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Abstract. Methods for solving optimal filtering and prediction problems for the classical stationary processes are
well-known since the late forties. Practice often gives rise to what are not classical stationary processes but general-
ized ones, e.g., to white noise and to many other examples. Hence it is of interest to carry over optimal prediction
and filtering methods to them. For arbitrary generalized stochastic processes this could be a challenging problem.
It was shown recently [OS04] that the generalized matched filtering problem can be efficiently solved for a rather
general class of SJ -generalized stationary processes introduced in [S96]. Here it is observed that the optimal pre-
diction problem admits an efficient solution for a slightly narrower class of TJ -generalized stationary processes.
Examples indicate that the latter class is wide enough to include white noise, positive frequencies white noise, as
well as generalized processes occurring when the smoothing effect gives rise the situation in which the distribution
of probabilities may not exist at some time instances. One advantage of the suggested approach is that it connects
solving the optimal prediction problem with inverting of the corresponding integral operators SJ . The methods for
the latter, e.g., those using the Gohberg-Semençul formula, can be found in the extensive literature, and we include
an illustrative example where a computationally efficient solution is feasible.
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1. Introduction

1.1. Optimal Prediction of Classical Stationary Processes. A complex-valued stochastic process X(t) is called
stationary in the wide sense (see, e.g., [D53]), if its expectation is a constant,

E[X(t)] = const, −∞ < t < ∞
and the correlation function depends only on the difference (t − s), i.e.,

KX(t, s) = E[X(t)X(s)] = KX(t − s).

We assume that E[|X(t)|2] < ∞. Let us consider a system with the memory depth of ω that maps the input
stochastic process X(t) into the output stochastic process Y (t) in accordance with the following rule:

Y (t) =
∫ t

t−ω

X(s)g(t − s)ds, g(x) ∈ L(0, w). (1.1)

In the optimal prediction problem one needs to find a filter g(t) in

�
X(t)

g(t) �
Y (t)

Figure I. Classical Optimal Filter.
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so that the output process Y (t) is as close as possible to the true process X(t + τ) where τ > 0 is a given constant.
The measure of closeness is understood in the sense of minimizing the quantity

E[|X(t + τ) − Y (t)|2].
Wiener’s seminal monograph [W49] solves the above problem for the case ω = ∞ in (1.1). His results were extended
to the case ω < ∞ in [ZR50].

1.2. Generalized stationary processes. Motivation. The white noise X(t) (having equal intensity at all fre-
quencies within a broad band) is not a stochastic process in the classical sense as defined above. In fact, white
noise can be thought of as the derivative of a Brownian motion, which is a continuous stationary stochastic process
W (t). It can be shown that W (t) is nowhere differentiable, a fact explaining the highly irregular motions that Robert
Brown observed. This means that white noise dW (t)

dt does not exist in the ordinary sense. In fact, it is is a generalized
stochastic process whose definition is stated in [VG61].

Generally, any receiving device has a certain “inertia” and hence instead of actually measuring the classical
stochastic process X(t) it measures its averaged value

Φ(ϕ) =
∫

ϕ(t)X(t)dt, (1.2)

where ϕ(t) is a certain function characterizing the device. Small changes in ϕ yield small changes in Φ(ϕ) (small
changes in the receiving devices yield closer measurements), hence Φ is a continuous linear functional (see (1.2)),
i.e., a generalized stochastic process whose definition [VG61].

Hence it is very natural and important to solve the optimal filtering and prediction problems in the case of
generalized stochastic processes.This correspondence is a sequel to [OS04] where we solved the problem of con-
structing the matched filtering problem for generalized stationary processes. Here, formulas for solving the optimal
prediction problem are given.

1.3. The main result and the structure of the correspondence. In the next section 2 we recall the definition
[VG61] of generalized stationary processes and describe the system action on it. Then in section 3 we introduce a
class of TJ -generalized processes for which we will be solving the optimal prediction problem in section 4. Finally,
in section 5 we consider a new model of colored noise. It is shown how our general solution to the optimal prediction
problem can be a basis to provide a computationally efficient solution in this important example.

2. Generalized Stationary Processes. Auxiliary results

2.1. The Definition of [VG61]. Let K denotes the set of all infinitely differentiable finite functions. Let a stochastic
functional Φ (i.e., a functional assigning to any ϕ(t) ∈ K a stochastic value Φ(ϕ)) be linear, i.e.,

Φ(αϕ + βψ) = αΦ(ϕ) + βΦ(ψ).

Let us further assume that all the stochastic values Φ(ϕ) have expectations given by

m(ϕ) = E[Φ(ϕ)] =
∫ ∞

−∞
xdF (x), where F (x) = P [Φ(ϕ) ≤ x].

Notice that m(ϕ) is a linear functional acting in the space K that depends continuously on ϕ. The bilinear functional

B(ϕ,ψ) = E[Φ(ϕ)Φ(ψ)]

is a correlation functional of a stochastic process. It is supposed that that B(ϕ,ψ) is continuously dependent on each
of the arguments.

The stochastic process Φ is called generalized stationary in the wide sense [VG61], [S97] if for any functions
ϕ(t) and ψ(t) from K and for any number h the equalities

m[ϕ(t)] = m[ϕ(t + h)], (2.1)

B[ϕ(t), ψ(t)] = B[ϕ(t + h), ψ(t + h)] (2.2)

hold true.
2.2. System Action on Generalized Stationary Processes. If the processes X(t) and Y (t) were classical,

then it is standard to assume that the system action shown in figure 1 obeys

Y (t) =
∫ T

0

X(t − τ)g(τ)dτ, (where T = w is the memory depth). (2.3)

Let us now consider a more general situation when the system shown in figure 2
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�Φ(t)
g(t) �Ψ(t)

Figure 2. System action on generalized stationary processes

receives the generalized stationary signal Φ that we assume to be zero-mean. Then we define the system action as
follows:

Ψ(ϕ) = Φ[
∫ T

0

g(τ)ϕ(t + τ)dτ ], (2.4)

The motivation for the latter definition is in that if X(t) and Y (t) were the classical stationary processes then the
formula (2.4) for the corresponding functionals

Φ(ϕ) =
∫ ∞

−∞
X(t)ϕ(t)dt, Ψ(ϕ) =

∫ ∞

−∞
Y (t)ϕ(t)dt (2.5)

is equivalent to the classical relation (2.3), so that the former is a natural generalization of the latter.

3. SJ -Generalized and TJ -Generalized Stationary Processes

3.1. Definitions. Let us denote by KJ the set of the functions from K such that ϕ(t) = 0 when t /∈ J = [a, b]. The
correlation functional BJ(ϕ,ψ) is called a segment of the correlation functional B(ϕ,ψ) if

BJ(ϕ,ψ) = B(ϕ,ψ), ϕ, ψ ∈ KJ . (3.1)

Definition 3.1. Generalized stationary processes are called SJ -generalized processes if their segments satisfy

BJ(ϕ,ψ) = (SJϕ,ψ)L2 , (3.2)

where SJ is a bounded nonnegative operator acting in L2(a, b) having the form

SJϕ =
d

dt

∫ b

a

ϕ(u)s(t − u)du. (3.3)

Here (·, ·)L2 is the inner product in the space L2(a, b).

Formulas for matched filters for the above SJ -generalized processes have been recently derived in [OS04].
Here we consider a different problem of optimal prediction that is shown to have an efficient solution under addi-
tional assumption captured by the next definition.

Definition 3.2. An SJ -generalized process is referred to as a TJ -generalized process if in addition to (3.2) and (3.3)
the kernel s(t) of SJ in (3.3) has a continuous derivative (for t �= 0) that we denote by k(t), and moreover

s′(t) = k(t) (t �= 0), k(0) = ∞. (3.4)

3.2. Examples. Before solving the optimal prediction problem we provide some illustrative examples.

Example 3.3. White noise. It is well-known that white noise W (which is the derivative of a nowhere differen-
tiable Brownian motion) is not a continuous stochastic process. In fact, it is a generalized stationary process whose
correlation functional is known [L68] to be

B′(ϕ,ψ) =
∫ ∞

−∞

∫ ∞

−∞
δ(t − s)ϕ(t)ψ(s)ds

Thus, in this case we have B′(ϕ,ψ) = (ϕ,ψ)L2 and hence (3.2) implies that white noise Φ is a very special SJ -
generalized stationary process with

SJ = I. (3.5)

It means that the corresponding kernel function s(t) has the form

s(t) =
{

1
2 t > 0

− 1
2 t < 0

In accordance with (3.4) the white noise Φ is a TJ -generalized stationary process.
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Example 3.4. Positive frequencies white noise (PF-white noise). Observe that the operator

SJf = fD +
j

π
−
∫ T

0

f(t)
x − t

dt, f ∈ L2[0, T ], (3.6)

(where−∫ T

0
is the Cauchy Principal Value integral, and D ≥ 1) defines an SJ -generalized process. When D > 1 then

SJ is invertible (see example 4.1), and if D = 1 then SJ is noninvertible. Notice that if D = 1 then the kernel of
SJ is the Fourier transform of fPW (z) = 1 having equal intensity at all positive frequencies and the zero intensity
at the negative frequencies (hence the name PF-white noise). Observe that the process is, in fact, TJ -generalized.
Indeed, it can be shown that the kernel function of SJ has the form

s(t) =
{

D
2 + i

π ln t t > 0
−D

2 + i
π ln |t| t < 0

which implies

k(t) = s′(t) =
1
t

(t �= 0), k(0) = ∞.

In accordance with (3.4) the PF-white noise is a TJ -generalized stationary process.

4. Solution to the Optimal Prediction Problem

As is well known [L68], [M65], in the classical case the solution g(t) of the optimal prediction problem can be
found by solving ∫ w

0

g(u)kx(u − v)dv = kx(u + τ). (4.1)

In the generalized case the solution g to the optimal prediction problem can be found via solving a generalization of
(4.1),

SJg = kx(u + τ) = s′(u + τ). (4.2)

If SJ is invertible then
g = S−1

J s′(u + τ). (4.3)

Example 4.1. PF-white noise revisited. Here we return to the case considered in example 3.4. It can be shown that
if D > 1 then SJ in (3.6) is positive definite and invertible with

S−1
J f = f(x)D1 − β

j

π
−
∫ T

0

(
t

T − y
)jα(

x

T − x
)−jα f(t)

x − t
dt, (4.4)

where

D1 =
D

D2 − 1
, β =

1
D2 − 1

, (4.5)

and the number α is obtained from
cosh απ = D sinh απ. (4.6)

Clearly, (4.4) and (4.3) solve the optimal prediction problem in this case.

5. Some practical consequences. A connection to the Gohberg-Semençul formula

The main focus of the sections 2 - 4 had mostly a theoretical nature. In this section we indicate that the formula (4.3)
offers a novel technique allowing one to work out practical problems. Specifically:

• Filtering problems for classical stationary processes typically lead to non-invertible operators SJ , and to
find the solution g(t) to the optimal prediction problem one needs to solve (4.1). In the case of generalized
stationary processes the operator SJ is often invertible and hence there is a better formula (4.3).

• Secondly, the operator SJ in (3.2) and (3.3) can be seen as a new way of modeling colored noise. This
model is useful since the existing integral equations literature already describes many particular examples
on inverting SJ , either explicitly or numerically. Hence (4.3) solves the corresponding optimal prediction
problem.

Before providing one such examples let us rewrite the operator SJ of (3.3),

SJf =
d

dx

∫ b

a

f(t)s(x − t)dt, f(x) ∈ L2(a, b)

in a more familiar form.
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Proposition 5.1. Let

a = 0, b = T, s(0) − s(−0) = 1, s′(t) = k(t) (t �= 0).

With these settings SJ can be rewritten as

SJf = f(x) +
∫ T

0

f(t)k(x − t)dt. (5.1)

If k(t) is continuous for t �= 0 then the corresponding process is TJ -generalized.

The integral equations literature (see, e.g., [GS72], [S96]) contains results on the inversion of the operator SJ

of the form (5.1). The following theorem is well-known.

Theorem 5.2. (Gohberg-Semençul) Let the operator SJ has the form (5.1) with k(x) ∈ L(−w,w). If there are
two functions γ±(x) ∈ L(0, w) such that

SJγ+(x) = k(x), SJγ−(x) = k(x − w) (5.2)

then S[0,w] is invertible in Lp(0, w) (p ≥ 1) and

S−1
J f = f(x) +

∫ w

0

f(t)γ(x, t)dt, (5.3)

where γ(x, t) is given by (5.4).

γ(x, t) =
{ −γ+(x − t)− ∫ w+t−x

t
[γ−(w − s)γ+(s + x − t) − γ+(w − s)γ−(s + x − t)]ds x > t,

−γ−(x − t)− ∫ w

t
[γ−(w − s)γ+(s + x − t) − γ+(w − s)γ−(s + x − t)]ds x < t

(5.4)

The latter result leads to a number of interesting special cases when the operator SJ can be explicitly inverted
and hence the formula (4.3) solves the optimal prediction problem in these cases. For example, the processes corre-
sponding to k(x) = |x|−h, with 0 < h < 1, or to k(x) = − log |x − t| are of interest. We elaborate the details for
another example next.

Example 5.3. Colored noise approximated by rational functions. The exponential kernel. Let us consider col-
ored noise approximated by a combination of rational functions with the fixed poles {±iαm},

f(t) =
N∑

m=1

γm
1

t2 + α2
m

, αm > 0, γm > 0.

Let us use its Fourier transform

k(x) =
N∑

m=1

βme−αm|x|, βj =
π

αm
γm (5.5)

to define the operator SJ via (5.1).
Solution to the filtering problem. The situation is exactly the one captured by theorem 5.2 where the operator

(5.1) has the special kernel (5.5). A procedure to solve (5.2), and hence to find the inverse of SJ is obtained next.

Theorem 5.4. (Computational Procedure) Let SJ be given by (5.1) and its kernel k(x) has the special form (5.5).
Then S−1

J is given by the formula (5.3), (5.4), (5.2), where

γ+(x) = −γ(x, 0), γ−(x) = −γ(w − x, 0). (5.6)

Here

γ(x, 0) = G(x)
[

F1

F2

]−1

B, (5.7)

where a 1 × 2N row G(x), N × 2N matrices F1, F2 and a 2N × 1 column B are defined by

G(x) =
[

eν1x eν2x · · · eν2N x
]
, F1 =

[
1

αi+νk

]
1≤i≤N,1≤k≤2N

,

F2 =
[

−eνkw

αi−νk

]
1≤i≤N,1≤k≤2N

, B =
[

1 · · · 1︸ ︷︷ ︸
N

0 · · · 0
]

︸ ︷︷ ︸
N

.
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The numbers {νk} are the roots (we assume them to be pairwise different) of the polynomial

Q(z) = P (z) − 2
N∑

m=1

δm

m∑
s=1

z2(m−s)
N∑

k=1

α2s−1
k βk, (5.8)

where the numbers {δk} are the coefficients of the polynomial

P (z) =
N∏

m=1

(z2 − α2
m) =

N∑
m=1

δmz2m. (5.9)

Hence, in this important case, the formula (4.3) allows us to find the explicit solution g(t) to the optimal
prediction problem via plugging in it the formulas (5.3), (5.4) together with (5.6) (5.7). Notice that there are fast and
superfast algorithms to solve the Cauchy-like linear system in (5.7), see, e.g., [O03] and the references therein.

Remark, that the example 5.3 can also be solved by using the Kalman filtering method, see, e.g., [K61, KSH00].
We would like to conclude this paper with an interesting problem of extending the Kalman filtering method to

generalized stationary processes. Currently it was done for the simplest case of classical stationary processes with
added white noise, such as the case considered in the example 5.3.

We would like to thank the anonymous referee for the very careful reading of the manuscript, and for a number
of helpful suggestions.
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