
COVERS AND THE CUR VE COMPLEX
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Abstra ct. We provide the ¯rst non-trivial examples of quasi-
isometric embeddingsbetweencurvecomplexes.Theseare induced
either by puncturing a closedsurfaceor via ¯nite-sheeted coverings.
As a corollary, we give new quasi-isometric embeddings between
mapping classgroups.

1. Intr oduction

The complex of curves [Har81] arisesin the study of the mapping
classgroup, in¯nite volumehyperbolic three-manifolds,andTeichmÄuller
space. We follow Masur and Minsky [MM99, MM00] in studying the
coarsegeometry of the curve complex. Since the curve complex is
locally in¯nite many of the standard quasi-isometryinvariants are of
questionableutilit y.

Weconcentrate on a di®erent family of invariants: metrically natural
subspaces. Note that all of the well-known subspacesof the curve
complex, such as the complex of separatingcurves, the disk complex
of a handlebody and so on, are not quasi-isometricallyembeddedand
sodo not give invariants in any obvious way. We thereforerestrict our
attention in the following way:

Problem 1.1. Classify all quasi-isometricembeddingsbetweencurve
complexes.

Our problem generalizestwo signi¯cant and related questions.Does
quasi-isometryof curve complexesimply homeomophismof the under-
lying surfaces?What is the quasi-isometrygroupof the curvecomplex?

This paper discussesthe ¯rst non-trivial examplesof onecurve com-
plex being quasi-isometricallyembedded in another. These arise ge-
ometrically, either by puncturing a closedsurface (Theorem 2.3) or
from covering maps (Theorem 7.1). As an application, we prove The-
orem 8.1: any ¯nite-sheeted covering map induces a quasi-isometric
embedding of the associated mapping classgroups.
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2. St atements

Supposethat § is a compact orientable orbifold of dimension two.
For de¯nitions and discussionof orbifolds we refer the readerto Scott's
excellent article [Sco83]. Note that we always assumethat § is \good"
in that § admits an orbifold cover that is a surface. Let § ± denote
§ minus an open neighborhood of the orbifold points. In most re-
spects there is no di®erencebetween§ and § ±; we will usewhichever
is convenient and remark on the few subtle points as they arise.

A simpleclosedcurve® ½ §, avoiding the orbifold points, is inessen-
tial if ® boundsa disk in § containing oneor zeroorbifold points. The
curve ® is peripheral if ® is isotopic to a boundary component. Note
that isotopiesof curvesare not allowed to crossorbifold points.

De¯nition 2.1. The complex of curves C(§) has isotopy classesof
essential, non-peripheral curves as its vertices. A collection of k + 1
vertices spansa k{simplex if every pair of vertices has disjoint repre-
sentativ es.

Remark 2.2. Note that the inclusion § ± ½ § inducesan isomorphism
betweenC(§) and C(§ ±).

The de¯nition of C(§) is slightly altered when § is an annulus and
when § ± is a once-holedtorus or a four-holed sphere. In the last two
casesthe curve complex of § is the well-known Farey graph; sinceall
curvesintersect,edgesare insteadplacedbetweencurvesthat intersect
exactly onceor exactly twice. The curve complexof an annulus is more
delicate and is de¯ned below.

It will beenoughto study only the one-skeletonof C(§), for which we
usethe samenotation. This is becausethe one-skeletonand the entire
complex are quasi-isometric. Give all edgesof C(§) length one and
denote distance betweenvertices by d§ (¢; ¢). We begin with a simple
example.

Puncturing. Let S be the closedsurfaceof genus g ¸ 2 and § be the
surfaceof genus g with onepuncture. The following lemma is inspired
by Lemma 3.6 of Harer's paper [Har86].

Theorem 2.3. C(S) embeds isometrically into C(§) .

As we shall see,there are uncountably many distinct embeddings.
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Proof of Theorem 2.3. Pick a hyperbolic metric on S. By the Baire
categorytheorem,the union of geodesicrepresentativ esof simpleclosed
curvesdoesnot cover S. (In fact, this union has Hausdor®dimension
one. SeeBirman andSeries[BS85].) Let ¤ bea point in the complement
and identify § with Sr f¤g. A vertex of C(S) is then taken to its
geodesicrepresentativ e, which givesan essential curve in Sr f¤g, which
is identi¯ed with a curve in §, and which lies in a vertex of C(§). This
de¯nes an embedding ¦ : C(S) ! C(§) which depends on the choice
of metric, point and identi¯cation. Let P : C(§) ! C(S) be the map
obtained by ¯lling the point ¤. Note that P ± ¦ is the identit y map.

We observe, for a;b2 C(S) and ® = ¦( a), ¯ = ¦( b) that

dS(a;b) = d§ (®; ¯ ):

This is becauseP and ¦ senddisjoint curvesto disjoint curves. There-
fore, if L ½ C(S) is a geodesicconnectinga and b, then ¦( L) is a path
in C(§) of the samelength connecting® to ¯ . Conversely, if ¤ ½ C(§)
is a geodesic connecting ® to ¯ , then P(¤) is a path in C(S) of the
samelength connectinga to b. ¤

We now turn to the main topic of the paper.

Coverings. Let § and S be compact connectedorientable orbifolds
with negative orbifold Euler characteristic. Let P : § ! S be an orb-
ifold covering map. At a ¯rst reading it is simplest to assumethat §
and S are both surfaces.

The covering P de¯nes a relation, written as ¦ : C(S) ! C(§), as
follows: Supposethat b2 C(S) and ¯ 2 C(§). Then b is related to ¯ if
and only if ¯ is a component of P ¡ 1(b), the preimageof b.
Lemma 2.4. The covering relation ¦ is well-de¯ned.

Proof. We will show that if a is an essential non-peripheral curve then
every component of P ¡ 1(a) is an essential non-perpheral component.
SinceS hasnegative orbifold Euler characteristic, choosea hyperbolic
metric of ¯nite volumeon Sr @S. Replacea by its geodesicrepresenta-
tiv e, a¤. Then a¤ is still a simpleclosedcurve, aslong a doesnot bound
a disk with exactly two orbifold points of order two. In the latter case,
a collapsesdown to a geodesic arc connecting the points. Now, the
lift of a geodesicremainsgeodesicin the lifted metric. The conclusion
follows. ¤

We now turn to convenient piece of notation: if A; B ; c are non-
negative real numbers with c ¸ 1 and if A · cB + c, then we write
A Á c B. If A Á c B and B Á c A, then we write A ³ c B. If X and
Y are metric spaces,and f : X ! Y is a map, then we say that f is
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a c{ quasi-isometric embedding if for all x; y 2 X we have dX (x; y) ³
dY (f (x); f (y)). Our goal is:
Theorem 7.1. The covering relation ¦ : C(S) ! C(§) is a Q{quasi-
isometric embedding. The constant Q dependsonly on the topology of
S and the degree of the covering map P.
Remark 2.5. Note that Q doesnot dependdirectly on the topologyof
§. When S is an annulus, the degreeof covering is not determinedby
the topology of §. Conversely, whenS is not an annulus, the topology
of § can be bounded in terms of the topology of S and the degreeof
the covering.
Remark 2.6. The constant Q may go to in¯nit y with the degreeof
the covering. For example,any pair of distinct curvesa;b in a surface
S may be made disjoint in somecover. In fact a cover of degreeat
most 2d¡ 1, whered = dS(a;b), will su±ce [Hem01, Lemma 2.3].
Remark 2.7. When § is the orientation double cover of a nonori-
entable surfaceS, Theorem 7.1 is due to Masur-Schleimer [MS07].

Supposenow that S is an orbifold. Supposethat S± is not a once-
holed torus or a four-holed sphere. Then the inequality d§ (®; ¯ ) ·
dS(a;b) follows immediately; this is becausedisjoint curves in S have
disjoint preimagesin §. (If S± is one of the special surfacesmen-
tioned above and the degreeof the covering is d, then we instead have
d§ (®; ¯ ) · (2 log2(2d) + 2) ¢dS(a;b). See[Sch, Lemma 1.21].)

The opposite inequality is harder to obtain and occupiesthe bulk of
the paper.

3. Subsurf ace pr ojection

Supposethat § is a compact connectedorientable orbifold. A sub-
orbifold ª is cleanly embedded if all components of @ª areessential and
whenever ° ½ @ª is isotopic to ± ½ @§ then ° = ±. All suborbifolds
consideredwill be cleanly embedded.

From [MM99], recall the de¯nition of the subsurface projection rela-
tion

¼ª : C(§) ! C(ª) ;

supposing that ª ± is not an annulus or a thrice-holed sphere. Since
§ hasnegative orbifold Euler characteristic we may choosea complete
¯nite volume hyperbolic metric on the interior of §. Let § 0 be the
Gromov compacti¯cation of the cover of § corresponding to the inclu-
sion ¼orb

1 (ª) ! ¼orb
1 (§). Thus § 0 is homeomorphicto ª; this gives a

canonical identi¯cation of C(ª) with C(§ 0). For any ® 2 C(§) let ®0

be the closureof the preimageof ® in § 0. If every component of ®0 is



COVERS AND THE CURVE COMPLEX 5

properly isotopic into the boundary then ® is not related to any vertex
of C(ª); in this casewe write ¼ª (®) = ; . Otherwise, let ®00 be an
essential component of ®0. Let N be a closedregular neighborhood of
®00[ @§ 0. Fix attention on ®000, a boundary component of N which is
essential and non-peripheral. Then ® 2 C(§) is related to ®0002 C(ª)
and we write ¼ª (®) = ®000.

If ª is an annulus, then the de¯nition of C(ª) is altered. Verticesare
proper isotopy classesof essential arcsin ª. Edgesare placedbetween
vertices with representativ eshaving disjoint interiors. The projection
map is de¯ned as above, omitting the ¯nal stepsinvolving the regular
neighborhood N .

The curve ® 2 C(§) cuts the suborbifold ª if ¼ª (®) 6= ; . Otherwise,
® missesª. Supposenow that ®; ¯ 2 C(§) both cut ª. De¯ne the
projection distance to be

dª (®; ¯ ) = dª (¼ª (®); ¼ª (¯ )) :

The BoundedGeodesicImageTheoremstates:

Theorem 3.1 (Masur-Minsky [MM00]). Fix a surface § . There is
a constant M = M(§) so that for any vertices ®; ¯ 2 C(§) , for any
geodesic¤ ½ C(§) connecting ® to ¯ and for any ­ ( § , if d­ (®; ¯ ) ¸
M then there is a vertex of ¤ which misses­ . ¤

By Remark2.2the BoundedGeodesicImageTheoremappliesequally
well when § is an orbifold.

Now ¯x ® and ¯ in C(§) and thresholdsT0 > 0 and T1 > 0. We say
that a set J of suborbifolds ­ ( §, is a (T0; T1){ antichain for (§ ; ®; ¯ )
if J satis¯es the following properties.

² If ­ ; ­ 0 2 J then ­ is not a strict suborbifold of ­ 0.
² If ­ 2 J then d­ (®; ¯ ) ¸ T0.
² For any ª ( §, either ª is a suborbifold of someelement of J

or dª (®; ¯ ) < T1.

Notice that there may be many di®erent antichains for the given data
(§ ; ®; ¯ ; T0; T1). One particularly nice exampleis when T0 = T1 = T
and J is de¯ned to be the maxima of the set

f ­ ( § j d­ (®; ¯ ) ¸ Tg

as ordered by inclusion. We call this the T{antichain of maxima for
(§ ; ®; ¯ ). By jJ j we meanthe number of elements of J . We may now
prove:

Lemma 3.2. For every orbifold § and for every pair of su±ciently
largethresholdsT0; T1, there is an accumulationconstantA = A(§ ; T0; T1)so
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that if J is an (T0; T1){antichain for (§ ; ®; ¯ ) then

d§ (®; ¯ ) ¸ jJ j=A:

Proof. We proceedvia induction: for the Farey graph it su±ces for
both thresholdsto be larger than 3 and A = 1 (see[Min99]). Let C be
a constant so that: if ­ ½ ª ½ § and ®0; ¯ 0 are the projections of ®; ¯
to ª then

jd­ (®; ¯ ) ¡ d­ (®0; ¯ 0)j · C:

In the generalcase,we take the thresholdslarge enoughso that:

² the theoremstill appliesto any strict suborbifold ª with thresh-
olds T0 ¡ C; T1 + C and

² T0 ¸ M(§); thus by Theorem3.1 for any orbifold in ­ 2 J and
for any geodesic¤ in C(§) connecting® and ¯ there is a curve
° in ¤ so that ° misses­.

Fix such a ¤ and ° . Let ª (and ª 0) be the component(s) of § r ° .

Claim. Let Aª = A(ª ; T0 ¡ C; T1 + C). The number of elements of
J ª = f ­ 2 J j ­ ( ª g is at most Aª ¢(T1 + C).

By the claim it will su±ce to take A(§ ; T0; T1) equal to

(Aª + Aª 0)(T1 + C) + 3:

This is becauseany element of J not cut by ° is either a strict sub-
orbifold of ª or ª 0, an annular neighborhood of ° , or ª or ª 0 itself.
Sinceevery orbifold in J is disjoint from somevertex of ¤, the lemma
follows from the pigeonholeprinciple.

All that remains is to prove the claim. If ª is a suborbifold of an
element of J then J ª is the empty set and the claim holds vacuously.
Thus we may assumethat

dª (®; ¯ ) < T1:

Let ®0 and ¯ 0 be the projections of ® and ¯ to ª. From the de¯nition
of C, J ª is a (T0 ¡ C; T1 + C){antichain for ª ; ®0 and ¯ 0. Thus,

T1 > dª (®; ¯ ) ¸ dª (®0; ¯ 0) ¡ C ¸ jJ ª j=Aª ¡ C;

with the last inequality following by induction. Hence,

T1 + C ¸ jJ ª j=Aª : ¤
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4. Teichm Äuller space

For this section, we take § to be a surface. Let T (§) denote the
TeichmÄuller spaceof §: the spaceof complete hyperbolic metrics on
the interior of §, up to isotopy. For background, see[Ber60, Gar87].

There is a uniform upper bound on the length of the shortestclosed
curve in any hyperbolic metric on §. For any metric ¾on §, a curve
° has bounded length in ¾ if the length of ° in ¾ is less than this
constant. Let e0 > 0 be a constant such that, for curves° and ±, if °
has boundedlength in ¾and ± has a length lessthan e0 then ° and ±
have intersectionnumber zero.

Supposethat ® and ¯ are verticesof C(§). Fix metrics ¾and ¿ in
T (§) so that ® and ¯ have bounded length at ¾ and ¿ respectively.
Let ¡ : [t¾; t¿] ! T (S) be a geodesicconnecting¾to ¿. For any curve
° let l t (° ) be the length of its geodesicrepresentativ e in the hyperbolic
metric ¡( t). The following theoremsare consequencesof Theorem 6.2
and Lemma 7.3 in [Raf05].
Theorem 4.1 ([Raf05]). For e0 as above there existsa thresholdTmin

suchthat, for a strict subsurface ­ of § , if d­ (®; ¯ ) ¸ Tmin then there
is a time t ­ so that the length of each boundary component of ­ in
¡( t ­ ) is lessthan e0. ¤
Theorem 4.2 ([Raf05]). For everythresholdT1, there is a constant e1

suchthat if l t (° ) · e1, for somecurve° and for sometime t, then there
existsa subsurface ª disjoint from ° suchthat dª (®; ¯ ) ¸ T1. ¤

The shadowof the TeichmÄuller geodesic¡ insideof C(§) is the set of
curves° sothat ° hasboundedlength in ¡( t) for somet 2 [t¾; t¿]. The
following is a consequenceof the fact that the shadow is an unparame-
terized quasi-geodesic. (SeeTheorem2.6 and then apply Theorem2.3
in [MM99].)
Theorem 4.3 ([MM99]). The shadowof a TeichmÄuller geodesicinside
of C(§) doesnot backtrack and so satis¯es the reversetriangle inequal-
ity. That is, there existsa backtrackingconstant B = B(§) suchthat if
t¾ · t0 · t1 · t2 · t¿ and if ° i has bounded length in ¡( t i ), i = 0; 1; 2
then

d§ (°0; °2) ¸ d§ (°0; °1) + d§ (°1; °2) ¡ B:
We say that ¡( t) is e{ thick if the shortest closedgeodesic° in ¡( t)

hasa length of at least e.
Lemma 4.4. For any e > 0 there is a progressconstant P > 0 so that
if t¾ · t0 · t1 · t¿, if ¡( t) is e{thick at every time t 2 [t0; t1], and if
° i hasbounded length in ¡( t i ) (i = 0; 1) then

d§ (°0; °1) ³ P t1 ¡ t0:
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Proof. As above, using Theorem 6.2 and Lemma 7.3 in [Raf05] and
the fact that ¡( t) is e{thic k at every time t 2 [t0; t1], we can conclude
that d­ (°0; °1) is uniformly bounded for any strict subsurfaceof ­ of
§. The lemma is then a consequenceof Theorem 1.1 and Remark 5.5
in [Raf06]. (Referring to the statement and notation of [Raf06, Theo-
rem 1.1]: Extend ° i to a short marking ¹ i . Take k large enoughsuch
that the only non-zeroterm in the right hand sideof [Raf06, Equation
(1)] is d§ (¹ 0; ¹ 1).) ¤

In generalthe geodesic¡ may stray into the thin part of T (S). We
take ¡ ¸ e to be the set of times in the domain of ¡ which are e{thic k.
Notice that ¡ ¸ e is a union of closedintervals. Let ¡( e; L) be the union
of intervals of ¡ ¸ e which have length at least L. We use j¡( e; L)j to
denotethe sum of the lengths of the components of ¡( e; L).

Lemma 4.5. For every e there existsL0 suchthat if L ¸ L0, then

d§ (®; ¯ ) ¸ j¡( e; L)j=2P:

Proof. Pick L0 large enoughso that, for L ¸ L0,

(L=2P) ¸ P + 2B:

Let ¡( e; L) be the union of intervals [t i ; si ], i = 1; : : : ; m. Let ° i be a
curve of boundedlength in ¡( t i ) and ±i be a curve of boundedlength
in ¡( si ).

By Theorem4.3 we have

d§ (®; ¯ ) ¸

Ã
X

i

d§ (° i ; ±i )

!

¡ 2mB:

From Lemma 4.4 we deduce

d§ (®; ¯ ) ¸

Ã
X

i

1
P

(si ¡ t i ) ¡ P

!

¡ 2mB:

Rearranging,we ¯nd

d§ (®; ¯ ) ¸
1
P

j¡( e; L)j ¡ m(P + 2B):

Thus, as desired:

d§ (®; ¯ ) ¸
1

2P
j¡( e; L)j: ¤
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5. An estima te of dist ance

Again, take § to be a surface. In this sectionwe provide the main
estimate for d§ (®; ¯ ). Let e0 be as before. We choosethresholdsT0 ¸
Tmin (seeTheorem4.1) and T1 sothat Lemma3.2 holds. Let e1 be the
constant provided in Lemma 4.4 and let e > 0 be any constant smaller
than minf e0; e1g. Finally, we pick L0 such that Lemma 4.5 holds and
that L0=2P > 4. Let L be any length larger than L0.
Theorem 5.1. Let T0, T1, e and L be constantschosenasabove. There
is a constant K = K(§ ; T0; T1; e; L) such that for any curves® and ¯ ,
any (T0; T1){antichain J and any TeichmÄuller geodesic ¡ , chosenas
above, we have:

d§ (®; ¯ ) ³ K jJ j + j¡( e; L)j:

Proof. For K ¸ max(2P; A), the inequality

d§ (®; ¯ ) ÂK jJ j + j¡( e; L)j

follows from Lemmas3.2 and 4.5. It remainsto show that

d§ (®; ¯ ) ÁK jJ j + j¡( e; L)j:

For each ­ 2 J , ¯x a time t ­ 2 [t¾; t¿] so that all boundary com-
ponents of ­ are e0{short in ¡( t ­ ) (seeTheorem 4.1). Let E be the
union:n

t ­

¯
¯
¯ ­ 2 J ; t ­ 62¡( e; L)

o
[

n
@I

¯
¯
¯ I a component of ¡( e; L)

o
:

We write E = f t0; : : : ; tng, indexedso that t i < t i +1 .

Claim. The number of intervals in ¡( e; L) is at most jJ j + 1. Hence,
jEj · 3jJ j + 1.

Proof. At some time between any consecutive intervals I and J in
¡( e; L) somecurve ° becomese{short (and hencee1{short). Therefore,
by Theorem4.2, ° is disjoint from a subsurfaceª wheredª (®; ¯ ) ¸ T1.
Since J is an (T0; T1){antichain, ª is a subsurfaceof someelement
­ 2 J . It follows that d§ (° ; @­) · 2. This de¯nes a one-to-onemap
from pairs of consecutive intervals to J . To seethe injectivit y consider
anothersuch pair of consecutive intervals I 0 and J 0 and the correspond-
ing curve ° 0 and subsurface­ 0. By Lemma 4.4, d§ (° ; ° 0) ¸ L=2P > 4
and therefore­ is not equal to ­ 0. ¤

Let ° i be a curve of boundedlength in ¡( t i ).

Claim.

d§ (° i ; ° i +1 ) ·

(
P(t i +1 ¡ t i ) + P; if [t i ; t i +1 ] ½ ¡( e; L)
2B + PL + P + 2; otherwise.
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Proof. The ¯rst casefollows from Lemma 4.4. So suppose that the
interior of [t i ; t i +1 ] is disjoint from the interior of ¡( e; L).

We de¯ne setsI + ; I ¡ ½ [t i ; t i +1 ] as follows: A point t 2 [t i ; t i +1 ] lies
in I ¡ if

² there is a curve ° which is e{short in ¡( t) and
² for some­ 2 J , so that d§ (@­ ; ° ) · 2, we have t ­ · t i .

If instead t ­ ¸ t i +1 then we place t in I + . Finally, we place t i in I ¡

and t i +1 in I + .
Notice that if ­ 2 J then t ­ doesnot lie in the openinterval (t i ; t i +1 ).

It follows that every e{thin point of [t i ; t i +1 ] lies in I ¡ , I + , or both. If
t 2 I ¡ and ° is the corresponding e{short curve then d§ (° i ; ° ) · B+ 2.
This is becauseeither t = t i and so ° and ° i are in fact disjoint, or
there is a surface­ 2 J as above with

2 ¸ d§ (@­ ; ° ) ¸ d§ (° i ; ° ) ¡ B;

Similarly if t 2 I + then d§ (° i +1 ; ° ) · B + 2.
If I + and I ¡ have non-empty intersectionthen d§ (° i ; ° i +1 ) · 2B + 4

by the triangle inequality.
Otherwise, there is an interval [s;s0] that is e{thic k, has length less

than L such that s 2 I ¡ and s0 2 I + . Let ° and ° 0 be the corresponding
short curvesin ¡( s) and ¡( s0). Thus

d§ (° i ; ° ) · B + 2 and d§ (° 0; ° i +1 ) · B + 2:

We alsoknow from Lemma 4.4 that

d§ (° ; ° 0) · PL + P:

This ¯nishes the proof of our claim. ¤

It follows that

d§ (®; ¯ ) · d§ (°0; °1) + : : : + d§ (°n¡ 1; °n )

· jEj(2B + PL + P + 2) + Pj¡( e; L)j + jEjP

ÁK jJ j + j¡( e; L)j;

for an appropriate choiceof K. This provesthe theorem. ¤

6. Symmetric cur ves and surf aces

Let § and S be orbifolds. Let P : § ! S be an orbifold covering
map.
De¯nition 6.1. A curve ® 2 C(§) is symmetric if there is a curve a 2
C(S) so that P(®) = a. We make the samede¯nition for a suborbifold
­ ½ § lying over a suborbifold Z ½ S.
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For the rest of this section, ¯x symmetric curves ® and ¯ . Pick
x; y 2 T (S±) so that a = P(®) has boundedlength in x and b = P(¯ )
is bounded in y. Let G: [tx ; ty] ! T (S±) be the TeichmÄuller geodesic
connectingx to y. For every t 2 [tx ; ty] let qt be the terminal quadratic
di®erential of the TeichmÄuller map from G(tx ) to G(t). We lift qt

to the surfaceP ¡ 1(S±) and ¯ll to obtain a parametrized family µt of
quadratic di®erentials on § ±. Notice that µt is indeed a quadratic
di®erential: supposethat p 2 S is a orbifold point and qt has a once-
prongedsingularity at p. For every regular point ¼in the preimageof
p the di®erential µt hasat least a twice-prongedsingularity at ¼.

Uniformize the associated°at structuresto obtain hyperbolic metrics
on § ±. This givesa path ¡ : [tx ; ty] ! T (§ ±). The path ¡ is a geodesic
in T (§ ±). This is because,for t; s 2 [tx ; ty], the TeichmÄuller map from
G(t) to G(s) has Beltrami coe±cient k jqj=q where q is an integrable
holomorphic quadratic di®erential in G(t). This map lifts to a map
from ¡( t) to ¡( s) with Beltrami coe±cient k jµj=µ, wherethe quadratic
di®erential µ is the pullback of q to ¡( t). That is, the lift of the Te-
ichmÄuller map from from G(t) to G(s) is the TeichmÄuller map from
¡( t) to ¡( s) with the samequasi-conformalconstant. Therefore,as is
well-known, the distance in T (S±) betweenG(t) and G(s) equalsthe
distancein T (§ ±) between¡( t) and ¡( s).

Prop osition 6.2 (Proposition 3.7 [Raf06]). For any e, there is a con-
stant N such that the following holds. Assumethat, for all t 2 [r; s],
there is a component of @­ whoselength in ¡( t) is larger than e. Sup-
pose ° has bounded length in ¡( r ) and ± has bounded length in ¡( s).
Then

d­ (° ; ±) · N:

Lemma 6.3. For e small enough,N as aboveand any suborbifold ­ ½
§ , if d­ (®; ¯ ) ¸ 2N + 1, then ­ is symmetric.

Proof. Consider the ¯rst time t ¡ and last time t+ that the boundary
of ­ is e{short. Sincethe boundary of ­ is short in ¡ at thesetimes,
so is its imageP(@­) in G at the corresponding times. Therefore,all
components of the image are simple. (This is a version of the Collar
Lemma. SeeTheorem 4.2.2 of [Bus92].) It follows that the boundary
of ­ is symmetric. This is becausechoosinge small enoughwill ensure
that curvesin P ¡ 1(P(­)) haveboundedlength at both t ¡ and t+ . (The
length of each is at most the degreeof the covering map times e.) If
any such curve ° intersects­ we have d­ (° ; ®) · N and d­ (° ; ¯ ) · N,
contradicting the assumptiond­ (®; ¯ ) ¸ 2N+ 1. Thus, the suborbifold
­ is symmetric. ¤
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7. The quasi-isometric embedding

We now prove the main theorem:
Theorem 7.1. The covering relation ¦ : C(S) ! C(§) is a Q{quasi-
isometric embedding. The constant Q dependsonly on the topology of
S and the degree of the covering map P.

Proof. As mentioned before,we only needto show that

d§ (®; ¯ ) ÂQ dS(a;b):

Supposethat d is the degreeof the covering. We prove the theoremby
induction on the complexity of S. In the casewhere S is an annulus
without orbifold points, the cover § is alsoan annulus and the distances
in C(§) and C(S) are equal to the intersection number plus one. But,
in this case,

i (®; ¯ ) ¸ i (a;b)=d:
Therefore,the theorem is true with Q = d.

Now assumethe theorem is true for all strict suborbifolds of S.
Let Q0 be the largest constant of quasi-isometry necessaryfor such
suborbifolds. Choosethe threshold T, constant e and length L such
that Theorem 5.1 holds for both the data (S; T; T; e; L) as well as
(§ ; (T=Q0) ¡ Q0; T; e; L). We also assumethat T ¸ 2N + 1. All of the
constants depend only on the topology of S and the degreed, because
theselast two bound the topology of §.

Let J S be the T{antichain of maxima for S; a and b and let J § be
the set of preimagesof elements of J S.

Claim. The set J § is a ((T=Q0) ¡ Q0; T){antichain for (§ ; ®; ¯ ).

We check the conditions for being an antichain. Sinceelements of
J S are not subsetsof each other, the sameholds for their preimages.
The condition d­ (®; ¯ ) ¸ (T=Q0) ¡ Q0 is the induction hypothesis.Now
supposeª ½ § with dª (®; ¯ ) ¸ T. By Lemma 6.3, ª is symmetric.
That is, it is a component of the preimageof an orbifold Y ½ S and

dY (a;b) ¸ dª (®; ¯ ) ¸ T:

This implies that Y ½ Z for someZ 2 J S. Therefore, taking ­ to be
the preimageof Z , we have ª ½ ­ 2 J § . This provesthe claim.

Hence,there are constants K and K0 such that

dS(a;b) ³ K jJ Sj + jG(e; L)j;

and

d§ (®; ¯ ) ³ K0 jJ § j + j¡( e; L)j:
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Note that jJ Sj · djJ § j asa suborbifold of S hasat most d preimages.
Note also that jG(e; L)j · j¡( e; L)j because¡( t) is at least as thick as
G(t). Therefore

dS(a;b) ÁQ d§ (®; ¯ );

for Q = dK K0. This ¯nishes the proof. ¤

8. An applica tion to mapping class gr oups

Supposethat P : § ! S is an orbifold covering map, and Âorb (S) <
0. Let MC G(§) be the orbifold mapping classgroup of §: homeomor-
phisms of § respecting the set of orbifold points and their orders, up
to isotopy ¯xing the orbifold points. We have:

Theorem 8.1. The cover P induces a quasi-isometricembedding

¦ ¤ : MC G(S) ! MC G(§) :

Remark 8.2. This should be compared to the following statement
[Ham, Theorem B]: if ¶: Z ! S is the inclusion of an essential sub-
surface, so that all annuli of Sr Z are boundary parallel in S, then
¶ inducesa quasi-isometricembedding of mapping classgroups. This
follows directly from the summation formula of Masur and Minsky.
See[MM00], Theorems7.1, 6.10,and 6.12.

It seemsvery unlikely that the puncturing map, discussedin Sec-
tion 2, likewisegivesrise to a quasi-isometricembedding.

To prove Theorem 8.1 ¯rst assumethat P : § ! S is a regular
orbifold cover with ¯nite deck group ¢ < MC G(§). Let N (¢) be
the normalizer of ¢ inside of MC G(§). As a bit of notation we take
¤ = ¼orb

1 (§) and L = ¼orb
1 (S). Notice that ¤ < L is normal, of ¯nite

index, and L=¤ = ¢.
As discussedin both [FM02, Section7] and [MH75] the Dehn-Nielsen

theoremholds for orbifolds: MC G(S)»= Out(L). Recall that Out(L) is
de¯ned as the quotient Aut( L)=Inn(L). De¯ne Aut (L; ¤) < Aut( L)
to be the ¯nite index subgroupwhich ¯xes ¤ setwise. Let M (L; ¤) be
the imageof Aut( L; ¤) inside of MC G(S). We recall a lovely theorem
of MacLachlan and Harvey [MH75, Theorem10]:

Theorem 8.3. There is a short exactsequence:

1 ! ¢ ! N (¢) ! M (L; ¤) ! 1

It follows that N (¢) is quasi-isometricto MC G(S). ¤

Recall that if a 2 C(S) is a curve and ® ½ P ¡ 1(a) is a component
then we called ® a symmetric curve. Sincewe now assumethat the
cover P is regular we call P ¡ 1(a) a symmetric orbit or simply an orbit.
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Prop osition 8.4. The normalizer of ¢ , N (¢) , is quasi-isometrically
embedded in MC G(§) .

Proof. Let m be a marking of S: a collection of curveswhich ¯ll. Let
X be a generatingset for MC G(S). By [MM00], Theorems7.1, 6.10,
and 6.12, for any element g 2 MC G(S)

jjgjjX ³
X

[dZ (m; g(m))]k:

Here the sum rangesover all sub-orbifoldsZ ½ S. Also jjgjj X is the
word length of g with respect to the generating set X . Note that
[r ]k = r if r ¸ k and [r ]k = 0 if r < k. The constants of the quasi-
equality depend on k which in turn dependson our choiceof marking
m and generatingset X . However, all of the choicesare independent
of the group element g.

As N (¢) and MC G(S) are quasi-isometric,choosing a generating
set for N (¢) givesa similar estimate for word length in N (¢).

Let ¹ = P ¡ 1(m). Note that ¹ ¯lls § and is a union of symmetric
orbits. Furthermore, for all g 2 N (¢) and for all h 2 ¢ there is a
h0 = ¹ghg 2 ¢. Sowe have

hg(¹ ) = g¹ghg(¹ ) = gh0(¹ ) = g(¹ ):

and it follows that g(¹ ) is againa union of orbits. Fix now a generating
set £ for MC G(§). As above we have that

jjgjj £ ³
X

[d­ (¹; g(¹ ))] · :

Since ¹ and g(¹ ) are both symmetric, if d­ (¹; g(¹ )) is larger than ·
then ­ is itself symmetric, by Lemma6.3. Taking Z = P(­), it follows
directly from Theorem 7.1 that

dZ (m; g(m)) ³ d­ (¹; g(¹ )) :

On the other hand, Theorem 7.1 also tells us that large projections in
any Z ½ S imply largeprojections in the components of the cover. We
concludethat jjgjj X ³ jjgjj £ and this ¯nished the proof. ¤

We now remove our assumptionthat P : § ! S is a regular cover.
Recall that ¡ = ¼orb

1 (§) < ¼orb
1 (S) = G.

Proof of Theorem 8.1. Let ¡ 0 be the intersectionof all conjugatesof ¡
inside of G. Let § 0 be the corresponding cover of §. Note that § 0 is a
regular cover of both § and of S. Let ¢ § and ¢ S be the corresponding
deck groupsin MC G(§ 0). Note that ¢ § < ¢ S.
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Let N (¢ § ) and N (¢ S) be the normalizersof ¢ § and ¢ S inside of
MC G(§ 0). From the action, by conjugation, of N (¢ S) on the sub-
groups of ¢ S deducethat N 0(¢ S) = N (¢ S) \ N (¢ § ) is ¯nite index
inside of N (¢ S). Thus N 0(¢ S) is quasi-isometricto N (¢ S).

SinceN (¢ S) and N (¢ § ) are both quasi-isometricallyembeddedin
MC G(§ 0), by Proposition 8.4, it followsthat N 0(¢ S) (and thusN (¢ S))
quasi-isometricallyembedsin N (¢ § ). Applying Theorem8.3now gives
the desiredquasi-isometricembedding of MC G(S) into MC G(§). ¤

As a further application, let § be the closedorientable surfaceof
genus g and let j : § ! § be a hyperelliptic involution. Let S =
§ =j and let P : § ! S be the induced orbifold cover. Birman and
Hilden [BH73] provide a short exact sequence:

1 ! hj i ! N (hj i ) ! MC G(S) ! 1:

Notice that MC G(S) is the spherical braid group on 2g + 2 strands.
By Theorem8.1 we immediately have:

Corollary 8.5. The Birman-Hilden mapinducesa quasi-isometricem-
bedding of the spherical braid group MC G(S) into MC G(§) . ¤

This answersa questionof Luis Paris.
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