A FAST BJ ORCK-PEREYRA-LIKE ALGORITHM FOR SOLVING
HESSENBER G-QUASISEP ARABLE-V ANDERMONDE SYSTEMS

T.BELLA , Y.EIDELMAN Y, .GOHBER GY , L[KOLTRA CHT , AND V.OLSHEVSKY

Abstract. In this paper we derive a fast O(n?) algorithm for solving linear systems where the coe cien t matrix is a
polynomial-V andermonde matrix Vg (x) = [rj 1(xi)] with polynomials fry(x)g related to a Hesserberg quasiseparable matrix.
The result generalizesthe well-known Bjorck-Pereyra algorithm for classical Vandermonde systems involving monomials. It also
generalizes the algorithms of [RO91] for Vg (x) involving Chebyshev polynomials, of [H90] for Vg (x) involving real orthogonal
polynomials, and of [BEGK O07] for Vg (x) involving Szegs polynomials. The new algorithm applies to a fairly general class
of H-k-g.s.-polynomials (Hesserberg order k quasiseparable) that includes (along with the above mentioned classes of real
orthogonal and Szeg polynomials) seweral other important classesof polynomials. Preliminary numerical experiments are
presented comparing the algorithm to standard structure-ignoring methods.

1. Intro duction.

1.1. Polynomial-V andermonde matrices and Bjsorck-P ereyra-t yp e algorithms. The fact that
the n? ertries of Vandermondematrices V (x) = x! 1 are determined by only n parametersf x, g allows
the design of fast algorithms. Speci cally, an algorithm due to Bjorck and Pereyra [BP70] can solve the
systemV (x)a = f in O(n?) operations. This is as opposedto the O(n®) operations required by Gaussian
elimination. Moreover, it wasprovenin [H87]that in many caseshe Bjorck-Pereyraalgorithm is guaranteed
to provide a very high accuracy The reduction in complexity as well as the favorable numerical properties
attracted much attention in the numerical linear algebra literature, and the Bjorck-Pereyra algorithm has
beencarried over to seweral other important classesof polynomial-Vandermondematrices

ro(x1) ra(xa) rn 1(X1)
E ro(x2) ra(xz) rn 1(x2)

(1.1) VR(X) = : . .
fo(n) Ti(xn)  Tn a(xn)

de ned not only by the nodesfxxg but also by the system of polynomials fry(x)g. Table 1.1 below lists
seweral classesof polynomials for which the Bjorck-Pereyra-type algorithms?! are currently available.

| Matrices Vg (x)

Polynomial systemsR = fry(x)g | Fast systemsolver |

Classical Vandermonde monomials Bjorck-Pereyra[BP70]
Chebyshev-Vandermonde | Chebyshev polynomials Reichel-Opfer [RO9]]
Three-Term-Vandermonde | Real orthogonal polynomials Higham [H90]
Szeg-Vandermonde Szegr polynomials [BEGK OO07]

Table 1.1

Fast O(n2) algorithms for several classes of polynomial-V andermonde matric es.

1.2. Capturing recurrence relations via confederate matrices. To generalizethe algorithms in
Table 1.1 we will usethe conceptof a confederate matrix introducedin [MB79]. Let polynomials R = fro(x);

(1.2) () = (kX a 1) rk 1(X)  ak 2% re 2(x) 0 agk ro(x);
De ne for the polynomial
(1.3) X)= o ro(xX)+ 1 ri(X)+:::+ 5 1 rp 1(X)+ rp(x)
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1Along with carrying over the Bjorck-Pereyra algorithm to various families of polynomials fry(x)g there are also other
(matrix) directions of generalization. E.g., the algorithm had been carried over to the block Vandermonde matrices in [TG81]
and to Cauchy matrices in [BK 099].
2]t is easy to seethat any polynomial system fr, (x)g satisfying degry (x) = k obeys (1.2).
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its confederate matrix (with respectto the polynomial systemR) by

2 Q1 2z Aoz 2ok aon 3
1 2 3 n
1 an  am A1k arn
1 2 3 k n 2 3
0 1 azz : az:n 0
2 3 n 1
o o L B 2k E 2
(LOr( )= a1 . : : 00 0 1=,
K ’ : )
1 : :
_ « no1
a .
0 O 0 1 - n 1n
| {z . S
Cr(rn)

Notice that the coe cien ts of the recurrencerelations for the kth polynomial ry(x) from (1.2) are contained
in the highlighted k' column of Cr(rn). Wereferto [MB79] for many useful properties of the confederate
matrix and only recall here that

= o 1 k det(xl  [Cr( )k «); (X)= o 1 n det(xl Cgr());
where [Cr( )]k « denotesthe k k leading submatrix of Cg( ).
Next in Table 1.2 we list confederatematrices for the polynomial systems of Table 1.1.
| RecurrenceRelations of R | Confederatematrix Cgr(ry)
0 O 0
1 0
re(X) = x re 1(x) 0
0 0O 1 0
Monomials ” Companion matrix s
(= 1 2 0 O =4
1 2
1 2
1 2
() = (kX e 1(X) «krx 2(x) o L LN R
O 0 nl 1 _';
Real orthogonal polynomials 5 Tridiagonal matrix 2
10 n1ln2:- 19 nn1 10
1 1 20002 1 2
() = [ x+ —=Lre 1(x) ot ! "o !
K 0
X e 2(X)
. n1np 2 nnlnp 2
0 n 1 nn1
Szegr polynomials Unitary Hesselberg matrix
Table 1.2

Polynomial systems and correspnding confederate matric es.

3For the monomials and for the real orthogonal polynomials the structure of the confederate matrices can be immediately
deduced from their recurrence relations. For Sze@ polynomials it is also well-known, see,e.g., [001] and the referencestherein.
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It turns out that tridiagonal and unitary Hesselberg matrices of Table 1.2 are special casesof the more
generalclassof matrices de ned next.

1.3. Hessenberg quasiseparable matrices and polynomials. Recall that a matrix A = [a; ] is
called upper Hessenbrg if all ertries below the rst subdiagonal are zeros;that is, a; = 0if i > j + 1, and
is furthermore irr educible if aj+1 4 6 Ofori = 1;:::;n 1.

Definition  1.1. (Quasiseparable matrices and polynomials)

A matrix A is called H-m-q.s. (or Hessenkrg-m-quasiseprable) if (i) it is upper Hessenbrg, and
(i) max(rankAi2) = m where the maximum is taken over all symmetric partitions of the form

(1.5) A= Az

Let A = [a; ] be an irr educible (i.e., aj+1 6 0), H-m-g.s. matrix. Then the systemof polynomials
frie(x)g related to A via

re(x) = 1 kdet(xl  A)y y  (where i = 1=a414)

is called a systemof H-m-g.s. polynomials (or Hessenbrg-m-quasise@rable polynomials).
We verify next that the classof H-1-g.s. polynomials is wide enoughto include monomials, real orthog-
onal and Szegr polynomials (i.e., all polynomials of Tables 1.1 and 1.2) as special cases. This can be seen
by inspecting, for eadh confederatematrix, its typical submatrix Aj, from the partition describedin (1.5).

1.3.1. Tridiagonal matrices are H-1-g.s. Indeed, if A is tridiagonal, then the submatrix A;, has
the form

2
0 0 0
0 0 0
Al?zgo 0 0
“ 0 0

which can easily be obsened to have rank one.

1.3.2. Unitary Hessenberg matrices are H-1-g.s. Indeed, if A correspondsto the Szegr polyno-
mials, then the corresponding submatrix Aj, hasthe form

2
k k 1 3210 k 1 k 2 3210 nn 1l 3210

Ap=4 kK k1 321 K 1k 2 321 nono1 321 2
k k 1 3 2 k 1 k 2 3 2 nn 1 3 2

which is alsorank 1 sincethe rows are scalar multiples of eat other.

1.4. Main result. Fast O(n?) Bjeorck-P ereyra-lik e algorithm for H-1-g.s. Vandermonde
matrices. In this paper we derive a generalization of the Bjorck-Pereyra algorithm that applies to the
geneal polynomial Vandermonde matrices Vg (x) involving polynomials R = fry(x)g satisfying only one
restriction: degry(x) = k. Howevwer, in this generalcasethe algorithm hasthe cost of O(n®) operations, i.e.,
it is not fast.

The Bjorck-Pereyra-like algorithms were known to be fast in a number of special cases,e.g., when the
corresponding confederatematrix has somestructure. Several well-known structured confederatematrices
are listed in Table 1.2, and the corresponding known fast O(n?) Bjorck-Pereyra-like algorithms for them are
listed in Table 1.1.

We show that our Bjorck-Pereyra-like algorithm is fast (also requiring O(n?) operations) when the
polynomial Vandermondematrices Vg (X) involvesH-m-qg.s. polynomials with small m. Sincethe latter class
includesreal orthogonal and Szeg@» polynomials, the new fast algorithm generalizesall the algorithms listed
in Table 1.1.

Along with real orthogonal polynomials and Szegrpolynomials the classof H-m-q.s. polynomials includes
seweral more families, and the new fast O(n?) Bjorck-Pereyra-like algorithm applies to them aswell. As a
matter of fact, a particular structure in recurrencerelations typically yields a quasiseparablestructure of
the corresponding confederate matrices Cr (rn), and this allows the computational speed-up. We describe
four such examples(for which the Bjorck-Pereyra algorithms were not available before) next.
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1.5. Several interesting special cases for whic h the new Bjeorck-P ereyra-t yp e algorithm is
fast. In this section we describe seweral subclassesof H-m-q.s. polynomials such that the corresponding
Bjork-Pereyra-like algorithm, by virtue of the principal result of this paper, is fast.

1.5.1. m-recurren t polynomials. It is easyto seethat if polynomials satisfy m-term recurrence
relations

(1.6) () = (kX a 1) e 1(X)  a 2x e 2(X) 0 & m nk fk m pXx)
then their confederatematrices
2 ao1 aom 11 0 0 3
1 m
1 &2 am
1 2 m
0 1 0
a.7) A= 2
an (m 1);n
1 .
n o2 '
O O 1 an 1n

n 1 n

are(1;m 2)-banded,i.e., they haveonly onenonzerosubdiagonaland m 2 nonzerosuperdiagonals. Clearly,
any A, in (1.5) hasrank at most (m 2), implying that A isa H-(m 2)-g.s. matrix by de nition (E.g.,
tridiagonal matrices are H-1-g.s.). Hence m-recurrent polynomials are H-(m  2)-g.s. (E.g., polynomials
satisfying three-term recurrencerelations are H-1-g.s.).

1.5.2. More general three-term recurrence relations. Considerpolynomials satisfying fairly gen-
eral* three-term recurrencerelations

(1.8) k() = (kX k) e 1(X)  (kX+ k) Tk 2(x):
It was obsened in [BEGOTO06] that the confederatematrix Cg(rn) of suc fry(x)g hasthe form
2 3
. = 2t o —112+2_3 —112+2_3 . —112+2_3 . n
1 2 2 3 2 3 4 2 3 4 n
1 24 _2 2+ st s 2+ 35 st _a Zr a5 st _4 _n
1 2 1 2 3 3 4 3 4 n
i 34 _3 Sty et e
2 3 2 3 4
(%9) 1 e
3 4 3 4
4
o ; 1 nton
n
1 _n_ 4+
n 1 n n n

Obsene that taking = 0 for ead k, the matrix A of (1.9) reducesto the tridiagonal matrix displayed in
Table 1.2. Secondly inserting the relations

;K= ;o k= 7 k=0

1 1o
k k k 1 k k 1

k=

into the matrix A of (1.9) results in the unitary Hesseerg matrix displayedin Table 1.2.

It is easyto verify that the matrix A of (1.9) is irreducible H-1-g.s. Indeed, one can seethat in any
partition (1.5) the (k 1)-st column Aj2(:;k 1) and the k-th column A1,(:; k) of the matrix Ai, are scalar
multiples of eac other:

k+2
k+2

Aa( k) =

Ak 1)

41.e., more general than those of Table 1.2.



E.g.,inspectthe 2 (n 2) matrix
2

1 1 1
1+ L L4 I E
T2t 2 T2t 2 g n A n s
A _2 2 3 2 3 4 2 3 4 5 g
12 — 2 2 2 2 2 2
24 + 24 + 24 +
2 12 373 2 12 3T 3% 4 2 12 ST 3% 4 5
3 4 4 5

Hence,polynomials (1.8) are H-1-q.s.

1.5.3. Szege-typetwo-term recurrence relations. Considerpolynomialsfry(x)g satisfying general
two-term recurrencerelations of the Szegrtype,

Gk(x) _ G (x)
(1.10) I’kk(X) - : ]I_( (kX +k k]jl'k 1(x)

Here f Gk (x)g are someauxiliary polynomials. The classof polynomials (1.10) includes the classicalSzegr
polynomials f ry (x)g satisfying®

G(x) _ 1 1 k Gk 1(x)
re(x) K K 1 Xrg 1(x)

It was shown in [BEGOTO06] that the confederatematrix Cgr(r,) of fr¢(x)g satisfying (1.10) has the form
2 3
% (1 1 1)—5 (1 1 1)( 2 2 2)—§ (1 11) (n1 n1n 1)—:

L 22l (2 22)2 2 22 (n1 na1n1)d
0 L2 3+33 z 2( 3 3 3) ( n 1 n 1n l)—rr:
(1R11) | .
n 1( n 1 n 1n 1)—:
O O nl 1 = nn —

As in the unitary Hesselberg case,it is easyto seethat the rows of A, in are scalar multiples of eath other
and henceA is H-1-g.s., and the polynomials fry(x)g in (1.10) are H-1-g.s.

1.5.4. [EGOO05]-t ype two-term recurrence relations. Finally, supposethe polynomials fry(x)g
satisfy the recurrencerelations

Gk (x) k k Gk 1(x)
1.12 =
(1.12) Fe(X) K kX+ K re 1(x)
Again, f Gy(x)g are someauxiliary polynomials. It was shavn in [BEGOTO06] that the confederatematrix
Cr(rn) of suc fri(x)g hasthe form

3

- 1() 1 2(2) 12 3(-%) 1234 ()

+ = 2(-2) 2 3(=) 234 na(h)

0 1 2 3(-%) 3 4 no1(
(113) 2 3 4 n

0 0 L -4

3 4
. : ' ' n l(_:)
O 0 O nll _:

Again, a straightforward inspection of the corresponding A1, indicates that polynomials fry(x)g of (1.12)
form a H-1-q.s. system.

To sumup, the classof H-m-q.s. polynomials includesnot only the well-studied classesf real orthogonal
polynomials and the Szegr polynomials, but also seweral other interesting polynomial classesdescribed in
Sections1.5.1- 1.5.4. Hence,it is of interest to generalizethe Bjorck-Pereyra algorithm to a polynomial-
Vandermondematrix Vg (x) corresponding to a system of H-m-q.s. polynomials R. This is exactly what is
donein the rest of the paper.

p—
5Here the complex numbersj ¢j 1 are referred to as called re ection coecients , and | := 1 jkj?2ifjki<land
k := 1ifj xj= 1are called complementary parameters.
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2. The classical Bjeorck-P ereyra algorithm. We begin by recalling the classical Bjorck-Pereyra
algorithm. In [BP70], the authors derive a represenation for the inverseV(x) ! ofann n Vandermonde
matrix asthe product of bidiagonal matrices, that is,

(2.1) V(x) 1= U Uy 1 Chr O
and usedthis result to solve the linear systemV (x)a = f by computing the solution vector
a=U Uy 1 Cnh1 Oof

which solvesthe linear systemin %nz operations. This is an order of magnitude improvemert over Gaussian
elimination, which is well known to require O(n®) operations in general. This favorable complexity results
from the fact that the matrices Uy and L are sparse.More speci cally, the factors Uy and Ly are given by

2 3
I 1 |
1 Xk
(2.2) Uy = g 1 %;
X
1
2 3
2 Ik | 3 Ik 1|
1 1
(23) E_k:g k+1 1 . é E 1 1 z
. 1 ... .-.
Xn Xnp k 11

In the next section we will present the new Bjorck-Pereyra-like algorithm for the most general case
consideredin this paper: the generalHesseerg case.

3. New Bjeorck-P ereyra-lik e algorithm. General Hessenberg case. In this section we consider
the linear system Vg (x)a = f, where Vg (x) is the polynomial-Vandermonde matrix corresponding to the
polynomial systemR and the n distinct nodesx. No restrictions are placed on the polynomial systemR at
this point other than deg(r¢) = k. The newalgorithm is basedon a decomposition of the inverseVg (x) ! en-

T

abled by the following lemma. Hereinwe usethe MATLAB corvertion Xi;; = Xj Xj+1 i Xj 1 X
to denote a portion of the larger vectorx = X1 X2 ::: Xp 1 Xp T
Lemma 3.1. Let R = fro(x);:::;rn(x)g be an arbitrary systemof polynomials as in (1.2), and denote
Ri = fro(x);:::;rn 1(X)g. Further let x1.n = (X1;:::;Xn) be n distinct points. Then the inverse of Vg (X1:n)
admits a decomposition
1_ 1 0 .
(31) VR(Xl:n) - Ul 0 VR(XZ:n) 1 Lla
with
2 3
o
0
Cr,(rn 1) xal
(3.2) U = : .
0 0 1
n 1
2 32 3
1 1
1
P 11
o3 Lfoe it
Xn 1X1 1 1

The proof of Lemma 3.1 is given in Section 6, but rst we presen its usein solving the linear system
VrR(X)a=f.



3.1. Solving polynomial Vandermonde systems. Like the classicalBjork-Pereyra algorithm, the
recursive nature of (3.1) allows a decomposition of Vg (x) ! into 2n 2 factors,

1_ I | In 2 | In 2| 1 | .
(3-4) VR(X) =U | U, | Un 1 | Ln 1 | L, Li;
with the lower and upper triangular factors givenin (3.2), (3.3). The assaiated linear systemcan be solved
by multiplying (3.4) by the right-hand side vector f .

It is emphasizedhat this decomposition is valid for any polynomial systemR, however no computational
savings are guaranteed. In order to have the desired computational savings, eady multiplication of a matrix
from (3.4) by a vector must be performed quickly.

The factors L are sparseasin the classicalBjorck-Pereyra algorithm, and thus multiplication by them
is fast. However, unlike the classicalBjorck-Pereyra algorithm, the factors Uy are not sparsein general. In
order to have a fast O(n?) algorithm for solving the systemVi (x)a = f, it is necessaryto be able to multiply
ead matrix in (3.4) by f in O(n) operations.

3.2. Dierences between Ly and Cy. It is easyto seethat the classical Vandermonde matrix V
involving monomials and the polynomial Vandermondematrix Vi are related via

VR =V U;
where U is a change of basis matrix:
1 x "1 U= ro(x) ri(x) rn 1(x)

SinceU is upper triangular and sincethe LU factorization is unique, it followsthat both matricesV and Vg
sharethe samelL factor that can be equivalently factored in dierent ways, e.g., using elemenary factors
(2.3) asin (2.1) or using elemenary factors (3.3) asin (3.4).

x1) 'g. Sincethe samex; is usedin ead factor, (3.3) can potentially provide better accuracyif the so-called
Leja ordering (that maximizesthe separation betweenx; to the other nodes)is used([RO91], [H9(], [O03]).
SeeSection 7 for more details.

4. Kno wn special cases where the Bjeorck-P ereyra-lik e algorithm is fast. We next presern a
detailed reduction of the algorithm presened in the previous sectionin seweral important special casesthat
were studied earlier by di erent authors.

4.1. Monomials. The classical Bjsorck-P ereyra algorithm. Supposethe systemof polynomialsin
the polynomial-Vandermondematrix is simply a set of monomials; that is, R = f1;x;:::;x" 1;x"g. Then
(1.2) becomessimply

(4.1) ro(x) =1, re(x)=xrgx 1(X); k=1;:::;n

and the corresponding confederatematrix is
2 3

(4.2) Cr(rn) =

: . . . 0

0 0 1 0
that is, ¢ = 1for k = 0;:::;n 1. Inserting this and (4.2) into (3.2) yields (2.2), implying the factors
Uk reduceto those of the classicalBjorck-Pereyra algorithm in this case. That is, the Vandermondelinear
systemVg (x)a = f can be solved via the factorization of (3.4):

| | | |
(4.3) a= Vr(x) f = U, 1|u2 ”ZIUM ”ZILM 1|L2 Ly f:

Thuswhen the quasiseparablepolynomials in questionreduceto the monomials, the algorithm described
reducesto the classicalBjorck-Pereyraalgorithm. Due to the sparsenes®f the matrices involved, the overall
cost of the algorithm is only gnz.




4.2. Real orthogonal polynomials. The Higham algorithm. If the polynomial system under
consideration satis es the three-term recurrencerelations

(4.4) re(X) = (kX W)re 1(x)  «kre 2(x);
then the resulting confederatematrix is tridiagonal
2 RPN 0 3
1 2
1 2
1 2
(4.5) Cr(rn)=8§ 0 L ; 0
0 0 1 -
n 1 n
which leadsto the matrices Uy of the form
2 3
Ll x 2 0 0
0 2
1
0| = X
1 Kk
Uk = 0 2 K 11 0
: S
0 0 1 - Xk
k 1 k
0 0 1

noj

Again, the factorization (4.3) usesthe above to solve the linear system. The sparsenesof these matrices
allows computational savings, and the overall cost of the algorithm is again O(n?).
In this case,the ertire algorithm presened reducesto Algorithm 2.1in [H9Q]. In particular, the multi-

plication of a vector by the matrices speci ed in (4.3) involving Ly and Uy can be seenas Stagel and Stage
Il in that algorithm, respectively.

4.3. Szege polynomials. The [BEGK 0OO07] algorithm. If the system of quasiseparablepolynomi-

complimertary parameters i (see[BC92]), then they satisfy the recurrencerelations

LX) = 1 ‘I(x)=il X500 250

1 K 1 # k k1 #
4.6 ix)= — x+ = = X _— X X
(4.6) k (X) - . k 1(X) P k 2(X)

which are known to be assaiated to the almost unitary Hesseiberg matrix

2 PR PR 3
10 nln2--- 1090 nnil--- 1090
1 T n1n 2t 21 nnil-:: 21
#y\ —
(4.7) C+(n)= 0
: n 1ln 2 nniln?2
0 n o1 nn i1

In particular, if (4.7) is inserted into the factors (3.2) in (4.3), then the result is exactly that derived
in [BEGK 007, (3.10) and (3.15)], where the nice properties of the matrix C » ( #) were usedto provide a
computational speedup. Speci cally, the algorithm is made fast by the factorization

(4.8) C+(n)=6(1) G(2) = G(n 1) G(n)
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where
G( j) = diagflj 1; ’ J il j 10 J=L12:5n 1
] j
and
G( n) = diagfln 1; ngQ

see,for instance, [G82], [BC92], or [R95]. This givesan overall computational cost of O(n?).

In the next section, we presert a new special casewhich contains all previous special cases.

5. A new special case. Hessenberg- m-quasiseparable polynomials.

5.1. Rank de nition.  As stated in the introduction, a matrix A is called upper quasiseparableof
order m if max(rankA12) = m where the maximum is taken over all symmetric partitions of the form

A= A

Also, a matrix A = [a; ] is called upper Hessenbrg if all ertries below the rst subdiagonal are zeros;that
is,aj = 0ifi > j+ 1. For brevity, we shall refer to order m upper quasiseparableHesseiberg matrices
as H-m-g.s. matrices Polynomials corresponding to H-m-q.s. matrices are called H-m-g.s. polynomials, or
sometimessimply H-g.s. polynomials.

5.2. Generator de nition. We next presert an equivalent de nition of an H-m-q.s. matrix in terms
of its geneamtors. The equivalence of these two de nitions is well-known, see,e.g.,in [EG99]]. An n n
matrix Cr(rn) is called H-m-g.s. if it is of the form

4@
@é@@ gy hy
@ "o
CR(rn): @ @ @
@ . @ @
@ -
@ @ %,
0o @ ) q@ i@
@@n n l@@
(5.1)
with
(5.2) by = (b)) (B 1)) by =1t

Here px; ; dk are scalars, the elemens gx are row vectors of maximal size m, hy are column vectors of
maximal sizem, and by are matrices of maximal sizem m sud that all products make sense.The elemerns
fpx; Ok; de; Ok; b ; hk are called the geneators of the matrix Cr(rn).

The elemerts in the upper part of the matrix giby; h; are products of a row vector, a (possibly empty)
sequenceof matrices possibly of di erent sizes,and nally a column vector, as depicted here:

| W QS| b i S Dl QR A J G 3
Oi
t1+1 h 1
(5.3) Oi t\j hj = b2
with uy mforeachhk=1;:::;n 1.



5.3. Fast multiplication using the quasiseparable structure. Here we shaw that in the special
caseof H-m-g.s. polynomials our Bjorck-Pereyra-like algorithms is fast, requiring O(n?) operations. In view
of (4.3) it su ces to have an algorithm for O(n) multiplication of a quasiseparablematrix by a vector since
ead matrix Uy corntains a quasiseparablematrix asin (3.2). With such an algorithm, ead multiplication
in (3.4) could be implemented in O(n) operations, hencethe total cost of computing the solution a would
be O(n?). The fast multiplication algorithm presened next is valid for a slightly more general class of
quasiseparablematrices; speci cally, the Hesseterg structure emphasizedabove is not essetial here. To
describe a more generalresult, we rst give a slightly more generalde nition.

A matrix A is called (n_; ny)-quasiseparableif max(rankA1,) = ny and max(rankAz1) = n_, wherethe
maximum is taken over all symmetric partitions of the form

(5.4) A=

Similar to the generator represenation for upper quasiseparablematrices given above, arbitrary order qua-
siseparablematrices can be expressedn terms of generatorsas

%o
@@
@ @
- @
CR(rn) - @ @
@
@ .@
@,
Pi ai]- G @ dr@
@@
with g = (& 1) (&+1), @&+ = |, by isasdened in (5.2). Now dx are scalars,the elemeris py; g«

are row vectors of maximal sizen_ and ny respectively, o ; hx are column vectors of maximal sizen, and
ny respectively, and ag; b are matrices of maximal sizen, n_ and ny ny respectively, such that all
products make sense.The ertries in the lower triangular part are de ned by the product pig; ¢, which has
a similar form to that shown in (5.3).

Sud a fast algorithm for multiplying a quasiseparablematrix by a vector is suggestedby the following
decomposition, valid for any (n._ ; ny)-quasiseparablematrix.

Pr oposition 5.1. Let Cr(rn) beann n (n_;ny)-quasiseprable matrix speci e d by its geneators as
in Section 5.2. Then Cr(r,) admits the decomposition

Cr(fn)=L+D+U

where

2 3 2 3
1 0 0°2, 003 @ O 0
L:EO P §§ 1 Ozgo o §
0 0 pn 0 0 0 1

2 3

d 0 0

D:g 0 d . %

P ¢

0 0 dy
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24 0 0320 321 o 0>
(5.5) u=§ 0 .o %E A= zg 0 h %
: .. 0 oo,
. . gn 1 0 . . 0
0 0 1 00 0 0 0 h,
with
2 | 3 2 3
I b,
S LR I
| I b1
an 1 I I

and | representsthe identity matrix of appropriate size.

We emphasizethat the diagonal matricesin Proposition 5.1 are block diagonal matrices, although in the
1-g.s. casethey are actually diagonal. To illustrate this, the product forming the matrix U hasthe following
form: U =

2 2 3,3
I b2
0 2 3
2 3 ha
[ bs I
92
e
On 1 .
[T b 1 K
0
I
0 0

In light of this decomposition, we seethat the matrix-v ector product is reducedto v e diagonal scalings
and two badk-substitutions with bidiagonal matrices. The justi cation of the proposition follows from the
next simple lemma, which can be seenby direct con rmation.

Lemma 5.2. Letb;k=1;:::;m 1 bematricesof sizesux ux+1 (with us;uy arbitrary) then
2 3
2 | by 31 I, b by bbb bbby by 1
n lh, b by bz b 1
|n2 bZ . . .
h B In bn 2 bm 2.h’n 1
| m 2
Nm 1 lh’n 1 Inm ) h’n 1
Nm Inm

We next considerthe computational cost of the multiplication algorithm suggestedby this proposition.
Let Cr(rn) be a quasiseparablematrix of order (n_; m) whosegeneratorsare of the following sizes:

Generator Pk ax Ok dk Ok b hy
Size 1 |k 1 Ik |k 1 Ik 1111 1|1 wug|ug 1 Uk | Uk 1 1

X 1
c=3n+2 (ug+ e+ ugug 1+ Ikl 1)
k=1
11



ops (additions plus multiplications). Sincely n_ andux ny for k= 1;:::;n, we also have
c 3n+2(n 1)(ny + n_+nd+n?):

Thus, for valuesof n. and ny much lessthan n, the quasiseparability is useful as the multiplication can be
carried out in O(n) arithmetic operations.

Note additionally that the implementation of the algorithm suggestedby the above decomposition co-
incideswith the algorithm derived di erently in [EG99Z for the samepurpose.

5.4. Special choices of generators. The new Bjorck-Pereyraalgorithm is basedon the decomposition
(3.4) and the fast matrix-v ector product algorithm of Section 5.3. The input of the latter algorithm is a
generator of the corresponding H-m-qg.s. matrix (5.1). However, in many examples,the generatorsof (5.1)
are not given explicitly, but rather by the recurrencerelations of the corresponding H-m-q.s. polynomials.

We next provide a detailed corversionbetweentwo di erent represenations, i.e, Table 5.1 lists formulas
to compute the generatorsfrom the recurrencerelations coe cien ts for all special casesconsideredabove.

[ Polynomials I [ o | dk | Ok | b | hi |
Monomials (4.1) 1 1 0 0 0 1

Real orth. (4.4) 1 ([ 1=« K= K K=k 0 1

Sze@ (4.6) 1 K K k1 K 1 K 1 K 1k

Gen. 3-term (1.8) 1 [ 1= | 2+ —x T kst * ks T 1

K k 1k k+1 K+l

Sze@-type (1.10) 1 | 1=« KT kk k1 K 1 k1 Kk 1k 1 (k1 k1k1)
[EGOO05]-type (1.12) | 1 || 1=« " K k -

Table 5.1. Speci ¢ choicesof generatorsresulting in various special cases.
To illustrate a set of generatorsfor a higher order matrix, the next example considersthe m-recurrent
polynomials of Section 1.5.1.
satisfy (1.6) with m = 4;
() = (kX & 1x) Tk 1(X) & 2k Tk 2(X) & sk e 3(x)

The correspnding confederate matrix is the following 5 5 matrix of the form in (1.7) with m = 3:

2 an ap s g g 3

L adk ak aw

A=f o L oas a axs

o o0 L al as

0o o o L

4 5

It can readily be seen that the matrices given by
0= a2 ags ; U= a4 a3 ; O3= a4 a5 ; Ga= 0 asgs

_ 00 _ 10 _ 0 o0
by = 01 ° bs = 0 0 ° by = 0 1
L 0 L 0
hy = g hs = 1 hg = o hs = 1 :
are geneators of the matrix A.

12



6. Deriv ation of the new Bjsorck-P ereyra-lik e algorithm. In this sectionthe algorithm presered
is derived and the main enabling lemma is proved. The section beginswith somebadkground material.

6.1. Associated (generalized Horner) polynomials. Following [KO97] de ne the assiated poly-

nomials R = flo(x);:::; by (x)g for a given system of polynomials R = fro(x);:::;rn(x)g via the relation
2 3
fho1(y)
r (X) r ( ) r’\n 2(y)
6.1) R ORUTO N ORI ,
r1(y)
fo(y)

with additionally b, (x) = rp(X).

However, beforeproceedingwe rst clarify the existenceof such polynomials. Firstly, the polynomials as-
sociated with the monomialsexist. Indeed, if P is the systemof n+1 polynomialsP = f 1;x; x2;::5;x™ 1, (x)g)}
then

2 3
gn 1?’;
h 2(Y K 1
62) e R N R
P1(y) =0
Po(y)

and in this casethe assaiated polynomials B can be seento be the classicalHorner polynomials (see,e.g.,
[KO97, Section 3.]).

seethat, given a polynomial system R with degrx) = k, the polynomials in R can be obtained from the
monomial basis by

(6.3) 1 x x? Xn 1 S= ro(x) ri(x) ra(x) n 1(X)

whereS isann n upper triangular invertible matrix capturing the recurrencerelations of the polynomial
systemR. Inserting SS ! into (6.2) betweenthe row and column vectors and using (6.3), we seethat the
polynomials assaiated with R are

2 3 2 3
o 1(y) Pn 1(Y)
o 2(y) P 2(y)
(6.4) ; =s ! :
fa(y) Pr(y)
fo(y) Po(y)
where ® = foo(X);:::;bn 1(X)g are the classicalHorner polynomials and S is from (6.3).

The following lemma will be neededin the proof presertied below.

2
2 3 1 1 X+ 812 ——a-
e R ) o o
r\(2) (x) r\(n l)(X) 2 2n 1
(6.5) 0 . n 3' — :
. X + an 2n 1
r\gn 1)(X) 1 n 1

13



Proof. From [KO97] we have the formula
(6.6) Cyp(f) =T Cr(ra)T I (with M (X) = rp(x));
where[™is the antidiagonal matrix, which providesa relation betweenthe confederatematrix of a polynomial

systemR and that of the polynomials assa&iated with R. From this we have the following n-term recurrence
relations for the truncated assaiated polynomials:

67) 0= g, ox mmr sl 8mm ez a) Bmk w0 m= 1k L
m+1 m+2

with

(6.8) A = 1=,

Now considerthe product

2 1 az: ain 3 2 1 3

o Ry HCCONN: RTCO R AP

i 1
3 . : b, (x) B 57 (%)

(6.9 L x+ A B 1 - : :
x+ S22 RN A

1 .

— Lo Y

The (i; j) entry of this product de ned by the highlighted row and column can be seenas (6.7) with
k=jm=j iifi6jand(6.8)with k=1i;m= 0ifi=j. Thusthis product is the identity, implying
(6.5). 0

With this completed, next is the proof of Lemma 3.1 from Section 3.
Proof. Performing one step of Gaussianelimination on Vg (x1.) yields

2 3 2 3
1 1
11 X2 X1
Vr(X1n) = § . . .

1 1 Xn X1

1 0 ro(X1) | ri(xa) rn 1(x1) .
(6.10) 0 R 0 | I ’
where the matrix R has (i; m)-entry Rim = W that is, R consists of divided di erences.
By the discussionabove, assa@iated with the system R is the system R = fro(x);:::; P (X)g. Following
the notation of Lemma 6.1, denote by R®) = £/ (x);:::: A (x)g the system of polynom|als asswiated

with the truncated systemfro(x);:::;re(x)g. By the de nltlon of the asscaiated polynomials we have for
k=12:::;;n 1

r\“’l(y)

re(x)  r(y) _
X y

2
f‘r(1k)2()’) )
ro(x) ra(x) ra(x) re 1(x) rx) A9 (y):
f‘(k)(y) i=0

59 (y)
14



2 3
£S5 (%)) r\g (x;) r\g” 23(Xj)
) (x; AP
611 V. g Po) )
r\(()n l)(Xj)

The last matrix on the right-hand side of (6.11) can be inverted by Lemma 6.1. Therefore, inverting (6.10)
and substituting (6.5) results in (3.1) as desired. O

7. Numerical lllustrations.  We report here se\eral results of our preliminary numerical experiments
to indicate that in the genericcasethe behavior of the generalizedalgorithms is consistert with the conclu-
sionsreported earlier for the known Bjorck-Pereyra-like algorithms.

The algorithm hasbeenimplemented in MATLAB version 7, which usesdouble precision. Theseresults
were compared with exact solutions calculated using the MATLAB Symbolic Toolbox command vpa() ,
which allows software-implemerted precision of arbitrary numbers of digits. The number of digits was set
to 64, however in caseswhere the condition number of the coe cien t matrix exceededl0*°, this was raised
to 100digits to maintain accuracy

It is known (see[RO91], [H90]) that reordering the nodesfor polynomial Vandermondematrices, which
corresponds to a permutation of the rows, can a ect the accuracy of related algorithms. In particular,
ordering the nodesaccording to the Leja ordering

(V! Ry 1
jX1j = max jxij; Xk Xjj = max xi Xy k=20 1
1 in i1 klnj:l

(see[RO91]], [HIQ], [O03]) improvesthe performance of many similar algorithms. We include experiments
with and without the useof Leja ordering (if the Leja ordering is not used,the nodesare orderedrandomly).
A counterpart of this ordering is known for Cauchy matrices, see[BK 0O02].

In all experiments, we comparethe forward accuracy of the algorithm, de ned by

kx ﬂkz
kx k2

where % is the solution computed by ead algorithm in MATLAB in double precision, and x is the exact
solution. In the tables, BP-QS denotesthe proposedBjorck-Pereyralike algorithm with a random ordering
of the nodes, and BP-QS-L denotesthe samealgorithm using the Leja ordering. The factors L from (3.3)
were used. GE indicates MATLAB's Gaussianelimination. Finally, cond(V) denotesthe condition humber
of the matrix V computed via the MATLAB command cond() .
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Exp erimen t 1. In Table 7.1, the valuesfor the generatorswere chosenrandomly on ( 1; 1), similarly
for the ertries of the right hand side vector. The nodes xx were selectedequidistant on ( 1;1) via the
formula

Xk = 1+2 nL o k=01;:::;n 1

We test the accuracy of the algorithm for various sizesn of matrices generatedin this way.

| n | cond(V) || GEPP | BP-QS | BP-QS-L |
10 | 6.9e+06 || 8.7e-15 | 1.9e-14| 1.6e-15
3.5e+08 1.9e-14 | 5.3e-15| 8.9e-16
1.9e+10 || 7.1e-15 | 6.0e-16| 6.4e-16
15| 1.5e+10 || 4.4e-12 | 3.5e-12| 6.7e-15
7.7e+13 || 5.8e-12 | 1.4e-13| 1.3e-15
5.9e+15 || 3.1e-11 | 4.3e-13| 5.7e-16
20 | 6.0e+17 1.0e-09 | 1.4e-11| 4.6e-15
2.2e+18 || 9.6e-14 | 8.5e-12| 1.2e-15
1.6e+22 || 6.2e-11 | 1.1e-11| 2.3e-15
25 | 1.6e+20 8.0e-08 | 4.3e-11| 4.4e-16
1.0e+22 1.3e-08 | 1.1e-10| 1.3e-15
1.0e+26 || 8.8e-07 | 1.5e-10| 3.2e-15
30 | 9.1e+18 1.2e-06 | 4.3e-06| 1.2e-14
8.0e+23 || 5.0e-08 | 3.3e-09| 1.5e-15
1.9e+24 || 5.8e-02 | 5.6e-10| 4.4e-15
35| 9.8e+23 || 9.3e-01 | 1.2e-06| 2.0e-15
7.5e+28 1.6e-03 | 7.1e-08| 1.7e-15
1.8e+29 1.1e-02 | 4.2e-06| 1.7e-15
40 | 2.6e+25 || 8.6e-02 | 1.1e-06| 8.6e-15
2.1e+29 2.9e-02 | 1.4e-06| 4.8e-15
1.0e+33 || 1.0e+00 | 2.2e-05| 2.4e-16
45 | 4.5e+31 || 1.0e+00 | 8.4e-05| 2.0e-15
9.2e+36 || 1.2e+00 | 3.2e-05| 3.0e-15
5.9e+38 || 1.1e+00 | 2.2e-04| 5.2e-16
50 | 3.3e+37 || 1.0e+00 | 6.9e-03| 1.2e-13
2.8e+41 || 4.0e-01 | 4.8e-03| 2.3e-13
8.7e+45 || 1.0e+00 | 1.6e-02| 6.3e-14

Table 7.1. Equidistant nodeson ( 1;1).

Notice that as the size of the matrices involved rises, so does the condition number of the matrices,
and henceas expected, the performanceof Gaussianelimination declines. The performanceof the proposed
algorithm with a random ordering of the nodesis an improvemen over that of GE, however using the Leja
ordering givesa dramatic improvemert in performancein this case.
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Exp eriment 2. In Table 7.2, the values for the generatorsand ertries of the right hand side vector
were chosenasin Experiment 1, and the nodesxy were selectedclusteredon ( 1; 1) via the formula

Xk= 1+2 —— ; k=01:::;n 1
k n 1

Again we test the accuracyfor variousn n matrices generatedin this way.

| n [cond(V) || GEPP | BP-QS [ BP-QS-L |
10 | 8.6e+10 1.7e-12 | 9.0e-15| 5.5e-16
1.2e+11 1.9e-12 | 1.5e-14| 1.0e-15
3.3e+12 1.7e-13 | 1.6e-14| 3.6e-16
15| 1.3e+15 1.3e-11 | 3.0e-13| 3.7e-15
1.9e+16 || 5.1e-11 | 6.4e-13| 3.4e-16
1.5e+17 1.4e-11 | 8.6e-14| 2.3e-15
20 | 9.7e+17 6.0e-08 | 1.5e-10| 8.5e-14
2.1e+18 || 5.4e-08 | 1.7e-12| 8.9e-15
1.1e+23 || 5.0e-08 | 3.1e-11| 7.9e-16
25 | 1.8e+20 7.2e-04 | 6.9e-10| 7.7e-14
4.5e+20 || 4.8e-03 | 1.3e-09| 5.9e-14
4.0e+22 1.9e-03 | 2.9e-10| 6.1e-15
30 | 9.1e+22 || 1.1e+00 | 6.1e-09| 6.4e-15
4.9e+24 || 1.0e+00 | 2.7e-10| 2.2e-15
1.0e+26 || 1.0e+00 | 2.9e-09| 2.9e-12
35| 2.1e+27 7.8e-01 | 2.5e-07| 1.6e-14
1.3e+28 || 1.0e+00 | 8.6e-09| 2.9e-09
4.7e+33 || 1.0e+00 | 8.3e-07| 7.4e-11
40 | 7.5e+27 || 1.0e+00 | 2.1e-05| 5.1e-08
1.9e+33 || 1.0e+00 | 8.5e-06| 2.5e-09
3.3e+37 || 1.0e+00 | 3.8e-05| 1.le-12
45 | 1.8e+33 || 1.0e+00 | 6.2e-04| 8.2e-04
4.4e+34 || 1.0e+00 | 1.3e-03| 1.0e-06
1.2e+40 || 1.0e+00 | 2.0e-04| 2.3e-08
50 | 6.5e+32 || 1.0e+00 | 7.3e-03| 3.2e-06
2.8e+36 || 1.0e+00 | 1.2e-03| 5.6e-04
1.5e+46 || 1.0e+00 | 3.1e-03| 7.8e-04

Table 7.2. Clustered nodeson ( 1;1).

In this experiment, again the condition number rises with the size of the matrix, and as expected
Gaussianelimination giveslessaccuracyasthis increases.The proposedalgorithm givesan improvemert in
this caseaswell, and the Leja ordering again givesan improvemen.
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Exp erimen t 3. In [H87], [CF88], [BKO99] it was shawn that the behavior of BKO-type algorithms
can depend on the direction of the right hand side vector. We include a similar experiment here, and the
outcomeis consistert with obsenations in [CF88] and [BK 099]. This is illustrated in Table 7.3, which shows
the results for a 30 30 matrix generatedby a xed set of generatorsand nodes on the unit disc, and the
results of applying the various algorithms to solve the system with ead (left) singular vector as the right
hand side. In other words, for the singular value decomposition of Vg

VR=U VT = up|uz| | un vi| vz | |vnT
we solve 30 systemsof the form Vg x = uy, where as depicted uy is the k-th column of U.
singular
vector GEPP | BP-QS | BP-QS-L
up 4,7e-01 | 5.7e-02| 2.7e+01
us 1.3e+00 | 2.8e-02| 2.1e+00
us 1.6e+00 | 1.8e-02| 1.9e+00
Uy 3.8e+00 | 3.6e-02| 2.3e+00
Us 5.4e+00 | 1.4e-02| 1.6e+00
Ug 2.9e+00 | 6.3e-02| 6.6e-02
uz 5.3e+00 | 9.7e-03| 2.0e-02
Ug 1.6e+00 | 2.1e-03| 2.0e-03
Ug 5.5e-01 | 2.4e-04| 6.6e-04
U1o 1.4e-01 | 1.4e-05| 7.7e-05
Ugy 8.1e-05 | 2.1e-09| 3.6e-09
Ui 1.7e-05 | 5.8e-10| 6.4e-10
U13 7.9e-06 | 2.7e-10| 9.4e-11
U1a 8.6e-06 | 2.7e-11| 3.1le-11
Uis 5.8e-06 | 6.4e-11| 6.7e-11
Uie 1.1e-05 | 1.8e-13| 9.6e-13
Uq7 1.1e-05 | 1.6e-15| 9.6e-16
U1g 1.1e-05 | 2.5e-15| 4.4e-15
U1g 1.1e-05 | 6.1e-15| 2.1e-15
Uzo 1.2e-05 | 8.5e-15| 4.1e-14
Uoq 1.3e-05 | 1.8e-15| 4.4e-16
Uo) 1.4e-05 | 4.7e-15| 3.8e-15
Uo3 1.3e-05 | 1.1e-14| 1.5e-15
Uos 1.9e-05 | 2.2e-14| 8.le-15
Uos 5.2e-05 | 6.7e-14| 5.0e-14
Uog 1.4e-05 | 1.9e-15| 2.6e-15
Uo7 1.3e-05 | 1.4e-15| 2.2e-15
Uog 1.2e-05 | 2.9e-15| 1.1e-15
Uog 1.2e-05 | 6.0e-15| 2.5e-15
Uszp 1.2e-05 | 7.3e-16| 4.9e-16

Table 7.3. Dependenceon the direction using left singular vectors.

The outcomeis consistert with obsenations in [CF88] and [BK 099 for Bjorck-Pereyra-type algorithms
for the classicalVandermondeand Cauchy matrices.

The above typical experiments describe generic H-q.s. cases,and they are preliminary. We conclude
this section with two commerts about further possiblework. Firstly, experienceindicates that numerical
properties of general polynomial algorithms may be quite di erent even for two classicalspecial cases:real
orthogonal polynomials and Szegr polynomials. Henceit is of interest to study the numerical behavior of
the new algorithm for di erent special cases.e.g., four examplesdescribed in Sections1.5.1- 1.5.4.

Secondly there is an ongoingwork [BOS] on studying the accuracy of fast algorithms for multiplying a
quasiseparablematrix by a vector. There are seweral alternativesto the method described above in Section
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5.3, and one of them is provably stable. When the work [BOS] is completed, it will be of interest to study
the accuracy of our algorithm basedon (3.4) combined with new methods for computing g.s. matrix-v ector
product.

However, already at this point the results of all of our experiments are fully consistert with the con-
clusions made in [BP70], [CF88], [H90], [RO9]], [BK0O99], [O03] and [BEGK O07] for similar algorithms.
Speci cally, there are examples, even in the most generic H-g.s. case,in which the Bjorck-Pereyra-type
algorithms can yield a very high forward accuracy

8. Conclusion. In this paper we generalizedthe well known Bjorck-Pereyra algorithm to polynomial-
Vandermonde matrices. The e ciency of the algorithm depends on the structure of the corresponding
confederatematrix (a Hessemerg matrix capturing the recurrencerelations). In the casewhere the polyno-
mial systemis H-m-qg.s. with small m (i.e., whenthe confederatematrix is quasiseparable}he algorithm has
a favorably complexity of O(n?) operations, which is an order of magnitude improvemert over the standard
methods. Initial numerical experiments indicate that in many casesthe algorithm provides better forward
accuracy than the one of Gaussianelimination. This obsenation is fully consistert with the experience of
our colleaguesreported in se\eral previous papers.
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