WEYL GROUP MULTIPLE DIRICHLET SERIES
FOR SYMMETRIZABLE KAC-MOODY ROOT SYSTEMS

KYU-HWAN LEE

ABSTRACT. In this paper, we construct Weyl group multiple Dirichlet series for root systems
associated with symmetrizable Kac-Moody algebras, and establish their functional equations

and meromorphic continuation.

INTRODUCTION

Weyl group multiple Dirichlet series were introduced in [2] by Brubaker, Bump, Chinta, Fried-
berg and Hoffstein, and have been studied in [1, 3, 4, 6]. Chinta and Gunnells also constructed
these multiple Dirichlet series using different methods in [8, 9]. These multiple Dirichlet series
are defined for a root system ® of rank r and a global field F' containing the 2n-th roots of unity.
These Dirichlet series are fundamental objects. They unify many examples in number theory
that have been studied previously in a case-by-case basis, and are expected to be Whittaker
coefficients of Eisenstein series on metaplectic groups. This expectation is now called Fisenstein
conjecture, and some cases are already established. The development of these Dirichlet series
inevitably involves representation theory, and Kashiwara’s crystal bases turned out to be very
useful tools [5].

In this paper, we generalize the construction of [9] given by Chinta and Gunnells and define
Weyl group multiple Dirichelt series for all the root systems associated with symmetrizable Kac-
Moody algebras. So Weyl groups are not finite, in general, and a root can have multiplicity bigger
than one. Still, the results of this paper show that the generalization has all the standard prop-
erties: absolute convergence in a half plane, functional equations and meromorphic continuation.
However, the meromorphic continuation is not to all of C" but to the Tits cone as a consequence
of standard facts in the Kac-Moody theory.

It is expected that one can also construct Weyl group multiple Dirichlet series for affine Kac-

Moody root systems using crystal bases generalizing the results in [5]. Since there are various
1
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combinatorial objects that realize affine crystals, for example, Young walls ([10, 15]), one would
be able to use these combinatorial tools to define the coefficients of the multiple Dirichlet series.
At this point, one can ask: Are there any Eisenstein series corresponding to Kac-Moody root
systems? We cannot clearly answer this question at present. However, we think that the Dirichlet
series for affine Kac-Moody root system have connections to Garland’s theory of Eisenstein series
on loop groups [11, 12, 13]. We hope to return to these issues in the near future.

This paper consists of five sections. In the first section, we fix notations for root systems and
a global field F. In Section 2, we define a Weyl group action on the field of Laurent series. In
Section 3, the coefficients H in the Dirichlet series are defined. The next section is devoted to
computations in the rank one case. In the last section, we collect the results of the previous

sections and define Weyl group multiple Dirichlet series and prove their standard properties.

Acknowledgments. The author is grateful to D. Bump, S. Friedberg, B. Brubaker, A. Bucur,

G. Chinta, A. Diaconu and P. Gunnells for helpful discussions and suggestions.

1. PRELININARIES

We refer the reader to [14] for a basic theory of Kac-Moody algebras. Let A = (a;;)j ;_; be an
r X r symmetrizable generalized Cartan matrix of rank [, and (h, A, AY) be a realization of A,

where A = {aq,...,a,} C h* and AY = {hq,..., h,} C b such that
Ozj(hi) = aij, ’i,j = 1, ey T

Let g(A) be the symmetrizable Kac-Moody algebra associated to (h, A,AY). Then we have
dim b = 2r — [. We denote by ® the set of roots of g(A) and have & = &, U P_ where P (resp.
®_) is the set of positive (resp. negative) roots. Denote by ®*° (resp. ®™) the set of real (resp.

imaginary) roots, and put ®f = ®° N d, and " = ™ N &, We fix a decomposition
(1.1) A = diag(e, - ,€)B,

where ¢; are positive rational numbers and B = (b;;) is a symmetric half-integral matrix, i.e.

bij = bj;, bii € Z and b;; € %Z. We will write b; = b;;. As in Chapter 2 of [14], we define a
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standard symmetric bilinear form (, ) on h* such that

(@i, aj) = byj

We extend the sets A and AV, and choose bases

AU | k=1,.r 1}

for h* and b, respectively, such that

ij(dk) =0or 1,

forj=1,...,rand k, k' = 1,...,7—1. Let PV be the Z-span of the basis AVU{d | k=1, ...

and let

We define

and

and put

and put

Define

Q=

dr(hj) =0o0r1 and

br =R® PY Ch.
P={)ebh*\PY) CZ},

Py = {A € h[A(PY) C Zso}.

é ZO&Z'
i=1

=1

fori,j=1,...,

r.

and Q+ = @(Zzo)ai.

and  AYU{dy | k=1,...,7r—1}

S(di) = 0

' =

I}
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We also define
(1.2) QY = é}zm.
i=1
We have the usual ordering on P (and on @) given by
A>Su S A—peQs.
For 8 € Q, we write 8 = kiay + - - - + kr«, and define
d(B) = B(p") = ki + - + k.

Let W be the Weyl group of g(A) generated by the simple reflections o; € GL(h*). We have

the standard actions of W on h and on h*. For w € W, we let
d(w) =y Nw 'd_ C P
We denote by £(w) the length of w, and define sgn(w) = (—=1)*®). If f(o;w) = £(w) + 1 then
(1.3) d(ow) = O(w) U {w oy},
and if {(wo;) = £(w) + 1 then

(1.4) O (wo;) = o(P(w)) U{a;}.

Let n > 1 be an integer and let F' be an algebraic number field that contains the group e, of
2n-th roots of unity. Let S be a finite set of places of F' containing the archimedean ones, all those
which are ramified over Q and enough others so that the ring og of S-integers is a principal ideal
domain. We embed o0g into Fg = [[, g F» along the diagonal. We choose a nontrivial additive
character ¢ of Fg such that ¥(xog) = 1 if and only if 2 € 0g. Let Sy be the set of archimedean
places in S, and S, be the set of the nonarchimedean places so that S = Sy, U Sgn. We denote

Fo= H F, and Fqy = H F,.
VESso VEShn

Then Fg = Fio X Fyiy. Let (2,y)s = [[,e5(2, y)o be the S-Hilbert symbol, where we take the same

convention on ( , ), as in [3], i.e. it is the inverse of the symbol used in [16]. If ¢,d are coprime
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elements of og, let (§) denote the n-th power residue symbol. Then we have the reciprocity law

c d
N=@,eos(2).
(d ) (d,e)s <c>
We fix an isomorphism € : pu, — {x € C* | 2" = 1} and will suppress this isomorphism from the

notation. If ¢ is any positive integer and a, ¢ € og, we define the Gauss sum
d\' (ad
sact= 3 (4) w(%).
d mod c¢
For x,y € (F&)" and for each 4, we define
B b; 2b;;
(X7Y)S,i = (%yz')s H(%yj)s )
7>
where x = (z1,--- ,x,) and y = (y1,- -, yr), and set

r

(Xa Y)g = H(X¢ Y)gz

=1
e =MG) () W) ()
HIR (e R S 1 ()

when x,y € (F&)" N (og)".

We also define

Let Q = 05 Fg " where Fg ™" is the subgroup of n-th powers in Fg . Let Mp(f2) be the space
of functions W : (FJ)" — C such that

T(ec) = (e,c)5 ¥(c)

when e € Q" and ¢ € (F§)". If r =1 and B = (t) we simply write Mp(2) = M(Q).
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2. WEYL GROUP ACTIONS ON LAURENT SERIES

Let A = C[Q] be the group algebra of the lattice Q). An element f € A can be written as
f=2seqcs x? (c5 € C) with almost all cz zero. We identify A with ClzF!,--- 25! via

Y

x% - z;. Let A be the field of fractions of A. We also let B = C[[x1,--- ,z,]] be the ring of

power series. For A € ) we set
D) ={neQ|p<A}

We define a ring £. The elements of £ are series of the form

ZCBXB

BeQ
where ¢z € C and cg = 0 for 3 outside the union of a finite number of sets of the form D(u).

The addition and multiplication are defined in an obvious way. We let & be the field of fractions

of £. We regard A as a subfield of £. Then we have
AcCAcE and BcCéECE.
Given f =} 5.0 x” € £, we define

supp(f) = {8 € Q | cg # 0},
and define

val(f) = min{d(8) € Z | § € supp(f)}-

Let g be a positive integer. We consider a collection of complex numbers (i) € C, indexed by

the integers modulo n, and such that v(0) = —1 and

v(@)v(—i) =1/q if i£0 mod n.

We also define

n

@) = el (o)

We write x = (1, ..., 2, ), and define a change-of-variable formula by

for each o € ®.

(0ix)j = (qzi)” ",
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for a simple reflection o; € W, where A = (aj;) is the generalized Cartan matrix. One can check
that this definition extends to the whole group W. For f = > kja; € Q and wx = (y1,...,Yr),
w € W, we define

(wx)? =yt -y
Then we have
(2.1) (wx)’? = TR for w e W
In particular, we obtain
(o) = (qs) x5,

In the rest of this section, we fix A € P. We define a shifted action of W by

gi-B=0;(B=X=p)+A+p, BeQ, i=1,..r

For any 3 € @, we set

pin(B) = wi(B) = A+ p — B)(hi), i=1,..,7
Then we have
o;- 3= B+ pi(B)ai = 08 + pi(0)ay;.

Let Q" C @ be the sublattice of @ generated by the set {m(a)a | « € ®}. Since m(wa) =
m(a) for w € W and a € @, the sublattice @) is preserved under the action of W on Q. Let
v:Q — Q/Q be the projection. We have the decomposition

i- @ i
AEQ/Q’
where A, consists of functions flg (f,g € A) such that v(supp g) = 0 and v(supp f) = A. Thus

an element of A can be written a finite sum of terms of the form f(x)x® with f(x) € Ay and

G € Q. We also define

By={fe€B|supp(f) CQ} and By={feB|supp(f)C Q'}.

Now we define the action of W on A for a generator o; € W. Put m = m(c;). For an integer

k, we denote by (k),, the remainder upon division of k£ by m and by [k],, be the largest multiple
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of m that is smaller than or equal to k. We define, for any 3 € @,

1-1/q

Paalo) = (qxe) O =t

and

b (o) L — (gx™)™™
Qﬁ,i(x) = y(bipi(B))g" (B)W-

Note that Pg,(x) and Qg ;(x) belong to Ap.

Definition 2.2. For 8 € Q and each i = 1,...,r, we define
xﬂ|>\a,~ = P[;,i(x)xﬁ + Qm(x)x‘”'ﬁ.

Assume that g(x) € Ag. Then we define

(QXﬁL\O’i)(X) = Q(Jix)(x’ghai)(x)

and extend this action linearly to all of A.

Remark 2.3. The definitions of Pg; and Qg; are slightly different from those in [9], but the

definition of the action of o; is the same as in [9].

Theorem 2.4. The action of generators o; defined in Definition 2.3 extends to give an action

of W on A.

Proof. The group W is a Coxeter group. Thus W is generated by o; (i = 1,...,7) and the defining
relations are
aZ-Q =1, (0i05)™ =1 fori,j=1,...,7,
where
2 if aja5 = 0;
3 ifaja5 =1;
mij =94 if a;ja5 = 2;

6 if aijajz- = 3;

oo if A5 Q44 > 4.
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Here £°° = 1 for any x by notational convention. Therefore, we need only to consider the following

four cases:

aij =0, aj; =0, b and b; are arbitrary;
aij = —1, aji=—1, b= by
aij = —1, aj=-2, b =2bj;

aij = *1, aji = *3, bz = 3b]

Remark 2.5. We obtain, from the definition,

(9fhw)(x) = g(wx)(f]rw)(x) for g € ./10 and w € W.

We denote the multiplicity of & € ® by mult(«) and define

A(x) = H (1— qm(a)d(a)xm(a)a)mult(a) and D(x) = H (1— qm(a)d(a)—lxm(a)a)mult(a).

acd acd

Note that A(x), D(x) € B.
Lemma 2.6. (1) For w € W, we obtain A(wx) € By and
j('LU, X) = A(X)/A(wx) = sgn(w)qd(ﬁ)xﬁ’

where

B = Z m(a)a.

acd(w)

(2) The function j(w,x) satisfies the cocycle relation

j(ww', x) = j(w,w'x)j(w, x).
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Proof. (1) Since m(wa) = m(a) and mult(wa) = mult(a) = mult(—a), we have

A(wx) = H (1— g™(@)d(e) (wx)m(a)a)mult(a)
acd,
= H (1-— qm(a)d(w_la)xm(a)(w‘la))mult(a) (usng (2.1))
acd,
= H (1-— qm(a)d(w_la)xm(a)(w_la))mult(a)

acd
wlacd_

x H (1_qm(a)d(w*a)xm(a)(w*la))mun(a)

acd
w_1a€®+
— H (1 - qm(a)d(a)xm(a)a)mult(a) H (1 - qm(a)d(a)xm(a)a)mult(a)
aced_ a6¢+
waEd waEd
_ H (1 . q—m(a)d(a)X—m(a)a)mult(a) H (1 _ qm(a)d(a)xm(a)a)mult(a).
acd(w) Q€D

wa€4>+

Since |®(w)| = £(w) < oo, we see that A(wx) € By. It follows from ®(w) C ®*¢ that mult(a) = 1

for each a € ®(w). Now we have

. A(X) 1— qm(a)d(a)xm(a)a
j(w’ X) - - H —m(a)d(a)x—m(a)a
A(wx) () 1—¢q X
_ H . qm(a)d(a)xm(a)a
acd(w)
= sgn(w)qd(ﬁ)xﬁ.
(2) It is straightforward to verify the identity. O

Lemma 2.7. Let A € Py and B € Q.
(1) The function

(wx) ™7 (w, x) (x” [ \w) (x)

is an element of B for w € W.
(2) Assume that ¢(o;w) = €(w) + 1. Then we have

val (j(oiw, x) (1)xoiw) (%)) = val(j(w, x)(1[xw) (%)) + 4(0).
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Proof. We prove (1) and (2) simultaneously using induction. If w = 1, there is nothing to prove

for (1). As for (2), we obtain

val (j (s, %) (1xoi)(x))) = val (2™ (P, (x) + Qp.i(x)x” 0))

i) < (1 (O (ay) HT(O)—mmi)))

(=
(
(="
= i(0).
Assume that ¢(o;w) = ¢(w) + 1. Then we have
(1w3) (o1, ) (<" [r) (x)
= (o) 7505, wx)i(w,x) | (Poa(x)x” + Qai(x)x™7) ||

= —(oswx) g™ (wx) ™) j(w, x) [Pﬁ,i(wx)(xﬁ [\w) + Qi (wx) (x7 |Aw)] :
We first consider the term having P factor. By induction, we need only to consider

(U@wX)_B (wx)m(al)o‘l ('LUX) [ﬂl (B)]m(al)az (’LUX)ﬁ
— qﬁ(hz‘)(wx)—Uiﬁ-*-m(ai)ari-[m(ﬁ)]m(ai)ai—l-ﬁ

_ qﬂ(hz‘)(wx)ﬁ(hi)ai+m(ai)ai+[ui(0)—ﬁ(hi)]m<ai)0¢
We see that

B(hi) +m(a;) + [1i(0) = B(hi)]m(ar)

= mleq) + [1i(0) = B(hi)lm(as) — (1i(0) = BChi)) + 1 (0) > 1 0).

Since wta; > 0 by (1.3), we have proved the part (1). In the case 3 = 0, it also shows that the
term having P factor satisfies the inequality in the part (2).

Now we consider the term having Q factor. Again by induction, we need only to consider
(iwx) ™ (ws) ™% (wx) MO (1) 7 — GO (1)~ = D (O

Therefore, (1) and (2) are true for this term as well. O
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Let A € Py. Then the sum

3w, x)(1xw)(x)

weW
is an element of B by Lemma 2.8. Note that A(x) is a unit in B. We define

h(x;A) = A) ™ Y Gi(w,x)(Lhw)(x) € B
weW

and
N(x;\) = h(x;A\)D(x) € B.

Assume that f = Y2, figi € B with fi € By and gi € A. For w € W, we suppose that
fi(wx) € By for all i. Then we define

(flxw)() = filwx)(gilaw)(x)
i=1
whenever the sum in the right yields an element of B.

Proposition 2.8.

(1) hlyw =h for allw € W.

1 bi)qx;
(2) h(()? 7O7xi707"' ,0,0) = M

1—gmlagm’
Proof. (1) We have
h(x;A) = Y A(wx) " (1L yw)(x).

weW
For u € W, we have A(wux)~! € By by Lemma 2.7 (1) and
Z A(wux) " (1 ywu)(x) = h(x; ).
weWw
Thus h|yw = h for all w € W.
(2) Tt is straightforward. ( See the equation (3.26) in [9].)
g

Let m = m(a;). We write N(x; ) = )
define

LEQ a,x*. Given any 3 € @ and a simple root o;, we

Sgi={B+ kmao, | k € Z},
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and define

Now choose 3 € @ and define

N i(x) = y(=bijui(8)) (qx®) i BDm N 55(x)

1— qulxmai

if m 1 pi(8);
Jai(x) = Np,i(x)

—_— otherwise.
1— qulxmai

Theorem 2.9. We have

foalx) ) (@)@ i mt 1a(5);

f.i(0ix) (g0 )i(0)=m

otherwise.

Proof. Assume that m { y1;(3). We write Ng;(x) = (3 pez @+kma;X"™) x7 and define

B@Z'(X) = Z aﬂ—l—kmaikaai € Bo,
keZ

so that we have Ng;(x) = Bg,;(x)x”. Define

_ Npi(x) + Noygi(x) _ Bpi(x)x” + By,.p,i(x)x77
- 1— qm—lxmoc,- - 1— qm—lxmai :

F.i(x)
Then Fg; is invariant under |yo; by Proposition 2.9 (1). Applying o; to Fj;, we obtain

(1) (x7|x0) (x 5.4 (0i%) (278 | y04) (x
i) = (Fpshon)ox) = 2202060 1 Baso) (07 Phox)

Using this, we compute further and obtain

_ Bpilox)(ax®) P Olnx? — By (i) (< (8)) (ax)

fﬁ’i(x) o 1— quflemai

Now the assertion of the theorem follows from this.

The proof in the case that m|u;(3) is similar, and we omit the details.

13
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3. THE COEFFICIENTS H

We specialize (i) to be

g(1,w;i)/q if i # 0(mod n);

(i) =

—1 otherwise,

where w is a prime in 0g. We define
w = (@, @) € (05) and  wp= (@, @) € (05)
where = Y7 kia; € Qp and A = >, Liw; € Py. For m = (my,---,m,) € (05)", we have
decompositions
o A

(3.1) m = H wg = H wp

w: prime w: prime

for B € Q4 and Ay € P, for each prime w. Denote the x%-coefficient of N(x;\) by
(3.2) H(zwy; ).

If we have ged(ey -+ ¢p cy---c)) =1 for ¢ = (¢1,-++ ,¢r) € (0g)" and ¢’ = (c}, -+, ) € (09)",

we require that the twisted multiplicativity should hold:
(33) H(ecsm) = €p(c, &) H(c; m) H(c's m).

We also require the relation

-B
(3.4) H(c; mm') = [rﬂ H(c;m)
if ged(er---epymy---ml) =1 for ¢ = (e1,-+,¢) € (0g)" and m' = (mf,---,ml) € (0g)".

Combining (3.2), (3.3) and (3.4), we have defined the coefficients H(c;m) for any c¢,m € (og)".
Lemma 3.5. Assume that 8 € Q4+ and A\ € Py. There exist constants ca, M4 € Rsg such that
|H (w0 wp)| < Malow| 477

for all primes w € og.
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Given 3 € Q4+, we define
+imoy, jma;
N/éf)(x; m) = ZH(wg Imei. m)xfrimai
Jj>0
where m = m(a;). Let A € P4 be such that ) is the w-factor in the decomposition of m, i.e.
A=Az in (3.1) . We write

m' = m/wp = (m},---,mh),

r

and set 1;(8) = piA(8) = (A + p — B)(hs) as before. We put ¢ = |w| and define

(@) (4. -1 / . " ;) (=i (8))m (@) X:m
N xX;m m;, T, bz“l /3 X o:-3.i\ %9

w _ gm—1yma;
fé,i)(x; m) — 1 q X

N® X; m
L). otherwise .
1_qm—lxmo¢1
Lemma 3.6. We have
m’ - m’ -5
N xm) = | 25| Npgx) and 17 (cm) = | 25| fai).
) wQ ) wQ

Proof. From the twisted multiplicativity, we obtain

H(wgﬂmo‘i;m) = H(wg+jmai;wf‘3m’)

B
L%Q

m’ —b; m' —b;m
since L = = 1. Then we have
™ w’

- _B
m’ N
= ] H(wé“mc“; @p),

—-B —-B
- m’ N . m’
NS (x;m) = [ﬁ] > H(wH e o )xHrime: — [ﬂ] N i(x).
“aQ 5>0 “ao

Since we have o; - = 6 4 p;(8)a; and the multiplicativitiy of the power residue symbol, we

—B -B
m’ m’ ml\ ~biri(B)
ﬁ] Ny, 5.(x) = [ﬁ] <> Ny 5.4(%).

obtain
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On the other hand,

!/

m bi i ()
g(mj, @; —bipi(3)) = <wl> g(1, @5 —bipi(B)).

Now it it straightforward to see that

-B
™ m,
f(,i)(X; m) = [ﬁ] fﬁﬂ»(x).
e
Theorem 3.7. We have
M - (qxai)ui(o)*(ui(ﬁ))m if m1 i (06);
f(f) (oix;m) (gx©i)ri(0)=m otherwise.

Proof. The assertion follows from Lemma 3.6 and Theorem 2.10.

4. RANK ONE COMPUTATIONS
For j € Z~o, ¥ € M;(Q) and a € 0g, we define
D(s,a;W,5) = > gla,c;5)¥(c)le| o]/,
0#c€og/og
Let m = n/ged(n,j) and set

Gon(s) = ((27) VDD ims — m)/T(s 1) ra2

Define

where (r is the Dedekind zeta function of F. If ¥ € M;(Q) and n € F§ we define

Uy(c) = (m,0%%(ne)  and  Tylc) = (n,0)5(n~e™).
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Theorem 4.1. [1] The function D*(s,a; ¥, j) has a meromorphic continuation to C and is holo-
morphic except for possible simple poles at s = 1 + 1/m. Moreover, there exist S-Dirichlet

polynomials P(s;an,j) such that

D*(s,a;W,5) = Y Ps;an, j)D*(2— s,a; ¥y, ).
nEFSX/FSX’n

Let m = (mq,--- ,m,) € (0g)" be fixed for the rest of this section. Let 2 be the ring of Laurent

polynomials in |ww,|%, i = 1,...,7, where v runs over the places in Sg,. We define
Mp()) =ARMp(Q) and NG(NQ) =A® M;(Q).
We write
s; = a;(s) forse b
and regard an element of Mp(2) as a function on h x (FZ)". Denote by ¢ the diagonal embedding:
L FE — (F3), z— (z,2,- ,T).
If ¥ e Mp(R) and a= (a1, - ,a,) € (0g/05)", we define
U(s;c) = (a,L(c))gi U(s;ar, - ,aic, - ,ar).

Lemma 4.2. [3] We have
\I/? S mbl(Q)

We define a shifted action of W on h by

gios=oi(s—p’)+p".

Now we define an action of o; on Mp () as follows. For ¥ € Mp(Q2), we set
(Ui\I])(S;a) = Z (L(T])Ja)g,z P(Sla nmiaihi)bi) ‘II(UZ os;ai,--- ,CLiT]il,"' 7a7‘)
neFSX/FS’"

where

ahi — Haj—aj(hi) _ aj—%‘
J J
Warning: Remember that b; = (a4, ;) in this paper. The element a=" is denoted by b; in [9].

Proposition 4.3. [3] If ¥ € Mp(Q) then o;¥ € Mp(Q).
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Let a be the (r — 1)-tuple (ay,--- ,a;, -+ ,a,) where the hat on a; indicates that this entry is
omitted. Similarly, we let m = (mq,--- , M, -+ ,m,). Let ¥ € Mp(Q). We define

E(S,é; mvlll7i) = Z H(ala Qg 7ar;m)\p(a17 N 27 P 7ar)|ai|_ai(s)|mi|wi(s)'

0#a;€0g /0%

Let m = m(a;) and s; = «;(s). We define
E*(s,a;m, ¥, i) = Gp(si)Cr(ms; —m+ 1)E(s,a;m, U, 7).
Proposition 4.4. [9] We have
* ~ . ~ (Slfl)hz * ~ .
E*(s,a;m, ¥, i) = |a|Q E*(o;0s,a;m, 0,V 1),

where

~1(s;—1)h; si—1)aj(hy) __ S;—1)aq;
|a|g ) :H|aj|( 1) J(h)_H|ai|( Daij
i i
(See the definition in (5.1).)

5. THE MULTIPLE DIRICHLET SERIES

Let m = (my,--- ,m,) € (0g)" be fixed. Then we have m = [[_ w;\;” with Ay € Py fixed. If
c=(c1,-,¢) € (0g)" and s € b, we set
r r
6.1) el = [ 16l = feaf* - lerl*  and el = [ fsf .
=1 =1

Let U € Mp(N), and we define a function Z(s;m, ¥) on h by

Z(sm, W) = 3 H(e; m)¥(s; ©)lel gl
Cc
where the sum is over ¢ = (c1,--- ,¢,) such that 0 # ¢; € 0g/0§ for i =1,...,7.

Theorem 5.2. Assume that ¥ € Mp(Q). The series Z(s;m, V) absolutely converges for s € b

satisfying the condition:

Re(a;(s)) = Re(s;) >ca+1 for each i =1,...,r.
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Proof. We may assume that s is real, i.e. s € hg = R ® P"V. Suppose that
s;>ca+1+e¢ foreachi=1,...,7.

Since the function W is bounded, it is sufficient to consider

S HEm)lelg =[] 3 [H(wh =)= 7).

w B€Q+
Since d(3) = B(p"), we obtain, by Lemma 3.5,

S H@ @ )lwl PO < 1+ Y Majw|ead®)-AE
peQt BeQT\{0}

= 1+ Y Maw|/"4"9 =14+ O(jw| 1 79).
BEQT\{0}

For any o € @, we define

Cal8) =Cr (1 + m(a)a(s — pv)) ,
and

Go(s) = Grn(a) <; + %a(s - pV)> .

It is easy to see that
Ga(ai © S) = Goia(s) and goz(o-i © S) = Co‘,'a(s)-

In particular,

Then we define

Theorem 5.3. The funcion Z(s;m, V) satisfies the functional equation
Z(wos;m,w¥) = G(w,s)Z(s;m, V)

for each w € W.
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Proof. Since we have
Q(w) ={0i, -0y, | J=1,...,k} for w =0y, -+ 0y,
the assertion follows from Lemma 4.4. O
Let hg = R® PV. For s € b, we write s = Re(s) + v/—1 Im(s) with Re(s), Im(s) € hg. Let
F={sebr|{(,s)>1foralli=1,..r}
We define the shifted Tits cone X C hg to be

X = U wog§.

weW

Proposition 5.4. [14]

(1) X is a convex cone.

(2) X = br if and only if |W| < co.

Theorem 5.5. The Dirichlet series Z(s;m, ¥) has meromorphic continuation to all s € b such

that Re(s) € X.

Proof. We use the standard argument. O
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