Solutions to the first midterm exam

1. Find the domain of definition of the following functions.
(a) (5 points) f(z) = V4 — a2
The term 4 — 22 inside the square root must be non-negative. So we have

4—x220<:>42x2<:>2ZVx2:|x|.

Thus the domain of the function is [—2,2].

: _ z—2
(b) (5 points) f(z) = =5
We cannot allow the denominator to be zero, so we require

0#2%—~9=(x+3)(x—3).
Thus the domain is z # £3, or (—o0, —3) U (—3,3) U (3, 00).

2. Compute the following limits. If the limit does not exist, state so and explain why.

(a) (4 points) lim, 9 (%)
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The next to last step is justified because z + 2 # 0 for x near 2.
(b) (4 points) limy— e (ﬁ)
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(¢) (4 points) lim, . (e~ Sin(“))
This limit does not exist. Recall that sinz oscillates between —1 and 1. Indeed, for © = (4n + 1)7/2,
n=1,2,3,..., we have sin((4n + 1)pi/2) = 1 and so e~ @) = ¢=1 = 1/e, while for x = (4n + 3)7/2,
n=1,2,3,..., we have sin((4n + 3)7/2) = —1 and so e~ 5" = ¢! = ¢. Because we can find arbitrarily
large values of x for which the function is either e or 1/e, the limit does not exist.

3. You may wish to recall the formal definition of a limit: we say the function f(x) approaches a limit b as x
approaches a when for every € > 0 there exists 6 > 0 such that

O<|z—al|<d=|f(x)—b <e.
Consider the function f(z) = 2z 4 1.

(a) (5 points) Find a ¢ > 0 such that if 0 < |z — 2| < § then [(2z + 1) — 5| < 155
We want to find a d so that for |x — 2| < § we have

1
2 1) — —_—
|2z +1) — 5] < 100
Unraveling this latter inequality, we find
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If we unravel |z — 2| < J, we find
2-d<r <2+

Thus any choice
401 1
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works.



(b) (5 points) Provide a formal §-€ proof that lim,_,o(2z + 1) = 5.

Given an € > 0, we want to find ¢ so that for |x — 2| < J we have
|2z +1) — 5| <e.
Unraveling this latter inequality, we get

—e<(2x+1)— :2m—4<6<:>4—6<2x<4—|—6(:)2—%<x<2+§

Thus if we choose § = ¢/2 (or anything smaller) and
|t —2|<d=€¢/22—-¢/2<x<2+¢€/2,

we then have |(22 + 1) — 5| < e. This completes the proof.

4. (10 points) Consider the function

Is f continuous at z = 17 Be sure to explain your answer.

No, f is not continuous at = 1. Indeed, for x > 1, we have f(z) = 1, and so

lim f(z) =1.

r—1t

However, for < 1, we have f(z) = —1, and so

lim f(z) =-1.

r—1—

Because the one-sided limits disagree, the limit lim,_,; f(z) does not exist. So f cannot be continuous at = = 1.

5. Be sure to explain your answers to these questions.

(a)

(4 points) Find a bounded function f(z) such that both the one-sided limits lim,_,q+ (f(2)) and lim,_q- (f(x))
exist, and yet lim,_o(f(x)) does not exist.

Let
1 >0
f(“"){ -1 z<o0.
Then
i 70 = Jig 1=,
while

lim f(z) = lim —1=-1.

x—0~ z—0—
So both one-sided limits exist, but they disagree. Therefore lim,_,; f(z) does not exist.

(4 points) Find a bounded function g(x), defined for 0 < z < 1, such that the one-sided limit lim, .o+ (g(x))
does not exist.

Let g(z) = sin(1/z). This is a bounded functions; indeed, it takes values in the interval [—1,1]. If we
evaluate g at = 1/(n), then we get

g(1/nm) = sin(nmw) = 0.
However, if we evaluate g at © = 2/((4n + 1)), then we get
9(2/((4n + 1)7)) = sin((dn 4+ 1) /2) = 1.

So g oscillates very rapidly as x — 0, which means the limit cannot exist.



