
Solutions to the Final ExamMath 2280May 6, 20041. Consider the di�erential equation (which you don't need to solve)x0 + 2tx2 = 0:(a) (2 points) Is x = 11�t2 a solution to this di�erential equation?We have x0 = 2t(1� t2)2 = 2tx2;so x does not satisfy the di�erential equation.(b) (2 points) Is x = 11+t2 a solution to this di�erential equation?We have x0 = �2t(1 + t2)2 = �2tx2;so x does satisfy the di�erential equation. In fact, the general solution (which one can �nd by separatingvariables) is x = 1c+ t2 ;where c is any constant.2. Consider the di�erential equation x00 � 4x0 + 4x = 0:(a) (6 points) Find the general solution to this di�erential equation.We try a solution of the form x = ert. Then we have0 = x00 � 4x0 + 4x = ert(r2 � 4r + 4);so we must have r = 2 (this is a double root) and x1 = e2t as a solution. Because we have a double rootto the characteristic polynomial, we also have x2 = te2t as a solution. These two are linearly independent;indeed, W (x1; x2) = x01(0)x2(0)� x02(0)x1(0) = �1 6= 0:Thus the general solution is x(t) = c1x1(t) + c2x2(t) = c1e2t + c2te2t:(b) (4 points) What is the solution to this di�erential equation with the initial condition x(0) = 1; x0(0) = �1?We will use the initial conditions to �nd the constants c1 and c2. We have1 = x(0) = c1; �1 = x0(0) = 2c1 + c2;so c1 = 1 and c2 = �3. Thus the solution isx = x1 � 3x2 = e2t � 3te2t:3. Consider the di�erential equation x0 = (1� ex)(x � 1):You do not need to solve this di�erential equation.(a) (6 points) Verify that x = 0 and x = 1 are the only �xed points (i.e. constant solutions) of this di�erentialequation.The �xed points satisfy 0 = x0 = (1� ex)(x� 1);so one of the factors 1� ex or x� 1 must be zero. The �rst possibility is that1� ex = 0, x = 0:The other possibility is that x� 1 = 0, x = 1:



(b) (6 points) Analyze the stability properties of these �xed points.We have found all the zeroes of x0, so x0 cannot change sign on the intervals x < 0, 0 < x < 1 and x > 1.Therefore, we only need to compute x0 at a single point in these intervals to see whether x is increasingor decreasing in the entire interval. We havex0(�1) = (1� e�1)(�2) < 0x0(1=2) = (1� e1=2)(�1=2) > 0x0(2) = (1� e2)(1) < 0:Thus x is increasing for 0 < x < 1 and decreasing for x < 0 or x > 1. This implies x = 0 is unstable andx = 1 is (strictly) stable.(c) (4 points) Sketch some representative solutions to this di�erential equation.
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4. Consider the system of di�erential equations� x1x2 �0 = � �4 �3�1 �2 � � x1x2 � = A � x1x2 � :(a) (5 points) Verify that the eigenvalues of A are �1 = �1 and �2 = �5.The eigenvalues satisfy0 = det(A� �I) = det � �4� � �3�1 �2� � � = (�+ 4)(�+ 2)� 3 = �2 + 6�+ 5 = (�+ 1)(�+ 5):Thus we have �1 = �1 and �2 = �5 as claimed.(b) (5 points) Find the eigenvectors of A.For the �1 = �1 eigenvector: � �4 �3�1 �2 �� ab � = � �a�b �, a = �b;so we can take the eigenvector to be v1 = � 1�1 � :For the �2 = �5 eigenvector: � �4 �3�1 �2 � � ab � = � �5a�5b �, a = 3b;so we can take the eigenvector to be v1 = � 31 � :(c) (4 points) What is the general solution to the system of di�erential equations x0 = Ax?The general solution is x = c1e�1tv1 + c2e�2tv2 = c1e�t � 1�1 �+ c2e�5t � 31 � :



(d) (4 points) Notice that x = 0 is a �xed point (as it is for all linear, homogeneous sytems). Is x = 0 stableor unstable? Explain your answer.Both the eigenvalues are negative, so the system is (strictly) stable near (0; 0).5. Consider the system of di�erential equations� x1x2 �0 = � x2ex1x1ex2 � = F (x1; x2):You do not need to solve this system.(a) (4 points) Verify that (0; 0) is the only critical point of the system.The critical points occur when x01 = 0 = x02. Thus we have (because exponentials are never zero)0 = x01 = x2ex1 , x2 = 00 = x02 = x1ex2 , x1 = 0:So the only critical point is (0; 0).(b) (4 points) What is the linearization of this system about the critical point (0; 0)?The coe�cient matrix of the linearization is given byA = DF = " @F1@x1 @F1@x2@F2@x1 @F2@x2 # = � x2ex1 ex1ex2x1 ex2 � :Evaluating this at (0; 0), we have A = � 0 11 0 � :(c) (4 points) Is the critical point (0; 0) stable or unstable? Explain your answer.The eigenvalues of the linearization satisfy0 = det(A� �I) = det � �� 1a �� � = �2 � 1;so the eigenvalues are � = �1. Notice that one eqigenvalue is positive, so the system is unstable near(0; 0). In fact, (0; 0) is a saddle point.(d) (4 points) Sketch some representative solution curves near (0; 0).
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6. Suppose f : R ! R is an odd, 2�-periodic function. In other words,f(�x) = �f(x); f(x+ 2�) = f(x)for all x.(a) (3 points) What is the average value of f on the interval [��; �]?The average value is A = 12� Z ��� f(x)dx = 0;because f is an odd function.



(b) (3 points) One can write down a Fourier series for f , by restricting f to the interval [��; �]. Whichcoe�cients in the Fourier series are zero? Explain your answer.The an coe�cients are zero. This is becausean = 1� Z ��� f(x) cos(nx)dx;and the integrand is odd (it is the product of an even function and an odd function).(c) (2 points) Show that if f is di�erentiable, then f 0 is even (in other words, f 0(�x) = f 0(x)). (Hint: youmight want to use the chain rule.)There are actually two ways to argue that f 0 is even. The �rst way is to write out the Fourier series of fand di�erentiate term by term. The Fourier series of f is a sum of sines, so the Fourier series of f 0 is asum of cosines, and hence even. This is correct reasoning, but a little clunky.The proof below is a bit pedantic, but that's ok. We de�ne g(x) = �x. Thenf(�x) = f(g(x)) = f � g(x); f(x) = f(g(g(x))) = f � g � g(x):Also observe that g0(x) = �1. So by the chain rulef 0(x) = ddx (f � g � g)(x) = (f � g)0(x)g0(x) = f 0(�x)(g0(x))2 = f 0(�x):7. (10 points) For 0 � x � �, consider the function f de�ned byf(x) = x(� � x):Verify that the Fourier series of the odd extention of f to [��; �] isf(x) = Xn odd 8n3� sin(nx):We have that f(x) = 1X1 bn sin(nx);where bn = 2� Z �0 f(x) sin(nx) = 2 Z �0 x sin(nx)dx � 2� Z �0 x2 sin(nx)dx= 2[� xn cos(nx)����0 + 1n Z �0 cos(nx)dx] � 2� [� x2n cos(nx)�����0 + 2n Z �0 x cos(nx)dx]= 2�(�1)n+1n + 2�(�1)nn � 4n� Z �0 x cos(nx)dx = � 4n� [ xn sin(nx)����0 � 1n Z �0 sin(nx)dx]= 4n2� Z �0 sin(nx)dx = 4n3� [1� (�1)n]:This last quantity is zero whne n is even, and 8=(n3�) when n is odd.8. Consider the heat equation ut = uxxwith the boundary conditions u(0; t) = 0 = u(�; t)and intial conditions u(x; 0) = x(� � x):(a) (4 points) If one looks for a solution of the form u(x; t) = v(x)w(t), then what di�erential equations mustv and w satisfy?We try a solution of the form u(x; t) = v(x)w(t). Then the di�erential equation readsvw0 = v00w:



Dividing by u = vw, we can rearrange this asw0w (t) = v00v (x):Because the right hand side of this equation depends on x alone and the left hand side depends on t alone,both sides must be constant. Therefore, we must have some constant c so thatv00v = c = w0w :We will assume the constnat is negative (see part c), so we can write c = ��2 andv00v = ��2 = w0w :(b) (4 points) What are the boundary conditions on the function v(x)?Notice we have 0 = u(0; t) = v(0)w(t);which implies v(0) = 0. Similarly, 0 = u(�; t) = v(�)w(t);which implies v(�) = 0. So the boundary conditions on v arev(0) = 0 = v(�):(c) (4 points) What are the general solutions to the di�erential equations for v and w? You may assume thatthe separation constant is negative.The ODE for v is v00 = ��2v;which has solutions v = a� cos(�x) + b� sin(�x):The boundary conditionsgive us 0 = v(0) = a�and 0 = v(�) = b� sin(��), � = n = 1; 2; 3; : : :Thus we have ��2 = �n2; v(x) = bn sin(nx):The ODE for w now reads w0 = �n2w;which has the solution w(t) = e�n2t:(d) (3 points) What is the general solution for a heat equation of this type (i.e. these boundary conditions)?The general solution is a super-position of these sines and exponentials. So we haveu(x; t) = 1X1 bne�n2t sin(nx):(e) (3 points) What is the solution to the heat equation with the boundary conditions and initial conditionslisted above? (Hint: you should have computed the relevant Fourier coe�cients in problem 7.)We have to �nd the coe�cients bn to match our initial conditions;x(� � x) = u(x; 0) = 1X1 bn sin(nx):Fortunately, we just computed those Fourier coe�cients in problem 7, so we havebn = 8n3� for n odd; bn = 0 for n even:Thus we have u(x; t) = Xn odd 8n3� e�n2t sin(nx):


