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ABSTRACT

The classical Kharitonov theorem on interval stability cannot be carried over from polynomials to arbitrary entire functions.
In this paper we identify a class of entire functions for which the desired generalization of the Kharitonov theorem can
be proven. The class is wide enough to include classes quasi-polynomials occurring in the study of retarded systems with
time delays, and some classes of entire functions that could be useful in studying systems with distributed delays. We also
derive results for matrix polynomials and matrix entire functions.

1. INTRODUCTION

1.1. Polynomial stability and the classical Kharitonov theorem

Polynomial stability problems of various types arise in a number of problems in mathematics and engineering. Perhaps
the first solution to the polynomial stability problem was given by Hermite in his famous letter to Borchardt.7 Hermite
showed that a polynomial

F (x) = f0 + f1x + f2x
2 + · · ·+ fnxn (1)

is stable, i.e., all its roots lie in the open left-half-plane, if and only if what we now call a Bezoutian matrix [associated with
F (x)] is positive definite∗.

A decade later the problem has attracted a close attention of mechanical engineers who faced the problem of resolving
the instability of steam engines. Motivated by his studies† in17 J.C.Maxwel, being totally unaware of the Hermite result,
posed at a meeting of the London Mathematical Society in 1868 an open problem of finding a method for checking if a
polynomial in (1) is stable, which motivated the Adams prize competition at Cambridge (1875). The prize was won by
Routh who solved the problem in,21 and his algorithm was given a different shape by Hurwitz.8

However, in practice nothing can be measured exactly, so often one has to deal with some “uncertain” families of
polynomials, e.g., interval polynomials of the form (1) with the coefficients living in certain prescribed intervals

fi ≤ fi ≤ f̄i. (2)

In12 Kharitinov obtained the following fundamental result showing that the problem can be solved by just running the
Routh-Hirwitz test for only four “border” polynomials.

THEOREM 1.1. [Kharitonov] All polynomials (1) satisfying (2) are stable if and only if the following four polynomials are
stable:

Fmin,max(x) = Fe,min(x) + Fo,max(x), Fmin,min(x) = Fe,min(x) + Fo,min(x),
Fmax,max(x) = Fe,max(x) + Fo,max(x), Fmax,min(x) = Fe,max(x) + Fo,min(x),

(a) olshevsky@math.uconn.edu. (b) lev.sakhnovich@verizon.net
∗Actually, Hermite discussed the localization of the roots in the upper half plane, but a reformulation of his result to F (−jz) and so

for the left half plane case (i.e., stability) is trivial.
†J.C.Maxwell found stability criteria for a polynomial of degree 3.
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REMARK 1. The notations in the Kharitonov’s theorem have the following meaning. If we partition

F (w) = Fe(w)︸ ︷︷ ︸
even terms

+ Fo(w)︸ ︷︷ ︸
odd terms

,

then for w ∈ R we have

Fe,min(jw) ≤ Fe(jw) ≤ Fe,max(jw),
Fo,min(jw)

jw
≤ Fo(jw)

jw
≤ Fo,max(jw)

jw
. (3)

The latter theorem was immediately followed by a vast literature; the result has been generalized in many ways, and it
enjoyed a number of applications in mechanical and electrical engineering.

1.2. Entire functions, quasi-polynomials, and stability

Stability problems for polynomials were intensively studied for many decades, and by now they are quite well understood.
Similar problems for entire functions appear in several applications. However, they are typically much more involved and
much more challenging. Let us first consider a very transparent scalar example.

EXAMPLE 1. Consider a differential equation with a time delay τ , i.e.,

dy

dt
= zy, y(t) + βy(t− τ) = 0. (4)

The solution clearly has the form
y(t) = ez0t, (5)

where z0 is a root of the special entire function F (z) = 1 + βe−zτ (called below a quasi-polynomial). One sees that the
system (4) is stable if the roots of the entire function F (z) all lie in the left half plane. The above function F (z) belongs
to a more general class of quasi-polynomials defined next.

DEFINITION 1.2. Let f0(x), . . . , fm(x) be polynomials. A function of the form

F (x) = f0(x) + e−xT1f1(x) + · · ·+ e−xTmfm(x)

is called a quasi-polynomial. (Pontryagyn20 used the term quasi-polynomials for the more narrow class of functions
F (x) = G(x, ex), where G(x, z) is a polynomial in two variables.) Let us now consider a more practical example giving
rise to quasi-polynomials.

EXAMPLE 2. Many problems in control engineering involve (multiple) time delays modelled by

dy

dt
= Ay(t) +

p∑
r=1

By(t− τr). (6)

This model can be construed as a representative dynamics of full state feedback systems with multiple computational and
actuation delays τr. The dynamics in (6) is also called retarded time delay system, because the highest order derivative
terms are not affected by the delays. After the Laplace transformation one gets the characteristic equation

F (s) = det(sI −A−
p∑

r=1

Bre
−τrs) = 0

giving rise to the quasi-polynomial of the form

F (s) = f0(s) + esT1f1(s) + · · ·+ esTmfm(s) (7)



where fk(s) are polynomials. Again, the stability of the feedback system with multiple delays (6) is equivalent to the
location of all the roots of the entire function F (s) in the left half plane.

EXAMPLE 3. Let us now consider the system with distributed delays

dy

dt
= zy(t), y(t) +

∫ T

0

β(τ)y(t− τ)dτ = 0,

where T is fixed and β(τ) is known. This system is stable if and only if the roots of the entire function

F (z) = 1 +
∫ T

0

β(τ)e−zτdτ

are in the left half plane. Clearly, the entire function F (z) is neither a polynomial, nor a quasi-polynomial.

EXAMPLE 4. Consider the system with distributed delays of the form

ẏ(t) = Ay(t) +
∫ T

0

B(τ)y(t− τ)dτ,

where τ is a delay parameter. It leads to the characteristic function of the form F (z) = zI −A− ∫ T

0
B(τ)e−τzdτ which

is an entire function (and it is neither a polynomial nor a quasi-polynomial).

The first results on stability of quasi-polynomials and entire functions were obtained in the pioneering works of Pon-
tryagin20 and of Chebotarev-Meiman.4 They were motivated by (a) controller design [specifically, of regulators and
servomechanisms driving the tracking error e(t) to zero]; (b) modelling a hit in a pipeline. The more recent relevant liter-
ature is not exhaustive, and reading,2 ,15 ,10 ,3 ,16 ,14 ,6 18,5 13 gives an introduction in the current state of art in this area
[see also the references therein, no possible omissions are intentional].

1.3. Main results and the structure of the paper

In this paper we prove a generalization of the Kharitonov’s theorem. We consider stability of interval entire functions of
the type (2), and show that fulfillment of the four conditions of the type (3) suffices for stability‡.

The paper is structured as follows. In Sec 2 we lay the groundwork for further generalizations by recalling the standard
proof of the Kharitonov theorem based on the classical Hermite-Biehler criterion.1 Simple examples are included to
recall that the latter criterion cannot be carried over to arbitrary entire functions. The section identifies two difficulties to
overcome in deriving such a generalization.

In Sec 3 we indicate how to overcome the above difficulties.

In Sec 4 we use the results of the two preceeding sections to formulate a generalization of the Kharitonov theorem for
a class of entire functions.

Sec 5 contains proofs of the main results.

In Sec 6 we suggest a technique that is useful for solving some Kharitonov-like problems for matrix polynomials and
matrix entire functions.

2. TWO DIFFICULTIES

2.1. The Hermite-Biehler theorem and the proof of the polynomial Kharitonov theorem

First, we recall the classical Hermire-Biehler theorem, it plays an important role in establishing the Kharitonov’s result for
the polynomials and in extending it to entire functions.

THEOREM 2.1. Let F (z) be a polynomial in (1) and define two polynomials, and even Fe(z), and an odd Fo(z) by

F (z) = Fe(z) + Fo(z), (8)

‡Such problems occur in a number of applications, and perturbations of quasi-polynomials and entire functions were studied earlier,
e.g., in,3 ,5 ,13 where a number of beautiful results were obtained. The results obtained here differ from their.



and denote

P (w) = Fe(jw), Q(w) =
Fo(jw)

j
. (9)

Then the polynomial F (z) is stable if and only if the following two conditions hold true.

1. The roots of the polynomials P (w) and Q(w) are all real and they interlace.

2. There is at least one point w0 ∈ R such that

P (w0)Q′(w0)− P ′(w0)Q(w0) > 0. (10)

REMARK 2.

• The condition 1 is equivalent to the fact that that the roots of the polynomials Fe(z) and Fo(z) are all purely
imaginary and they interlace.

•
Φ(w) = F (jw) = P (w) + jQ(w). (11)

• If the (10) is fulfilled just for one point w0 ∈ R then it is valid for all w ∈ R.

• For the real F (z) the condition (10) simply means that fn · fn−1 > 0, where fn, fn−1 are the coefficients of F (z) in
(1).

These observations yield the proof of the Kharitonov theorem. Indeed, Figure 1 (that illustrates the remark 1 and
theorem 2.1) shows that any interval perturbation of the odd terms gives us a stable polynomial. Fixing the perturbed odd
part and applying a similar argument to the even part one finally obtains the theorem 1.1.
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Figure 1. Illustration for the Proof of the classical Kharitonov theorem for polynomials via the Hermite-Biehler.

In the next two subsections we show that there are at least two problems in carrying over the above arguments to
arbitrary entire functions.

2.2. The first difficulty. The fixed degree property and the number of roots
Figure 1 indicates that interval perturbations do not destroy interlacing of the roots of Fe(x) and Fo(x). However, it is
implicitly assumed that the all polynomials F (z) in (1) and (2) have the same degree. Hence the number of the roots of
each of the polynomials Fe(x) and Fo(x) in (8) stays the same.

However, if F (x) were an entire function then its degree is “infinite,” and hence one has to take care of preventing new
roots from occurring. Graphically, one has to prevent the phenomenon shown in Figre 2 by means of imposing certain
additional constrains analogous to the fixed-degree property.
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Figure 2. An illustration for the first difficulty. One has to impose additional conditions preventing arising of the new roots of Fo.

2.3. The second difficulty. The Hermite-Biehler theorem does not carry over to entire functions

EXAMPLE 5. Interlacing of the roots is not necessary. The function Φ(z) = ejz2
, does not have roots at all and

hence stable. However, using the definition (11) we see that P (w) = cos w2, Q(w) = sinw2, have non-real roots,
e.g., Q(j

√
π) = 0.

EXAMPLE 6. Interlacing of the roots is not sufficient. Consider Φ(w) = ejw + je−jw. Again, using the definition
(11) we see that P (w) = ew, Q(w) = e−w do not have roots at all, and hence the interlacing property is fulfilled.
Moreover, P (w)Q′(w)− P ′(w)Q(w) = 2 for any w. Nevertheless Φ(3

4π) = 0.

Again, the second difficulty also indicates that it is hopeless to extend the Kharitonov’s theorem to the class of all entire
functions. Similarly to the remark made at the end of the subsection 2.2, the challenge here is to identify a class of entire
functions for which the two difficulties can be removed, and then to try to prove the Kharitonov’s theorem for that class.
This is precisely what is done in the rest of the paper.

3. REMOVING THE TWO DIFFICULTIES

3.1. Removing the First Difficulty. An analogue of the fixed degree property

Even for polynomials the conditions deg Fo(x) = deg Fo,max, deg Fe(x) = deg Fe,max are implicitly included in the
classical Kharitonov theorem. (Here we used the definition in (11).) In our generalized Kharitonov theorem these condi-
tions will be included in the following form (that applies not only to polynomials but to entire functions as well):

Fo(z)
Fo,max(z)

= O(1),
Fe(z)

Fe,max(z)
= O(1), (z ∈ R)

and

0 < mo ≤| Fo,min(z)
Fo,max(z)

|≤Mo <∞, 0 < me ≤| Fe,min(z)
Fe,max(z)

|≤Me <∞, (z ∈ R).

All latter expressions make sense for z ∈ R since all the roots of Fo,max(z), Fe,max(z) are purely imaginary, cf. with the
remark 2.

3.2. Removing the Second Difficulty. The class HP

3.2.1. Classical results. The class P

Here we briefly recall the basic definitions and results that can be found in4 and,15 .16 They will be used in what follows.
We discuss here the situation in which Φ(z) does not have roots in the lower half plane. In the next sections these settings
will be adjusted for stability of F (z) = Φ(jz).



DEFINITION 3.1. Let Φ(z) be an entire function of finite exponential type.

• To characterize the growth of Φ(z) Phragmén and Lindelöf introduced the function

hΦ(θ) = lim
r→∞

log |Φ(reiθ)|
r

, θ ∈ R. (12)

which is called an indicator function of Φ(z).

• The quantity

dΦ = hΦ(−π

2
)− hΦ(

π

2
)

is called the defect of the function Φ(z).

• An entire function of finite exponential type is said to be in the class P if it has no zeros in the open lower half-plane
and

dΦ ≥ 0. (13)

The indicator function hΦ plays a crucial role on the rest of the paper. One reason is that its behavior is connected with
interlacing of the roots, as described next.

THEOREM 3.2. (,4 ,16 11) Let us partition the entire function of finite exponential type

Φ(z) = P (z) + jQ(z) (14)

so that P (z), Q(z) are real entire functions. Φ(z) belongs to the class P if and only if

1. the roots of P (z) and Q(z) are all real and interlacing;

2. the indicator functions of P (z) and Q(z) coincide:

hP (θ) = hQ(θ); (15)

3. at some real point x0 we have
Q′(x0)P (x0)−Q(x0)P ′(x0) > 0. (16)

(If the latter condition is fulfilled just for one point x0 ∈ R then it is valid for all x ∈ R.)

3.2.2. A slight modification. The class HP. Application to stability

It is convenient to explicitly translate the results of Sec 3.2.1 to the left half plane case (stability) and to use them thereafter.

DEFINITION 3.3. Let F (z) be an entire function of finite exponential type.

• We suggest to refer to the quantity
d
(HP )
F = hF (0)− hF (π)

as the HP-defect of the function F (z).

• We shall reserve the name the HP class for entire functions of finite exponential type with no zeros in the open left
half-plane and satisfying

d
(HP )
F ≥ 0. (17)

THEOREM 3.4. (cf. with theorem 3.2) Let us partition the real entire function of finite exponential type

F (z) = Fe(z)︸ ︷︷ ︸
even degree terms

+ Fo(z)︸ ︷︷ ︸
odd degree terms

. (18)

F (z) belongs to the class HP if and only if



1. the roots of Fe(z) and Fo(z) are all purely imaginary and interlacing;

2. the indicator functions of Fo(z) and Fe(z) coincide:

hFe
(θ) = hFo

(θ); (19)

3. We have
F ′

o(0)Fe(0) > 0. (20)

Theorem 3.4 yields the following result.

THEOREM 3.5. ( cf. with,15 Ch. VI, sec. 4. thm 8.) Let F (z) be an entire function of finite exponential type with no roots
on the imaginary axis satisfying

d
(HP )
F > 0. (21)

F (z) is stable if and only if the roots of Fo(z) and Fe(z) in (18) all lie on the imaginary axis and interlace.

EXAMPLE 7. Stability of quasi-polynomials. Consider

F (z) =
m∑
1

eλkzfk(z), (22)

where fk(z) are real polynomials, and λ1 < λ2 < . . . < λn. Then

hF (θ) =
{

λn cos θ −π
2 ≤ θ ≤ π

2
λ1 cos θ π

2 ≤ θ ≤ 3π
2

If we assume |λ1| < λn then hF (0) = λn, hF (π) = λ1, i.e.,

d
(HP )
F = λn − λ1 > 0. (23)

In accordance with theorem 3.5, in this example interlacing of the roots of Fo(x) and Fe(x) (that are all purely imaginary)
is the necessary and sufficient condition§ for the stability of F (z).

EXAMPLE 8. Let
F (z) = sinh(z)f1(z) + cosh(z)f2(z),

where f1(z), f2(z) are polynomials. In this case d
(HP )
F = 0.

In the latter example the condition (21) is not fulfilled which shows that the theorem 3.5 is not universal. Hence to
derive a generalization of the Kharitonov theorem we may need to use theorem 3.4, e.g., its condition (19). This is a subject
of the next subsection.

3.2.3. Removing the Second Difficulty. The class HP.

The class of functions satisfying (17) is a natural generalization of polynomials. Indeed, the definition (21) immediately
yields that if F (z) is a polynomial then hF (θ) ≡ 0 and hence d

(HP )
F ≡ 0.

Hence, the class of stable polynomials coincides with polynomials belonging to class HP. Therefore, in the context of
the generalization of the Kharitonov theorem to entire functions it is natural to replace stability by belonging to the class
HP.

§Alternatively, all the roots of P (z) = Fe(jz) and Q(z) = Fo(jz)
j

are real and interlace.



4. THE GENERALIZED KHARITONOV THEOREM

4.1. Main results
Throughout this section we use a decomposition

F (z) = Fe(z)︸ ︷︷ ︸
even degree terms

+ Fo(z)︸ ︷︷ ︸
odd degree terms

. (24)

of an arbitrary entire function F (z) satisfying F (z) = F (z).
LEMMA 4.1. Let

Fmin(z) = Fe(z) + Fo,min(z), Fmax(z) = Fe(z) + Fo,max(z) (25)

be two entire functions of finite exponential type that belong to the class HP and satisfy

0 < mo ≤| Fo,min(z)
Fo,max(z)

|≤Mo <∞ (z ∈ R), (26)

Then all the functions of the form F (z) = Fe(z) + Fo(z) satisfying¶

Fo,min(jz)
jz

≤ Fo(jz)
jz

≤ Fo,max(jz)
jz

, (z ∈ R) (27)

and
Fo(z)

Fo,max(z)
= O(1) (z ∈ R). (28)

simultaneously belong to the class HP.

The lemma will be proven at the end of this section.The result dual to the lemma 4.1 is stated next.

LEMMA 4.2. Let
Fmin(z) = Fe,min(z) + Fo(z), Fmax(z) = Fe,max(z) + Fo(z) (29)

be two entire functions of finite exponential type that belong to the class HP and satisfy

0 < me ≤| Fe,min(z)
Fe,max(z)

|≤Me <∞ (z ∈ R), (30)

Then all the functions of the form F (z) = Fe(z) + Fo(z) with

Fe,min(jz) ≤ Fe(jz) ≤ Fe,max(jz), (z ∈ R). (31)

and
Fe(z)

Fe,max(z)
= O(1) (z ∈ R). (32)

simultaneously belong to the class HP.

The lemmas 4.1 and 4.2 imply the following result.

THEOREM 4.3. Generalized Kharitonov theorem. Let the conditions (26), (27), (28), and (30), (31), (32) be fulfilled.

If only four functions

Fmin,min(z) = Fe,min(z) + Fo,min(z), Fmin,max(z) = Fe,min(z) + Fo,max(z)

Fmax,min(z) = Fe,max(z) + Fo,min(z), Fmax,max(z) = Fe,max(z) + Fo,max(z)
belong to the class HP then all the functions F (z) = Fe(z) + Fo(z) belong to the class HP as well.

REMARK 3. Recall that for polynomials F (z) we have d
(HP )
F ≡ 0 so that the class HP is simply the class of stable

polynomials. Hence theorem 4.3 is a direct generalization of the Kharitonov theorem 1.1.

REMARK 4. Recall that for the quasi-polynomials F (z) the value d
(HP )
F is given by the closed form expression (23).

Hence it is often possible to see that the perturbations (27) and (31) yield a family satisfying the condition (21). If it is the
case then all the results of this subsection are valid in a stonger formulation, i.e., in which one replacea the class HP by
the class of stable quasi-polynomials.

¶This is an analog of the interval uncertainty (3).



4.2. Some examples

EXAMPLE 9. Chebotarev and Meiman. Addresing a mechanical problem suggested by Voznesensky Chebotarev and
Meiman4 considered the function F (z) = ezq(z) + p(z), where q(z) and p(z) were polynomials of degree 5. Let us
consider here the more general case with deg q(z) ≥ deg p(z). Thinking of q(z) as of a fixed polynomial, and of p(z)
as of an interval polynomial we construct for p(x) the four corresponding polynomials p1(z), p2(z), p3(z), p4(z) by the
Kharitonov rule.

Then the following assertion is valid. If the four functions Fk(z) = ezq(z)+pk(z), are stable then all F (z) are stable,
too.

EXAMPLE 10. Quasi-polynomials. Let

F (z) = eλ1zq(z) + eλ2zp(z) + eλ3zr(z), (33)

where p(z), q(z), r(z) are polynomials satisfying deg r(z) ≥ max{deg p(z),deg q(z)}, and λ3 > λ2 > λ1 ≥ 0, λ3+
λ1 ≥ 2λ2. Again, let us thinking of q(z) az of a fixed polynomial, and of p(z) and r(z) as of an interval polynomials, and
let us construct the four polynomials pk(z) and the four polynomials rk(z) using the Kharitonov recipe.

PROPOSITION 1. If the sixteen functions Fk,l(z) = eλ1zq(z) + eλ2zpk(z) + eλ3zrl(z) are stable than all of the
quasi-polynomial F (z) in (33) are stable.

5. PROOF OF THE LEMMA ??.

Since both Fmin(z) and Fmax(z) belong to the class HP, the roots of each of the Fo,min(z) and Fo,max(z) interlace with
the ones of Fe(z) by theorem 3.4. Now, (27) implies the following statement. Between any two successive zeros of Fe(z)
there could be either one (cf. with figure 2.1) or more (cf. with figure 2.2) zeros of Fo(z)

z . We prove that there is always
only one zero. Denote the positive roots of the following functions as follows:

functions after z ← jz their (real) roots
Fe(jz) {ak}

Fo,min(jz)
jz {b1k}

Fo(jz)
jz {bk}

Fo,max(jz)
jz {b2k}

so that for odd k’s we have
0 < ak < b1k ≤ bk ≤ b2k < ak+1.

and for even k’s we have
0 < ak < b2k ≤ bk ≤ b1k < ak+1.

We do not know yet that there is only one bk between ak and ak−1. So let us think for a moment that there are more,
but we work with only a subset {bk} of the roots of Fo(jz)/jz choosing only one such bk between ak and ak−1. Since
the roots of the functions Fo,min(z), Fo,max(z) are imaginary and symmetric with respect to the origin, their Hadamard
decompositions16 have the form

Fo,min(z) = c1z

∞∏
k=1

(1 +
z2

b2
1k

), (34)

Fo,max(z) = c2z

∞∏
k=1

(1 +
z2

b2
2k

). (35)

Let us construct the function

F̃o(z) = cz
∞∏

k=1

(1 +
z2

b2
k

), (36)



where
c = F̃o

′
(0). (37)

It follows from (27) that
c1 ≤ c ≤ c2. (38)

Since the {bk} are the subset of all the roots of Fo(z) hence

Fo(z) = F̃o(z) ·R(z), (39)

where R(z) is an entire function. Now, the relations (26), (28), and (34) - (36) imply

0 < mo ≤| Fo(z)
F̃o(z)

|≤Mo <∞ for z = z. (40)

Clearly, (39) and (40) mean that R(z) = Fo(z)

F̃o(z)
is bounded on z = z. Interlacing of the roots of F̃o(z) and Fe(z) and

lemma 2 of sec 27.3 in16 imply
hF̃o

= hFe
. (41)

Similarly, interlacing of the roots of Fo(z) and Fe(z)16 implies

hFo
= hFe

. (42)

The two latter equations (41), (42) yield
hF̃o

= hFo
. (43)

Now, all the roots {zk} of F̃o(z) are purely imaginary and

lim
r→∞

∑
|zk|<r

1
zk

= 0.

Hence the function F̃o(z) by the result of Lecture 5 in16 must have the completely regular growth‖ Since one of the factors
in (39) has completely regular growth, by theorem 5 of Chapter III in15 we have

hFo
(θ) = hF̃o

(θ) + hR(θ), i.e., hR(θ) = 0.

The latter equation mean that the function R(z) is of the minimal type. By the Phragmén-Lindelöf principle16 R(z) is
bounded everywhere entire function and hence a constant. In view of (36) and

lim
z→0

Fo(z)
z

= lim
z→0

F̃o(z)
z

we have R(0) = 1. Hence the roots of Fo(z) = F̃o(z) do interlace with the ones of Fe(z) yielding the condition 1) of
theorem 3.4.

Secondly, the condition (19) was established in follows from (42).

Finally, (20) is fulfilled thanks to (37) and expressions (34), (35), (36).

Hence F (z) belong to the class HP by theorem 3.4, and the lemma is proven.

‖An entire function is referred to as a function of completely regular growth if the function

hF (r, θ) =
ln|F (rejθ|

r

uniformly converges to hF (θ) for r → ∞ almost everywhere.



6. THE MATRIX CASE

In many applied problems quasi-polynomials occur as characteristic polynomials of a certain system. However, the interval
family the original systems is not translated immediately into the interval family of the corresponding quasi-polynomials.

Here we suggest a certain alternative, namely to try to construct the “edge” polynomials for the interval family of
quasi-polynomials directly in terms of the original system. We first formulate the general suggestion, and then consider
certain examples.

6.1. A general suggestion

Let P(z) is an arbitrary m×m entire function such that P∗(z) = P(z). Again, we represent

P(z) = Pe(z)︸ ︷︷ ︸
even degree terms

+ Po(z)︸ ︷︷ ︸
odd degree terms

. (44)

Now, suppose that one succeeded to construct four matrices Pe1(z), Pe2(z), Po1(z), Po2(z), such that for all m × 1
vectors h the scalar quasi-polynomials

Fo,k(z, h) = h∗Pok(z)h (k = 1, 2), Fe,k(z, h) = h∗Pek(z)h (k = 1, 2),

P (z, h) = h∗P(z)h

satisfy conditions of the generalized Kharitonov theorem. Then P(z) is a stable matrix function.

6.2. Some examples

EXAMPLE 11. Retarded differential equation. Consider

d

dt
x(t) + ax(t) + Bx(t− τ) = 0,

where x(t) is an m × 1 vector function and B is an m ×m matrix, and a is a number. The characteristic matrix of this
equation has the form

∆(z) = (z + a)Im + Be−z = e−zP(z), where P(z) = (z + a)ezIm + B, (45)

We suppose that there exist two numbers b−, b+ such that b−Im ≤ B ≤ b+Im.

PROPOSITION 2. The matrix function P(x) is stable if

a > −1, a + b± > 0, b± < ξ sin ξ − a cos ξ,

where ξ = π
2 if a = 0 and if a �= 0 then ξ is the root of the equation ξ = −a tan ξ (0 < ξ < π) if a �= 0.

Let us prove the latter proposition. Indeed, using a result of Hyes9 (see also10) we deduce that the functions p± =
(a + z)ez + b± are all stable. The proof follows immediately from the matrix version of the generalized Kharitonov
theorem.

EXAMPLE 12. Let us consider the m ×m matrix function P(z) = z2ezIm + Az + B where A and B are m ×m
matrices satisfying a−Im ≤ A ≤ a+Im, b−Im ≤ B ≤ b+Im with certain numbers a−, a+, b−, b+.

PROPOSITION 3. The matrix function P(z) is stable if 0 < a− < a+ < π
2 ,

0 < b− < b+ < min{α2
+ cos α+, α2

− cos α−}, where α± are the roots of sin α± = a±
α±

, 0 < α± < π
2 .

The proof follows immediately from the matrix version of the generalized Kharitonov theorem and the fact that all the
functions

p1(z) = z2ez + a−z + b−, p2(z) = z2ez + a+z + b+,

p3(z) = z2ez + a−z + b+, p4(z) = z2ez + z+z + b−

are stable. The stability of the four scalar quasi-polynomials in (46) follows from 13.9 of,2 and moreove, the result of the
above proposition makes sense even in the simplest scalar case.
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