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Abstract. In this paper we derive a fast O(n2 ) algorithm for solving linear systems where the coe�cien t matrix is a
polynomial-V andermonde matrix VR (x) = [r j � 1 (x i )] with polynomials f r k (x)g related to a Hessenberg quasiseparable matrix.
The result generalizes the well-known Bj•orck-Pereyra algorithm for classical Vandermonde systems involving monomials. It also
generalizes the algorithms of [RO91] for VR (x) involving Chebyshev polynomials, of [H90] for VR (x) involving real orthogonal
polynomials, and of [BEGK O07] for VR (x) involving Szeg•o polynomials. The new algorithm applies to a fairly general class
of H-k-q.s.-polynomials (Hessenberg order k quasiseparable) that includes (along with the above mentioned classes of real
orthogonal and Szeg•o polynomials) several other imp ortan t classes of polynomials. Preliminary numerical experiments are
presented comparing the algorithm to standard structure-ignoring methods.

1. In tro duction.

1.1. Polynomial-V andermonde matrices and Bj•orck-P ereyra-t yp e algorithms. The fact that
the n2 entries of Vandermondematrices V (x) =

�
x j � 1

i

�
are determined by only n parametersf xk g allows

the design of fast algorithms. Speci�cally , an algorithm due to Bj•orck and Pereyra [BP70] can solve the
system V (x)a = f in O(n2) operations. This is as opposedto the O(n3) operations required by Gaussian
elimination. Moreover, it wasproven in [H87] that in many casesthe Bj•orck-Pereyraalgorithm is guaranteed
to provide a very high accuracy. The reduction in complexity as well as the favorable numerical properties
attracted much attention in the numerical linear algebra literature, and the Bj•orck-Pereyra algorithm has
beencarried over to several other important classesof polynomial-Vandermondematrices

VR (x) =

2

6
6
6
4

r0(x1) r1(x1) � � � rn � 1(x1)
r0(x2) r1(x2) � � � rn � 1(x2)

...
...

...
r0(xn ) r1(xn ) � � � rn � 1(xn )

3

7
7
7
5

(1.1)

de�ned not only by the nodes f xk g but also by the system of polynomials f r k (x)g. Table 1.1 below lists
several classesof polynomials for which the Bj•orck-Pereyra-type algorithms1 are currently available.

Matrices VR (x) Polynomial systemsR = f r k (x)g Fast system solver

ClassicalVandermonde monomials Bj•orck-Pereyra [BP70]
Chebyshev-Vandermonde Chebyshev polynomials Reichel-Opfer [RO91]
Three-Term-Vandermonde Real orthogonal polynomials Higham [H90]
Szeg•o-Vandermonde Szeg•o polynomials [BEGK O07]

Table 1.1
Fast O(n2 ) algorithms for several classes of polynomial-V andermonde matric es.

1.2. Capturing recurrence relations via confederate matrices. To generalizethe algorithms in
Table 1.1 we will usethe conceptof a confederate matrix intro ducedin [MB79]. Let polynomials R = f r 0(x);
r1(x) ; : : : ; rn (x)g be speci�ed by the general recurrencen-term relations2

r k (x) = (� k x � ak � 1;k ) � r k � 1(x) � ak � 2;k � r k � 2(x) � : : : � a0;k � r0(x);(1.2)

De�ne for the polynomial

� (x) = � 0 � r0(x) + � 1 � r1(x) + : : : + � n � 1 � rn � 1(x) + rn (x)(1.3)

� Departmen t of Mathematics, Univ ersity of Connecticut, Storrs CT 06269-3009, USA. Email: bella@math.uconn.edu
y School of Mathematical Sciences,Raymond and Beverly Sackler Facult y of Exact Sciences,Tel Aviv Univ ersity, Ramat-Aviv

69978, Israel.
1Along with carrying over the Bj•orck-Pereyra algorithm to various families of polynomials f r k (x)g there are also other

(matrix) directions of generalization. E.g., the algorithm had been carried over to the block Vandermonde matrices in [TG81 ]
and to Cauchy matrices in [BK O99].

2 It is easy to seethat any polynomial system f r k (x)g satisfying degr k (x) = k obeys (1.2).
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its confederate matrix (with respect to the polynomial system R) by

CR (� ) =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

a01
� 1

a02
� 2

a03
� 3

� � � a0;k

� k
� � � � � � a0;n

� n
1

� 1

a12
� 2

a13
� 3

� � � a1;k

� k
� � � � � � a1;n

� n

0 1
� 2

a23
� 3

� � �
... � � � � � � a2;n

� n

0 0 1
� 3

. . . ak � 2 ;k

� k

. . .
...

...
...

. . .
. . . ak � 1 ;k

� k

. . .
. . .

...
...

...
. . .

. . . 1
� k

. . .
. . .

...
...

...
. . .

. . .
. . .

. . .
. . .

...
0 0 � � � � � � � � � 0 1

� n � 1

an � 1 ;n

� n

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

| {z }
CR ( r n )

�

2

6
6
6
6
6
6
6
6
4

� 0

� 1

� 2
...
...

� n � 1

3

7
7
7
7
7
7
7
7
5

�
0 0 � � � 0 1=� n

�
:(1.4)

Notice that the coe�cien ts of the recurrencerelations for the kth polynomial r k (x) from (1.2) are contained
in the highlighted kth column of CR (rn ). We refer to [MB79] for many useful properties of the confederate
matrix and only recall here that

r k (x) = � 0 � � 1 � : : : � � k � det(xI � [CR (� )]k � k ); � (x) = � 0 � � 1 � � � � n � det(xI � CR (� )) ;

where [CR (� )]k � k denotesthe k � k leading submatrix of CR (� ).
Next in Table 1.2 we list confederatematrices for the polynomial systems3 of Table 1.1.

RecurrenceRelations of R Confederatematrix CR (rn )

r k (x) = x � r k � 1(x)

2

6
6
6
6
6
6
6
4

0 0 � � � � � � 0

1
. . .

. . . 0

0
. . .

. . .
. . .

...
...

. . .
. . .

. . .
...

0 � � � 0 1 0

3

7
7
7
7
7
7
7
5

Monomials Companion matrix

r k (x) = (� k x � � k )r k � 1(x) � 
 k r k � 2(x)

2

6
6
6
6
6
6
6
6
4

� 1
� 1


 2
� 2

0 � � � 0

1
� 1

� 2
� 2

. . .
. . .

...

0 1
� 2

. . . 
 n � 1

� n � 1
0

...
. . .

. . . � n � 1

� n � 1


 n
� n

0 � � � 0 1
� n � 1

� n
� n

3

7
7
7
7
7
7
7
7
5

Real orthogonal polynomials Tridiagonal matrix

r k (x) = [ 1
� k

� x + � k
� k � 1

1
� k

]r k � 1(x)
� � k

� k � 1

� k � 1

� k
� x � r k � 2(x)

2

6
6
6
6
6
6
6
4

� � 1� �
0 � � � � � n � 1� n � 2 : : : � 1� �

0 � � n � n � 1 : : : � 1� �
0

� 1
. . . � � n � 1� n � 2 : : : � 2� �

1 � � n � n � 1 : : : � 2� �
1

0
. . .

...
...

... � � n � 1� �
n � 2 � � n � n � 1� �

n � 2
0 � � � � n � 1 � � n � �

n � 1

3

7
7
7
7
7
7
7
5

Szeg•o polynomials Unitary Hessenberg matrix
Table 1.2

Polynomial systems and corr esponding confederate matric es.

3For the monomials and for the real orthogonal polynomials the structure of the confederate matrices can be immediately
deduced from their recurrence relations. For Szeg•o polynomials it is also well-known, see,e.g., [O01] and the referencestherein.

2



It turns out that tridiagonal and unitary Hessenberg matrices of Table 1.2 are special casesof the more
generalclassof matrices de�ned next.

1.3. Hessenberg quasiseparable matrices and polynomials. Recall that a matrix A = [aij ] is
called upper Hessenberg if all entries below the �rst subdiagonal are zeros;that is, aij = 0 if i > j + 1, and
is furthermore irr educible if ai +1 ;i 6= 0 for i = 1; : : : ; n � 1.

Definition 1.1. (Quasiseparable matrices and polynomials)
� A matrix A is called H-m-q.s. (or Hessenberg-m-quasiseparable ) if (i) it is upper Hessenberg, and

(ii) max(rankA12) = m where the maximum is taken over all symmetric partitions of the form

A =
�

� A12

� �

�
(1.5)

� Let A = [aij ] be an irr educible (i.e., ai +1 ;i 6= 0), H-m-q.s. matrix. Then the systemof polynomials
f r k (x)g related to A via

r k (x) = � 1 � � � � k det (xI � A)(k � k ) (where � i = 1=ai +1 ;i )

is called a systemof H-m-q.s. polynomials (or Hessenberg-m-quasiseparable polynomials).
We verify next that the classof H-1-q.s. polynomials is wide enoughto include monomials, real orthog-

onal and Szeg•o polynomials (i.e., all polynomials of Tables 1.1 and 1.2) as special cases.This can be seen
by inspecting, for each confederatematrix, its typical submatrix A12 from the partition described in (1.5).

1.3.1. Tridiagonal matrices are H- 1-q.s. Indeed, if A is tridiagonal, then the submatrix A12 has
the form

A12 =

2

6
6
4

0 0 � � � 0
0 0 � � � 0
0 0 � � � 0
� k
� k

0 � � � 0

3

7
7
5

which can easily be observed to have rank one.

1.3.2. Unitary Hessenberg matrices are H- 1-q.s. Indeed, if A corresponds to the Szeg•o polyno-
mials, then the corresponding submatrix A12 has the form

A12 =

2

4
� � k � k � 1 � � � � 3� 2� 1� �

0 � � k � 1� k � 2 � � � � 3� 2� 1� �
0 � � � � � n � n � 1 � � � � 3� 2� 1� �

0
� � k � k � 1 � � � � 3� 2� �

1 � � k � 1� k � 2 � � � � 3� 2� �
1 � � � � � n � n � 1 � � � � 3� 2� �

1
� � k � k � 1 � � � � 3� �

2 � � k � 1� k � 2 � � � � 3� �
2 � � � � � n � n � 1 � � � � 3� �

2

3

5 ;

which is also rank 1 sincethe rows are scalar multiples of each other.

1.4. Main result. Fast O(n2) Bj•orck-P ereyra-lik e algorithm for H- 1-q.s. Vandermonde
matrices. In this paper we derive a generalization of the Bj•orck-Pereyra algorithm that applies to the
general polynomial Vandermonde matrices VR (x) involving polynomials R = f r k (x)g satisfying only one
restriction: degr k (x) = k. However, in this generalcasethe algorithm has the cost of O(n3) operations, i.e.,
it is not fast.

The Bj•orck-Pereyra-like algorithms were known to be fast in a number of special cases,e.g., when the
corresponding confederatematrix has somestructure. Several well-known structured confederatematrices
are listed in Table 1.2, and the corresponding known fast O(n2) Bj•orck-Pereyra-likealgorithms for them are
listed in Table 1.1.

We show that our Bj•orck-Pereyra-like algorithm is fast (also requiring O(n2) operations) when the
polynomial Vandermondematrices VR (x) involvesH-m-q.s. polynomials with small m. Sincethe latter class
includes real orthogonal and Szeg•o polynomials, the new fast algorithm generalizesall the algorithms listed
in Table 1.1.

Along with real orthogonal polynomialsand Szeg•o polynomials the classof H-m-q.s. polynomials includes
several more families, and the new fast O(n2) Bj•orck-Pereyra-like algorithm applies to them as well. As a
matter of fact, a particular structure in recurrencerelations typically yields a quasiseparablestructure of
the corresponding confederatematrices CR (rn ), and this allows the computational speed-up. We describe
four such examples(for which the Bj•orck-Pereyra algorithms were not available before) next.
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1.5. Several in teresting special cases for whic h the new Bj•orck-P ereyra-t yp e algorithm is
fast. In this section we describe several subclassesof H-m-q.s. polynomials such that the corresponding
Bj•ork-Pereyra-like algorithm, by virtue of the principal result of this paper, is fast.

1.5.1. m-recurren t polynomials. It is easy to see that if polynomials satisfy m-term recurrence
relations

r k (x) = (� k x � ak � 1;k ) � r k � 1(x) � ak � 2;k � r k � 2(x) � : : : � ak � (m � 1) ;k � r k � (m � 1) (x)(1.6)

then their confederatematrices

A =

2

6
6
6
6
6
6
6
6
6
6
6
4

a0; 1

� 1
� � � a0;m � 1

� m � 1 0 � � � 0

1
� 1

a1; 2

� 2
� � � a1;m

� m

. . .
...

0 1
� 2

. . . 0
...

. . .
. . .

. . . an � ( m � 1) ;n

� n
...

. . . 1
� n � 2

...
0 � � � � � � 0 1

� n � 1

an � 1 ;n

� n

3

7
7
7
7
7
7
7
7
7
7
7
5

(1.7)

are(1; m� 2)-banded,i.e., they haveonly onenonzerosubdiagonaland m� 2 nonzerosuperdiagonals.Clearly,
any A12 in (1.5) has rank at most (m � 2), implying that A is a H-(m � 2)-q.s. matrix by de�nition (E.g.,
tridiagonal matrices are H-1-q.s.). Hence m-recurrent polynomials are H-(m � 2)-q.s. (E.g., polynomials
satisfying three-term recurrencerelations are H-1-q.s.).

1.5.2. More general three-term recurrence relations. Considerpolynomials satisfying fairly gen-
eral4 three-term recurrencerelations

r k (x) = (� k x � � k ) � r k � 1(x) � (� k x + 
 k ) � r k � 2(x):(1.8)

It was observed in [BEGOT06] that the confederatematrix CR (rn ) of such f r k (x)g has the form
2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

� 1
� 1

� 1
� 1

� 2 + 
 2

� 2

� 1
� 1

� 2 + 
 2

� 2

�
� 3
� 3

� � 1
� 1

� 2 + 
 2

� 2

�
� 3
� 3

� �
� 4
� 4

�
� � �

� 1
� 1

� 2 + 
 2

� 2

�
� 3
� 3

� �
� 4
� 4

�
� � �

�
� n
� n

�

1
� 1

� 2
� 2

+ � 2
� 1 � 2

�
� 2
� 2

+ � 2
� 1 � 2

�
� 3 + 
 3

� 3

�
� 2
� 2

+ � 2
� 1 � 2

�
� 3 + 
 3

� 3

�
� 4
� 4

�
� � �

�
� 2
� 2

+ � 2
� 1 � 2

�
� 3 + 
 3

� 3

�
� 4
� 4

�
� � �

�
� n
� n

�

1
� 2

� 3
� 3

+ � 3
� 2 � 3

�
� 3
� 3

+ � 3
� 2 � 3

�
� 4 + 
 4

� 4

1
� 3

� 4
� 4

+ � 4
� 3 � 4

...

1
� 4

. . .

. . .
. . .

� � n � 1
� n � 1

+
� n � 1

� n � 2 � n � 1

�
� n + 
 n

� n
1

� n � 1

� n
� n

+ � n
� n � 1 � n

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

:(1.9)

Observe that taking � k = 0 for each k, the matrix A of (1.9) reducesto the tridiagonal matrix displayed in
Table 1.2. Secondly, inserting the relations

� k =
1

� k
; � k = �

1
� k

� k

� k � 1
; � k =

� k � 1

� k

� k

� k � 1
; 
 k = 0

into the matrix A of (1.9) results in the unitary Hessenberg matrix displayed in Table 1.2.
It is easy to verify that the matrix A of (1.9) is irreducible H-1-q.s. Indeed, one can seethat in any

partition (1.5) the (k � 1)-st column A12(:; k � 1) and the k-th column A12(:; k) of the matrix A12 are scalar
multiples of each other:

A12(:; k) =
� k+2

� k+2
A12(:; k � 1):

4 I.e., more general than those of Table 1.2.
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E.g., inspect the 2 � (n � 2) matrix

A12 =

2

6
4

� 1
� 1

� 2 + 
 2

� 2

�
� 3
� 3

� � 1
� 1

� 2 + 
 2

� 2

�
� 3
� 3

� �
� 4
� 4

� � 1
� 1

� 2 + 
 2

� 2

�
� 3
� 3

� �
� 4
� 4

� �
� 5
� 5

�
� � �

�
� 2
� 2

+ � 2
� 1 � 2

�
� 3 + 
 3

� 3

�
� 2
� 2

+ � 2
� 1 � 2

�
� 3 + 
 3

� 3

�
� 4
� 4

� �
� 2
� 2

+ � 2
� 1 � 2

�
� 3 + 
 3

� 3

�
� 4
� 4

� �
� 5
� 5

�
� � �

3

7
5 :

Hence,polynomials (1.8) are H-1-q.s.

1.5.3. Szeg•o-t yp e two-term recurrence relations. Considerpolynomials f r k (x)g satisfying general
two-term recurrencerelations of the Szeg•o type,

�
Gk (x)
r k (x)

�
=

�
� k � k


 k 1

� �
Gk � 1(x)

(� k x + � k )r k � 1(x)

�
:(1.10)

Here f Gk (x)g are someauxiliary polynomials. The classof polynomials (1.10) includes the classicalSzeg•o
polynomials f r k (x)g satisfying5

�
Gk (x)
r k (x)

�
=

1
� k

�
1 � � k

� � �
k 1

� �
Gk � 1(x)
xr k � 1(x)

�
:

It was shown in [BEGOT06] that the confederatematrix CR (rn ) of f r k (x)g satisfying (1.10) has the form
2

6
6
6
6
6
6
6
6
6
6
4

� � 1 + 
 1
� 1

� (� 1 � � 1 
 1) 
 2
� 2

� (� 1 � � 1 
 1)( � 2 � � 2 
 2) 
 3
� 3

� � � � (� 1 � � 1 
 1) � � � (� n � 1 � � n � 1 
 n � 1) 
 n
� n

1
� 1

� � 2 + 
 2 � 1
� 2

� � 1(� 2 � � 2 
 2) 
 3
� 3

� � � � � 1(� 2 � � 2 
 2) � � � (� n � 1 � � n � 1 
 n � 1) 
 n
� n

0 1
� 2

� � 3 + 
 3 � 2
� 3

. . . � � 2(� 3 � � 3 
 3) � � � (� n � 1 � � n � 1 
 n � 1) 
 n
� n

...
. . .

. . .
. . .

. . .
...

...
. . . � � n � 1(� n � 1 � � n � 1 
 n � 1) 
 n

� n

0 � � � 0 1
� n � 1

� � n + 
 n � n � 1
� n

3

7
7
7
7
7
7
7
7
7
7
5

(1.11)

As in the unitary Hessenberg case,it is easyto seethat the rows of A12 in are scalar multiples of each other
and henceA is H-1-q.s., and the polynomials f r k (x)g in (1.10) are H-1-q.s.

1.5.4. [EGO05]-t yp e two-term recurrence relations. Finally, suppose the polynomials f r k (x)g
satisfy the recurrencerelations

�
Gk (x)
r k (x)

�
=

�
� k � k


 k � k x + � k

� �
Gk � 1(x)
r k � 1(x)

�
:(1.12)

Again, f Gk (x)g are someauxiliary polynomials. It was shown in [BEGOT06] that the confederatematrix
CR (rn ) of such f r k (x)g has the form

2

6
6
6
6
6
6
6
6
6
6
4

� � 1
� 1

� � 1( 
 2
� 2

) � � 1� 2( 
 3
� 3

) � � 1� 2� 3( 
 4
� 4

) � � � � � 1� 2� 3� 4 � � � � n � 1( 
 n
� n

)
1
� 1

� � 2
� 2

� � 2( 
 3
� 3

) � � 2� 3( 
 4
� 4

) � � � � � 2� 3� 4 � � � � n � 1( 
 n
� n

)

0 1
� 2

� � 3
� 3

� � 3( 
 4
� 4

)
. . . � � 3� 4 � � � � n � 1( 
 n

� n
)

0 0 1
� 3

� � 4
� 4

. . .
...

...
. . .

. . .
. . .

. . . � � n � 1( 
 n
� n

)
0 � � � 0 0 1

� n � 1
� � n

� n

3

7
7
7
7
7
7
7
7
7
7
5

:(1.13)

Again, a straightforward inspection of the corresponding A12 indicates that polynomials f r k (x)g of (1.12)
form a H-1-q.s. system.

To sum up, the classof H-m-q.s. polynomials includesnot only the well-studied classesof real orthogonal
polynomials and the Szeg•o polynomials, but also several other interesting polynomial classesdescribed in
Sections1.5.1 - 1.5.4. Hence, it is of interest to generalizethe Bj•orck-Pereyra algorithm to a polynomial-
Vandermondematrix VR (x) corresponding to a system of H-m-q.s. polynomials R. This is exactly what is
done in the rest of the paper.

5Here the complex numbers j� k j � 1 are referred to as called re
e ction coe�cients , and � k :=
p

1 � j� k j2 if j � k j < 1 and
� k := 1 if j � k j = 1 are called complementary parameters.
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2. The classical Bj•orck-P ereyra algorithm. We begin by recalling the classical Bj•orck-Pereyra
algorithm. In [BP70], the authors derive a representation for the inverseV (x) � 1 of an n � n Vandermonde
matrix as the product of bidiagonal matrices, that is,

V (x) � 1 = U1 � � � Un � 1 � ~L n � 1 � � � ~L 1(2.1)

and usedthis result to solve the linear system V (x)a = f by computing the solution vector

a = U1 � � � Un � 1 � ~L n � 1 � � � ~L 1f

which solvesthe linear systemin 5
2 n2 operations. This is an order of magnitude improvement over Gaussian

elimination, which is well known to require O(n3) operations in general. This favorable complexity results
from the fact that the matrices Uk and L k are sparse.More speci�cally , the factors Uk and L k are given by

Uk =

2

6
6
6
6
4

I k � 1
1 � xk

1
. . .

. . . � xk
1

3

7
7
7
7
5

;(2.2)

~L k =

2

6
6
4

I k
1

x k +1 � x 1

. . .
1

x n � x n � k

3

7
7
5 �

2

6
6
6
4

I k � 1
1

� 1 1
. . .

. . .
� 1 1

3

7
7
7
5

:(2.3)

In the next section we will present the new Bj•orck-Pereyra-like algorithm for the most general case
consideredin this paper: the generalHessenberg case.

3. New Bj•orck-P ereyra-lik e algorithm. General Hessenberg case. In this section we consider
the linear system VR (x)a = f , where VR (x) is the polynomial-Vandermondematrix corresponding to the
polynomial system R and the n distinct nodesx. No restrictions are placed on the polynomial systemR at
this point other than deg(r k ) = k. The new algorithm is basedon a decomposition of the inverseVR (x) � 1 en-
abled by the following lemma. Herein weusethe MATLAB convention x i :j =

�
x i x i +1 : : : x j � 1 x j

� T

to denote a portion of the larger vector x =
�

x1 x2 : : : xn � 1 xn
� T

.
Lemma 3.1. Let R = f r 0(x); : : : ; rn (x)g be an arbitrary systemof polynomials as in (1.2), and denote

R1 = f r0(x); : : : ; rn � 1(x)g. Further let x1:n = (x1; :::; xn ) be n distinct points. Then the inverse of VR (x1:n )
admits a decomposition

VR (x1:n )� 1 = U1 �
�

1 0
0 VR (x2:n )� 1

�
L 1;(3.1)

with

U1 =

2

6
6
6
6
6
6
6
4

1
� 0

0
CR 1 (rn � 1) � x1I

...

0 � � � 0 1
� n � 1

3

7
7
7
7
7
7
7
5

;(3.2)

L 1 =

2

6
6
6
4

1
1

x 2 � x 1

. . .
1

x n � x 1

3

7
7
7
5

2

6
6
6
4

1
� 1 1
...

. . .
� 1 1

3

7
7
7
5

:(3.3)

The proof of Lemma 3.1 is given in Section 6, but �rst we present its use in solving the linear system
VR (x)a = f .
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3.1. Solving polynomial Vandermonde systems. Like the classicalBj•ork-Pereyra algorithm, the
recursive nature of (3.1) allows a decomposition of VR (x) � 1 into 2n � 2 factors,

VR (x) � 1 = U1 �
�

I 1

U2

�
� � �

�
I n � 2

Un � 1

�
�
�

I n � 2

L n � 1

�
� � �

�
I 1

L 2

�
� L 1;(3.4)

with the lower and upper triangular factors given in (3.2), (3.3). The associated linear systemcan be solved
by multiplying (3.4) by the right-hand side vector f .

It is emphasizedthat this decomposition is valid for any polynomial systemR, however no computational
savings are guaranteed. In order to have the desiredcomputational savings, each multiplication of a matrix
from (3.4) by a vector must be performed quickly.

The factors L k are sparseas in the classicalBj•orck-Pereyra algorithm, and thus multiplication by them
is fast. However, unlike the classicalBj•orck-Pereyra algorithm, the factors Uk are not sparsein general. In
order to have a fast O(n2) algorithm for solving the systemVR (x)a = f , it is necessaryto be able to multiply
each matrix in (3.4) by f in O(n) operations.

3.2. Di�erences between L k and ~L k . It is easy to seethat the classical Vandermonde matrix V
involving monomials and the polynomial Vandermondematrix VR are related via

VR = V � U;

where U is a changeof basismatrix:
�

1 x � � � xn � 1
�

� U =
�

r0(x) r1(x) � � � rn � 1(x)
�

:

SinceU is upper triangular and sincethe LU factorization is unique, it follows that both matrices V and VR

share the sameL factor that can be equivalently factored in di�eren t ways, e.g., using elementary factors
(2.3) as in (2.1) or using elementary factors (3.3) as in (3.4).

Our choiceof (3.3) is motivated by the heuristics that the latter usesthe numbersf (x2 � x1)� 1; : : : ; (xn �
x1)� 1g. Sincethe samex1 is usedin each factor, (3.3) can potentially provide better accuracyif the so-called
Leja ordering (that maximizesthe separation betweenx1 to the other nodes) is used([RO91], [H90], [O03]).
SeeSection 7 for more details.

4. Kno wn special cases where the Bj•orck-P ereyra-lik e algorithm is fast. We next present a
detailed reduction of the algorithm presented in the previous section in several important special casesthat
were studied earlier by di�eren t authors.

4.1. Monomials. The classical Bj•orck-P ereyra algorithm. Supposethe systemof polynomials in
the polynomial-Vandermondematrix is simply a set of monomials; that is, R = f 1; x; : : : ; xn � 1; xn g. Then
(1.2) becomessimply

r0(x) = 1; r k (x) = xr k � 1(x); k = 1; : : : ; n(4.1)

and the corresponding confederatematrix is

CR (rn ) =

2

6
6
6
6
6
6
6
4

0 0 � � � � � � 0

1
. . .

. . .
...

0
. . .

. . .
. . .

...
...

. . .
. . .

. . . 0
0 � � � 0 1 0

3

7
7
7
7
7
7
7
5

;(4.2)

that is, � k = 1 for k = 0; : : : ; n � 1. Inserting this and (4.2) into (3.2) yields (2.2), implying the factors
Uk reduceto those of the classicalBj•orck-Pereyra algorithm in this case. That is, the Vandermondelinear
system VR (x)a = f can be solved via the factorization of (3.4):

a = VR (x) � 1f = U1 �
�

I 1

U2

�
� � �

�
I n � 2

Un � 1

�
�
�

I n � 2

L n � 1

�
� � �

�
I 1

L 2

�
� L 1 � f :(4.3)

Thus when the quasiseparablepolynomials in question reduceto the monomials, the algorithm described
reducesto the classicalBj•orck-Pereyraalgorithm. Due to the sparsenessof the matrices involved, the overall
cost of the algorithm is only 5

2 n2.
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4.2. Real orthogonal polynomials. The Higham algorithm. If the polynomial system under
consideration satis�es the three-term recurrencerelations

r k (x) = (� k x � � k )r k � 1(x) � 
 k r k � 2(x);(4.4)

then the resulting confederatematrix is tridiagonal

CR (rn ) =

2

6
6
6
6
6
6
6
6
4

� 1
� 1


 2
� 2

0 � � � 0

1
� 1

� 2
� 2

. . .
. . .

...

0 1
� 2

. . . 
 n � 1

� n � 1
0

...
. . . � n � 1

� n � 1


 n
� n

0 � � � 0 1
� n � 1

� n
� n

3

7
7
7
7
7
7
7
7
5

(4.5)

which leadsto the matrices Uk of the form

Uk =

2

6
6
6
6
6
6
6
6
6
6
6
4

1
� 0

� 1
� 1

� xk

 2
� 2

0 � � � 0

0 1
� 1

� 2
� 2

� xk
. . .

. . .
...

0 1
� 2

. . . 
 k � 1

� k � 1
0

...
...

. . . � k � 1

� k � 1
� xk


 k
� k

0 � � � 0 1
� k � 1

� k
� k

� xk

0 � � � 0 1
� n � j

3

7
7
7
7
7
7
7
7
7
7
7
5

Again, the factorization (4.3) usesthe above to solve the linear system. The sparsenessof these matrices
allows computational savings, and the overall cost of the algorithm is again O(n2).

In this case,the entire algorithm presented reducesto Algorithm 2.1 in [H90]. In particular, the multi-
plication of a vector by the matrices speci�ed in (4.3) involving L k and Uk can be seenas StageI and Stage
I I in that algorithm, respectively.

4.3. Szeg•o polynomials. The [BEGK O07] algorithm. If the system of quasiseparablepolynomi-
als are the Szeg•o polynomials � # = f � #

0 (x); : : : ; � #
n (x)g represented by the re
ection coe�cien ts � k and

complimentary parameters � k (see[BC92]), then they satisfy the recurrencerelations

� #
0 (x) = 1; � #

1 (x) =
1
� 1

� x� #
0 (x) �

� 1

� 1
� #

0 (x)

� #
k (x) =

�
1

� k
� x +

� k

� k � 1

1
� k

�
� #

k � 1(x) �
� k

� k � 1

� k � 1

� k
� x � � #

k � 2(x)(4.6)

which are known to be associated to the almost unitary Hessenberg matrix

C� # (� #
n ) =

2

6
6
6
6
6
6
6
4

� � 1� �
0 � � � � � n � 1� n � 2 : : : � 1� �

0 � � n � n � 1 : : : � 1� �
0

� 1
. . . � � n � 1� n � 2 : : : � 2� �

1 � � n � n � 1 : : : � 2� �
1

0
. . .

...
...

... � � n � 1� �
n � 2 � � n � n � 1� �

n � 2
0 � � � � n � 1 � � n � �

n � 1

3

7
7
7
7
7
7
7
5

(4.7)

In particular, if (4.7) is inserted into the factors (3.2) in (4.3), then the result is exactly that derived
in [BEGK O07, (3.10) and (3.15)], where the nice properties of the matrix C� # (� #

n ) were used to provide a
computational speedup. Speci�cally , the algorithm is made fast by the factorization

C� # (� #
n ) = G(� 1) � G(� 2) � ::: � G(� n � 1) � ~G(� n );(4.8)
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where

G(� j ) = diagf I j � 1;
�

� j � j

� j � � �
j

�
; I n � j � 1g; j = 1; 2; : : : ; n � 1

and

~G(� n ) = diagf I n � 1; � n g

see,for instance, [G82], [BC92], or [R95]. This givesan overall computational cost of O(n2).
In the next section, we present a new special casewhich contains all previous special cases.

5. A new special case. Hessenberg- m-quasiseparable polynomials.

5.1. Rank de�nition. As stated in the intro duction, a matrix A is called upper quasiseparableof
order m if max(rankA12) = m where the maximum is taken over all symmetric partitions of the form

A =
�

� A12

� �

�

Also, a matrix A = [aij ] is called upper Hessenberg if all entries below the �rst subdiagonal are zeros;that
is, aij = 0 if i > j + 1. For brevity, we shall refer to order m upper quasiseparableHessenberg matrices
as H-m-q.s. matrices. Polynomials corresponding to H-m-q.s. matrices are called H-m-q.s. polynomials, or
sometimessimply H-q.s. polynomials.

5.2. Generator de�nition. We next present an equivalent de�nition of an H-m-q.s. matrix in terms
of its generators. The equivalenceof these two de�nitions is well-known, see,e.g., in [EG991]. An n � n
matrix CR (rn ) is called H-m-q.s. if it is of the form

@
@

@
@

@
@

@
@

@
@

@
@

@
@

@
@

@
@

@
@

@
@

d1

. . .

. . .

dn

@
@

@
@

@
@

@

p2q1

. . .

pn qn � 1
0

gi b
�
ij hj

CR (rn ) =

(5.1)

with

b�
ij = (bi +1 ) � � � (bj � 1); bi;i +1 = I :(5.2)

Here pk ; qk ; dk are scalars, the elements gk are row vectors of maximal size m, hk are column vectors of
maximal sizem, and bk are matrices of maximal sizem � m such that all products make sense.The elements
f pk ; qk ; dk ; gk ; bk ; hk are called the generators of the matrix CR (rn ).

The elements in the upper part of the matrix gi b�
ij hj are products of a row vector, a (possibly empty)

sequenceof matrices possibly of di�eren t sizes,and �nally a column vector, as depicted here:

gi b�
ij hj =

1� u iz }| {
gi

: :

u i � u i +1
z }| {

bi +1

: :

u i +1 � u i +2
z }| {

bi +2

: :

� � �

u j � 2 � u j � 1
z }| {

bj � 1

: :

u j � 1 � 1
z}|{

hj

(5.3)

with uk � m for each k = 1; : : : ; n � 1.
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5.3. Fast multiplication using the quasiseparable structure. Here we show that in the special
caseof H-m-q.s. polynomials our Bj•orck-Pereyra-likealgorithms is fast, requiring O(n2) operations. In view
of (4.3) it su�ces to have an algorithm for O(n) multiplication of a quasiseparablematrix by a vector since
each matrix Uk contains a quasiseparablematrix as in (3.2). With such an algorithm, each multiplication
in (3.4) could be implemented in O(n) operations, hencethe total cost of computing the solution a would
be O(n2). The fast multiplication algorithm presented next is valid for a slightly more general class of
quasiseparablematrices; speci�cally , the Hessenberg structure emphasizedabove is not essential here. To
describe a more general result, we �rst give a slightly more generalde�nition.

A matrix A is called (nL ; nU )-quasiseparableif max(rankA12) = nU and max(rankA21) = nL , where the
maximum is taken over all symmetric partitions of the form

A =
�

� A12

A21 �

�
(5.4)

Similar to the generator representation for upper quasiseparablematrices given above, arbitrary order qua-
siseparablematrices can be expressedin terms of generatorsas

@
@

@
@

@
@

@
@

@
@

@
@

@
@

@
@

@
@

@
@

@
@

d1

. . .

. . .

dn
pi a�

ij qj

gi b�
ij hj

CR (rn ) =

with a�
ij = (ai � 1) � � � (aj +1 ), ai +1 ;i = I , bij is as de�ned in (5.2). Now dk are scalars, the elements pk ; gk

are row vectors of maximal sizenL and nU respectively, qk ; hk are column vectors of maximal size nL and
nU respectively, and ak ; bk are matrices of maximal size nL � nL and nU � nU respectively, such that all
products make sense.The entries in the lower triangular part are de�ned by the product pi a�

ij qj , which has
a similar form to that shown in (5.3).

Such a fast algorithm for multiplying a quasiseparablematrix by a vector is suggestedby the following
decomposition, valid for any (nL ; nU )-quasiseparablematrix.

Pr oposition 5.1. Let CR (rn ) be an n � n (nL ; nU )-quasiseparable matrix speci�e d by its generators as
in Section 5.2. Then CR (rn ) admits the decomposition

CR (rn ) = L + D + U

where

L =

2

6
6
6
6
4

1 0 � � � 0

0 p2
. . .

...
...

. . .
. . . 0

0 � � � 0 pn

3

7
7
7
7
5

2

6
6
6
4

0 � � � 0 0
0

eA � 1
...
0

3

7
7
7
5

2

6
6
6
6
4

q1 0 � � � 0

0
. . .

. . .
...

...
. . . qn � 1 0

0 � � � 0 1

3

7
7
7
7
5

D =

2

6
6
6
6
4

d1 0 � � � 0

0 d2
. . .

...
...

. . .
. . . 0

0 � � � 0 dn

3

7
7
7
7
5
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U =

2

6
6
6
6
4

g1 0 � � � 0

0
. . .

. . .
...

...
. . . gn � 1 0

0 � � � 0 1

3

7
7
7
7
5

2

6
6
6
4

0
... eB � 1

0
0 0 � � � 0

3

7
7
7
5

2

6
6
6
6
4

1 0 � � � 0

0 h2
. . .

...
...

. . .
. . . 0

0 � � � 0 hn

3

7
7
7
7
5

(5.5)

with

eA =

2

6
6
6
6
4

I

� a2
. . .
. . . I

� an � 1 I

3

7
7
7
7
5

; eB =

2

6
6
6
4

I � b2

. . .
. . .
I � bn � 1

I

3

7
7
7
5

and I representsthe identity matrix of appropriate size.
We emphasizethat the diagonal matrices in Proposition 5.1 are block diagonal matrices, although in the

1-q.s. casethey are actually diagonal. To illustrate this, the product forming the matrix U has the following
form: U =

2

6
6
6
4

g1
g2

. . .
gn � 1

1

3

7
7
7
5

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

0

...

0

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

I � b2

I � b3

. . .
. . .
I � bn � 1

I

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

� 1

0 � � � 0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
6
6
6
6
6
4

1

h2

h3

. . .

hn

3

7
7
7
7
7
7
7
7
7
7
7
7
5

In light of this decomposition, we seethat the matrix-v ector product is reducedto �v e diagonal scalings
and two back-substitutions with bidiagonal matrices. The justi�cation of the proposition follows from the
next simple lemma, which can be seenby direct con�rmation.

Lemma 5.2. Let bk ; k = 1; : : : ; m � 1 be matrices of sizesuk � uk+1 (with u1; um arbitrary) then

2

6
6
6
6
6
4

I n 1 � b1

I n 2 � b2

. . .
. . .

I n m � 1 � bm � 1

I n m

3

7
7
7
7
7
5

� 1

=

2

6
6
6
6
6
6
6
4

I n 1 b1 b1b2 b1b2b3 � � � b1b2b3 � � � bm � 1

I n 2 b2 b2b3 � � � b2b3 � � � bm � 1

. . .
. . .

...
I n m � 2 bm � 2 bm � 2bm � 1

I n m � 1 bm � 1

I n m

3

7
7
7
7
7
7
7
5

We next consider the computational cost of the multiplication algorithm suggestedby this proposition.
Let CR (rn ) be a quasiseparablematrix of order (nL ; m) whosegeneratorsare of the following sizes:

Generator pk ak qk dk gk bk hk

Size 1 � lk � 1 lk � lk � 1 lk � 1 1 � 1 1 � uk uk � 1 � uk uk � 1 � 1

for numbers lk ; uk ; k = 1; : : : ; n. De�ne also l0 = u0 = 0. Then it can be seenthat the computational cost is

c = 3n + 2
n � 1X

k=1

(uk + lk + uk uk � 1 + lk lk � 1)
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ops (additions plus multiplications). Since lk � nL and uk � nU for k = 1; : : : ; n, we also have

c � 3n + 2(n � 1)(nU + nL + n2
U + n2

L ):

Thus, for valuesof nL and nU much lessthan n, the quasiseparability is useful as the multiplication can be
carried out in O(n) arithmetic operations.

Note additionally that the implementation of the algorithm suggestedby the above decomposition co-
incides with the algorithm derived di�eren tly in [EG992] for the samepurpose.

5.4. Special choices of generators. The newBj•orck-Pereyraalgorithm is basedon the decomposition
(3.4) and the fast matrix-v ector product algorithm of Section 5.3. The input of the latter algorithm is a
generator of the corresponding H-m-q.s. matrix (5.1). However, in many examples,the generatorsof (5.1)
are not given explicitly , but rather by the recurrencerelations of the corresponding H-m-q.s. polynomials.

We next provide a detailed conversionbetweentwo di�eren t representations, i.e, Table 5.1 lists formulas
to compute the generatorsfrom the recurrencerelations coe�cien ts for all special casesconsideredabove.

Polynomials pk qk dk gk bk hk

Monomials (4.1) 1 1 0 0 0 1
Real orth. (4.4) 1 1=� k � k =� k 
 k =� k 0 1
Szeg•o (4.6) 1 � k � � k � �

k � 1 � �
k � 1 � k � 1 � � k � 1 � k

Gen. 3-term (1.8) 1 1=� k
� k
� k

+ � k
� k � 1 � k

dk � k +1 + 
 k +1
� k +1

� k +1
� k +1

1

Szeg•o-type (1.10) 1 1=� k � � k + 
 k � k � 1
� k

� k � 1 � k � 1 � � k � 1 
 k � 1 � 
 k
� k

(� k � 1 � � k � 1 
 k � 1)

[EGO05]-type (1.12) 1 1=� k � � k
� k

� k � k � 
 k
� k

Table 5.1. Speci�c choicesof generatorsresulting in various special cases.

To illustrate a set of generatorsfor a higher order matrix, the next example considersthe m-recurrent
polynomials of Section 1.5.1.

Example 5.3. Consider the systemof polynomials f r 0(x); : : : ; r5(x)g that are 4-recurrent; that is, they
satisfy (1.6) with m = 4:

r k (x) = (� k x � ak � 1;k ) � r k � 1(x) � ak � 2;k � r k � 2(x) � ak � 3;k � r k � 3(x)

The corresponding confederate matrix is the following 5 � 5 matrix of the form in (1.7) with m = 3:

A =

2

6
6
6
6
4

a0; 1

� 1

a0; 2

� 2

a0; 3

� 3
0 0

1
� 1

a1; 2

� 2

a1; 3

� 3

a1; 4

� 4
0

0 1
� 2

a2; 3

� 3

a2; 4

� 4

a2; 5

� 5

0 0 1
� 3

a3; 4

� 4

a3; 5

� 5

0 0 0 1
� 4

a4; 5

� 5

3

7
7
7
7
5

It can readily be seen that the matrices given by

g1 =
�

a0;2 a0;3
�

; g2 =
�

a1;4 a1;3
�

; g3 =
�

a2;4 a2;5
�

; g4 =
�

0 a3;5
�

b2 =
�

0 0
0 1

�
; b3 =

�
1 0
0 0

�
; b4 =

�
0 0
0 1

�

h2 =
� 1

� 2

0

�
; h3 =

�
0
1

� 3

�
; h4 =

� 1
� 4

0

�
; h5 =

�
0
1

� 5

�
;

are generators of the matrix A.
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6. Deriv ation of the new Bj•orck-P ereyra-lik e algorithm. In this section the algorithm presented
is derived and the main enabling lemma is proved. The section beginswith somebackground material.

6.1. Asso ciated (generalized Horner) polynomials. Following [KO97] de�ne the associated poly-
nomials bR = f br0(x); : : : ; brn (x)g for a given system of polynomials R = f r 0(x); : : : ; rn (x)g via the relation

rn (x) � rn (y)
x � y

=
�

r0(x) r1(x) r2(x) � � � rn � 1(x)
�

�

2

6
6
6
6
6
4

r̂n � 1(y)
r̂n � 2(y)

...
r̂1(y)
r̂0(y)

3

7
7
7
7
7
5

;(6.1)

with additionally br n (x) = rn (x).
However, beforeproceedingwe �rst clarify the existenceof such polynomials. Firstly , the polynomials as-

sociated with the monomialsexist. Indeed, if P is the systemof n+1 polynomialsP = f 1; x; x2; :::; xn � 1; rn (x)g,
then

rn (x) � rn (y)
x � y

=
�

1 x x2 � � � xn � 1
�

�

2

6
6
6
6
6
4

p̂n � 1(y)
p̂n � 2(y)

...
p̂1(y)
p̂0(y)

3

7
7
7
7
7
5

=
n � 1X

i =0

x i � p̂n � 1� i (y);(6.2)

and in this casethe associated polynomials bP can be seento be the classicalHorner polynomials (see,e.g.,
[KO97, Section 3.]).

Secondly, given a systemof polynomials R = f r 0(x); r1(x); : : : ; rn � 1(x); rn (x)g, there is a corresponding
systemof polynomials R̂ = f r̂0(x); r̂1(x); : : : ; r̂n � 1(x); r̂n (x)g (with r̂ n (x) = rn (x)) satisfying (6.1). One can
seethat, given a polynomial system R with deg(r k ) = k, the polynomials in R can be obtained from the
monomial basisby

�
1 x x2 � � � xn � 1

�
S =

�
r0(x) r1(x) r2(x) � � � rn � 1(x)

�
(6.3)

where S is an n � n upper triangular invertible matrix capturing the recurrencerelations of the polynomial
system R. Inserting SS� 1 into (6.2) between the row and column vectors and using (6.3), we seethat the
polynomials associated with R are

2

6
6
6
6
6
4

r̂n � 1(y)
r̂n � 2(y)

...
r̂1(y)
r̂0(y)

3

7
7
7
7
7
5

= S� 1

2

6
6
6
6
6
4

p̂n � 1(y)
p̂n � 2(y)

...
p̂1(y)
p̂0(y)

3

7
7
7
7
7
5

(6.4)

where bP = f bp0(x); : : : ; bpn � 1(x)g are the classicalHorner polynomials and S is from (6.3).
The following lemma will be neededin the proof presented below.
Lemma 6.1. Let R = f r 0(x); : : : ; rn � 1(x)g be a system of polynomials satisfying (1.2), and for k =

1; 2; : : : ; n � 1 denote by R(k ) the system of polynomials R(k ) = f r̂ (k )
0 (x); : : : ; r̂ (k )

k (x)g associated with the
truncated systemf r 0(x); : : : ; r k (x)g. Then

2

6
6
6
6
4

r̂ (1)
0 (x) r̂ (2)

1 (x) � � � r̂ (n � 1)
n � 2 (x)

r̂ (2)
0 (x) � � � r̂ (n � 1)

n � 3 (x)
. . .

...
r̂ (n � 1)

0 (x)

3

7
7
7
7
5

� 1

=

2

6
6
6
6
6
6
4

1
� 1

� x + a1; 2

� 2
� � � 1

� n � 1
a1;n � 1

1
� 2

� � � 1
� n � 1

a2;n � 1

. . .
...

� x + an � 2 ;n � 1

� n � 1
1

� n � 1

3

7
7
7
7
7
7
5

(6.5)
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Proof. From [KO97] we have the formula

CR̂ (r̂n ) = ~I � CR (rn )T � ~I ; (with r̂n (x) = rn (x)) ;(6.6)

where ~I is the antidiagonal matrix, which providesa relation betweenthe confederatematrix of a polynomial
systemR and that of the polynomials associated with R. From this we have the following n-term recurrence
relations for the truncated associated polynomials:

r̂ (k )
m (x) = � m

��
x �

am;m +1

� m +1

�
r̂ (k )

m � 1 �
am;m +2

� m +2
r̂ (k )

m � 2 � � � � �
am;k

� k
r̂ (k )

0

�
; m = 1; : : : ; k � 1;(6.7)

with

r̂ (k )
0 = 1=� k :(6.8)

Now consider the product

2

6
6
6
6
6
6
6
4

1
� 1

� x + a1; 2

� 2
� � � � � � a1;n � 1

� n � 1

. . .
. . .

...
1

� i
� x + a i;i +1

� i +1 � � � a i;n � 1

� n � 1

. . . � x + an � 2 ;n � 1

� n � 1
1

� n � 1

3

7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
4

br (1)
0 (x) � � � br ( j )

j � 1(x) � � � br (n � 1)
n � 2 (x)

br ( j )
j � 2(x) br (n � 1)

n � 3 (x)
. . .

...
...

br ( j )
0 (x) br (n � 1)

1 (x)
. . . br (n � 1)

0 (x)

3

7
7
7
7
7
7
7
5

:(6.9)

The (i; j ) entry of this product de�ned by the highlighted row and column can be seen as (6.7) with
k = j; m = j � i if i 6= j and (6.8) with k = i; m = 0 if i = j . Thus this product is the identit y, implying
(6.5).

With this completed, next is the proof of Lemma 3.1 from Section 3.
Proof. Performing one step of Gaussianelimination on VR (x1:n ) yields

VR (x1:n ) =

2

6
6
6
4

1
1 1
...

. . .
1 1

3

7
7
7
5

�

2

6
6
6
4

1
x2 � x1

. . .
xn � x1

3

7
7
7
5

�

�
�

1 0
0 �R

�
�
�

r0(x1) r 1(x1 ) � � � r n � 1 (x1)

0 I

�
;(6.10)

where the matrix �R has (i; m)-entry �Ri;m = r m +1 (x i +1 ) � r 1 (x 1 )
x i +1 � x 1

; that is, �R consists of divided di�erences.

By the discussionabove, associated with the system R is the system bR = f r̂0(x); : : : ; r̂n (x)g. Following
the notation of Lemma 6.1, denote by bR(k ) = f r̂ (k )

0 (x); : : : ; r̂ (k )
k (x)g the system of polynomials associated

with the truncated system f r 0(x); :::; r k (x)g. By the de�nition of the associated polynomials we have for
k = 1; 2; : : : ; n � 1

r k (x) � r k (y)
x � y

=
�

r0(x) r1(x) r2(x) � � � r k � 1(x)
�

�

2

6
6
6
6
6
6
4

r̂ (k )
k � 1(y)

r̂ (k )
n � 2(y)

...
r̂ (k )

1 (y)
r̂ (k )

0 (y)

3

7
7
7
7
7
7
5

=
k � 1X

i =0

r i (x) � r̂ (k )
k � 1� i (y):
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Finally, denoting by bR(k ) = f r̂ (k )
0 (x); : : : ; r̂ (k )

k (x)g the system of polynomials associated with the truncated
system f r0(x); : : : ; r k (x)g we can further factor �R as

�R = VR (x1:n ) �

2

6
6
6
6
4

r̂ (1)
0 (x j ) r̂ (2)

1 (x j ) � � � r̂ (n � 1)
n � 2 (x j )

r̂ (2)
0 (x j ) � � � r̂ (n � 1)

n � 3 (x j )
. . .

...
r̂ (n � 1)

0 (x j )

3

7
7
7
7
5

:(6.11)

The last matrix on the right-hand side of (6.11) can be inverted by Lemma 6.1. Therefore, inverting (6.10)
and substituting (6.5) results in (3.1) as desired.

7. Numerical Illustrations. We report hereseveral results of our preliminary numerical experiments
to indicate that in the genericcasethe behavior of the generalizedalgorithms is consistent with the conclu-
sionsreported earlier for the known Bj•orck-Pereyra-like algorithms.

The algorithm hasbeenimplemented in MATLAB version7, which usesdouble precision. Theseresults
were compared with exact solutions calculated using the MATLAB Symbolic Toolbox command vpa() ,
which allows software-implemented precision of arbitrary numbers of digits. The number of digits was set
to 64, however in caseswhere the condition number of the coe�cien t matrix exceeded1030, this was raised
to 100 digits to maintain accuracy.

It is known (see[RO91], [H90]) that reordering the nodesfor polynomial Vandermondematrices, which
corresponds to a permutation of the rows, can a�ect the accuracy of related algorithms. In particular,
ordering the nodesaccording to the Leja ordering

jx1 j = max
1� i � n

jx i j;
k � 1Y

j =1

jxk � x j j = max
k � i � n

k � 1Y

j =1

jx i � x j j; k = 2; : : : ; n � 1

(see[RO91], [H90], [O03]) improves the performance of many similar algorithms. We include experiments
with and without the useof Leja ordering (if the Leja ordering is not used,the nodesare orderedrandomly).
A counterpart of this ordering is known for Cauchy matrices, see[BKO02].

In all experiments, we comparethe forward accuracyof the algorithm, de�ned by

e =
kx � x̂k2

kxk2

where x̂ is the solution computed by each algorithm in MATLAB in double precision, and x is the exact
solution. In the tables, BP-QS denotesthe proposedBj•orck-Pereyra like algorithm with a random ordering
of the nodes,and BP-QS-L denotesthe samealgorithm using the Leja ordering. The factors L k from (3.3)
were used. GE indicates MATLAB's Gaussianelimination. Finally, cond(V ) denotesthe condition number
of the matrix V computed via the MATLAB command cond() .
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Exp erimen t 1. In Table 7.1, the valuesfor the generatorswere chosenrandomly on (� 1; 1), similarly
for the entries of the right hand side vector. The nodes xk were selectedequidistant on (� 1; 1) via the
formula

xk = � 1 + 2
�

k
n � 1

�
; k = 0; 1; : : : ; n � 1

We test the accuracyof the algorithm for various sizesn of matrices generatedin this way.

n cond(V) GEPP BP-QS BP-QS-L

10 6.9e+06 8.7e-15 1.9e-14 1.6e-15
3.5e+08 1.9e-14 5.3e-15 8.9e-16
1.9e+10 7.1e-15 6.0e-16 6.4e-16

15 1.5e+10 4.4e-12 3.5e-12 6.7e-15
7.7e+13 5.8e-12 1.4e-13 1.3e-15
5.9e+15 3.1e-11 4.3e-13 5.7e-16

20 6.0e+17 1.0e-09 1.4e-11 4.6e-15
2.2e+18 9.6e-14 8.5e-12 1.2e-15
1.6e+22 6.2e-11 1.1e-11 2.3e-15

25 1.6e+20 8.0e-08 4.3e-11 4.4e-16
1.0e+22 1.3e-08 1.1e-10 1.3e-15
1.0e+26 8.8e-07 1.5e-10 3.2e-15

30 9.1e+18 1.2e-06 4.3e-06 1.2e-14
8.0e+23 5.0e-08 3.3e-09 1.5e-15
1.9e+24 5.8e-02 5.6e-10 4.4e-15

35 9.8e+23 9.3e-01 1.2e-06 2.0e-15
7.5e+28 1.6e-03 7.1e-08 1.7e-15
1.8e+29 1.1e-02 4.2e-06 1.7e-15

40 2.6e+25 8.6e-02 1.1e-06 8.6e-15
2.1e+29 2.9e-02 1.4e-06 4.8e-15
1.0e+33 1.0e+00 2.2e-05 2.4e-16

45 4.5e+31 1.0e+00 8.4e-05 2.0e-15
9.2e+36 1.2e+00 3.2e-05 3.0e-15
5.9e+38 1.1e+00 2.2e-04 5.2e-16

50 3.3e+37 1.0e+00 6.9e-03 1.2e-13
2.8e+41 4.0e-01 4.8e-03 2.3e-13
8.7e+45 1.0e+00 1.6e-02 6.3e-14

Table 7.1. Equidistant nodeson (� 1; 1).

Notice that as the size of the matrices involved rises, so does the condition number of the matrices,
and henceas expected, the performanceof Gaussianelimination declines. The performanceof the proposed
algorithm with a random ordering of the nodesis an improvement over that of GE, however using the Leja
ordering givesa dramatic improvement in performancein this case.
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Exp erimen t 2. In Table 7.2, the values for the generatorsand entries of the right hand side vector
were chosenas in Experiment 1, and the nodesxk were selectedclustered on (� 1; 1) via the formula

xk = � 1 + 2
�

k
n � 1

� 2

; k = 0; 1; : : : ; n � 1

Again we test the accuracy for various n � n matrices generatedin this way.

n cond(V) GEPP BP-QS BP-QS-L

10 8.6e+10 1.7e-12 9.0e-15 5.5e-16
1.2e+11 1.9e-12 1.5e-14 1.0e-15
3.3e+12 1.7e-13 1.6e-14 3.6e-16

15 1.3e+15 1.3e-11 3.0e-13 3.7e-15
1.9e+16 5.1e-11 6.4e-13 3.4e-16
1.5e+17 1.4e-11 8.6e-14 2.3e-15

20 9.7e+17 6.0e-08 1.5e-10 8.5e-14
2.1e+18 5.4e-08 1.7e-12 8.9e-15
1.1e+23 5.0e-08 3.1e-11 7.9e-16

25 1.8e+20 7.2e-04 6.9e-10 7.7e-14
4.5e+20 4.8e-03 1.3e-09 5.9e-14
4.0e+22 1.9e-03 2.9e-10 6.1e-15

30 9.1e+22 1.1e+00 6.1e-09 6.4e-15
4.9e+24 1.0e+00 2.7e-10 2.2e-15
1.0e+26 1.0e+00 2.9e-09 2.9e-12

35 2.1e+27 7.8e-01 2.5e-07 1.6e-14
1.3e+28 1.0e+00 8.6e-09 2.9e-09
4.7e+33 1.0e+00 8.3e-07 7.4e-11

40 7.5e+27 1.0e+00 2.1e-05 5.1e-08
1.9e+33 1.0e+00 8.5e-06 2.5e-09
3.3e+37 1.0e+00 3.8e-05 1.1e-12

45 1.8e+33 1.0e+00 6.2e-04 8.2e-04
4.4e+34 1.0e+00 1.3e-03 1.0e-06
1.2e+40 1.0e+00 2.0e-04 2.3e-08

50 6.5e+32 1.0e+00 7.3e-03 3.2e-06
2.8e+36 1.0e+00 1.2e-03 5.6e-04
1.5e+46 1.0e+00 3.1e-03 7.8e-04

Table 7.2. Clustered nodeson (� 1; 1).

In this experiment, again the condition number rises with the size of the matrix, and as expected
Gaussianelimination giveslessaccuracyas this increases.The proposedalgorithm givesan improvement in
this caseas well, and the Leja ordering again givesan improvement.
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Exp erimen t 3. In [H87], [CF88], [BKO99] it was shown that the behavior of BKO-type algorithms
can depend on the direction of the right hand side vector. We include a similar experiment here, and the
outcomeis consistent with observations in [CF88] and [BKO99]. This is illustrated in Table 7.3, which shows
the results for a 30 � 30 matrix generatedby a �xed set of generatorsand nodeson the unit disc, and the
results of applying the various algorithms to solve the system with each (left) singular vector as the right
hand side. In other words, for the singular value decomposition of VR

VR = U� V T =
�

u1 u2 � � � un
�

�
�

v1 v2 � � � vn
� T

we solve 30 systemsof the form VR x = uk , where as depicted uk is the k-th column of U.
singular
vector GEPP BP-QS BP-QS-L

u1 4.7e-01 5.7e-02 2.7e+01
u2 1.3e+00 2.8e-02 2.1e+00
u3 1.6e+00 1.8e-02 1.9e+00
u4 3.8e+00 3.6e-02 2.3e+00
u5 5.4e+00 1.4e-02 1.6e+00
u6 2.9e+00 6.3e-02 6.6e-02
u7 5.3e+00 9.7e-03 2.0e-02
u8 1.6e+00 2.1e-03 2.0e-03
u9 5.5e-01 2.4e-04 6.6e-04
u10 1.4e-01 1.4e-05 7.7e-05
u11 8.1e-05 2.1e-09 3.6e-09
u12 1.7e-05 5.8e-10 6.4e-10
u13 7.9e-06 2.7e-10 9.4e-11
u14 8.6e-06 2.7e-11 3.1e-11
u15 5.8e-06 6.4e-11 6.7e-11
u16 1.1e-05 1.8e-13 9.6e-13
u17 1.1e-05 1.6e-15 9.6e-16
u18 1.1e-05 2.5e-15 4.4e-15
u19 1.1e-05 6.1e-15 2.1e-15
u20 1.2e-05 8.5e-15 4.1e-14
u21 1.3e-05 1.8e-15 4.4e-16
u22 1.4e-05 4.7e-15 3.8e-15
u23 1.3e-05 1.1e-14 1.5e-15
u24 1.9e-05 2.2e-14 8.1e-15
u25 5.2e-05 6.7e-14 5.0e-14
u26 1.4e-05 1.9e-15 2.6e-15
u27 1.3e-05 1.4e-15 2.2e-15
u28 1.2e-05 2.9e-15 1.1e-15
u29 1.2e-05 6.0e-15 2.5e-15
u30 1.2e-05 7.3e-16 4.9e-16

Table 7.3. Dependenceon the direction using left singular vectors.

The outcome is consistent with observations in [CF88] and [BKO99] for Bj•orck-Pereyra-type algorithms
for the classicalVandermondeand Cauchy matrices.

The above typical experiments describe generic H-q.s. cases,and they are preliminary. We conclude
this section with two comments about further possiblework. Firstly , experience indicates that numerical
properties of generalpolynomial algorithms may be quite di�eren t even for two classicalspecial cases:real
orthogonal polynomials and Szeg•o polynomials. Hence it is of interest to study the numerical behavior of
the new algorithm for di�eren t special cases,e.g., four examplesdescribed in Sections1.5.1 - 1.5.4.

Secondly, there is an ongoing work [BOS] on studying the accuracyof fast algorithms for multiplying a
quasiseparablematrix by a vector. There are several alternativ esto the method described above in Section
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5.3, and one of them is provably stable. When the work [BOS] is completed, it will be of interest to study
the accuracyof our algorithm basedon (3.4) combined with new methods for computing q.s. matrix-v ector
product.

However, already at this point the results of all of our experiments are fully consistent with the con-
clusions made in [BP70], [CF88], [H90], [RO91], [BKO99], [O03] and [BEGK O07] for similar algorithms.
Speci�cally , there are examples, even in the most generic H-q.s. case, in which the Bj•orck-Pereyra-type
algorithms can yield a very high forward accuracy.

8. Conclusion. In this paper we generalizedthe well known Bj•orck-Pereyra algorithm to polynomial-
Vandermonde matrices. The e�ciency of the algorithm depends on the structure of the corresponding
confederatematrix (a Hessenberg matrix capturing the recurrencerelations). In the casewhere the polyno-
mial systemis H-m-q.s. with small m (i.e., when the confederatematrix is quasiseparable)the algorithm has
a favorably complexity of O(n2) operations, which is an order of magnitude improvement over the standard
methods. Initial numerical experiments indicate that in many casesthe algorithm provides better forward
accuracy than the one of Gaussianelimination. This observation is fully consistent with the experienceof
our colleaguesreported in several previous papers.

REFERENCES

[BC92] M.Bak onyi and T.Constan tinescu, Schur's algorithm and several applications , in Pitman Research Notes in
Mathematics Series, vol. 61, Longman Scienti�c and Technical, Harlo w, 1992.

[BEGOT06] T.Bella, Y.Eidelman, I.Goh berg, V.Olshevsky , and E.T yrt yshnik ov Fast inversion of Hessenberg-quasiseparable
Vandermonde matrices , submitted.

[BEGK O07] T.Bella, Y.Eidelman, I.Goh berg, I.Koltrac ht and V.Olshevsky , A Bj•orck-Pereyra-t ype algorithm for Szeg•o-
Vandermonde matrices based on prop erties of unitary Hessenberg matrices , to appear, Linear Algebra and
Its Applications.

[BK O99] T.Boros, T.Kailath and V.Olshevsky , Fast Bjorc k-Pereyra-t ype algorithm for parallel solution of Cauchy linear
equations, Linear Algebra and Its Applications, 302-303 (1999), p.265-293.

[BK O02] T.Boros, T.Kailath, V.Olshevsky , Piv oting and backward stabilit y of fast algorithms for solving Cauchy linear
equations, Special issue on structured and in�nite systems of linear equations. Linear Algebra Appl. 343/344
(2002), 63{99.

[BOS] T. Bella, V. Olshevsky, and M. Stewart, Accuracy of several fast algorithms to multiply a quasiseparable matrix
by a vector, in preparation.

[BP70] A.Bj•orck and V.P ereyra, Solution of Vandermonde Systems of Equations , Math. Comp., 24 (1970), 893-903.
[CF88] T.Chan and D.Foulser, E�ectiv ely well-conditioned linear systems, SIAM J. Sci. Stat. Computations, 9 (1988),

963 { 969.
[EG991] Y. Eidelman and I. Gohberg, On a new class of structured matrices , Integral Equations and Operator Theory ,

34 (1999), 293-324.
[EG992] Y. Eidelman and I. Gohberg, Linear complexit y inversion algorithms for a class of structured matrices , Integral

Equations and Operator Theory , 35 (1999), 28-52.
[EG02] Y. Eidelman and I. Gohberg, A modi�cation of the Dewilde-v an der Veen method for inversion of �nitestructured

matrices , Linear Algebra Appl., 343-344 (2002), 419-450.
[EGO05] Y. Eidelman, I. Gohberg and V. Olshevsky, Eigenstructure of Order-One-Quasiseparable Matrices. Three-term

and Tw o-term Recurrence Relations , Linear Algebra and its Applications, Volume 405, 1 August 2005, Pages
1-40.

[G82] W.B.Gragg, Positiv e de�nite Toeplitz matrices, the Arnoldi processfor isometric operators, and Gaussian quadra-
ture on the unit circle (in Russian). In : E.S. Nik olaev (Ed.), Numerical methods in Linear Algebra , pp.
16-32, Moskow Univ ersity Press, 1982.
English translation in : J. Comput. and Appl. Math., 46(1993), 183-198.

[G48] L.Y.Geronim us, Polynomials orthogonal on a circle and their applications , Amer. Math. Translations, 3 p.1-78,
1954 (Russian original 1948).

[GO94] I.Goh berg and V.Olshevsky , Fast inversion of Chebyshev-Vandermonde matrices , Numerische Mathematik, 67 ,
No. 1 (1994), 71 { 92.

[GS58] U.Grenader and G.Szeg•o, Toeplitz forms and Applications , Univ ersity of California Press, 1958.
[GVL96] G.Golub and C.van Loan. Matrix Computations. Johns Hopkins Univ ersity Press, 3rd edition, 1996.
[H87] N.J.Higham, Error analysis of the Bj•orck{P ereyra algorithms for solving Vandermonde systems, Numerische

mathematic, 50 (1987), 613 { 632.
[H90] N.J.Higham, Stabilit y analysis of algorithms for solving con
uen t Vandermonde-lik e systems, SIAM J. Matrix

Anal. Appl., 11(1) (1990), 23{41.
[K O97] T.Kailath and V.Olshevsky , Displacement structure approach to polynomial Vandermonde and related matrices ,

Linear Algebra and Its Applications, 261 (1997), 49-90.

[MB79] J.Maroulas and S.Barnett, Polynomials with respect to a general basis. I. Theory , J. of Math. Analysis and Appl.,
72 (1979), 177 -194.

19



[O98] V.Olshevsky , Eigenvector computation for almost unitary Hessenberg matrices and inversion of Szeg•o-
Vandermonde matrices via discrete transmission lines, Linear Algebra and Its Applications, 285 (1998),
37-67.

[O01] V.Olshevsky , Associated polynomials, unitary Hessenberg matrices and fast generalized Parker-Traub and Bjorc k-
Pereyra algorithms for Szeg•o-Vandermonde matrices, \Structured Matrices: Recent Developments in Theory
and Computation," 67-78, (D.Bini, E. Tyrt yshnik ov, P. Yalamov., Eds.), 2001, NOVA Science Publ.

[O03] V. Olshevsky, Piv oting for structured matrices and rational tangential interp olation , in Fast Algorithms for
Structured Matrices: Theory and Applications, CONM/323, p. 1 - 75, AMS publications, May 2003.

[R90] L.Reichel, Newton interp olation at Leja points, BIT, 30(1990), 23 { 41.
[R95] P.A.Regalia, Adaptiv e I IR �ltering in signal processing and control , Marcel Dekker, New York, 1995.
[RO91] L.Reichel and G.Opfer, Chebyshev-Vandermonde systems, Math. of Comp., 57 (1991), 703-721.
[T94] EE Tyrt yshnik ov. How bad are Hankel matrices? Numerische Mathematik, (1994) 67:261{269
[TG81] W.T ang and G.Golub, The block decomposition of a Vandermonde matrix and its aplications , BIT, 21 (1981),

505-517.

20


