
Solutions to the Practice ProblemsMath 2280March 20, 20041. Find the general solution to the following linear systems using your favorite method.(a) x0 = � 1 23 4 �xFirst we �nd the eigenvalues of the matrix.0 = det(�Id �A) = det � �� 1 �2�3 �� 4 � = �2 � 5�� 2:So the eigenvalues are � = 5�p322 :The eigenvectors are v1 = � 43 +p32 �(associated to (5 +p32)=2) and v2 = � 43�p32 �(associated to (5�p32)=2). Thus the general solution isx(t) = e5t[c1etp32v1 + c2e�tp32v2]:(b) x0 = � 0 �11 0 �xFirst we �nd the eigenvalues of the matrix.0 = det(�Id� A) = det � � 1�1 � � = �2 + 1:So the eigenvalues are � = �i. Next we �nd the eigenvectors.� 0 �11 0 � � ab � = �i � ab � :So the eigenvectors are v1 = � 1�i � ; v2 = � 1i � ;which are associated to the eigenvalues i and �i, respectively. Therefore, the general solution isx(t) = c1eit � 1�i �+ c2e�it � 1�i � = � (c1 + c2) cos t+ (c1 � c2)i sin t(�c1 + c2)i cos t+ (c1 + c2) sin t � :(c) x0 = � 1 20 1 �xWe can write the matrix A as A = � 1 00 1 �+ � 0 10 0 � = P +N:Notice that these two matrices P and N commute (i.e. PN = NP ), soetA = et(P+N) = etP � etN :We can compute these exponentials easily. P is diagonal, soetP = � et 00 et � :



Also, N is nilpotent (N2 = 0), so etN = Id + tN = � 1 2t0 1 � :Therefore, etA = etP etN = � et 2tet0 et � :Finally, if x0 is the initial condition x(0), thenx(t) = etAx0 = � et 2tet0 et �x0:2. Find the solution to the following initial value problems for each linear system using your favorite method.(a) x0 = � 1 32 4 �x; x(0) = � 10 �We �rst �nd the eigenvalues:0 = det(�Id �A) = det � �� 1 �3�2 �� 4 � = �2 � 5�� 2:So the eigenvalues are � = 5�p322 :Next we �nd the eigenvectors: v1 = � 63 +p32 �(associated to (5 +p32)=2) and v2 = � 63�p32 �(associated to (5�p32)=2). Thus the general solution isx(t) = e5t[c1etp32v1 + c2e�tp32v2]:Now we have to match the coe�cients by looking at x(0).� 10 � = c1v1 + c2v2;so 1 = 6c1 + 6c2; 0 = (3 +p32)c1 + (3�p32)c2:The second equation says c1 = �3 +p323 +p32 c2:Plugging this into the �rst equation we have c2 = 3 +p3212p32 :Then c1 = 23384 + 36p32 :(b) x0 = � 1 �11 1 �x; x(0) = � 01 �First we compute the eigenvalues:0 = det(�Id �A) = det � �� 1 1�1 �� 1 � = �2 � 2�+ 2:



Thus the eigenvalues are � = 1� i. The eigenvector for � = 1+ i isv1 = � 1i �and the eigenvector for � = 1� i is v2 = � 1�i � :Thus the general solution is x(t) = et(c1eitv1 + c2e�itv2):Matching the initial conditions, we see� 01 � = x(0) = c1 � 1i �+ c2 � 1�i � = � c1 + c2i(c1 � c2) � :Solving for c1 and c2, we �nd c1 = �i=2 and c2 = i=2.(c) x0 = � 0 10 0 �x; x(0) = � 11 �This matrix is nilpotent, so it's easy to compute the expoential. Indeed, A2 = 0 soetA = Id + tA = � 1 t0 1 � :Therefore, x(t) = etAx(0) = � 1 t0 1 � � 11 � = � 1 + t1 � :3. Consider the system x0 = Ax = � 1 10 1 �x:(a) Show that � = 1 is a defective eigenvalue. What are the algebraic and geometric multiplicities of � = 1?First we compute the eigenvalues of A:0 = det(�I�A) = det � �� 1 �10 �� 1 � = (�� 1)2:So the only eigenvalue is � = 1 and it has algebraic multiplicity 2 (i.e. it is a double root of the characteristicpolynomial). However, the matrix �I�A is � 0 10 0 � ;which has a 1{dimensional kernel. In fact, this kernel is the span of the vector [10]T . Anyhow, this meansthe geometric multiplicity of � = 1 is 1, which is less than the algebraic multiplicity. So � = 1 is a defectiveeigenvalue.(b) Find the eigenvectors and generalized eigenvectors of � = 1.The eigenvectors are ker(I� A) = ker� 0 10 0 � = a � 10 � ;where a is any real number.The generalized eigenvalues lie in the kernel of (I�A)2 = 0, so one can take anything which is not parallelto [10]T as a generalized eigenvector. In particular, we will choose� 01 �below.(c) Write the general solution in terms of eigenvalues, eigenvectors and generalized eigenvectors.The general solution is x(t) = c1et � 10 �+ c2tet � 01 � :



(d) Compute the matrix exponential eAt and use it to write down the general solution.4. Let A be an n� n matrix with real entries such that Ak = 0 for some k = 1; 2; 3; : : : (such matrices are callednilpotent).(a) Show that the eigenvalues � of A are all 0. (Hint: take the determinant of something.)Suppose � is an eigenvalue and v 6= 0 is an eigenvector associated to �. So thenAv = �v:However, Ak = 0, so 0 = Akv = �kv:The only way this is possible is if �k = 0, so � = 0.(b) Is the system x0 = Ax stable or unstable? (Hint: use what you know about the eigenvalues.)All the eigenvalues of A are zero, so the system is stable but not strictly stable.5. Let A be an n� n matrix with real entries such that Ak = Id for some k = 1; 2; 3; : : : (such matrices are calledidempotent).(a) Show that the eigenvalues � of A satisfy �k = 1. (Hint: take the determinant of something.)Suppose � is an eigenvalue and v 6= 0 is an eigenvector associated to �. So thenAv = �v:However, Ak = Id, so v = Akv = �kv:The only way this is possible is if �k = 1.(b) The roots of the equation �k = 1 are called the kth roots of unity. Show that they have the form� = e2i�=k; e4i�=k; : : : ; e2ki�=k = 1:(Hint: you may use the fact that a polynomial of order k has precisely k roots.)Let �j = e2i�j=k ; j = 1; 2; : : : ; k, and notice that�kj = e(2i�j=k)(k) = e2i�j = 1:So eqach �j is a root of the polynomial �k � 1 = 0:However, this polynomial has precisely k roots, so �1; : : : ; �k are all its roots.(c) Is the system x0 = Ax stable or unstable? (Hint: Think about the positions of the roots of unity andwhat this says about the signs of their real parts. You may also want to use the fact that the eigenvaluesoccur in conjugate pairs.)The system is unstable. At least one of �j = e2i�j=k or ��j = e�2i�j=k = e2i�(k�j)=k = �k�j must have apositive real part.6. Let A be an n�n matrix with real entries. Also, let V� be the span of the eigenvectors with eigenvalues havingnegative real part.(a) Show that if x0 = Ax and x(0) 2 V� then limt!1 jx(t)j = 0:Suppose that x(0) 2 V�, say x(0) = a1v1 + : : :+ akvkwhere v1; : : : ; vk are eigenvectors with eigenvalues �1; : : : ; �k. Thenx(t) = a1e�1tv1 + : : :+ ake�ktvk:Now observe that the real parts of �1; : : : ; �k are all negative, so the maximum of all these real parts issome negative number �. Also, let a = max1�j�k jaj j. Thenjx(t)j = ja1e�1tv1 + : : :+ jake�ktvkj � ae�t ! 0;because � < 0.



(b) Conclude that the restriction of the system x0 = Ax to V� is strictly stable about the �xed point x = 0.We have just shown that if x(0) 2 V�, then x(t)! 0 as t!1. This is the de�nition of strict stability.7. Find all �xed points and say what you can about their stability properties for each system of di�erentialequations below. Also, sketch their phase portraits.(a) � x1x2 �0 = � 1 44 1 �� x1x2 �The only �xed point is x = 0, and the eigenvalues of the linearization (which is the original system) about0 are 5 and �3. Thus the system is unstable.(b) � x1x2 �0 = � �2 �11 �1 �� x1x2 �The only �xed point is x = 0 and the eigenvalues are �3�ip32 , both of which have negative real part. Thusthe system is strictly stable.(c) � x1x2 �0 = � 0 �11 0 �� x1x2 �The only �xed point is x = 0 and the eigenvalues are �i, both of which are pure imaginary. Thus thesystem is stable but not strictly stable.(d) � x1x2 �0 = � �2 �11 �1 �� x1x2 �+ (x21 + x22)� 11 �There are two �xed points: (0; 0) and (0; 1). You should �nd the �rst easily; you can �nd the second bysetting �2x1�x2 = x1 �x2, which implies x1 = 0, then plugging that into �2x1�x2 +x21+x22 = 0. Thelinearization about (0; 0) has the coe�cient matrix� �2 �11 �1 � ;whose eigenvalues all have negative real part. Thus x = 0 is strictly stable. The linearization about (0; 1)has the coe�cient matrix � �2 11 1 �whose eigenvalues are 1 and �3. Thus (0; 1) is unstable.(e) � x1x2 �0 = � 0 �11 0 �� x1x2 �+ (x21 + x22)� 11 �The only �xed points are (0; 0) and (� 12 ; 12 ). Again you �nd these by monkeying around with the equations�x2 + x21 + x22 = 0 and x1 + x21 + x22 = 0. The linearization about (0; 0) has the coe�cient matrix� 0 �11 0 � ;which has pure imaginary eigenvalues. However, the nonlinear system is unstable about (0; 0), as one cansee by writing the equation in polar coordinates and separating variables. The linearization about (� 12 ; 12 )has the coe�cient matrix � �1 00 1 � ;which has eigenvalues �1. Thus the system is unstable about (� 12 ; 12 ) (the linearization has a positiveeigenvalue).(f) � x1x2 �0 = � 0 �11 0 �� x1x2 �+ (x21 � x22)� 11 �The only �xed point is (0; 0). The linearization about (0; 0) has the coe�cient matrix� 0 �11 0 � ;which has pure imaginary eigenvalues However, the nonlinear system is unstable. For instance solutionsincrease in the x1 direction and decrease in the x2 direction. You can see this by doing the change ofvariables v = x1 + x2 and w = x1 � x2.



(g) � x1x2 �0 = � x2 �11 x1 �� x1x2 �This has �xed points at (0; 0) and (1;�1). The linearization about (0; 0) has the coe�cient matrix� 0 �11 0 � ;which has pure imaginary eigenvalues. However, the nonlinear system is unstable, for the same reason asin the previous problem. The linearization about (1;�1) has the coe�cient matrix� �1 00 1 � ;which has eigenvalues �1. Thus the system is unstable.(h) � x1x1 �0 = � �1 01 �1 �� x1x2 �+ x1x2� 11 �The only �xed point of this system is (0; 0). The linearization about (0; 0) has the coe�cient matrix� �1 01 �1 � ;which has negative eigenvalues. Thus (0; 0) is an strictly stable �xed point.8. Consider the system x0 = � � 10 �1 �x+ jxj2 � 11 � for � 2 [�1; 1].(a) Find all �xed points of this system, depending on �.Suppose x = (x1; x2) is a �xed point. Then we must have�x1 + x2 + jxj2 = 0; �x2 + jxj2 = 0:Subtracting these two equations, we have �x1 + 2x2 = 0:In the case that � = 0, this equation says x2 = 0, and so we must also have x1 = 0. So for � = 0, theorigin is the only �xed point.In the case that � 6= 0, we have x1 = �2x2=�, so we have the equation0 = �x2 + jxj2 = x2 + 4x22� + x22 = x2[(4=�+ 1)x2 � 1]:Thus x2 = 0; �=(4+�). The corresponding values of x1 are x1 = 0;�2=(4+�). Thus the �xed points arex = (0; 0); x = 14 + � (�2; �):(b) Characterize the stability behavior of the �xed points as it depends on �. Sketch some representativephase portraits.The linearization about (0; 0) has the coe�cient matrix� � 10 �1 � ;which has eigenvalues � = �+ 1� i(�� 1)2 :The important thing is that the real part of the eigenvalue is � + 1 > 0, so the critical point is unstable.In fact, it is an unstable spiral.The linearization about (�2; �)=(4 + �) has the coe�cient matrix� �2 + 4�� 4 3�� 4�4� �� 4 � ;



which has eigenvalues � = (�2 + 5�� 8)�p�4 � 30�3 + 57�2 � 64�2 :The �rst term �2 +5�� 8 in the numerator is always negative for �1 � � � 1 (just evaluate at � = �1).The part inside the square root is positive for � = �1, negative for � = 1, and 0 for � = 0. Anyhow, thebehavior of this critical point is either a stable spiral (for 0 < � � 1) or a saddle node (for �1 � � < 0).(c) Is there a bifurcation point in �? If there is, �nd it. Explain your answer.Yes, � = 0 is a bifurcation point for two reasons. First, you lose a critical point at � = 0. Second, thecritical point not at the origin changes from a (strictly) stable spiral to a saddle node.


