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Abstract. In this paper, we construct Weyl group multiple Dirichlet series for root systems

associated with symmetrizable Kac-Moody algebras, and establish their functional equations

and meromorphic continuation.

Introduction

Weyl group multiple Dirichlet series were introduced in [2] by Brubaker, Bump, Chinta, Fried-

berg and Hoffstein, and have been studied in [1, 3, 4, 6]. Chinta and Gunnells also constructed

these multiple Dirichlet series using different methods in [8, 9]. These multiple Dirichlet series

are defined for a root system Φ of rank r and a global field F containing the 2n-th roots of unity.

These Dirichlet series are fundamental objects. They unify many examples in number theory

that have been studied previously in a case-by-case basis, and are expected to be Whittaker

coefficients of Eisenstein series on metaplectic groups. This expectation is now called Eisenstein

conjecture, and some cases are already established. The development of these Dirichlet series

inevitably involves representation theory, and Kashiwara’s crystal bases turned out to be very

useful tools [5].

In this paper, we generalize the construction of [9] given by Chinta and Gunnells and define

Weyl group multiple Dirichelt series for all the root systems associated with symmetrizable Kac-

Moody algebras. So Weyl groups are not finite, in general, and a root can have multiplicity bigger

than one. Still, the results of this paper show that the generalization has all the standard prop-

erties: absolute convergence in a half plane, functional equations and meromorphic continuation.

However, the meromorphic continuation is not to all of Cr but to the Tits cone as a consequence

of standard facts in the Kac-Moody theory.

It is expected that one can also construct Weyl group multiple Dirichlet series for affine Kac-

Moody root systems using crystal bases generalizing the results in [5]. Since there are various
1
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combinatorial objects that realize affine crystals, for example, Young walls ([10, 15]), one would

be able to use these combinatorial tools to define the coefficients of the multiple Dirichlet series.

At this point, one can ask: Are there any Eisenstein series corresponding to Kac-Moody root

systems? We cannot clearly answer this question at present. However, we think that the Dirichlet

series for affine Kac-Moody root system have connections to Garland’s theory of Eisenstein series

on loop groups [11, 12, 13]. We hope to return to these issues in the near future.

This paper consists of five sections. In the first section, we fix notations for root systems and

a global field F . In Section 2, we define a Weyl group action on the field of Laurent series. In

Section 3, the coefficients H in the Dirichlet series are defined. The next section is devoted to

computations in the rank one case. In the last section, we collect the results of the previous

sections and define Weyl group multiple Dirichlet series and prove their standard properties.

Acknowledgments. The author is grateful to D. Bump, S. Friedberg, B. Brubaker, A. Bucur,

G. Chinta, A. Diaconu and P. Gunnells for helpful discussions and suggestions.

1. Prelininaries

We refer the reader to [14] for a basic theory of Kac-Moody algebras. Let A = (aij)r
i,j=1 be an

r × r symmetrizable generalized Cartan matrix of rank l, and (h,∆,∆∨) be a realization of A,

where ∆ = {α1, ..., αr} ⊂ h∗ and ∆∨ = {h1, ..., hr} ⊂ h such that

αj(hi) = aij , i, j = 1, ..., r.

Let g(A) be the symmetrizable Kac-Moody algebra associated to (h,∆,∆∨). Then we have

dim h = 2r− l. We denote by Φ the set of roots of g(A) and have Φ = Φ+ ∪Φ− where Φ+ (resp.

Φ−) is the set of positive (resp. negative) roots. Denote by Φre (resp. Φim) the set of real (resp.

imaginary) roots, and put Φre
± = Φre ∩ Φ± and Φim

± = Φim ∩ Φ±. We fix a decomposition

(1.1) A = diag(ε1, · · · , εr)B,

where εi are positive rational numbers and B = (bij) is a symmetric half-integral matrix, i.e.

bij = bji, bii ∈ Z and bij ∈ 1
2Z. We will write bi = bii. As in Chapter 2 of [14], we define a
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standard symmetric bilinear form ( , ) on h∗ such that

(αi, αj) = bij for i, j = 1, ..., r.

We extend the sets ∆ and ∆∨, and choose bases

∆ ∪ {δk | k = 1, ..., r − l} and ∆∨ ∪ {dk | k = 1, ..., r − l}

for h∗ and h, respectively, such that

αj(dk) = 0 or 1, δk(hj) = 0 or 1 and δk(dk′) = 0

for j = 1, ..., r and k, k′ = 1, ..., r− l. Let P∨ be the Z-span of the basis ∆∨∪{dk | k = 1, ..., r− l},

and let

hR = R⊗ P∨ ⊂ h.

We define

P = {λ ∈ h∗|λ(P∨) ⊆ Z},

and

P+ = {λ ∈ h∗|λ(P∨) ⊆ Z≥0}.

Define ωi ∈ h∗ (i = 1, ..., r) by

ωi(hj) = δij , ωi(dk) = 0, j = 1, ..., r, k = 1, ..., r − l

and put

ρ =
r∑

i=1

ωi.

Similarly, we define ω∨i ∈ h (i = 1, ..., r) by

αj(ω∨i ) = δij , δk(ω∨i ) = 0, j = 1, ..., r, k = 1, ..., r − l

and put

ρ∨ =
r∑

i=1

ω∨i .

Define

Q =
r⊕

i=1

Zαi and Q+ =
r⊕

i=1

(Z≥0)αi.



4 KYU-HWAN LEE

We also define

(1.2) Q∨ =
r⊕

i=1

Zhi.

We have the usual ordering on P (and on Q) given by

λ >µ ⇔ λ− µ ∈ Q+.

For β ∈ Q, we write β = k1α1 + · · ·+ krαr and define

d(β) = β(ρ∨) = k1 + · · ·+ kr.

Let W be the Weyl group of g(A) generated by the simple reflections σi ∈ GL(h∗). We have

the standard actions of W on h and on h∗. For w ∈ W , we let

Φ(w) = Φ+ ∩ w−1Φ− ⊆ Φre
+ .

We denote by )(w) the length of w, and define sgn(w) = (−1)!(w). If )(σiw) = )(w) + 1 then

(1.3) Φ(σiw) = Φ(w) ∪ {w−1αi},

and if )(wσi) = )(w) + 1 then

(1.4) Φ(wσi) = σ(Φ(w)) ∪ {αi}.

Let n > 1 be an integer and let F be an algebraic number field that contains the group µ2n of

2n-th roots of unity. Let S be a finite set of places of F containing the archimedean ones, all those

which are ramified over Q and enough others so that the ring oS of S-integers is a principal ideal

domain. We embed oS into FS =
∏

v∈S Fv along the diagonal. We choose a nontrivial additive

character ψ of FS such that ψ(xoS) = 1 if and only if x ∈ oS . Let S∞ be the set of archimedean

places in S, and Sfin be the set of the nonarchimedean places so that S = S∞ ∪ Sfin. We denote

F∞ =
∏

v∈S∞

Fv and Ffin =
∏

v∈Sfin

Fv.

Then FS = F∞×Ffin. Let (x, y)S =
∏

v∈S(x, y)v be the S-Hilbert symbol, where we take the same

convention on ( , )v as in [3], i.e. it is the inverse of the symbol used in [16]. If c, d are coprime
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elements of oS , let ( c
d) denote the n-th power residue symbol. Then we have the reciprocity law

( c

d

)
= (d, c)S

(
d

c

)
.

We fix an isomorphism ε : µn → {x ∈ C× | xn = 1} and will suppress this isomorphism from the

notation. If t is any positive integer and a, c ∈ oS , we define the Gauss sum

g(a, c; t) =
∑

d mod c

(
d

c

)t

ψ

(
ad

c

)
.

For x,y ∈ (F×
S )r and for each i, we define

(x,y)B
S,i = (xi, yi)bi

S

∏

j>i

(xi, yj)
2bij

S ,

where x = (x1, · · · , xr) and y = (y1, · · · , yr), and set

(x,y)B
S =

r∏

i=1

(x,y)B
S,i.

We also define

ξB(x,y) =
r∏

i=1

(
xi

yi

)bi
(

yi

xi

)bi ∏

i<j

(
xi

yj

)2bij
(

yi

xj

)2bij

,

[
x
y

]B

=
r∏

i=1

(
xi

yi

)bi

and
[
x
y

]−B

=
r∏

i=1

(
xi

yi

)−bi

when x,y ∈ (F×
S )r ∩ (oS)r.

Let Ω = o×S F×,n
S where F×,n

S is the subgroup of n-th powers in F×
S . Let MB(Ω) be the space

of functions Ψ : (F×
S )r → C such that

Ψ(ec) = (e, c)B
S Ψ(c)

when e ∈ Ωr and c ∈ (F×
fin)

r. If r = 1 and B = (t) we simply write MB(Ω) = Mt(Ω).
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2. Weyl Group Actions on Laurent Series

Let A = C[Q] be the group algebra of the lattice Q. An element f ∈ A can be written as

f =
∑

β∈Q cβ xβ (cβ ∈ C) with almost all cβ zero. We identify A with C[x±1
1 , · · · , x±1

r ] via

xαi +→ xi. Let Ã be the field of fractions of A. We also let B = C[[x1, · · · , xr]] be the ring of

power series. For λ ∈ Q we set

D(λ) = {µ ∈ Q | µ ≤ λ}.

We define a ring E . The elements of E are series of the form

∑

β∈Q

cβ xβ

where cβ ∈ C and cβ = 0 for β outside the union of a finite number of sets of the form D(µ).

The addition and multiplication are defined in an obvious way. We let Ẽ be the field of fractions

of E . We regard Ã as a subfield of Ẽ . Then we have

A ⊂ Ã ⊂ Ẽ and B ⊂ E ⊂ Ẽ .

Given f =
∑

β∈Q cβ xβ ∈ E , we define

supp(f) = {β ∈ Q | cβ -= 0},

and define

val(f) = min{d(β) ∈ Z | β ∈ supp(f)}.

Let q be a positive integer. We consider a collection of complex numbers γ(i) ∈ C, indexed by

the integers modulo n, and such that γ(0) = −1 and

γ(i)γ(−i) = 1/q if i -≡ 0 mod n.

We also define

m(α) =
n

gcd(n, (α, α))
for each α ∈ Φ.

We write x = (x1, ..., xr), and define a change-of-variable formula by

(σix)j = (qxi)−aijxj
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for a simple reflection σi ∈ W , where A = (aij) is the generalized Cartan matrix. One can check

that this definition extends to the whole group W . For β =
∑

kiαi ∈ Q and wx = (y1, ..., yr),

w ∈ W , we define

(wx)β = yk1
1 · · · ykr

r .

Then we have

(2.1) (wx)β = qd(w−1β−β)xw−1β for w ∈ W.

In particular, we obtain

(σix)β = (qxi)−β(hi)xβ.

In the rest of this section, we fix λ ∈ P . We define a shifted action of W by

σi · β = σi(β − λ− ρ) + λ + ρ, β ∈ Q, i = 1, ..., r.

For any β ∈ Q, we set

µi,λ(β) = µi(β) = (λ + ρ− β)(hi), i = 1, ..., r.

Then we have

σi · β = β + µi(β)αi = σiβ + µi(0)αi.

Let Q′ ⊆ Q be the sublattice of Q generated by the set {m(α)α | α ∈ Φ}. Since m(wα) =

m(α) for w ∈ W and α ∈ Φ, the sublattice Q′ is preserved under the action of W on Q. Let

ν : Q → Q/Q′ be the projection. We have the decomposition

Ã =
⊕

λ∈Q/Q′

Ãλ

where Ãλ consists of functions f/g (f, g ∈ A) such that ν(supp g) = 0 and ν(supp f) = λ. Thus

an element of Ã can be written a finite sum of terms of the form f(x)xβ with f(x) ∈ Ã0 and

β ∈ Q. We also define

B0 = {f ∈ B | supp(f) ⊂ Q′} and B̃0 = {f ∈ B̃ | supp(f) ⊂ Q′}.

Now we define the action of W on Ã for a generator σi ∈ W . Put m = m(αi). For an integer

k, we denote by (k)m the remainder upon division of k by m and by [k]m be the largest multiple
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of m that is smaller than or equal to k. We define, for any β ∈ Q,

Pβ,i(x) = (qxαi)[µi(β)]m 1− 1/q

1− (qxαi)m/q
,

and

Qβ,i(x) = γ(biµi(β))qµi(β) 1− (qxαi)−m

1− (qxαi)m/q
.

Note that Pβ,i(x) and Qβ,i(x) belong to Ã0.

Definition 2.2. For β ∈ Q and each i = 1, ..., r, we define

xβ|λσi = Pβ,i(x)xβ +Qβ,i(x)xσi·β.

Assume that g(x) ∈ Ã0. Then we define

(gxβ|λσi)(x) = g(σix)(xβ|λσi)(x)

and extend this action linearly to all of Ã.

Remark 2.3. The definitions of Pβ,i and Qβ,i are slightly different from those in [9], but the

definition of the action of σi is the same as in [9].

Theorem 2.4. The action of generators σi defined in Definition 2.3 extends to give an action

of W on Ã.

Proof. The group W is a Coxeter group. Thus W is generated by σi (i = 1, ..., r) and the defining

relations are

σ2
i = 1, (σiσj)mij = 1 for i, j = 1, ..., r,

where

mij =






2 if aijaji = 0;

3 if aijaji = 1;

4 if aijaji = 2;

6 if aijaji = 3;

∞ if aijaji ≥ 4.
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Here x∞ = 1 for any x by notational convention. Therefore, we need only to consider the following

four cases:





aij = 0, aji = 0, bi and bj are arbitrary;

aij = −1, aji = −1, bi = bj ;

aij = −1, aji = −2, bi = 2bj ;

aij = −1, aji = −3, bi = 3bj .

!

Remark 2.5. We obtain, from the definition,

(gf |λw)(x) = g(wx)(f |λw)(x) for g ∈ Ã0 and w ∈ W.

We denote the multiplicity of α ∈ Φ by mult(α) and define

∆(x) =
∏

α∈Φ+

(1− qm(α)d(α)xm(α)α)mult(α) and D(x) =
∏

α∈Φ+

(1− qm(α)d(α)−1xm(α)α)mult(α).

Note that ∆(x), D(x) ∈ B.

Lemma 2.6. (1) For w ∈ W , we obtain ∆(wx) ∈ B̃0 and

j(w,x) := ∆(x)/∆(wx) = sgn(w)qd(β)xβ,

where

β =
∑

α∈Φ(w)

m(α)α.

(2) The function j(w,x) satisfies the cocycle relation

j(ww′,x) = j(w, w′x)j(w′,x).
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Proof. (1) Since m(wα) = m(α) and mult(wα) = mult(α) = mult(−α), we have

∆(wx) =
∏

α∈Φ+

(1− qm(α)d(α)(wx)m(α)α)mult(α)

=
∏

α∈Φ+

(1− qm(α)d(w−1α)xm(α)(w−1α))mult(α) (usng (2.1))

=
∏

α∈Φ+
w−1α∈Φ−

(1− qm(α)d(w−1α)xm(α)(w−1α))mult(α)

×
∏

α∈Φ+
w−1α∈Φ+

(1− qm(α)d(w−1α)xm(α)(w−1α))mult(α)

=
∏

α∈Φ−
wα∈Φ+

(1− qm(α)d(α)xm(α)α)mult(α)
∏

α∈Φ+
wα∈Φ+

(1− qm(α)d(α)xm(α)α)mult(α)

=
∏

α∈Φ(w)

(1− q−m(α)d(α)x−m(α)α)mult(α)
∏

α∈Φ+
wα∈Φ+

(1− qm(α)d(α)xm(α)α)mult(α).

Since |Φ(w)| = )(w) < ∞, we see that ∆(wx) ∈ B̃0. It follows from Φ(w) ⊂ Φre that mult(α) = 1

for each α ∈ Φ(w). Now we have

j(w,x) =
∆(x)

∆(wx)
=

∏

α∈Φ(w)

1− qm(α)d(α)xm(α)α

1− q−m(α)d(α)x−m(α)α

=
∏

α∈Φ(w)

− qm(α)d(α)xm(α)α

= sgn(w)qd(β)xβ.

(2) It is straightforward to verify the identity. !

Lemma 2.7. Let λ ∈ P+ and β ∈ Q.

(1) The function

(wx)−βj(w,x)(xβ|λw)(x)

is an element of B for w ∈ W .

(2) Assume that )(σiw) = )(w) + 1. Then we have

val (j(σiw,x) (1|λσiw)(x)) ≥ val(j(w,x)(1|λw)(x)) + µi(0).
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Proof. We prove (1) and (2) simultaneously using induction. If w = 1, there is nothing to prove

for (1). As for (2), we obtain

val (j(σi,x) (1|λσi)(x))) = val
(
xm(αi)

i

(
P0,i(x) +Q0,i(x)xσi·0

))

= val
(
xm(αi)

i

(
x

[µi(0)]m(αi)

i + xµi(0)−m(αi)
i

))

= val
(
x

[µi(0)]m(αi)
+m(αi)

i + xµi(0)
i

)

= µi(0).

Assume that )(σiw) = )(w) + 1. Then we have

(σiwx)−βj(σiw,x)(xβ|λσiw)(x)

= (σiwx)−βj(σi, wx)j(w,x)
[(
Pβ,i(x)xβ +Qβ,i(x)xσi·β

)
|λw

]

= −(σiwx)−βqm(αi)(wx)m(αi)αij(w,x)
[
Pβ,i(wx)(xβ|λw) +Qβ,i(wx)(xσi·β|λw)

]
.

We first consider the term having P factor. By induction, we need only to consider

(σiwx)−β(wx)m(αi)αi(wx)[µi(β)]m(αi)
αi(wx)β

= qβ(hi)(wx)−σiβ+m(αi)αi+[µi(β)]m(αi)
αi+β

= qβ(hi)(wx)β(hi)αi+m(αi)αi+[µi(0)−β(hi)]m(αi)
αi .

We see that

β(hi) + m(αi) + [µi(0)− β(hi)]m(αi)

= m(αi) + [µi(0)− β(hi)]m(αi) − (µi(0)− β(hi)) + µi(0) > µi(0).

Since w−1αi > 0 by (1.3), we have proved the part (1). In the case β = 0, it also shows that the

term having P factor satisfies the inequality in the part (2).

Now we consider the term having Q factor. Again by induction, we need only to consider

(σiwx)−β(wx)m(αi)αi(wx)−m(αi)αi(wx)σi·β = qβ(hi)(wx)−σiβ+σi·β = qβ(hi)(wx)µi(0)αi .

Therefore, (1) and (2) are true for this term as well. !
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Let λ ∈ P+. Then the sum
∑

w∈W

j(w,x)(1|λw)(x)

is an element of B by Lemma 2.8. Note that ∆(x) is a unit in B. We define

h(x;λ) = ∆(x)−1
∑

w∈W

j(w,x)(1|λw)(x) ∈ B

and

N(x;λ) = h(x;λ)D(x) ∈ B.

Assume that f =
∑∞

i=1 figi ∈ B̃ with fi ∈ B̃0 and gi ∈ Ã. For w ∈ W , we suppose that

fi(wx) ∈ B̃0 for all i. Then we define

(f |λw)(x) =
∞∑

i=1

fi(wx)(gi|λw)(x)

whenever the sum in the right yields an element of B̃.

Proposition 2.8.

(1) h|λw = h for all w ∈ W .

(2) h(0, · · · , 0, xi, 0, · · · , 0; 0) =
1 + γ(bi)qxi

1− qm−1xm
i

.

Proof. (1) We have

h(x;λ) =
∑

w∈W

∆(wx)−1(1|λw)(x).

For u ∈ W , we have ∆(wux)−1 ∈ B̃0 by Lemma 2.7 (1) and

∑

w∈W

∆(wux)−1(1|λwu)(x) = h(x;λ).

Thus h|λw = h for all w ∈ W .

(2) It is straightforward. ( See the equation (3.26) in [9].)

!

Let m = m(αi). We write N(x;λ) =
∑

µ∈Q aµxµ. Given any β ∈ Q and a simple root αi, we

define

Sβ,i = {β + kmαi | k ∈ Z},
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and define

Nβ,i(x) =
∑

µ∈Sβ,i

aµxµ ∈ B.

Now choose β ∈ Q and define

fβ,i(x) =






Nβ,i(x)− γ(−biµi(β))(qxαi)(−µi(β))mNσ·β,i(x)
1− qm−1xmαi

if m ! µi(β);

Nβ,i(x)
1− qm−1xmαi

otherwise.

Theorem 2.9. We have

fβ,i(x)
fβ,i(σix)

=






(qxαi)µi(0)−(µi(β))m if m ! µi(β);

(qxαi)µi(0)−m otherwise.

Proof. Assume that m ! µi(β). We write Nβ,i(x) =
(∑

k∈Z aβ+kmαix
kmαi

)
xβ and define

Bβ,i(x) =
∑

k∈Z
aβ+kmαix

kmαi ∈ B0,

so that we have Nβ,i(x) = Bβ,i(x)xβ. Define

Fβ,i(x) =
Nβ,i(x) + Nσi·β,i(x)

1− qm−1xmαi
=

Bβ,i(x)xβ + Bσi·β,i(x)xσi·β

1− qm−1xmαi
.

Then Fβ,i is invariant under |λσi by Proposition 2.9 (1). Applying σi to Fβ,i, we obtain

Fβ,i(x) = (Fβ,i|λσi)(x) =
Bβ,i(σix)(xβ|λσi)(x) + Bσi·β,i(σix)(xσi·β|λσi)(x)

1− q−m−1x−mαi
.

Using this, we compute further and obtain

fβ,i(x) =
Bβ,i(σix)(qxαi)[µi(β)]mxβ −Bσi·β,i(σix)γ(−biµi(β))(qxαi)−m−µi(β)xσi·β

1− q−m−1x−mαi
.

Now the assertion of the theorem follows from this.

The proof in the case that m|µi(β) is similar, and we omit the details. !
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3. The Coefficients H

We specialize γ(i) to be

γ(i) =






g(1, .; i)/q if i -≡ 0(mod n);

−1 otherwise,

where . is a prime in oS . We define

.β
Q = (.k1 , · · · , .kr) ∈ (oS)r and .λ

P = (.l1 , · · · , .lr) ∈ (oS)r

where β =
∑r

i=1 kiαi ∈ Q+ and λ =
∑r

i=1 liωi ∈ P+. For m = (m1, · · · , mr) ∈ (oS)r, we have

decompositions

(3.1) m =
∏

&: prime

.β#
Q =

∏

&: prime

.λ#
P

for β& ∈ Q+ and λ& ∈ P+ for each prime .. Denote the xβ-coefficient of N(x;λ) by

(3.2) H(.β
Q;.λ

P ).

If we have gcd(c1 · · · cr, c′1 · · · c′r) = 1 for c = (c1, · · · , cr) ∈ (oS)r and c′ = (c′1, · · · , c′r) ∈ (oS)r,

we require that the twisted multiplicativity should hold:

(3.3) H(cc′;m) = ξB(c, c′)H(c;m)H(c′;m).

We also require the relation

(3.4) H(c;mm′) =
[
m′

c

]−B

H(c;m)

if gcd(c1 · · · cr, m′
1 · · ·m′

r) = 1 for c = (c1, · · · , cr) ∈ (oS)r and m′ = (m′
1, · · · , m′

r) ∈ (oS)r.

Combining (3.2), (3.3) and (3.4), we have defined the coefficients H(c;m) for any c,m ∈ (oS)r.

Lemma 3.5. Assume that β ∈ Q+ and λ ∈ P+. There exist constants cA, MA ∈ R>0 such that

|H(.β
Q;.λ

P )| < MA|.|cAd(β)

for all primes . ∈ oS.
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Given β ∈ Q+, we define

N (&)
β,i (x;m) =

∑

j≥0

H(.β+jmαi
Q ;m)xβ+jmαi ,

where m = m(αi). Let λ ∈ P+ be such that .λ
P is the .-factor in the decomposition of m, i.e.

λ = λ& in (3.1) . We write

m′ = m/.λ
P = (m′

1, · · · , m′
r),

and set µi(β) = µi,λ(β) = (λ + ρ− β)(hi) as before. We put q = |.| and define

f (&)
β,i (x;m) =






N (&)
β,i (x;m)− q−1g(m′

i, .;−biµi(β))(qxαi)(−µi(β))mN (&)
σi·β,i(x;m)

1− qm−1xmαi
if µi(β) ! m;

N (&)
β,i (x;m)

1− qm−1xmαi
otherwise .

Lemma 3.6. We have

N (&)
β,i (x;m) =

[
m′

.β
Q

]−B

Nβ,i(x) and f (&)
β,i (x;m) =

[
m′

.β
Q

]−B

fβ,i(x).

Proof. From the twisted multiplicativity, we obtain

H(.β+jmαi
Q ;m) = H(.β+jmαi

Q ;.λ
Pm′)

=

[
m′

.β+jmαi
Q

]−B

H(.β+jmαi
Q ;.λ

P )

=

[
m′

.β
Q

]−B

H(.β+jmαi
Q ;.λ

P ),

since
(

m′
i

.jm

)−bi

=
(

m′
i

.j

)−bim

= 1. Then we have

N (&)
β,i (x;m) =

[
m′

.β
Q

]−B ∑

j≥0

H(.β+jmαi
Q ;.λ

P )xβ+jmαi =

[
m′

.β
Q

]−B

Nβ,i(x).

Since we have σi · β = β + µi(β)αi and the multiplicativitiy of the power residue symbol, we

obtain

N (&)
σi·β,i(x;m) =

[
m′

.σi·β
Q

]−B

Nσi·β,i(x) =

[
m′

.β
Q

]−B (
m′

i

.

)−biµi(β)

Nσi·β,i(x).
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On the other hand,

g(m′
i, .;−biµi(β)) =

(
m′

i

.

)biµi(β)

g(1, .;−biµi(β)).

Now it it straightforward to see that

f (&)
β,i (x;m) =

[
m′

.β
Q

]−B

fβ,i(x).

!

Theorem 3.7. We have

f (&)
β,i (x;m)

f (&)
β,i (σix;m)

=






(qxαi)µi(0)−(µi(β))m if m ! µi(β);

(qxαi)µi(0)−m otherwise.

Proof. The assertion follows from Lemma 3.6 and Theorem 2.10. !

4. Rank One Computations

For j ∈ Z>0, Ψ ∈Mj(Ω) and a ∈ oS , we define

D(s, a; Ψ, j) =
∑

0 )= c∈oS/o×S

g(a, c; j)Ψ(c)|c|−s|a|s/2.

Let m = n/gcd(n, j) and set

Gm(s) =
(
(2π)−(m−1)(s−1)Γ(ms−m)/Γ(s− 1)

)[F :Q]/2
.

Define

D∗(s, a; Ψ, j) = Gm(s)ζF (ms−m + 1)D(s, a,Ψ, j),

where ζF is the Dedekind zeta function of F . If Ψ ∈Mj(Ω) and η ∈ F×
S we define

Ψ̂η(c) = (η, c)j
SΨ(ηc) and Ψ̃η(c) = (η, c)j

SΨ(η−1c−1).



WEYL GROUP MULTIPLE DIRICHLET SERIES 17

Theorem 4.1. [1] The function D∗(s, a; Ψ, j) has a meromorphic continuation to C and is holo-

morphic except for possible simple poles at s = 1 ± 1/m. Moreover, there exist S-Dirichlet

polynomials P (s; aη, j) such that

D∗(s, a; Ψ, j) =
∑

η∈F×S /F×,n
S

P (s; aη, j)D∗(2− s, a; Ψ̃η, j).

Let m = (m1, · · · , mr) ∈ (oS)r be fixed for the rest of this section. Let A be the ring of Laurent

polynomials in |.v|si , i = 1, ..., r, where v runs over the places in Sfin. We define

MB(Ω) = A⊗MB(Ω) and Mj(Ω) = A⊗Mj(Ω).

We write

si = αi(s) for s ∈ h

and regard an element of MB(Ω) as a function on h×(F×
S )r. Denote by ι the diagonal embedding:

ι : F×
S → (F×

S )r, x +→ (x, x, · · · , x).

If Ψ ∈ MB(Ω) and a = (a1, · · · , ar) ∈ (oS/o×S )r, we define

Ψa
i (s; c) = (a, ι(c))B

S,i Ψ(s; a1, · · · , aic, · · · , ar).

Lemma 4.2. [3] We have

Ψa
i ∈ Mbi(Ω).

We define a shifted action of W on h by

σi ◦ s = σi(s− ρ∨) + ρ∨.

Now we define an action of σi on MB(Ω) as follows. For Ψ ∈ MB(Ω), we set

(σiΨ)(s;a) =
∑

η∈F×S /F×,n
S

(ι(η),a)B
S,i P (si ; ηmia−hi , bi) Ψ(σi ◦ s; a1, · · · , aiη

−1, · · · , ar)

where

a−hi =
∏

j

a
−αj(hi)
j =

∏

j

a
−aij

j .

Warning: Remember that bi = (αi, αi) in this paper. The element a−hi is denoted by bi in [9].

Proposition 4.3. [3] If Ψ ∈ MB(Ω) then σiΨ ∈ MB(Ω).
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Let â be the (r − 1)-tuple (a1, · · · , âi, · · · , ar) where the hat on ai indicates that this entry is

omitted. Similarly, we let m̂ = (m1, · · · , m̂i, · · · , mr). Let Ψ ∈ MB(Ω). We define

E(s, â;m,Ψ, i) =
∑

0 )=ai∈oS/o×S

H(a1, · · · , ai, · · · , ar;m)Ψ(a1, · · · , ai, · · · , ar)|ai|−αi(s)|mi|ωi(s).

Let m = m(αi) and si = αi(s). We define

E∗(s, â;m,Ψ, i) = Gm(si)ζF (msi −m + 1)E(s, â;m,Ψ, i).

Proposition 4.4. [9] We have

E∗(s, â;m,Ψ, i) = |â|(si−1)hi

Q E∗(σi ◦ s, â;m, σiΨ, i),

where

|â|(si−1)hi

Q =
∏

j )=i

|aj |(si−1)αj(hi) =
∏

j )=i

|ai|(si−1)aij .

(See the definition in (5.1).)

5. The Multiple Dirichlet Series

Let m = (m1, · · · , mr) ∈ (oS)r be fixed. Then we have m =
∏

& .λ#
P with λ& ∈ P+ fixed. If

c = (c1, · · · , cr) ∈ (oS)r and s ∈ h, we set

(5.1) |c|sQ =
r∏

i=1

|ci|αi(s) = |c1|s1 · · · |cr|sr and |c|sP =
r∏

i=1

|ci|ωi(s).

Let Ψ ∈ MB(Ω), and we define a function Z(s;m,Ψ) on h by

Z(s;m,Ψ) =
∑

c

H(c;m)Ψ(s; c)|c|−s
Q |m|sP ,

where the sum is over c = (c1, · · · , cr) such that 0 -= ci ∈ oS/o×S for i = 1, ..., r.

Theorem 5.2. Assume that Ψ ∈ MB(Ω). The series Z(s;m,Ψ) absolutely converges for s ∈ h

satisfying the condition:

Re(αi(s)) = Re(si) > cA + 1 for each i = 1, ..., r.
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Proof. We may assume that s is real, i.e. s ∈ hR = R⊗ P∨. Suppose that

si ≥ cA + 1 + ε for each i = 1, ..., r.

Since the function Ψ is bounded, it is sufficient to consider

∑
|H(c;m)||c|−s

Q =
∏

&

∑

β∈Q+

|H(.β
Q;.λ#

P )||.|−β(s).

Since d(β) = β(ρ∨), we obtain, by Lemma 3.5,

∑

β∈Q+

|H(.β
Q;.λ#

P )||.|−β(s) ≤ 1 +
∑

β∈Q+\{0}

MA|.|cAd(β)−β(s)

= 1 +
∑

β∈Q+\{0}

MA|.|β(cAρ∨−s) = 1 + O(|.|−1−ε).

!

For any α ∈ Φ, we define

ζα(s) = ζF
(
1 + m(α)α(s− ρ∨)

)
,

and

Gα(s) = Gm(α)

(
1
2

+
1
2
α(s− ρ∨)

)
.

It is easy to see that

Gα(σi ◦ s) = Gσiα(s) and ζα(σi ◦ s) = ζσiα(s).

In particular,

Gαi(σi ◦ s) = G−αi(s) and ζαi(σi ◦ s) = ζ−αi(s).

Then we define

G(w, s) =
∏

α∈Φ(w)

Gα(s)ζα(s)
G−α(s)ζ−α(s)

,

Theorem 5.3. The funcion Z(s;m,Ψ) satisfies the functional equation

Z(w ◦ s;m, wΨ) = G(w, s)Z(s;m,Ψ)

for each w ∈ W .
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Proof. Since we have

Φ(w) = {σik · · ·σij+1αij | j = 1, ..., k} for w = σi1 · · ·σik ,

the assertion follows from Lemma 4.4. !

Let hR = R⊗ P∨. For s ∈ h, we write s = Re(s) +
√
−1 Im(s) with Re(s), Im(s) ∈ hR. Let

F = {s ∈ hR | 〈αi, s〉 ≥ 1 for all i = 1, ..., r}.

We define the shifted Tits cone X ⊆ hR to be

X =
⋃

w∈W

w ◦ F.

Proposition 5.4. [14]

(1) X is a convex cone.

(2) X = hR if and only if |W | < ∞.

Theorem 5.5. The Dirichlet series Z(s;m,Ψ) has meromorphic continuation to all s ∈ h such

that Re(s) ∈ X.

Proof. We use the standard argument. !
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