Linear Algebra [1]

5.2 Rank of Matrix

e Row Space and Column Space

Let A be an m X n matrix.

— the row space of A = the span of rows of A C F"
= rowA

— the column space of A = the span of columns of A C F™
= colA

Thm. A:mxn, U:pxm, V:inxXgq

1. col(AV') C colA. If V is invertible, col(AV) = colA.
2. row(UA) C rowA. If U is invertible, row(UA) = rowA.
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Proof.
V=" V)], AV =[AV;--- AV,
_Ul_
A = [Cl Cn} . ‘/] — :
Un,
_Ul_
AV; = [0 - G|
Un,

= 11Cy 4+ v9Cy + - --v,,C,, € colA

col(AV) = span{AV4,--- , AV, } C colA
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If V' is invertible,
colA = col(AVV ™) C col(AV).

Hence, colA = col(AV).

col[(UA)'] = col[ATU'] C col(A') < row(UA) C rowA.
If U is invertible, U” is invertible.
col[(UA)'] = col[ATU'] = col(A') < row(UA) = rowA.

[
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Fact. Assume that A ~ R in r.r.e.f.

1. The nonzero rows of R form a basis of rowR.
2. The columns of R containing leading 1’s form a basis of

col .
Thm. [ Rank Thm ]
dim(rowA) = dim(colA) = rankA.

Moreover, suppose A is carried to R in r.r.e.f.

1. The nonzero rows of R form a basis of rowA.
2. The columns of A corresponding leading 1's of R form a
basis of col A.
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Proof. As usual, Ey.---EF1A = R, U = E.---Fq1 is
invertible, and UA = R.

rowR = row(U A) = rowA.

By Fact 1, we obtain the first part of the theorem.
Write A = [C’l Cn}.

R=UA=UI[C, --- C,=[UC, --- UG,

By Fact 2, the columns UCj;,,--- ,UC;, of R containing
leading 1's form a basis of colR. It is easy to see that
{Cj,,---,C,.} is linearly independent.
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Similarly,

UOj — alUle —|—a2UOj2—|—"°—|—CL7~Uer
= Ula1Cj, + a2Cj, + - + a,:Cj,).

ThUS, Cj = alel -+ a20j2 + -+ aerr, and

{Cl, CQ, SR ,Cn} C span{C’jl, JEI ,er}.

Therefore, we have

dim rowA = dim colA = r.

[
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Eg.

1. rankA = 2,

2. a basis of rowA = {

3. a basis of colA =
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Cor.
1. rankA = rankA7L

2. If A : m x n, then rankA < min(m,n).

3. rankA = rank(UA) = rank(AV) where U and V are

invertible.

4. A is invertible if and only if rankA = n.
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e A Basis from a Spanning Set

Eg. Finda basis for W = span <
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1.

1 -2 0 3 -4 1 020 1
. 3 2 81 4 N 01 1 0 1
2 3 7 2 3 000 1 —1
-1 2 0 4 -3 0000 O

Note that W = rowA and a basis of W is given by

([, PN B T )

0
1
L,
0
1

N\
_—o N O =
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2.

= = 00 DN W

W DN W o

o O O O =

o O O = O

S O = O O
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Note that W = colA and another basis of W is given by
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Eg.

1 1 4 1 2] [#] Jo
0 1 2 1 1| |z 0
0 0 0 1 2| |as|l =10
1 -1 0 0 2 T4 0
2 1 6 0 1| |zs 0
1020 1]
0120 -1
— 0 0 01 2
0000 O
0000 O

{5131,5132,334 : leading variables

r3 =71, Ts = S ! parameters
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o — s 2] 1]
—2r + s —2 1
X = r =r|{ 1] 4+s]0
—2s 0 —2
S 0 1
o1 Top
—2 1
1 |, | O : basic solutions
0 —2
0 1
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Thm. Let A : m X n with rank r.

1. If X1, X9,---,X,—, are basic solutions of AX = O, then
{X1, -, Xn_,} is a basis of nullA (= ker A), and we have

dim(nullA) =n —r.

2. imA = colA, and
dim(imA) = r = rankA.

Hence,
n = dim(nullA) + dim(imA).
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Thm. Assume that A : m X n. Then
A has rank r if and only if 3 invertible U and V s.t.

ar = [t 9]

O 0O

where I,. : r X r identity matrix.
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Proof. Assume A has rank r. Transform A into r.r.e.f.
UA = R, and then transform R! into r.r.e.f.

I, O
I T ' AT 17T T
V'R VIATU [O O]
Note that R and R' have rank r. Letting V' = V*, we
obtain

vav =5 of

O O
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— Algorithm for obtaining U and V'

A Il=U[A I|]=[R U]

[RT I =VT[RT I]= [Ir O VT]

O O
Eg. _ _
1 -1 1 2
A=12 2 1 -1
-1 1 0 3

I, O

| t. UAV =
Find U and V' s.t. UAV [O o

] with r = rankA.
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A I|=|R U

1

2
—1

-3
D

—1 0

1

—1

1
0O 0 0 O

0

0

1

-1 0 1 0] = |0 O
0 3 0 0 1

1

2
1

2
—1

0O 0 0 O
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0 1
0 1 0
0 0 0

0

—5
1

o O O -
nUanK_u
o O - O
—— O —~ ™
o O O O
o - O O
_1000
'O o o —~
o O - O
o - O O
— O O O
o O O O
O O - O
—

1_0q_u

0
1

0
1

0 0

1

—9

3 0

AT 1] =
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Def. Assume that A is given. We define

A = [ag; ]|, the conjugate of A,
and -
A® = AT the adjoint of A.

A — 447 —243i
6+ 44 3 ’
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Prop.

1 A* = AT = (A)T

2. (AB)* = B*A*

Def. WWe define
A symmetric < AT =A

A : Hermitian & A=A
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Thm. Let A be an m xn matrix. T.F.A.E.

1. AX = O has only the trivial solution.

2. The columns of A are linearly independent.
3. rankA =n

4. A*A is invertible.

Proof. 1 & 2 & 3 : easy.

4 = 1:I1f AX =0, then A*xAX =0 so X = O.
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1 = 4 : It suffices to show (A*A)X = O has only the trivial
Y1

solution. Assume that (A*A)X = O. Write AX = | :

Yn

and (AX)*=[y1 - ¥l

0 = XTAYAX = (AX)*AX
U1

= [ T || =Pyl yal?
Yn

Thusy; =y =--- =y, =0, and AX = O. By assumption
we have X = 0. O
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Thm. Let A be an m x n matrix. T.F.A.E.
1. AX = B has a solution for every B.

2. The columns of A span F".
3. rankA = m

4. AA* is invertible.
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