
Midterm Exam Solutions, Math 3150October 3, 20031. (8 points) Let f(x) = 2jxj � 1 for �1 � x � 1. Find the Fourier series for f . Think before you compute.Notice that f is an even function, so bk = 0 for all k. Next we compute a0:a0 = 12 Z 1�1 f(x)dx = Z 10 (2x� 1)dx = (x2 � 1)��10 = 0:Another way to do this computation is to look at the graph of f (see the �gure below).
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Notice that the graph consists of four triangles, labeled 1 through 4 in the �gure. The integral R 1�1 f(x)dx isthe area of triangles 1 and 4, minus the area of triangles 2 and 3. Since all these triangles are congruent andhave equal area, the total integral is zero.Finally, we compute ak:ak = Z 1�1 f(x) cos(k�x)dx = 2 Z 10 (2x� 1) cos(k�x)dx= 4 Z 10 x cos(k�x)dx � 2 Z 10 cos(k�x)dx = 4 Z 10 x cos(k�x)dx= 4[ xk� sin(k�x)���10 � 1k� Z 10 sin(k�x)dx] = 4k2�2 cos(k�x)j10= 4k2�2 ((�1)k � 1):This last quantity is 0 if k is even and �8=(k2�2) if k is odd. Thusf(x) = Xk odd �8k2�2 cos(k�x) = 1X1 �8�2(2k + 1)2 cos((2k + 1)�x):2. (8 points) Let f(x) = sinx cosx for �� � x � �. Find the Fourier series of f . Think before you compute.Recall the trig identity sin(2x) = 2 sin(x) cos(x):Thus, f(x) = sin(x) cos(x) = 12 sin(2x);which is already in Fourier series form. Incidentally, you could have derived this identity from the identitysin(x + y) = sin(x) cos(y) + cos(x) sin(y);which was on the front of the exam, by taking y = x.Also, you really did need to use a trig identity here. A function like cos3 x sinx is not in the form of a Fourierseries.



3. Let f be a piecewise continuous function for �� � x � � with a Fourier seriesf(x) = a0 + 1X1 [ak cos(kx) + bk sin(kx)]:(a) (3 points) What can you say about f if bk = 0 for all k? Why?If bk = 0 then f has the form f(x) = a0 + 1X1 ak cos(kx);which is a sum of even functions. Therefore, f is even.(b) (3 points) What can you say about f if a0 = 0? Why?Recall that a0 = 12� Z ��� f(x)dx;which is the average value of f . Thus a0 = 0 if and only if the average value of f is zero.(c) (3 points) If g(x) = f(x)� f(�x), what can you say about the Fourier series of g? Why?Notice that g(�x) = f(�x)� f(x) = �g(x);so g is odd. Because ak is the integral of g(x) cos(kx), which is an odd function, we must have ak = 0 fork = 0; 1; 2; 3; : : :.On this problem, a lot of people assumed that f was even, which was not my intent. However, I realizedwhile grading that you could have read the question that way, so I let it slide if you said something like\f is an even function, so g must be zero."4. For which of the following di�erential equations does the principle of superposition hold (i.e. if u and ~u aresolutions to the di�erential equation then so are u + ~u and au for any constant a)? Be sure to justify youranswers!The general principle is that superposition holds for linear, homogeneous equations.(a) (3 points) uxt = ux � utYes; this is a linear, homogeneous equation.(b) (3 points) uxx = x+ utNo; this is linear equations, but it's not homogeneous. For instance, if uxx = x + ut and ~uxx = x + ~ut,then (u+ ~u)xx = 2x+ (u+ ~u)t;which is not the equation we want.(c) (3 points) utt = uxutNo; this is a nonlinear equation.5. Consider the wave equation(�) @2t u = @2xu; u(0; t) = 0 = u(�; t); u(x; 0) = 0; @tu(x; 0) = sin(2x)(a) (4 points) Begin by looking for a solution of the form u(x; t) = v(x)w(t). What di�erential equations mustv and w satisfy?Notice that @xu(x; t) = @x(v(x)w(t)) = v0(x)w(t). Similarly, we have@2t u = vw00 @2xu = v00w:Thus, by the equation we have v00(x)w(t) = v(x)w00(t);which we can rearrange to read v00v (x) = w00w (t):The key point is that the right hand side of this equation depends on t alone, which the left hand sidedepends on x alone. Therefore, both sides of the equation must be equal to some constant �. We thenhave v00 = �v w00 = �w:



(b) (4 points) What are the boundary/initial conditions for v?We have boundary conditions for v. Note that0 = u(0; t) = v(0)w(t):Unless w � 0 (which means the string doesn't move), we must havev(0) = 0:Similarly, we have v(�) = 0:Incidentally, one can conclude from this information that v(x) = an sin(nx) for some positive integer n.(c) (4 points) What are the boundary/initial conditions for w?We have initial conditions for w. Note that0 = u(x; 0) = v(x)w(0);from which we can conclude w(0) = 0. Similarly, we havesin(2x) = @tu(x; 0) = v(x)w0(0):Therefore, w0(0) = sin(2x)v(x) :Because this is a constant, we may as well takev(x) = sin(2x):(We are absorbing a constant into w by doing this, otherwise we'd have v(x) = a sin(2x).) This forces� = �4, and so w(t) = acos(2t) + b sin(2t):(d) (4 points) Write down the solution to (�).We already know that u(x; t) = sin(2x)(a cos(2t) + b sin(2t))for some choice of a and b. By the initial conditions on w, we must have a = 0 and b = 1=2 (try it!), andso u(x; t) = 12 sin(2x) sin(2t):


