation
Oyu = O2u + BZU, u(z,y,0) = f(z,y)
with the boundary conditions
u(z,0,t) =0 = u(z, 1,t), 0,u(0,y,t) =0 =0,u(l,y,t).

(a) Using the form u(z,y,t) = X (2)Y (y)T(t), separate variables and write down the differential equations X,
Y and T must satisfy.

Let u(z,y,t) = X(z)y(y)T(t). Then the differential equation reads
XYT' =X"YT + XY"T,

which we can rearrange to read

TI XI/ Y‘/I

—(t) = = — ().

—(t) = (@) + — ()
Since one side of the equation depends on ¢ alone, and the other side depends on x and y, both sides of
the equation must be equal to a constant, which we will call —A2. Thus we have

X Y

Zl =\ = -\

; +
T X Y
We need to separate variables again in the second of these two equations, which we can rearrange to read

XII
X

YII

() = —=\? v

(y).



This time, one side of the equation depends on z alone while the other side depends on y alone, so both
sides of the equation must be equal to a constant which we will call —u2. The two equations we have now
are

XII Y/I
Y= F=Wem=
The solution to these last two equations are

X (z) = ¢y cos(uzx) + co sin(uz), Y (y) = ¢ cos(vy) + ¢ sin(vy).

We also have ,
T(t) = cge Mt

Here the relation between the separation constants A\, u and v is given by
A= 402,
so the formula for T" should really read
T(t) = cze~ W1,

What are the boundary conditions for X and Y7

The boundary conditions on the equation for x come from the boundary conditions on the vertical sides,
where we have 9,u(0,y,t) = 0 = d,u(l,y,t). Thus we have

X'(0) = 0= X'(1).

Similarly, the boundary conditions on the equation for y come from the boundary conditions on the
horizontal sides, where we have u(z,0,t) = 0 = u(z, 1,t). Thus we have

Y(0)=0=Y(1).

What are the initial conditions for 17

The initial condition for T in finding T°(0) is given by

f(w,y) = u(z,y,0) = X (2)Y (y)T(0).

We’ll return to this later.

Write down what X and Y are from the boundary conditions.
From these boundary condition at z = 0 and the form of X above, we see that

X(z) = ¢1 cos(ux).
From the boundary condition at z = 1 we have y = n7 for n = 0,1,2,3,... Thus we may as well take

X (z) = cos(nmz) n=0,1,2,3,...

From the boundary condition at y = 0 and the form of Y above, we see that

Y(y) = ¢ sin(vy).
From the boundary condition at y = 1 we have v = mz for m = 0,1,2,3,... Thus we may as well take

Y (y) = sin(mmy), m=20,1,2,3,...

What is the form of the general solution to this equation?
So far we have

X (z) = cos(nmx), Y (y) = sin(mmny), T(t) = cn,me*("%mz)t.

To find the general solution we have to summ over all n = 0,1,2,3,... and m = 0,1,2,3,... Thus the
general form is

3

oo
u(z,y,t) =ag + Z anymef("umm cos(nmx) sin(mmy)

n,m=1



where the coefficients a, , are given by

1,1 11
aoz/ / f(x,y)dzdy, an,m:4/ / f(x,y) cos(nmz) sin(mmy)dxdy.
o Jo o Jo
Alternatively, we could say

flz,y) =ao+ Z an,m cos(nmz) sin(mmy).

6. Consider the differential equation
Dutu=0%u, w0, =0=u(l,1), uz,0) = f(z).

Separate variables and write down the general solution to this equation.
We will try a solution of the form u(z,t) = X (z)T'(t). Then the equation reads
XT' + XT = X"T,

which we can rearrange to read

TI _|_ T B XII

T X

The left hand side is a function of ¢ alone, while the right hand side is a function of = alone, so both sides of
the equation must be equal to a constant which we will call —A%2. Now the equations are

X_”:,)R

T"+T 32
T ’ X

Let’s look at the equation for z first. We have the boundary conditions u(0,t) = 0 = u(L,t), so
X(0) = 0= X(L).
On the other hand, the general solution to the ODE for X is
X (z) = ¢1 cos(Az) + casin(Az).
Plugging in the boundary condition X (0) = 0 we see ¢; = 0. Also,
0= X(L) = eysin(AL),
which implies AL = nz for some n =1,2,3,..., or

A= —.
L

We may as well take
X (z) = sin((n7x)/L).
The differential equation for 7' is now
T"+T  n’n’
T L2

which we can rearrange to read
T' = —((ne?/L* + 1T.

The general solution to this equation is
T(t) = cpe~ TN

Putting this all together, we get that the general solution has the form
u,t) = 3 epe TV sin () /),
1

where ¢,, are the Fourier coefficients of the initial data f(z) = u(z,0).



7. For each of the following functions of two variables, compute the Laplacian Au = 2u + 8511. You may want
to use a different coordinate system for some of these.

(a) u=212%—y?
Au= 022> —y*) + 05 (x* —y*) =2-2=0.
(b) u = — 322y + 3xy? — 3
Au = 032" — 32%y + 3wy — y*) + 0p (¢* — 3y + 3wy® — y*) = 62 + 6y + 62 — 6y = 12z

() u= (a2 +y?)
This time it’s a good idea to use polar coordinates. Recall that

1 1
Au = 8iu + Bzu = 872,11 + —0ru + —26311.
! r r

—3/2

Our function is just u =r , SO

1 9 9
Au= 3 (r )+ 20,0 ) = 7r TP = 2 ) T

(d) u = arctan(y/x)
Again, we should use polar coordinates to see that u(r,8) = 6. Thus Au = 0.

(e) u = (22 + y?) arctan(y/x)
This time U = 26, so

Au = 92(r’0) + %8 (r*6) —|— 89( 20) = 0[02(r*) + — 8 (r?)] = 40 = 4 arctan(y /).

8. For each of the give functions f = f(#) on the unit circle in the plane, solve the boundary value problem
Au(r,0) =0 for r <1, u(1,0) = f(0).
The general form of a harmonic function on the unit disc is
(r,0) = ag + Z [ar, cos(nf) + by, sin(nh)]
where the boundary data is given by
u(1,0) = f(0) = ag + Z[an cos(nf) + by, sin(nd)].

(a) f(0) = cos(f) + sin(20)
Here the boundary is already in Fourier series, so we can read off the coefficients:

a; = 17 bg = 17
and all the other coefficients are zero. Thus we have
u(r,8) = rcos(f) + r2 sin(26).

(b) f(#) = cos>f —sin* 4
This time we have to use a trig identity to get the boundary data in Fourier series. We have

f(6) = cos®# — sin® § = cos(26),
so as = 1 and all the other coefficients are zero. Therefore,
u(r, ) = r? cos(26).

T—60 0<6<~7
(C)f(e)_{o T <627
This time we have to do some work to find the Fourier series for f. First we have

1 27

ag =
2

]. & _7T ]. 2T
f0)8 = 5= [ w0y =5 -5 07 = 7.



For the a, terms, we have

/ (@) cos(nb)d / (m — ) cos(nb)db

Qn

™

= /cos(n0 0——/ 6 cos(nf)df = —l[gsm(na)
n

0

/ / sin(nf)df = ——— cos(né)[g [ (-1)"].

This last quantity is o for n even and 2/(n?nr) for n odd. Finally, we have

1 27 m 1 ™
b, = -— 0) sin(nb)dd = in(nf) — — 0 sin(nf)do
= [ r@sinmoan = [ singus) - [ osin(us)

T . 1 (- 1
_ costmh) " _ —[—Q cos(nf)| + —/ cos(nf)df] = — — —— — —
) o nJo n )

n

0

Thus we can write the solution as

= —|— Zr [mﬂ (I = (=1)")cos(nf) + %sin(nﬁ)




