Selected Solutions for Homework 3
Math 2280
Oct. 23, 2003

1. (Problem 3.3.3a)
We want to solve
0tu = 0u, u(0,t) = 0 =wu(l,1), u(z,0) = sin(nz) + 3sin(27z) — sin(57x), Oru(x,0) = 0.

We know that the general form of the solution is

u(z,t) = Z[sin(nﬂ'm)(an cos(nmt) + B, sin(nwt))],

n

where

u(z,0) = Z oy, sin(nrx), Oru(z,0) = Z nBy, sin(nmx).

n

Matching the coefficients with the given initial position and initial velocity, we see that
ap =1, ay = 3, as = —1,
and all the other coefficients are zero. Therefore, the solution is
u(x,t) = sin(nz) cos(wt) + 3sin(27x) cos(2nt) — sin(5mx) cos(5nt).
2. (Problem 3.3.12)
Here we’re strating with the equation
Ofu+ 2kOpu = *02u, u(0,t) =0=wu(L,t), u(z,0) = f(z), Jwu(z,0)=g(z).
(a) First we separate variables: look for a solution in the form
u(z,t) = X (2)T(¢).

Then the equation becomes
XT" +2kXT' =2 X"T,
which we can rearrange to read
TI/ + 2kTI (t) B XII( )
2T —x

Notice that the right hand side is a function of z alone while the left hand side is a function of ¢ alone.
Therefore, both sides of the equation must be equal to some constant, which we will call —u?. The
differential equation then becomes the following two ODEs:

T" 4 2kT" + p?c*T = 0, X"+ u?X =0.
(b) Let’s examine the equation for X first. Recall that we have boundary conditions u(0,t) = 0 = u(L, 1),
which implies
X(0)=0=X(L).
The general solution of the equation X" + p2X = 0 is
X (z) = ¢1 cos(uzx) + co sin(uz).
Matching the boundary condition at z = 0, we get 0 = X (0) = ¢;, so we can just take
X (z) = sin(ux).
Now we need to match the boundary condition at x = 0. We have
0 = X(L) = sin(uL),

so uL = nm for n =1,2,3,.... We can rearrange this to read

_’Ilﬂ'
n=7



()

Now we turn our attention to the equation for 7'
T" + 2kT' + p*c*T = 0.
This is a second order, linear ODE with constant coefficients. If we try solutions of the form T'(¢) = e
then we find
r? 4 2kr + p?c? = 0.

Then by the quadratic formula

—2%k &+ \/AK2 — A2 c? _ T a2
r= i 2k pe :—ki\/kz—uzczz—k:twkz——c72;.

Here we have used the formula we found for u. The form of the solution depends on the sign of the

discriminant k? — (¢?n?m?)/L?. Regardless of the sign, we will let

A = VK2 — (2n272) [ L2].

If k2 — (¢*n?n?) /L% > 0 (i.e. k> (cnm)/L), then the solutions are exponential, and

T(t) = e [ et 4+ coe 1.
This is equivalent to the solution written in the book; recall that cosht = (1/2)(e! + e~t) and sinht =
(1/2)(et —e™t). If k* — (¢*n*n?)/L? < 0 (i.e. k < (cnm)/L) then the solutions are oscillatory, and
T(t) = e ¥[e; cos(Ant) + ¢ sin(A,1)].
If k2 — (¢*n*n?)/L* = 0 (i.e. k= (cnm)/L) then A, = 0 and the solutions are of the form
T(t) = e *ci + eot].
Notice that this last case can only occur if k¥ = (¢nw)/L for some positive integer n, or equivalently if
(kL)/(em) is a positive integer.
In the case where (kL) /(cm) is not a positive integer, we only have the exponential and oscillatory solutions.
When n < (kL)/(cr), we have k > (enm)/L, and so the solutions are exponential. Then n > (kL)/(cm),

we have k < (enw)/L, and so the solutions are oscillatory. By the superposition principle, the general
solution is a sum a all these solutions, summing over n. So we have

u(z,t) = e ¥ Z sin((nwz)/L)[ay, cosh(A,t) + b, sinh(A,t)]
n<(kL)/(em)

4kt Z sin((nwz)/L)[ay, cos(Ant) + by, sin(A,t)].
n>(kL)/(cm)

Now we need to match the initial conditions. Evaluating the sum at ¢t = 0, we obtain

u(z,0) = > sin((nwz)/L)[an cosh(0) + bysinh(0)] + Y sin((nwx)/L)[an cos(0) + by sin(0)]

n<(kL)/(cm) n>(kL)/(cm)

= Zan sin((nwz)/L) = f(x).
Thus the coefficients a,, give the Fourier sine series for f and

2 [* _
an = Z/o f(z)sin((nrx)/L)dx.

Next we need to evaluate the derivative of the solution at ¢t = 0:

Ou(x,0) = —k Z sin((nmzx)/L)|a, cosh(0) + by, sinh(0)]
n<(kL)/(cm)
+ Y Ansin((nmx)/1)[ay sinh(0) + by cosh(0)]
n<(kL)/(cm)
~k Y~ sin((nmx)/L)an cos(0) + by sin(0)]
n>(kL)/(cm)
+ Y Ansin((nmz)/1)[~ap sin(0) + by, cos(0)]
n>(kL)/(cm)

—k Z ap sin((nnz)/L) + Z Anby sin((nmz) /L) = Z(—kan + Anby) sin((nwz) /L) = g(x).



Thus the coefficients —ka,, + A\, b,, give the Fourier sine series of g and

—kan + A\pby = %/0 g(z) sin((nmwz)/L)dz.

(e) In the last case where (kL)/cm) is a positive integer, we just have to add the n = (kL)/(e¢w) case to our
general solution above. This Fourier mode of the solution is

sin((kz)/c)[ane ™ + b,te ).

Evaluating at t = 0 we have
u(z,0) = a, sin((kzx)/c),

S0
9 (L
an = —/ f(z)sin((nnz)/L)dz
L Jy
as before. Evaluating the derivative at t = 0 we have
Oru(x,0) = sin((kz)/c)[—kan + by),

so this time we have

—ka, + b, = %/0 g(z) sin((nwz)/L)dz.

3. (Problem 3.4.1)

We want to solve
. 1 ..
Ofu = —26511, u(0,t) = 0 =wu(l,1), u(z,0) = sin(nz), Oru(z,0) =0
m

using D’Alembert’s method. In this case, sin 7z is already 2-periodic and odd, so we have the right extension
of the initial position u(z,0) = f(z). The initial velocity is zero, so we don’t have to worry about it. Our
solution in this case is

u(z,t) = %[f(r +it/7)+ f(x —t/7)] = %[sin(ﬂ'm +t) — sin(wz — t)].

4. (Problem 3.4.13)

We are given that the initial position f satisfies f(z) = f(L—=) and the initial velocity g satisfies g(x) = g(L—x).
Recall that D’Alembert’s solution to the wave equation is given by

1 1 x+ct
ML&ZgU@+¢ﬁ+f@*dﬂ+§EL%tM$M-
Let’s first examine the part of the solution coming from the initial position:
o+ elt+LJe) + f(o—c(t+LJe) = flo+et+L)+ ot L)
f(L—(x+ct+ L)+ f(L—(z—ct— L))
= f(-xz—ct)+ f(2L — z + ct)
= et + foatot) = flotet) - flo o).

Here we have used the fact that f is odd and 2L-periodic. For the other part of the solution, we have

x+ct+L x+ct+L —xr—ct
/ g(s)ds = / g(L — s)ds = 7/ 9(8)ds
) . 2

rx—ct—L r—ct—L L—x+ct
—x+ct —x—ct —x—ct
= [ s [ = [ g
2L —x+ct J—z+ct Jr+ct
x+ct
= - / g(7)dr.
r—ct
Here we have used the change of variables § = L — s and 7 = —3. Because the integral does not depend on the

variable of integration, we have just shown

x+ct+ 1L x+ct
/ g(s)ds = — / g(s)ds.

—ct—L —ct



Putting this all together, we see that

z+ct+ L
[f(a:—l—ct—l—L)—l—f(a:—ct—L)]—l——/ g(s)ds

2¢ Jo_er1

DN | =

u(z,t+ L/c)

x+ct

= U+ + @) - 5 [ gds= —utwn),

c —ct



