Selected Solutions for Homework 2
Math 2280
Sept. 22, 2003

1. (Problem 2.3.13)

We have a function f given by the graph below.

This function is 1 for 0 < < 1 and 0 for —1 < z < 0. There are two ways we can compute the Fourier series:
either by direct computation or by using the Fourier series in problem 1. First we will use the Fourier series in
problem 1. Let F' be defined by

1 O<z<1

F(m):{ -1 —-1<z<0

Then F has a Fourier series
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For the sake of completeness, we will actually compute the Fourier coefficients. First,

1! 1! 1
aoz—/ f(.r)d.r:—/ dz = —.
2/, 2/, 2

Next, for £k > 1 we have
1 1
ap = f(z)cos(knz)dz = / cos(kmzx)dx = 0.
—1 0

Finally, we have
1 1 1 1 1
by, = f(x)sin(krz)dx = / sin(krz)dx = —— cos(knzx)|, = —(1 — (—1)’“).
1 0 km km

This last coefficient is 2 if k£ is odd and O if k is even. Thus we have

1 2 1 1 2 1
f(z) = 5t Z z sin(krz) = 5t Z ST sin((2k + 1)mx).
k odd 0
. (Problem 2.3.17)
We start with the Fourier series
2 4 2 1 k
22 = % + % ; ( k2) cos(kmx/p)/k?

for —p <z <p.



(a) Evaluating this series at o = 0, we find

Substituting p = 7 /2 we find

w2 & (71)k
0 E + k2 B
which we can rearrange to read
T o= (=1)FH! 11 1
S R T
12 ; k2 22 + 32 42 *

(b) Now we return to the Fourier series we were given and evaluate at z = p to obtain (using cos(km) = (—=1)*)

We can rearrange this series to read

T 37 T 1 1 1 1 1 1
L2 D= 14+ — 4+ — 4+ =2(1+ — 4+ — +...).
4 12 12+6 ( 22-|_32 )+(+22+32+ ) (+32+52+ )
Dividing by 2, we have
1 1
14+ — 4=
8 +32+52+

3. (Problem 2.3.25)

We have a 2p-periodic function f, which is piecewise smooth and continuous. We are also suppose to assume
that f’ is piecewise smooth. Let f and f’ have the Fourier series:

f(z) =aop+ Z[ak cos(kmx/p) + by sin(kmz/p)] f'(z) = ag + |a}, cos(knz/p) + b}, sin(kwz/p)].

We are to derive relationships between the Fourier coefficients for f and those for f’.

First let’s look at ag:
1

P 1
ag = % f(a)dz = % f()”, =0.
-p
Next we look at aj,:
1 [P 1 [P km .
a, = - f'(x) cos(kmz/p)dz = f(x)cos(kmz/p)”  + = f(z) - — - sin(knx/p)dx
p), p), p
= [f(p)cos(kmw) — f(—p) cos(—km)] + ke L[ (x) sin(kmz/p)dz = k—wbk.
p pl, p

Here we have integrated by parts, using cos(kmz/p) = u and f'dx = dv. We have also used the formula for the
Fourier coefficient by,.

Similarly, we have

b, = % 71? f'(z)sin(knz/p)de = f(z) sin(krz/p)|” , — ]%T % f (z) cos(kmz/p)dz
km

= ——ay.



4. (Problem 2.3.32) (Remark: problem 26 of this section is essentially the same as problem 25; I didn’t think it
would be good to assign the same problem twice.)

Here we have the sawtooth function, with Fourier series

fla)y=>" % sin(kz).

(a) f is piecewise smooth (piecewise linear, in fact) and it is 2w-periodic. Also, f' is piecewise constant, so it
is certainly piecewise smooth. However, f is not continuous at & = 2k, for any integer k (the left and
right limits disagree).

(b) Differentiating the Fourier series term by term, we get

Z cos(kz).
Evaluating this sum at zero, we get 1 + 1+ 1 4+ -, which diverges to cc. In general,
lim coskx # 0,
k—o0

which means the sum Y coskx cannot converge. This is easiest to see if © = pmw/q, where p and ¢ are
integers (i.e. if x is a rational multiple of 7). Then if k£ = 2nq for any integer n,

cos kx = cos2npm =1,

so cos kxz cannot tend to zero as k — oo. To complete the argument, use the fact that rational multiples
of m are dense in the real numbers.

5. (Problem 2.4.6a)

We want to compute both of the half-range Fourier expansions for

f(z) =cosz 0<z<m.

The even half-range expansion is just cosz. The easiest way to see this is to note that f is already a sum
of cos functions with the right period, so it is already written in Fourier series. But one can actually do the
computation. The function cosz has mean zero between 0 and 7, so ag = 0. To see that ar = 0 for £ > 2, use
the identity

1
cos(z) + cos(kx) = E[cos((k + 1)x) + cos((k — 1)z)].
To see that a; = 1, use the identity
, 1
cos“x = 5(1 + cos(2z)).

Next we have to compute the odd half-range expansion. This will have the form

2 ™
cosx = Z by sin(kz) where b = — / cos(z) sin(kx)dz.
0

™

This time we will have to use the identity

cos(z) sin(kz) = %[sin((k + Dx) + sin((k — 1)z)].

Then
by = %/Ow[sin((k + 1)z) +sin((k — 1)z)]dz = %[fk i : cos((k + 1)z)|g — ﬁ cos((k — 1)z)g]
_1\k
I () -y eyt oy = O
O 2k(1+ (-1
R CE

Thus the Fourier coefficient is 0 if k is odd and 4k/(n(k? — 2)) if k is even and the Fourier series is

4 k .
cosx = - Z msm kx.
k even



6. (Problem 2.4.11)

The sine series expansion of f(z) = sin(nz) for 0 < & < 1 if just sin(nz). The reasoning is very similar to the
first part of problem 2.4.6.

7. (Problem 2.4.17)
We have a function f with the graph shown in the textbook.

(a)

First we derive a formula for f. Notice that f is piecewise linear, and the endpoints of the line segments
are (0,0), (a,h) and (p,0) (in order). The first line segment goes through the origin and has slope h/a.
Thus we must have

h
fo="" 0<z<a
a
The other line segment has slope —h/(p — a) = h/(a — p), and so
h:
flz) = T4 a<xz<p.
a—p

Matching the function values, f(a) = h, we see

h h(a — p) — ah h h(x —
popo Gt _Me-pzeh W g, Meop) oo,
a—p a—p a—p a—p

Now we want to find the sine series representation for f. We have that

f(a) =3 bysin(kra/p)

where
2 [P . 2 [*hx . 2 [P h(z—p) .
b :—/ f(x Slnk?T.’Epd.’E:—/ —smkﬂ'mpd.r-l-—/ ——=~sin(kwx/p)dx
o= [ f@ysinthmafpds =2 [* 2 sinima oyt + = [ 2P inina )
We will do these two integrals separately. First,
2 [*“h 2h “
5/0 ;x sin(krz/p)dz = E[ik% z cos(kmz /p)|y + k% '/0 cos(kmz/p)dx]
2h 2h 2h
= %[fa cos(kma/p) + k% sin(kma/p)] = - cos(kma/p) + ainQ sin(kma/p).
Next we have
2 (P h(z— 2h P P
5 /a %;) sin(krz/p)dz = m[ik% z cos(kmz /p)|" + k% /a cos(kmz/p)dx fp/a sin(kmz/p)dz)
2h 2 2
= m[_if_w cos(km) + % cos(kma/p) + If_w cos(km)
P’ P’
e cos(kma/p) + Ep) sin(krz/p)|"]
2h pla—p) L
= a 7p)[ - cos(kmwa/p) — 23 sin(kwa/p)]
2h 2h
= cos(kmwa/p) — Wap—p) sin(kma/p)
Putting this all together, we get
. 2hp 2hp 2hp? .
by = Sm(kﬂ-a/p)[ak%ﬂ — @ —p)k27r2] = b — )k sin(kma/p).

Thus the Fourier series of f is

2hp?

— 1 . .
f(z) = - ; =l sin(kwa/p) sin(kwz/p).



8. (Problem 3.2.6)

In this problem, we want to model the motion of a hanging chain. The top end of the chain is anchored at the
position z = L,u = 0 and the density p is constant. See the figure in the text for a picture.

(a)

In the equilibrium position, the chain hangs along the vertical line u = 0. The piece of chain located at
position (x,0) supports a mass equal to pz. This is because all the pieces of chain below this particular
piece pull down on this piece. As the only force acting on the chain is gravity, the tension (i.e. force)
acting on the chain at position x is 7(z) = pgz.

Now apply Newton’s law: force = mass times acceleration. The tension forces 7(x) and 7(z + Ax) point
tangent to the chain. In the horizontal direction, this becomes

2

PAT ST

=7(z + Az)sin f — 7(z) sin a.
If we assume (as in the case with a vibrating string) that the chain is close to the equilibrium position
compared to the length of the chain, then

sinaEtana:@(az,t) sin,@ztan,@:@(a:—}-Aazt).
ox ox

Then we have 5
u
PATSE

Rearranging this last equation, we find

ou

Ou
%(az + Az, t) — 7(x, t)%(w t).

=7(z + Az,t)

2
1
Ou _ 1 an?

u ou
pw s %(az + Az, t) — T(m)a(az,t)]

Now we take the limit as Az — 0. Then the last equation of part (b) becomes
0%u 0] i )au]
— = —[r(z)=—].
Porr = 02" 0a
Next we substitute 7 = pgz to find

8%u ) Ou Ou 8%u

PW = 7[/’933%] = PQ[% + fﬂw]-

Dividing by p, this last equation becomes
0%u [6u 4 6211]
— =gl—+z—].
o~ Mor T Tox?

It is interesting to notice here that the density p divides out, and does not appear in the final equation!
This should not exactly shock you, because gravity tends to act the same on all objects, regardless of their
mass (c.f. the famous experiment Galileo did in dropping rocks from the Tower of Pisa).



