Math 211

Solutions to the Practice Problems

April 26, 2006

These problems are in no particular order.

1. Consider the differential equation

dx

dt

(a) Is z = sint a solution to this differential equation?
We plug this function into both sides of the differential equation. First the left hand side:

and next the right hand sides:

T o
= — X.
t

9w _ 4 Gnt) = cost
— = —(sint) = cos
dt  dt ’
T sint .
7 + 2t = - + 2tsint.

These two are not equal, so x = sint is not a solution.

(b) Isz = tet” a solution to this differential equation?

Again, we plug x into the differential equation, first on the left hand side:

dzr
dt

and next on the right hand side:

t

d

= —(tet2) =’ + 2t26t2,

T dx

t2

. 2. .
The two sides are equal, so z = te!” is a solution.

2. Consider the differential equation

dzr

dt

= (e = 1)(1 —z?).

(a) Find all the equilibrium (i.e. constant) solutions.

The equilibria will satisfy

0=~ =

dx
dt

(e*

—1)(1 —2?).

t
z + 2tz = eT + 2152@’52 = et2 + 2t2€t2.

This happens precisely when e* —1 =0 or 1 — 22 = 0. In the first case, we must have z = 0, and in the
second case we have x = 1 and ©* = —1. Thus the equilibria are x = 0,1, —1.

Classify these equilibria as sinks, sources, or nodes.

We test the value of f(z) = (e* — 1)(1 — 2?) at some points inbetween the equilibria:

3

7(1/2) = (e

2_1) >0,

fl12)= 3

e 1/?2-1) <0,

5

13/2) = -7

3/2_1) <0,

F(=3/2) = ~2(c"

So we see that z is increasing for £ < —1 and 0 < z < 1, while z is decreasing for —1 <z < 0 and 2 > 1.
Putting all this together, we see that x = 0 is a source while z = 1 and x = —1 are sinks.

Sketch the line field and some representative solution curves for this differential equation.
Here is the line field:
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3. Consider the differential equation

dx

— =(1+2t)(1-2?%).

= (21— %)

(a) Find all the equilibrium solutions.
The equilibria satisfy

dx

0=— = (1+2¢t)(1 —2?).
= (21— 0%

This holds for all values of t, and ¢t = 0 in particular, thus we must have 1 — 22 = 0. In other words,
x =1, —1 are the equilibria.

(b) Find the general solution to the differential equation.
This is a separable equation:

dx 9
E—(l—&-Qt)(l—x )<

dx

1— 22

= (14 2t)dt.

Integrating both sides of the equation, we have

da 12 1/2 1 1
t*+t+c= [(1+2t)dt = = dr = = log(1 — = log(1l — ).
wtre= [arai= [ 125 = [ + 2240 = Jlog(1 +.0) - S log(L — )

Now solve for x:

1+ 1+
) = log

1 1 1
t2+t+c:§log(1+x)—ilog(l—x)zilog(

)

1—x 1—=z

which we can rearrange to read

2
14z 2 et F2tte _q
_ 22 o

1—2 e2t2+2t+c +1 :

(c) Solve the initial value problem with z(0) = 1.

The initial value is one of the equilibrium solutions, so the solution to the initial value problem is z(¢) = 1
for all ¢.

4. Consider the one-parameter family of differential equations

dx 3
— =ar —z°.

dt

(a) Sketch the phase portrait when a = 1 and a = —1.

a=1:
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(b) Verify that when a = 1 the only equilibria are x = 0,1, —1. Also classify these equilibria as sinks, sources,
or nodes.

When a = 1, the differential equation reads ' = 2 — 3, so the equilibria satisfy
dx
O = — =
dt
To see if the equilibria are sinks, sources or nodes, we test some points: when z = 1/2 the righthand side
is 1/2—-1/8 > 0, when x = —1/2 the right hand side is —1/2 4+ 1/8 < 0, when x = 3/2 the righthand
side is 3/2 — 27/8 < 0, and when 2 = —3/2 the righthand side is —3/2 + 27/8 > 0. Thus we see that z is

increasing for < —1 and 0 < = < 1, while « is decreasing for z > 1 and -1 <z < 0,and sox =0 is a
source while z = 1, —1 are sinks.

r—2*=z(1-2)1+2)e2=01,-1.

(c) Verify that when a = —1 the only equilibrium is = 0, and classify this equilibrium as a sink, source, or
node.
When a = —1 the differential equation reads ' = —z — 22, so so the equilibria satisfy
d
= d—f =—=2-2=-2(1+2%) < 2=0.

Again, we test some points to find whether = 0 is a sink, source or node. When z = 1 the righthand side
is =2 < 0, and when x = —1 the righthand side is 2 > 0. Thus z is increasing for z < 0 and decreasing
for x < 0, which means z = 0 is a sink.

(d) There is one bifurcation value for a. Find it.
We test for the number of equilibria:

d
Ozd—fzax—xgzm(a—xz).

When a > 0 this equation has three solutions: x = 0,4++/a. On the other hand, when a < 0 the only
solution is x = 0. Thus a = 0 is the bifurcation point.

5. Consider the system of differential equations

-5

(a) Find the eigenvalues of the coefficient matrix A.
The eigenvalues A satisfy the equation

A+1 =3

Ozdet[ 5 a1

]=A2—9:(A+3)(A—3),

so the eigenvalues are A = 3, —3.

(b) Is the origin stable or unstable for this system? Be sure to explain your answer.

The origin is unstable because one of the eigenvalues is positive. Near the origin, the phase portrait looks
like a saddle.

(c) Find the associated eigenvectors and write down the general solution to the system.
We first find the eigenvector for A = 3. It satisfies the equation

=[]



so we can choose the eigenvector to be

Next we find the eigenvector for A = —3:
-1 3
5 1

so we can choose the eigenvector to be

Il

Finally, we write the general solution as

E(t) = c1e¥ [ i ] + coe ™3 [
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Solve the initial value problem with z1(0) =1 and x2(0) = —1.

We have to find the coeficients ¢; and ¢y by matching the initial conditions:

(22|

initial value problem is
L s

Z(t) = 3¢

]

LT
18

6. Consider the system of differential equations

a )=

(a) Find the eigenvalues of the coefficient matrix A.
The eigenvalues A satisfy the equation

A+1
-1

1

O—det[ At

}_A2+2/\+2;>/\__

3]

We multiply the first equation by 2, multiply the second equation by 3, and add, to get 18¢c; = —1, or
¢y = —1/18. Then plug this into either of the original equations to get co = 7/18, so the solution to the

3]
_A{i;}

2++/4-8
2

Sketch the phase portrait of this system and some representative solution curves.

=—-1+£:.

(b) Is the origin stable or unstable for this system? Be sure to explain your answer.

The origin is stable (in fact, strictly stable) because the real parts of all the eigenvalues are negative. Near

the origin, the solution curves look like stable spirals.

(¢) Find the associated eigenvectors and write down the general solution to the system.

We first find the eigenvector for A = —1 + ¢. It satisfies the equation

-1
-1

(—141i)a
(=1+4)b

]

]:>b:ia,



so we can choose the eigenvector to be
a| |1
b | ||
The eigenvector for A = —1 — i satisfies the equation
-1 -1 a| | (-1-1)a .
[ 1 -1 } [ b ] - [ (—1—i)b ] = b=—ia,

so we can choose the eigenvector to be
a | |1
b | | =t |

Finally, this means we can write the general solution as

f(t) = 016(71+i)t |: :’L[ :| +626(717i)t |: 1 :| .

—1

(d) Sketch the phase portrait of this system and some representative solution curves.
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(e) Solve the initial value problem with x1(0) = 0 and z2(0) = 2.
We have to find coefficients ¢; and co to match the initial conditions. They satisfy the equation

2]=ali e 4]

This system reads ¢; + co = 0,ic; — ico = 2. Sustituting co = —c; into the second equation, we get
2ic; = 2, or ¢; = —t. This in turn implies ¢, = 7, so the solution to the initial value problem is

z(t) = —iel 1D [ 1 ] + je(7170t [ 1. ] .
i

—1

7. Consider the differential equation

d2x dx
— —3— +2x=0.
az  Sa

(a) Find the general solution.
We look for solutions of the form z(t) = €™, then

0=2a" —3z2" 4+ 2z =r?e"™ —3re™ + 2" =" (r? = 3r +2) =" (r — 1)(r — 2),
so we must have r = 1 or » = 2. Thus the general solution is
z(t) = crel + ce?.
(b) Solve this initial value problem with (0) = —1 and 2/(0) = 2.
We have to find the coefficients ¢; and co by matching initial conditions:

—1=2(0) = ¢1 + cq, 2 =12'(0) = c1 + 2¢a.

Subtracting the two equations, we get co = 3, which we can then plug back in to either equation to get
c1 = —4. Thus the solution to the initial value problem is

x(t) = —4e' + 3¢



8. Consider the differential equation

(a)

d?z dx
— +5— + 6z = 3e" .
az T ar Ut
Find the general solution to the associated homogeneous equation.

The homogeneous equation is z” 4+ 5z’ + 6x = 0, and we look for solutions of the form x = ¢"t. Then we
must have

0 =r2e" 4 5re + 6" = e (x + 2)(z + 3),
so r = —2, —3 and the general solution to the homogeneous equation is c;e =2t + coe =3t

Find a particular solution to the inhomogeneous equation, and combine this with your homogeneous
solution to write out the general solution the inhomogeneous equation.

In this case, we’re unlucky because the right hand side of our differential equation is a solution to the
homogeneous equation. So we guess that the particular solution has the form z, = Ate™2'. Differentiating,

T, = Ae™ 2t — 2Ate™?, T, = —4Ae™% 4 4Ate™ 2,
Plugging this guess in, we have
37 = + bay, + 6x, = —4Ae”* + 4Ate™ + 547 — 10Ate " + 6Ate > = Ae”H = A=3.
So the general solution to the inhomogeneous equation is
z(t) = 3te™ " + cre™ 4 cpe 3.

Solve the initial value problem (for the inhomogeneous equation) with the initial conditions x(0) =
2,2/(0) = 0.
We have to find the coefficients bby matching the initial conditions:

2 =2(0) = c1 + co, 0=2'(0) =3 —2¢; — 3ea.

We can rearrange the second equation to read 2¢; 4+ 3¢y = 3, then subtract the first equation to get co = 1.
This implies ¢; = 0, so the solution to the initial value problem is

x(t) = 3te™ 2 73,

9. Consider the one-parameter family of differential equations with the parameter a:

(a)

MBI

y (¢" — 1)(a— )

Verify that the only fixed points of this system are (0,0) and (a, a).
The fized points occur when

0=(e"—1)(a—x), 0=(eY—1)(a—x),

and this happens precisely when (z,y) = (0,0) or (z,y) = (a,a).
Linearize this system about each fixed point.
If we let f(z,y) = (e —1)(a — y) and g(x,y) = (e¥ — 1)(a — x), then the coeflicient matrix is

B[ 2o

1—e¥ (a—2x)e?
a O
0 a |’

0 1—e”
1—e® 0 '

What is the stability behavior of each fixed point? Explain your answer.

Evaluating at (0,0), we have

Evaluating at (a,a), we have

At the equilibrium (a, a), the eigenvalues are (1 — e®), which assumes both signs. Thus (a,a) is always
unstable. At the equilibrium (0, 0), the eigenvalues are both a, which means that the system is stable near
(0,0) if and only if a < 0.



(d) Sketch the phase potrait both when a =1 and a = —1.
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(e) There is one bifurcation point in a. Find it.

The bifurcation point is a = 0, because that is where the origin changes from being stable to being
unstable.

10. Consider the damped spring equation

1
1 / 2 :0
ST

(a) Is this underdamped, overdamped, or critically damped?
We look at the characteristic polynomial for this differential equation:

—1/100+ 4/1/10000 — 8
O:r2+i+2:>r: / 2/ .

10

This quadratic has complex roots (the discriminant is negative), and so we have the underdamped case.

(b) Sketch some representative solution curves (say with z(0) > 0 and z’(0) = 0).

11. Consider the forced spring equation
2" 4+ 9z = cos(10t/3).

(a) What is the natural frequency of the spring? What is the forcing frequency?
A forced spring of this sort satisfies the equation

2" + wir = Acos(wt),

where wy is the natural frequency of the spring and w is the forcing frequency. From this, we can read off
that the natural frequency for this spring is v/9 = 3 and the forcing frequency is 10/3.

(b) Find the frequency of the beats and the rapid oscillations.
One can write solutions in the form Asin((w — wo)t/2)sin((w + wo)t/2). The first sin term has a low
frequency, so it corresponds to the beats. Its frequency is (1/2)(10/3 — 3) = 1/6 (and so the period is

127). The other term oscillates rapidly, with a frequency of (10/3 4+ 3)/2 = 19/6 (and so its period is
127/19).



()

Sketch a representative solution curve. Be sure to label some points to indicate the scaling (e.g. the period
of the beats).

12. Consider the system

()

! 2 2
r | | rz+x—xy
[y} - [ y =2y +y’ }
Sketch the x and y nullclines for this system.
The z nullclines satisfy the equation
dx

OZE:x+x2—xy2:x(l+x—y2).

So we must either have £ = 0 or x = y2 — 1. The first equation gives us the y-axis, and the second
equation is a parabola opening to the right, with its vertex at (—1,0).

The y nullclines satisfy
d
0= d_zzi =y—2ry+y? =y(l -2z +y).
So we must have either y = 0 or 2z —y = 1. The first equation gives us the z—axis, and the second
equation give us a line with slope 2, and y—intercept —1.

Find the equilibrium solutions.

We will find the equilibria by looking for the intersections of the nullclines. The = and y axes intersect
at the origin, so (0,0) is an equilibrium. The parabola intersects the z—axis at x = —1, so (—1,0) is an
equilibrium. The y—axis intersects the line 22 —y = 1 at y = —1, so (0, —1) is an equilibrium. Finally,
the parabola and the line intersect at the common solutions of their equations: we plug = = y% — 1 into
22 —y = 1 to get the quadratic 0 = 2y? — y — 3, which has roots y = —1 and y = 3/2. Therefore (0, —1)
(which we already found) and (5/4,3/2) are the last two equilibria we’re looking for.

Linearize the sytem about each equilibrium.

The coefficient matrix for the linearization about (zg,yo) is

ox Oy
99 99

We evaluate this at each equilibrium. First (0, 0):

[ 1422 — P —2xy
o —2y 1—2x+42y

(z0,Y0)

(z0,y0)

of of
27 oy 110
%9 99 1o 1|’
ox 9y 1l(wo,y0)
then (—1,0):
rof of 7 - -
oz oy -1 0
g g L0 3
L 9= Oy ] (z0,Y0) h
then (0, —1):
[ of of ] r B
Ox a_y o 0 0
99 d9 T2 -1
L 92 9y L l(wo,y0) -




and finally (5/4,3/2):
of of
ox oy
[ %9 99 ] -3 3/2

Classify these equilibria as stable or unstable.

[ 2]

(z0,Y0)

To classify the equilibria, we look at the eigenvalues of the linearization. For (0,0), the coefficient matrix
of the linearization is

10

0 1}’

which haas A = 1 as its only eigenvalue. Therefore, (0,0) is unstable. For (—1,0), the coefficient matrix is

[ -1 0

0 3]
which has eigenvalues A = —1,3, so (—1,0) is also unstable. The equilibrium (0, —1) has the linearized
matrix

2 -1

which has eigenvalues A = 0, —1. The zero eigenvalue means our stability test is inconclusive. Finally, we
look at the linearization near the equilibrium (5/4, 3/2):

s ]

which has eigenvalues A = /Aty 12;/16“05/2. One of these eigenvalues is positive, so (5/4,3/2) is
unstable.




