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Abstract

In this paper, we develop the Grobner-Shirshov basis theory for
the representations of associative algebras by introducing the notion
of Grobner-Shirshov pairs. Our result can be applied to solve the
reduction problem in representation theory and to construct monomial
bases of representations of associative algebras. As an illustration, we
give an explicit construction of Grobner-Shirshov pairs and monomial
bases for finite dimensional irreducible representations of the simple
Lie algebra sl3. Each of these monomial bases is in 1-1 correspondence

with the set of semistandard Young tableaux with a given shape.
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1 Introduction

The Grobner basis theory for commutative algebras was introduced by Buch-
berger [7] and provides a solution to the reduction problem for commutative
algebras. More precisely, it gives an effective algorithm of computing a set
of generators for a given ideal of a commutative ring which can be used to
determine the reduced elements with respect to the relations given by the
ideal. In [1], Bergman generalized the Grobner basis theory to associative
algebras by proving the Diamond Lemma.

On the other hand, the parallel theory of Grobner bases was developed
for Lie algebras by Shirshov [12]. The key ingredient of the theory is the so-
called Composition Lemma which characterizes the leading terms of elements
in the given ideal. In [2], Bokut noticed that Shirshov’s method works for
associative algebras as well, and for this reason, Shirshov’s theory for Lie al-
gebras and their universal enveloping algebras is called the Grobner-Shirshov
basis theory.

The Grobner-Shirshov bases for finite dimensional simple Lie algebras
were constructed explicitly in a series of papers by Bokut and Klein [4, 5, 6].
In [3], Bokut, Kang, Lee and Malcolmson developed the theory of Grobner-
Shirshov bases for Lie superalgebras and their universal enveloping algebras.
They unified the Grobner-Shirshov basis theories for Lie superalgebras and
for associative algebras and gave an explicit construction of Grobner-Shirshov
bases for classical Lie superalgebras.

In this paper, we develop the Grébner-Shirshov basis theory for the repre-
sentations of associative algebras. More precisely, let A be a free associative
algebra and consider a pair (S,T") of subsets of A. Let J be the two-sided
ideal of A generated by S and let A = A/J be the algebra defined by S.
Also let I be the left ideal of A generated by (the image of) T and set
M = A/I. Then M becomes a left A-module and we would like to solve the
reduction problem for the A-module M. The main problem lies in the fact
that we should deal with two-sided ideals and left ideals in a unified manner
to produce a generalized version of Shirshov’s Composition Lemma for the
representations of associative algebras. We overcome this difficulty by intro-

ducing the notion of Gréobner-Shirshov pairs. It is a pair of subsets (S,T)



of the free associative algebra A that are closed under certain compositions
and the set of (S, T)-reduced words forms a monomial basis of the A-module
M.

We also show how to apply our Grobner-Shirshov basis theory for repre-
sentations to solve the reduction problem and to construct monomial bases of
integrable highest weight modules over symmetrizable Kac-Moody algebras.
As an application, we give an explicit construction of Grobner-Shirshov pairs
and monomial bases for finite dimensional irreducible representations of the
simple Lie algebra sl3. Each of these monomial bases is in 1-1 correspondence
with the set of semistandard Young tableaux with a given shape.

Our result is a very general one that can be applied to the representation
theory of various interesting algebras such as finite dimensional simple Lie
(super)algebras, Kac-Moody (super)algebras, (affine) Hecke algebras, and so
on. The work on the representation theory of classical Lie algebras and Hecke

algebras is in progress and will be published elsewhere.
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2 Grobner-Shirshov pair

Let X = {z1,29,---} be a set of alphabets indexed by positive integers.
Define a linear ordering on X < by setting z; < z; if and only if ¢ < j. Let
X* be the semigroup of associative words on X. We denote the empty word
by 1 and the length of a word u by I(u) with [(1) = 0. We consider two linear
orderings < and < on X* defined as follows:

(i) u < 1 for any nonempty word u; and inductively, v < v whenever

u=mx;u', v=x;0 and z; < z; or x; = x; and v < v’ with z;,z; € X,

(i) u < v if l(u) < l(v) or l(u) =1(v) and u < v.
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The ordering < (resp. <) is called the lexicographic ordering (resp. length-
lezicographic ordering).

Let Ax be the free associative algebra generated by X over C. Given a
nonzero element p € Ax we denote by p the maximal monomial appearing
in p under the ordering <. Thus p = ap + Y fiw; with o, 3; € C, w; € X*,
a # 0 and w; < p. The « is called the leading coefficient of p and if o = 1,
p is said to be monic.

Let p and ¢ be monic elements of Ay with leading terms p and §. Let S
be a set of monic elements of Ax. We define the composition of p and ¢ as
follows.

Definition 2.1 (a) If there exist a and b in X* such that pa = bg = w
with 1(p) > 1(b), then the composition of intersection is defined to be

(P, @)w = pa — bg.

(b) If there exist a and b in X* such that apb = § = w, then the compo-
sition of inclusion is defined to be (p,q), = apb — q.

(c) A composition (p, q)., is called right-justified if p = ag = w for some
a€ X*.

Example 2.2 Let X = {z, 29, 3,24}
(a) If p = 2423 + zow4x3 and q = x3x3 — 24, then we have two possible
compositions of intersection:
(p7 q)x4x§x3 = <£L’4$§ + 1'21'4.’13'3).%3 - 334(1‘%1‘3 - -1'4)
= x2x4x§ + xi,
(p, Q)z4xgg;3 = (ml‘; + ToxyT3)Tox3 — $4$2($§$3 — T4)
= ToX4X3T2X3 + TaToZy.

(b) If p = x5 — 1 and q¢ = x4x923 — X129, then we have a composition of

inclusion:

(D, @) wgzows = Ta(w2 — D)z — (242923 — 2129) = —24T3 + X122,

(c) If p = zyw9w1 24+ 293 and ¢ = x124+ x4, then we have a right-justified

composition:

(D) Q) aywomizy = T1T2T1T4 + ToTz — T1X2(T124 + Ty) = Tolz — T1T2Ty4.



Let (S,T) be a pair of subsets of Ay. We define a congruence relation on

Ax as follows.

Definition 2.3 Let p,q € Ax and w € X*. We say that p and q are
congruent to each other with respect to the pair (S,T) and w, denoted by
p = q mod (S,T;w), if p—q = Y aa;8.b; + Y Bct;, where oy, 3; € C,
ai,bi,c; € X*, s, €8, t; € T with a;5:b; < w and ¢jt; < w for each i and j.

Remark. If T = (), we simply write p = ¢ mod (S;w). In this case, the
congruence relation is defined by the two-sided ideal of Ay generated by S

as we can see in the discussion below.

Example 2.4 Let S = {129 + 21} and T = {x324 — 21 }.

(a) If p = mox329, ¢ = Tox3xy + Tiwox3 + 2313, W = T3T3, then p = ¢
mod (S;w).

(b) If p = Tow3zy — 1172, ¢ = TIToT3 + T3T3 + ToXy — T1T9, W = x%x%,
then p = ¢ mod(S,T; w).

Let (S,T) be a pair of subsets of Ax. If J is the two-sided ideal in Ax
generated by S, then we say that the algebra A = Ax/J is defined by S. Let
I be the left ideal generated by (the image of) T in A. Then we say that the
left A-module M = A/I is defined by the pair (S,T"). The image of p € Ax
in A and M under the canonical quotient maps will also be denoted by p as
long as there is no peril of confusion.

A set S of monic elements of Ax is said to be closed under the composition
if for any p, ¢ € S and w € X* such that (p, q),, is defined, we have (p, q),, =0
mod (S;w). In this case, we say that S is a Grébner-Shirshov basis for the
algebra A = Ax/J defined by S. A set T' of monic elements of Ay is said
to be closed under the right-justified composition with respect to S if for any
p,q € T and w € X* such that a right-justified (p, q), is defined, we have
(P, q)w = 0 mod(S, T;w).

Definition 2.5 (a) A pair (S,T) of subsets of monic elements of Ax is
called a Grobner-Shirshov pair if S is closed under the composition, T

s closed under the right-justified composition with respect to S, and for any
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p€S,qeT and w € X* such that (p,q), is defined, we have (p,q)y, = 0
mod (S, T;w). In this case, we say that (S,T) is a Grobner-Shirshov pair
for the A-module M = A/I defined by (S,T).

(b) A word u € X* is said to be (S,T)-reduced if u # asb and u # ct
for any s € S, t € T and a,b,c € X*. Otherwise, the word u is said to
be (S,T)-reducible. If T = 0, we will simply say that u is S-reduced or
S-reducible.

3 Composition Lemma

The main ingredient of the Grobner-Shirshov theory for Lie algebras and their
universal enveloping algebras is the Composition Lemma proved by Shirshov
[12]. It asserts that if S is a Grobner-Shirshov basis for the algebra A =
Ay /J defined by S and p is trivial in A, then the word p is S-reducible. In
this section, we prove the following generalization of Shirshov’s Composition

Lemma to the representations of associative algebras.

Theorem 3.1 Let (S,T) be a pair of subsets of monic elements in Ay, let
A = Ax/J be the associative algebra defined by S, and let M = A/I be the
left A-module defined by (S,T). Suppose that (S,T) is a Gréibner-Shirshov
pair for the A-module M and that p € Ax is trivial in M. Then the word p
is (S, T)-reducible.

Proof.  Since p is trivial in M, we can write

p= Z a;a;8;b; + Z Bicit;,

where «;, 3; € C, a;,b;,¢c; € X*, s; € §, and t; € T. Choose the maximal
word w in the length-lexicographic ordering < among the words {a;5;b;, ¢;t;}
in the expression of p. If p = w, then we are done. Suppose this is not the
case. Then p < w and without loss of generality, we may assume that one

of the following three cases holds.

(I) w = (115_1[)1 = (128_2[?2, (II) w = Clﬂ = CQE, (III) w = a15_1b1 = Clﬂ.



Case I. w = a;51b; = a9S3by : we will show that asseby = ay1s1b;
mod(S;w). There are three possibilities:

(i) If the subwords 57 and 53 have empty intersection in a;57b;, then we
may assume that ays167 = as1bszc and as89b9 = as1bsoc, where a,b,c € X*.
Thus

as89by — a1$1by = —a(sy — 57)bsac + as1b(se — $3)c,
which implies a82b = a151b; mod (S; w).
(i) If 57 = wjug, 53 = ugug for some uy # 1, then ay = ajuy, by = uszbs,

and
asS2by — a1510; = ayuys9by — a131u3b2

= —G1(81U3 - U152)b2 = a1(517 S2)u1uQU3b2-

Since (81, 82)ujugus K Uruguz and S is closed under the composition, we
obtain asssbs = ajsi1by mod (S;w).

(iii) If 57 = uySqus, then ay = ayuq, by = usby, and
2520y — a181b1 = ajuisausby — aysiby
= al(U182U2 - 81)52 = (11(327 Sl)HbQ-

Since (81, S2)5; < 52 and S is closed under the composition, we get asseby =
a1$1b; mod (S;w).
Case II. w = ¢1t; = oty : we will show that coty = ¢ty mod (0, T; w).

We may assume that t, = ut,, v € X*. Thus
Cgtg — Cltl = CQ(tQ — Utl) = Cg(tgtl)g.

Since (ts,t1);; < t2 and T is closed under the right-justified composition with
respect to S, coty = c1t; mod (S, T; w).

Case IIl. w = a151b; = ¢t;: we will show that
a;$1by = ity mod (S, T;w).

There are three possibilities:

(i) If the subword 57 and ¢; have empty intersection in w, then as we have
seen in Case I (i), we have a1y = 1t mod (S, T;w).

(ii) If 57 = sb, t; = bby for some b # 1, then

CLlSlbl — Cltl = CLl(Slbl — Stl) = al(sl,tl)w,
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and we get a;$10 = ¢1t; mod (S, T;w).
(iii) If t; = s57by, then

a;siby — ity = c1(ss1by — t1) = c1(s1,t1)w,

which implies a;$10y = ¢1t; mod (S, T;w).
Therefore, p can be written as p = 3 aasibi+>" Bic;t", where a}sib) < w

175217 3-3vg 19171

for all ¢ and cgg < w for all j. Choose the maximal word w; in the ordering

'Sl citi}. If p = wy, then we are done. If this is not the case,

17171

< among {a
repeat the above process. Since X is indexed by the set of positive integers,

this process must terminate in finite steps, which completes the proof. [

Theorem 3.2 Let (S,T) be a pair of subsets of monic elements in Ax, let
A = Ax/J be the associative algebra defined by S, and let M = A/l be the
left A-module defined by (S,T). Suppose that (S,T) is a Grébner-Shirshov
pair for the A-module M. Then the set of (S, T')-reduced words forms a linear
basis of M.

Proof.  Suppose > oyu; = 0 in M, where o; € C and wu; are distinet (S, T)-
reduced words. Then, by Theorem 3.1, 3. a;u; is (S, T)-reducible. Since
each u; is (S,T)-reduced, we must have o; = 0 for all i. Thus the set of
(S, T)-reduced words is linearly independent.

Now we will show that any word u € Ax can be written as

u = Z ;U + Z ﬁjajsjbj + kacktk,

where u; is an (5, T)-reduced word, «;, B;, v € C, a;,bj,¢, € X*, s; € S,
ty € T, a;5;b; <u and ¢ty < u for all i, j, k. If u is (S, T)-reduced, then
there is nothing to prove. If u = asb with s € S, then u — asb = > n;v;,
v; K u. Ifu=ctwithteT, then u—ct = niw;, w; < u. We now apply
the induction to complete the proof. [

Corollary 3.3 Let (S,T) be a pair of subsets of monic elements in Ax,
let A = Ax/J be the associative algebra defined by S, and let M = A/l
be the left A-module defined by (S,T). If M is finite dimensional and the
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number of (S,T)-reduced words is equal to the dimension of M, then (S,T)
is a Grobner-Shirshov pair for the A-module M.

Proof.  In the proof of the above theorem, we showed that the A-module M
is linearly spanned by the set of (S, T')-reduced words. Since the number of
(S, T)-reduced words is equal to the dimension of M, it forms a linear basis
of M. Suppose (S,T) is not a Grobner-Shirshov pair of M. Then there is a
nontrivial composition among the elements in S and 7', which can be writ-
ten as a linear combination of (S, T')-reduced words. Since any composition
should vanish in M, we get a nontrivial linear dependence relation among
(S, T)-reduced words in M, which is a contradiction. [

Remark. The above statement can be generalized to the graded A-modules
with finite dimensional homogeneous subspaces by a straightforward modifi-

cation of our argument.

Let (S,T') be a pair of subsets of monic elements in Ay, let A = Ax/J be
the associative algebra defined by S, and let M = A/I be the left A-module
defined by (S,T). We will show that how one can complete the pair (S,T)
to get a Grobner-Shirshov pair for the A-module M.

For any subset R of Ax, we define

R = {p/a|a € C is the leading coefficient of p € R}.
Let S© =S, Fori> 0, set

S = {(f,9)w?0 mod (SV;w)| f,9 € SV},
gli+1) _ g@) §(i)_

Then, clearly, the set S = Uizo S® is closed under the composition. Note
that the algebra A is defined also by S.
Let T®) = T. For i > 0, set

Ty = {(f,9)w20 mod (S, TY;w)| f,g € TV, (f, g)u is right-justified},
T+ = 70 j—\’(i).



Then the set 7°¢ =
with respect to S.

i>0 T® is closed under the right-justified composition

We now consider the compositions between S and 7¢. Let X(© = T,
For ¢ > 0, set
Xy = {(f,9)0Z0 mod (S, XV;w)| f € S, g € X},
x (1) — (X(i) U )/(\'(Z.))C‘
Let T = U, X @ Then the A-module M is defined also by the pair (S,7)
and (S,7) is a Grobner-Shirshov pair of M.

We summarize the above discussion in the following theorem.

Theorem 3.4 Let (S,T) be a pair of subsets of monic elements in Ax, let
A = Ax/J be the associative algebra defined by S, and let M = A/I be the
left A-module defined by (S,T). Then the pair (S,T) can be completed to a
Grobner-Shirshov pair (S,T) for the A-module M.

4 Kac-Moody algebras

In this section, we show how to apply our Grébner-Shirshov basis theory for
representations to solve the reduction problem for integrable highest weight
modules over symmetrizable Kac-Moody algebras.

Let @ = {1,2,...,n} be a finite index set and let A = (a;;); jeq be a sym-
metrizable generalized Cartan Matrix of lank [. Fix a realization (b, I, IT")
of A in the sense of [8]. Extend the set II" to obtain a basis

H={hy, -  hp,hps1, - honi}
for h. Let E ={e;}icq, I = {fi}icq, and X = E UH UF. We define a linear
ordering on X by setting

e; = hj = fi foralli, g ke,

e =¢€j, hi=h;, fi=f; ifti>j.

Then we have the lexicographic ordering and the length-lexicographic order-
ing on X* as in Section 2. We denote the left adjoint action of a Lie algebra

by ad and the right adjoint action by ad.
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The Kac-Moody algebra g = g(A) associated to A is defined to be the Lie
algebra with generators X and the following defining relations:
W hihg] (0> ),
leifi] = 0ijhi,  [esh;] + cu(hy)es,  [hifi] + o (ha) fj,
Si: (ade;)' "e; (i > )
ei(ade;) ™ (i > j),
S_o (adfy)' T (P> )
filadf;)' =t (i > j).
Let S =S, UWUS_. We denote by g, (resp. h and g_) the subalgebra
of g generated by E (resp. H and F'). If we consider the set of relations S

1>7),

1> 7),

as a subset of Ax with [z,y] = zy — yx, we can easily see that the universal
enveloping algebra U = U(g) of g is the algebra defined by S in Ax. We
denote by U, (resp. Uy and U_) the C-subalgebra of U with 1 generated by
ei’s (resp. h;’s and f;’s).
Let
P={Xeb'|\h) € Z,iecQ},
P, ={X € P|\(h;) >0,i € Q}.
The set P is called the weight lattice and an element A € P, is called a

dominant integral weight. Let
Tver = {ei, hi — M(hy)|i € Q},
and for A € P, , set
Ty={f""iecQl and T =Ty UT

Let V() be the irreducible highest weight g-module with highest weight
A € Py. Then any highest weight g-module with highest weight A € P, and
highest weight vector v, is isomorphic to V() if and only if fl-)‘(hi)ﬂv,\ =0
for all i € © ([8]). Using the language of Grobner-Shirshov basis theory, this

fact can be rephrased as follows:

Proposition 4.1 The irreducible highest weight g-module V (X) with highest
weight A € P, is isomorphic to the U(g)-module defined by the pair (S, T).
Moreover, due to the triangular decomposition of U(g), V(X) can be regarded
as the U_-module defined by the pair (S_,Ty) in Ap.
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As we have seen in Theorem 3.4, the pair (S_,T)) can be completed
to a Grobner-Shirshov pair (S,7) of the integrable highest weight U(g)-
module V(X). Consider first the set S_ of Serre relations. To obtain a
Grobner-Shirshov basis S for the algebra U_, one can take a direct approach
of computing all the possible non-trivial compositions in S_ as was described
in Theorem 3.4. An alternative approach is to compute the Lie compositions
and use the main results of [3]: a Grobner-Shirshov basis for the Lie algebra
g is also a Grobner-Shirshov basis for its universal enveloping algebra U(g).

For the finite dimensional simple Lie algebras, the Grobner-Shirshov bases
were completely determined in [4, 5, 6]. For the affine Kac-Moody algebras,
the Grobner-Shirshov bases were constructed only for the simplest case —
for the affine Kac-Moody algebra of type AV [11].

Now assume that we have a Grobner-Shirshov basis S for U(g). Note
that the set T) is already closed under the right-justified composition with
respect to S. Therefore, to construct a Grobner-Shirshov pair (S,7) for
the integrable highest weight U(g)-module V' (), we have only to carry out
the last step of the algorithm given in Theorem 3.4, and this process works
for any symmetrizable Kac-Moody algebras. However, when the character
of V(X) is known, it would be more practical to compute sufficiently many
relations in V' (\) and make use of Corollary 3.3. This is the approach we
take in the next section to construct Grobner-Shirshov pairs for the simple

Lie algebra sis.

5 Irreducible modules of si;

In this section, we will give an explicit construction of Grobner-Shirshov
pairs and monomial bases for finite dimensional irreducible representations
of the simple Lie algebra sl;. We will also show that each of these bases is in

1-1 correspondence with the set of semistandard Young tableaux of a given

shape.
Recall that the simple Lie algebra sl3 is a Kac-Moody algebra associated
2 -1
with the Cartan matrix 5 | Hence the algebra U_ is the associative
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algebra defined by the set S_ = {[fo[fof1]], [f2/1]f1]} of the Serre relations
in Ap, where F' = {fi, fo}. It can be easily verified that S_ is already closed
under the composition (see, for example, [4]). Thus the algebra U_ has a

monomial basis consisting of S_-reduced words f&(fof1)°fs in F* (a,b,c > 0).

Lemma 5.1 The relations

fft =k R - (k>2)

hold in U_. In other words, they belong to the two-sided ideal generated by
S_ in AF

Proof.  1f k = 2, then it is just [[fof1] fi1] = 0, which is given by S_. Assume
that the relation holds for some fixed k. Since [fof1]f1 = fi[f2f1], we obtain

ffft =k RAA + fifofi
= (k+ 1) fflf2fi] + [T 1o

as desired. O

Let A = mA; + nAs be a dominant integral weight for sl3, where A; are
the fundamental weights (i = 1,2), and let V' (\) be the irreducible highest
weight module over sl3 with highest weight A. Then, as a U_-module, V())
is defined by the pair (S_,Th), where Ty = {f"*, fa+1}.

Lemma 5.2 The following relations hold in V() :
(a) i f5 =0 (c>0),
(b) [T [f2fil f5 +

e/l =0 (e20)

Proof. If ¢ = 0, then it is just f{"™ belonging to Ty. Assume that we have
the first relation for some fixed c¢. Multiplying f; from the left, Lemma 5.1
yields

f2f{n+c+1fzc — (m +e+ 1) {n+c[f2f1]f2c + f{n+c+1 2c+1’

which gives the second relation for ¢. Now, multiplying [fsf1] to the left of

the first relation and using the second relation obtained in the above, we get
1

m-+c+1 pc — m-4c+1 c_ _ m-4c+2 c—i—l.
[f2f1] 1 f2 1 [f?fl]fQ m+c+1 1 2
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Thus we get the first relation for ¢+ 1. By multiplying f> from the left again,
Lemma 5.1 yields the second relation for ¢+ 1. Hence by induction, we obtain

the desired relations. [

Remark. In the above lemma, we mean that a relation R = 0 holds in V()
if and only if R is contained in the left ideal generated by Ty in U_. We keep

this convention in the following.

Lemma 5.3 The relations

i m—0b+c+ )1) (b) m— b+c+?“+1[ff]b TS =0

e (m—btctr+

hold in V(A\) forc>0 and 0 <b<m+c+1.

Proof.  Fix an arbitrary ¢ > 0. If b = 0, then the above relation is just
mtetlf¢ — 0, which is the first relation in Lemma 5.2. Assume that the

relatlon holds for some fixed b. Multiplying by fo from the left and using
falfofi] = [fafilfa, we get

( <_gji1_jj:i) ) ( )fom b+c+1+7’[f fl]b—r ;—i—c

o (m+c—b+1) b m4c—b+r brlrc
G _mm() By

<
S| o
o

r=

+

—b+C+1) (b) m—b+c+r+1 b—r gr4c+1
z; m—b+c+r+1)! LN

m— Cc C ( b+c+1) m-—c C
= (m bt et DATRAT 4 Sy AT AT

b
(m—b—l—c—l—l)' b+1 m b+c+r b—r+l petr
+;(m—b+c+r+1)! r F2/1] S

Dividing out by the leading coefficient, we get

b+1

(m—b+c)‘ b+1 m—b+ctr —r r+c
Z(m—b—l—c—i—r)' r fl b++[f2f1]b +1f2+ :07
r=0 :

which is the desired relation for b+ 1. O
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Lemma 5.4 The relations

m+1

[f2 i)™ s + Z

c+r <m+1)f1[f2f]m r+1fc+r:

hold in V(X) for ¢ > 0.

Proof. If ¢ =0, it is the same as the case of b = m + 1, ¢ = 0 in Lemma
5.3. Assume that the relation holds for some fixed c¢. Multiplying by fo, we
have

m+1

[f2f1]m+1 C+1+Z

r=1

m—+1
_ [f2f ]m+1 c+1 + Z c! (m + 1>7, {71[f2f1]mfr+2 2c+r

(m + 1) f2f1 [fol]m r+1 c+r

c—l—r

— (c+7)! r
i m—+1
m—r+1 pc+r+1
+Z CH)( )fl[fo] f3
C+m+2 m+1 C+1 c! m+1 pet+m—+2
— —— +—
c+1 [ff] (c+m+1)! 2

+Z (crrr1) ST AT st

where A = (Till)(r + 1)+ (™) (c+r+1). Dividing out by the leading

coefficient, we get the desired relation for c+ 1. [

Theorem 5.5 The pair (S,7,) is a Grobner-Shirshov pair for the irreducible
highest weightmodule V() over the simple Lie algebra sls, where S = S_ and

T\ consists of the following elements:

(a) n+1’
m+1

(b) [f2 i)™ S5 + Z (m+ 1> AlRAMTH ST 1<e<n),

C+7’

(c) Z (m _b+c+ )1)'(i) m— b+c+r+1[ff]b ch—l—r

~(m—btct+r+
0<b<m,0<c<n).

Hence the set of the monomials of the form

fi(faf)’fs (0<c<n, 0<b<m, 0<a<m-—b+c)

15



forms a linear basis of V().

Proof. By Lemma 5.1 — Lemma 5.4, we see that the above relations hold
in V(A). Note that the set of (S, 7,)-reduced words is given by:

fifof)'fs (0<ec<n, 0<b<m,0<a<m-—b+c).

Hence the number of (S, 7,)-reduced words is

n m

D D (m=btetl) :%(m+1)(n+1)(m+n+2).

c=0 b=0

This is exactly the dimension of V(\). Hence by Corollary 3.3, the pair
(S,7,) is a Grobner-Shirshov pair for V(A). O

Let A = mA; +nAy be a dominant integral weight for sl3 and let Y =
{(1,9),(2,7)]1 <i<m+n,1 <j <n} be the Young frame of shape A. We
define a semistandard Young tableau of shape X to be a function 7 of Y into
the set {1,2,3} such that

(ki) < 7(k,i+1) fork=1,2,
7(1,§) <7(2,5) forall j=1,--- n.

As usual, we can present a semistandard Young tableau by an array of colored
boxes. For example, the following are semistandard tableaux of shape 2Aq,
3As and 2A; + Ay, respectively.

1 2

N =
w N
w N
w

We would like to identify the monomial basis consisting of (S, 7, )-reduced
words with the set of semistandard Young tableaux of shape A. Consider the
empty word as the semistandard Young tableau 7* of shape A\ defined by
™(1,i) = 1 and 7*(2,5j) = 2 for all i, j. To each (S,7,)-reduced word
filfof)Pfswith0<c<n, 0<b<m, 0<a<m-—b+c, we associate
the semistandard Young tableau 7 as follows. Start with the tableau 7* and

change its entries by the following rule:

16



(i) Let the word f, change the box 2 to the box 3, let the word faf)
change 1 to 3 andlet f; change 1 to 2.

(i) Let the words fo, fofi and f1 in f(faf1)?fS act successively on 72
changing the boxes in 7 from the right.

For example, the word fZ(f2f1)?f2 occurring in V (3A; +3A5) corresponds
112 2 3 3

2 2 3 '

More explicitly, to each (S, 7y)-reduced word f&(f2f1)lfs with 0 < ¢ <

n, 0 <b<m, 0 <a< m-—>b+c we associate the semistandard Young
tableau 7 defined by:

to the semistandard Young tableau

ifl<i<m+n—1-0,
7(1,4) = itm+n—a—-b+1<i<m+n-—5o,
ifm+n—->b+1<i<m-+n,

) if1<j7<n—c,
7(2,7) =

W NWw NN =

ifn—c+1<j5<n.

Then it is now easy to verify that the above correspondence defines a
bijection between the set of (S, 7,)-reduced words and the set of semistandard

Young tableaux of shape A.

Proposition 5.6 The monomial basis of V/(\) given by (S, T))-reduced

words is in 1-1 correspondence with the set of semistandard Young tableaux

of shape \.

Furthermore, we can define a colored oriented graph structure on the
monomial basis of V() consisting of (S, 7,)-reduced words (and hence on
the set of semistandard Young tableaux of shape \): for each i = 1,2, we
define w —— w' if and only if w’ = f;w. This graph is usually different from
the crystal graph developed by Kashiwara (][9], [10]).

Our discussion will be illustrated in the following example.

Example 5.7 Let A\ = 2A; + A;. In the following, we list all the (S, 7,)-
reduced words and the corresponding semistandard Young tableaux of shape

A

17



1 S fo 2 fife
11 112 111 122 112
2 3 2 3

fafi fif Nifafr fafife fif

1
2

113 122 123 113 222
2 3 2 3 3
f1f2f1f2 (f2f1)2 f12f2f1f2 (f2f1) fl(fol)
123 133 223 133 233
3 2 3 3 3

The colored oriented graph for V() is given in the following figure.

111
1 9
112 111
| 9 1
12 2 113 112
1! 2
122 123 113
| 9 1
2 2 2 133 123
3
| 9
2 2 3 133
3
1
23 3
3
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