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1. INTRODUCTION

My research interests span algebra, number theory, and computational geometry and topology. In
particular, my work has led to two separate Ph.D. dissertations, one in the mathematics department

and one in the computer science department. This statement is organized into three sections:

o Witt-Burnside Rings,
e Manifold Approximation,

e Incidence Algebras.

WITT-BURNSIDE RINGS

Classical Witt vectors [29] are a functorial construction which takes perfect fields k of charac-
teristic p to domains W (k) of characteristic 0 with residue field k. This is surprising, as most
functorial operations in algebra take rings of characteristic p to other rings of characteristic p. The
ring of classical Witt vectors W (k) is a minimal example of a complete discrete valuation ring
unramified at p with perfect residue field k. These are of interest in number theory [28, 29], Galois
theory [15], algebraic groups [30], combinatorics [22], commutative algebra [14], and K-theory [13].

The construction of the classical Witt vectors uses the Witt polynomials
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for n > 0 to define certain addition and multiplication polynomials with rational coefficients which
non-obviously have integral coefficients. Dress and Siebeneicher generalized the Witt polynomials
to a family of multivariable polynomials associated to any profinite group G [8]. To define these
generalized Witt polynomials, we use the isomorphism classes of finite transitive G-sets, called the
frame of G and denoted F(G). For example, F(Z,) = N by the correspondence p"Z, < n. A
natural partial ordering on F(G) is: for T and U in F(G) set T' > U when there is a G-map from
TtoU.
Setting @7(U) to be the number of G-maps from T' to U, the T-th Witt polynomial is

U
Wr({Xvtver@) = D or(U)XETHY = XFT 4+ or(T) X,
U<T

where 0 denotes the trivial G-set G/G. If G is abelian, the Witt polynomials simplify: ¢p(U) = #U
when U < T, so

Wr({Xvtver@) = D HFOXFT#Y = x#T 4 4 (#T) X7
U<T
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Set X = {Xr}rerq and Y = {Yr}rer(). Since Wr(X) is linear in the Xp-term we can
recursively solve for the unique families of polynomials {S7(X,Y)}rcr(q) and {Mr (X, Y)}rer(a)
in Q[X, Y] satisfying

Wr(X) + Wr(Y) = Wr(S) and Wr(X)Wr(Y) = Wr(M) for all T € F(G).

It is clear that St and M7 each only depend on the variables Xy and Yy for U < T and have
Q-coefficients. A significant theorem of Dress and Siebeneicher [8, p. 107], which generalizes Witt’s
theorem (which is the case G = Z,, as an additive pro-p group), says that the polynomials St and
M have coefficients in Z, and so can be used to define addition and multiplication on sequences

a = (ar)rer(e) indexed by F(G) with coordinates in any ring A, by setting
a+b=(Sr(a,b))rer) and a-b = (Mr(a,b))rer()-

These operations make the set of sequences a = (ar)recr(g) into a ring denoted Wg(A). These
are the generalized Witt vectors. The rings Wz, (A), Wy nz(A) and W5(A) are, respectively,
the classical Witt vectors, the classical truncated Witt vectors, and Cartier’s “big” Witt vectors.
Category-theoretic properties of W have been explored by Elliott [9] and W (Z[X1, Xo,...]) has
been embedded as subring of the unitary cobordism ring of G-manifolds [5]. Not much about the
ring structure of W (k) for G # Z,,Z/p"Z or Z has been previously studied.

Motivated by the importance of classical Witt vectors in number theory, I have examined the

following question:

Question: What can be said about the ring-theoretic properties of W¢(k) when G is a pro-p
group and k is a field of characteristic p?

For example, when k is a perfect field of characteristic p, Wz, (k) = W (k) is the ring of classical
Witt vectors, which is a p-adically complete discrete valuation ring with maximal ideal (p) and
residue field k. The ring W (k) for infinite pro-p groups G % Z,, is a local ring of characteristic 0
with maximal ideal m = {a : ap = 0} as in the classical case, but besides this the situation is much

more complicated as indicated in the table below.

| Classical Wq(k), G =17, | General Wq(k), G 2 Z, ‘
local, characteristic 0 local, characteristic 0 when G is infinite
discrete valuation ring Not a domain, but is reduced for G = Zg, d>2
Maximal ideal m = (p) | Maximal ideal m not finitely generated for G = Zg, d>2

TABLE 1. Classical vs. Generalized Witt vectors for nontrivial pro-p G

To understand the structure of W (k) one must first understand the frame F(G) defined earlier.
The frame F(Z,) is fairly simple. The finite transitive Z,-sets are Z,/p"Z, for n > 0. The set
F(Z,) is totally ordered since there is a Z,-map from Z/p"Z to Z/p™Z if and only if n > m. Since

F(G) is a partially ordered set, one may draw a graphical representation of F(G) called its Hasse
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diagram. Figure 1 is part of the Hasse diagram for F(Z3) and Figure 2 is part of the Hasse diagram
for F(Z3) with a particular pair of elements U and T in F(G) labeled. Dots represent elements
of F(G), where a line is drawn between two elements T and U provided U < T and there are no

elements in between.

G/G G/2G G/4G G/8G G/16G  G/32G  G/64G
o0 —@ L L L ®

F1GURE 1. Portion of the frame F(Z2)

FIGURE 2. Portion of the frame F(Z2)

The frame of Z3 is far more complicated than the frame of Zy. Figure 2 appears similar to the
tree of Zo-lattices in Q2 up to scaling [31, p. 70-71] since each T € F(Z3) has the form Z3/H for
a unique Zo-lattice H in Z3, but there are some fundamental differences between Figure 2 and the
tree of Zy-lattices. For example, Z3/Z32 and Z3/2Z3 appear as different nodes in Figure 2 but Z2
and 2Z3 are the same lattice up to scaling. Also, F(Z3) is not homogeneous (the trivial Z3-set only
has 3 edges coming out of it, every other vertex has more).

A particularly important aspect about F (ZZ) when d > 2 is there is more than one G-set covering
the trivial G-set. In general, when G is any pro-p group that is not pro-cyclic there is more than one
maximal open subgroup H, necessarily normal, which leads to multiple transitive G-sets G/H in
F(G) with size p. To see how this plays a role let’s recall how multiplication by p is determined in
the classical Witt vectors Wy (k). For a € Wz (k), with a = (ag,a1,az,...), pa = (0,af,df,...).
The effect on the coordinates is just shifting and raising to the p-th power. If G is not pro-cyclic

and a € W(k), then the T'th coordinate of pa for #T = p is af} and there is more than one such
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T. So there are repetitions in the coordinates of pa and this shows the ideal (p) is smaller than
the maximal ideal m of Wzg(k:), unlike the classical case. One might expect that if G is pro-p and
topologically finitely generated and k is a perfect field of characteristic p then W (k) is Noetherian
and m is generated by the finitely many vectors of the form (0,...,0,1,0,...) where the single 1
is in a coordinate indexed by T' € F(G) of size p. This turns out to be false and k being perfect

plays no role in the difficulties.

Theorem 1 (M). When G = Zg with d > 2 and k is a field of characteristic p, the mazimal ideal
m of Wq(k) is not finitely generated, so Wg(k) is not Noetherian. In fact dimg(m/m?) = oco.

How does one prove this? We look at the coordinates of elements of m?. For every n > 1 there

are non-isomorphic G-sets T;, and 7}, in F(G) of size p™ such that
(1) {U:U<T,}={U:U<T,}.

This is illustrated in Figure 2 with 7o = T and T3 = T’. For T,, and T, satisfying (1) I showed
all elements of m? have the same T}, and T, coordinates. It follows from this that Witt vectors of
the form a,, = (0,...,0,1,0,...) for n > 1, where the nonzero coordinate is indexed by 7,, (one

index from the pair T, and T/, in (1)), are all in m but not m?

. I showed the a,’s are k-linearly
independent in m/m?, so dimg(m/m?) = oo which shows m is not finitely generated. This was
actually my second proof of Theorem 1. My first proof of the theorem proceeded by looking at
equations involving the coordinates of elements in a proper finitely generated ideal, resulting in a
contradiction when applied to a general element of m if m were finitely generated. I also proved
Theorem 1 for some nonabelian G.

Another consequence of there being more than one maximal subgroup of an infinite pro-p group

G when G' 2 Z,, is the ability to easily construct zero divisors. In particular,

Theorem 2 (M). For any nontrivial pro-p group G % Z, and field k of characteristic p, the ring
W (k) is not a domain.

At this point one may ask, what known “p-adic” rings are local of characteristic 0, non-domains
and non-Noetherian? The ring of continuous functions C'(Zy, Z,,) is of characteristic 0, not a domain
and non-Noetherian. Of course it is not local, however one can localize C(Z,,Z,) at a prime ideal
suchasp = {f € C(Zp,Zy,): f(0) = 0 mod p}. This localization has residue field F,, and is reduced.
With this in mind I studied whether W (k), which is not a domain, is at least reduced.

Theorem 3 (M). For any field k of characteristic p, the ring Wzg(k) s reduced for d > 2.

Although I pointed out before that F(Z3) in Figure 2 is not the tree of Zs-lattices in Q3 up to
scaling, the proof of Theorem 3 uses combinatorial properties of F (Zg) that are reminiscent of the
tree structure of the Z,-lattices in Qg up to scaling. There are limitations to how far Theorem 3
can be extended: I have found some G where W (k) is not reduced, for example G = Z,, x Z/pZ.

Future Research (Witt-Burnside Rings):

Question 1. What are the prime ideals in W (k) when G is a pro-p group and k is a field of

characteristic p? For G = Zg, d > 2, there is a natural collection of prime ideals in W (k)
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other than the maximal ideal, suggested by the picture of F(G). However the intersection
of these prime ideals is not zero and since W¢(k) is reduced in this case there must be
more prime ideals.

Question 2. Is W (k) complete with respect to its m-adic topology? It is complete in a natural
profinite topology when G = Zg, but the m-adic topology is different from the profinite
topology when d > 2 on account of elements of m” having specific coordinate repetitions for
n > 1. It is difficult to study m-adic convergence since it is difficult to see when an element
isin m™ for n > 1.

Question 3. Do the rings W¢(k), especially W (F,), have some concrete description in terms of
known non-Noetherian “p-adic” rings? (Note Wz (k) is not Wz (Wz, (k)) since the latter
ring is a domain and Wz (k) is not Wy, (k)? since the latter ring is Noetherian)

Question 4. Is there a universal mapping property describing W (k) for perfect fields k of char-
acteristic p? The classical Witt vectors over a perfect field k are described via a universal
mapping property among p-adically complete discrete valuation rings with residue field k.

Question 5. Is there a characterization of pro-p G such that W (k) is reduced? Some natural
questions from commutative algebra are: When is W (k) coherent? Considering the de-
scription of the Cohen-Macaulay property for non-Noetherian rings [11], when is W (k)
Cohen-Macaulay?

MANIFOLD APPROXIMATION

My computational geometry thesis focuses on constructing piecewise linear approximations to
curves and surfaces. On a curve or surface, any finite collection of points can be made into a
piecewise linear approximation where we think of the finite set of points as sample points. These
are useful in areas such as computational chemistry for modeling molecules and for problems where
one needs to solve a PDE over a surface where it is common to use the finite element method, and
the efficiency of the triangulation of the surface is an important issue.

From a set of samples, piecewise linear approximations of the manifold can be built which satisfy
the following principles: the approximation must be i) “close” to the manifold being approximated,
i1) efficient so as to use the fewest number of linear approximating pieces to approximate the
manifold, and i) “topologically equivalent” to the original manifold.

As one insists on arbitrarily close approximations, the number of approximating pieces used gets
arbitrarily large. However, one should expect the number of approximating pieces to be asymp-
totically bounded by some function of the curvature of the manifold being approximated. Com-
putational topology is an emerging subfield of computational geometry which includes topological
considerations [1, 2, 20, 27]. A property of interest in many applications, for example modeling
strands of DNA, is whether or not the approximation is “topologically equivalent” to the manifold.

The notion of topological equivalence of most use to manifold approximation is ambient isotopy.

Computational Geometry of Surfaces. Surface approximations based on a sufficiently dense
sample set are well-known [6, 19, 34]. My focus is to give an efficient construction of such sample
sets using sets with prescribed discrepancy with respect to \/k, where x is the Gauss curvature of

the surface. In particular, I utilize the theory of low-discrepancy sequences to construct sample
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sets with strong enough pseudorandom properties to appropriately saturate level sets of the surface
according to curvature. The novel extension here is the flexibility of sets of low discrepancy to handle
the approximating geometry which more closely reflects the local curvature on the manifold. While
sufficiently dense sample sets for surface approximation have been studied, this is the first explicit
construction of such sets that has appeared in the literature.

The main result I provide for surfaces builds on work by Liebon and Letscher [19] and Clarkson [6].
These works give precise, quantitative connections between the Hausdorff distance n between the
manifold and the approximation and the size of the sample set. I show a similar sample set can
be constructed efficiently requiring only a polynomial number (in [ /s and n71) of evaluations
of the surface and its derivatives. The asymptotic dependence on curvature is tight, whereas our
asymptotic dependence on the approximation parameter 7 is tight only up to a logn~! term, arising

from the pseudorandom construction of low-discrepancy sets.

Theorem 4 (M et al.). Let S be a surface, § be the mazimum curvature of S and n be small
enough so that n(lnn~)* < 9/(328°%) and so that n < min{e'/?* 9(inj(S)/5)2,9(r/58)2} where
inj is the injectivity radius of the surface. Let A be a bound on the magnitude of the directional
derivative over S. Then there is a triangulation of S with Hausdorff distance no more than n using
at most

(In(p~1))? (I H)*? (In(n~1))2
C1(A)n/S\/E+Cz(ﬁ,A)n _ CI(A)U(1+O(1))/S\/E

vertices, where C1(A) depends only on A and Ca(5,A) depends only on 3 and A.

Theorem 4 gives the number of surface elements used to approximate a surface to within n to
be at most O(n~! (lnn*1)2 Js V&)

Just being close is not always sufficient to obtain a homeomorphic approximation. Using the
analysis by Dai, Luo, Yau and Gu [34] we can show that the approximation from Theorem 4
is homeomorphic as well. In particular, controlling the deviation between the normal field of the
surface and of the triangulation [34, Theorem 3, p. 12] shows that the surface and the triangulation
are homeomorphic. The net effect of the estimate we provide is a change in the leading constant of
Theorem 4 to be dependent on (. I hope to show that this homeomorphism is in fact an ambient

isotopy as well.

Computational Topology of Curves. We address approximation of curves by first constructing
sample sets upon which neighborhoods and approximations of curves that are locally adaptive
to curvature can be constructed [16, 23]. Thus far my research has resulted in the publications
[16, 17, 23] with K. Jordan, E. Moore, T. Peters and A. Russell. The main step is to take as input a
subset of the parametric interval which is uniformly distributed with respect to the curvature of the
curve c. This is a set of low discrepancy with respect to a measure . where p.([a, b]) = ff [l ()]|dA.
In particular, more samples will be selected from areas of high curvature and fewer samples from
areas of low curvature. Constructing such sets can be done using van der Corput sequences [18, 21].

The main result concerning approximation is
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Theorem 5 (M et al.). Let ¢ : [0,1] — R3 be a C3-curve and denote by . the measure defined
by estimating the size of a set by the integral of curvature. There exists € > 0 such that when X =
{p1,...,pn} C[0,1] is a set with discrepancy D, (X) < e, the polyline over {c(p;) : i =1,...,n}

is an ambient isotopic piecewise linear approzimation to ¢([0,1]).

The value of Theorem 5 is the weakness of the hypothesis. Previous topological results [27] have
primarily given explicit constructions of isotopic approximations for spline curves. This is built
from an iterative reduction of the control polygon. The approach I provide using low discrepancy
sequences can be applied to a wide class of parametric curves.

Future Research (Manifold Approximations):

Question 1. Can this approximation be extended to manifolds of higher dimension? Such a gen-
eralization still has applications to computational PDEs.

Question 2. Is the nearest neighbor mapping from a surface to the approximation I provide an am-
bient isotopy? Showing the surface approximation I provide is homeomorphic used a strong
hypothesis involving principal curvature. It is likely the dependence on principal curvature
can be removed and following techniques as in [2], I hope to show this homeomorphism is
in fact an ambient isotopy.

Question 3. Can the techniques used here be adjusted to take more information into account than
curvature? There are two parameters which are used to control when a piecewise linear
approximation to a curve is ambient isotopic; one is curvature and the other is a parameter
called the minimum separation distance [20]. This second parameter is often approximated
computationally using Newton’s method, which is not guaranteed to converge. While the
explicit computation of this parameter is not needed for the approximation I provide, so
far there is not a good method of calculating this parameter.

Question 4. Can we reduce a given sample set to a curve or surface to be efficient with respect
to curvature? Most often in applications, manifolds come sampled. It would be of interest
to use the results I provide to describe an efficient pre-processing algorithm for data input
that reduces a sample set which gives an ambient isotopic approximation to only a part of

the sample set that is necessary for the approximation to remain ambient isotopic.

INCIDENCE ALGEBRAS

In addition to these two dissertations, I have also researched problems involving incidence alge-
bras. These algebras are of interest in combinatorics because functions such as Moebius functions
are elements of incidence algebras. An incidence algebra I(X, R) over a given ring R is the collec-
tion of functions f : X x X — R where X is a locally finite partially ordered set and f(x,y) =0
for z > y. When X is finite, (X, R) is naturally isomorphic to a subalgebra of an upper triangular
matrix algebra over R. Group gradings have been studied for matrix algebras [3, 7, 35, 36]. In
particular, when G is a torsion-free group, the only G-gradings on a matrix algebra are good grad-
ings. Motivated by the study of gradings on the ring of upper triangular matrices, with E. Spiegel,

I investigated the possible equivalence of different group gradings on incidence algebras [24].
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Given a commutative ring R, an R-algebra A and a group G, a G-grading of A is a collection of R-
modules A, such that A = P ¢
of order g, where g € G. Two gradings A = P gec Ag = &b gec By are equivalent if there is an

Ay and AgA;, C Agp. The elements of Ay are called homogeneous

R-algebra automorphism ¢ of A such that ¢(A44) = By for each g € G.

The case when A is an n x n matrix algebra over R has been considered before [3, 7]. In this
case, a G-grading is called a good grading provided each matrix e; ; is homogeneous, where e; ; is
the matrix with a 1 in the (4, j)-slot and zeros elsewhere. One way to construct good gradings is to
take a n-tuple (g1,...,9n) € G" and give A the grading where ¢; ; € A o g and extending linearly.
A natural question is whether or not all good gradings arise this way. It has been determined in the
case when R is a field that these are the only ones [3]. A. Valenti asked the same question of upper
triangular matrices and showed that when R is an algebraically closed field of characteristic 0 and
G is a finite abelian group, all good G-gradings arise in the manner shown. Motivated by this, with
E. Spiegel [24] I studied the group gradings that can exist on I(X, R) based on conditions on the
ordered set X. In this setting a good grading is one in which each function e, , is homogeneous,
where e, y(a,b) = 1 provided (z,y) = (a,b) and ey y(a,b) = 0 otherwise.

Theorem 6 (M, Spiegel). If X is a bounded countable locally finite partially ordered set and R
is an integral domain, and G is a group with the property that the order of any nontrivial torsion
element of G is not a unit in R, then any G-grading of 1(X, R) is equivalent to a good grading.

Future Research (Incidence Algebras): A question that would be interesting to study is: to
what extent can the coefficient ring R be recovered from I(X, R)? That is to say, under what
conditions does an isomorphism from (X, R) to I(X,S) give an isomorphism between R and S7
Results are known to be positive for semiperfect rings [10], and for rings with trivial lower nil radical
[33], provided the ordered set involved satisfies a condition similar to having a waist (having an
element comparable with all other elements). A natural extension of this problem is to examine the
recovery of a coefficient ring under full n x n matrix rings. This problem, being almost equivalent
to weak n-cancellation of modules, has proven to be a topic of significant interest, and has been
shown to be false in many natural contexts such as prime Noetherian rings. This gives the problem
new perspective, as full matrix rings may be too large to distinguish coefficients, whereas I(X, R),
having more ideals than the full matrix ring over R, may be closer to R and therefore able to
describe the ring more accurately.
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