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Abstract

For many systems, there is a bias in the distribution of the first digits. For example, if one looks at the
first digit of 2n in base 10, asn ranges over the positive integers, one observes 1 about30% of the time
(and not19 ≈ .11% of the time as one might expect). This bias is known as Benford’s Law, and occurs in a
variety of phenomena. In fact, the IRS uses Benford’s Law to check the tax returns of large corporations!

We will show that if yn = logb xn is equidistributed mod1, thenxn is Benford baseb. This is
sufficient to prove that Recurrence Relations (with distinct rootsλ1, . . . , λk such that|λ1| ≥ · · · ≥ |λk|
and |λ1| 6= 1) are Benford. In particular, this will imply that the Fibonacci numbers, which satisfy the
Recurrence Relationan = an−1 + an−2, are Benford.

In these notes we develop most of the techniques needed to prove these results. The only fact which
we must assume is that ifα 6∈ Q, thennα mod 1 is equidistributed.

The first section introduces Benford’s Law, and highlights the method of proof. The second section
investigates Recurrence Relations. For a nice introduction to Benford’s Law, the reader should see [Hi1];
for an exposition on Benford’s Law and Recurrence Relations, see [BrDu, NS].
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1 Benford’s Law

While looking through tables of logarithms in the late 1800s, Newcomb noticed a surprising fact: certain
pages were significantly more worn out than others. People were looking up numbers whose logarithm
started with 1 significantly more frequently than other digits. In 1938, Benford observed the same digit bias
in a variety of phenomenon. See [Hi1] for a description and history, [Hi2, BBH, KonMi] for recent results,
and [Knu] for connections between Benford’s law and rounding errors in computer calculations.

We say a sequence of positive numbers{xn} is Benford (baseb) if the probability of observing the first

digit of xn (in baseb) is j is logb

(
1 + 1

j

)
.

More precisely, we would have

lim
N→∞

#{n ≤ N : first digit of xn is j}
N

= logb

(
1 +

1
j

)
. (1)

Note thatj ∈ {1, . . . , b− 1}. This is a division of probability, as one of theb− 1 events must occur, and the
total probability is

b−1∑
j=1

logb

(
1 +

1
j

)
= logb

b−1∏
j=1

(
1 +

1
j

)

= logb

b−1∏
j=1

j + 1
j

= 1

= logb b = 1. (2)

Note it is possible to be Benford to some bases but not others. Aslog10 2 ≈ .3, this means that about30%
of the time the first digit is a 1. This is a very strong digit bias; if all digits (1 through 9) were equally likely,
than the probability of the first digit being 1 would be1

9 ≈ .11.
A common way to prove a sequence is Benford is to show its logarithms (modulo 1) are equidistributed.

Recall

Definition 1.1 (Equidistributed). A sequence{yn}∞n=1, yn ∈ [0, 1], is equidistributed in[0, 1] if

lim
N→∞

#{n : |n| ≤ N, yn ∈ [a, b]}
2N + 1

= lim
N→∞

∑N
n=−N χ(a,b)(yn)

2N + 1
= b− a (3)

for all (a, b) ⊂ [0, 1].

The following theorem will be central to our presentation, and will be proved in §1.2:

Theorem 1.2. If yn = logb xn equidistributed modb, thenxn is Benford (baseb).
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1.1 Preliminaries

We need the following simple fact:

Lemma 1.3. If u ≡ v mod1, then the first digits ofbu andbv are the same in baseb.

Proof. (of Lemma 1.3): Asu ≡ v mod1, without loss of generality we may writev = u + m, m ∈ Z. If

bu = ukb
k + uk−1b

k−1 + · · ·+ u0, (4)

then

bv = bu+m

= bu · bm

= (ukb
k + uk−1b

k−1 + · · ·+ u0)bm

= ukb
k+m + · · ·+ u0b

m. (5)

Thus, the first digits of each areu0, proving the claim.

The utility of the above lemma is that it in order to study the first digit ofby (in baseb), it suffices to study
y mod 1.

1.2 Equidistribution and Benford

Proof (of Theorem 1.2): Assumeyn = logb xn is equidistributed mod1. Consider the unit interval[0, 1). For
j ∈ {1, . . . , b}, definepj by

bpj = j; (6)

equivalently, we have
pj = logb j. (7)

For j ∈ {1, . . . , b− 1}, let
Ij = [pj , pj+1) ⊂ [0, 1). (8)

Claim 1.4. If y mod1 ∈ Ij , thenby has first digitj.

The proof is immediate. By Lemma 1.3, it is sufficient to prove this fory ∈ Ij , which we now assume.
Then

y ∈ [pj , pj+1) implies that bpj ≤ y < bpj+1 . (9)

From the definitions of thepj , it follows that

j ≤ y < j + 1, (10)

proving the claim.
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Thus, the measure of the subset of[0, 1) which, when we exponentiate byb has first digitj, is simply the
length ofIj . This is

|Ij | = pj+1 − pj = logb

j + 1
j

= logb

(
1 +

1
j

)
, (11)

the Benford (baseb) probabilities.

Returning to the proof of Theorem 1.2, we see that the intervalsIj have lengthlogb

(
1 + 1

j

)
. As yn is

equidistributed mod1, in the limit the percent of timeyn ∈ Ij is equal to|Ij |, ie, log bb

(
1 + 1

j

)
.

Now xn = byn . Eachyn is equivalent to somẽyn mod1, and by Lemma 1.3,byn andbfyn have the same
first digit.

Thus, in the limit, the probability that the first digit ofxn is j (baseb) is just logb

(
1 + 1

j

)
, proving the

theorem.2

2 Recurrence Relations and Benford’s Law

2.1 Recurrence Preliminaries

We consider Recurrence Relations of the following form:

an = c1an−1 + · · ·+ ckan−k, (12)

wherec1, . . . , ck, k are fixed integers. It is well known that we may explicitly writean in Binet form:

an = u1λ
n
1 + · · ·+ unλn

k , (13)

where we have ordered the eigenvalues such that|λ1| ≥ · · · ≥ |λk|.
We give a quick sketch in a special case whenk = 2; the reader can generalize the arguments. Assume

an = c1an−1 + c2an−2. Let us guess thatan = rn for somer. If this were true, then

rn = c1r
n−1 + c2r

n−2. (14)

After a little algebra, this leads us to the equation

r2 − c1r − c2 = 0. (15)

There are two solutions to that, sayr1 andr2. A little algebra shows that any solutionan is of the form

an = u1r
n
1 + u2r

n
2 , (16)

for someu1, u2 ∈ C. If we are given initial conditions (say the values ofa0 anda1), we can then solve for
α1, α2; if the two roots are the same.
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Remark 2.1. We call the equationr2 − c1r − c2 the characteristic polynomial. Technically, we need to
assume its roots are distinct; if there are repeated roots, the solution must be modified. Below, we always
assume we have Recurrence Relations where the roots are distinct.

For example, for the Fibonacci numbersk = 2, c1 = c2 = 1, u1 = −u2 = 1√
5
, andλ1 = 1+

√
5

2 ,

λ2 = 1−
√

5
2 .

If |λ1| = 1, we do not expect the first digit ofan to be Benford (baseb). For example, if we consider

an = 2an−1 − an−2 (17)

with initial valuesa0 = a1 = 1, everyan = 1! If we instead takea0 = 0, a1 = 1, we getan = n.

2.2 Geometric Series are Benford

Let {x} = x− [x] denote the fractional part ofx, where[x] as always is the greatest integer at mostx. Recall
the following:

Theorem 2.2. Letα 6∈ Q. Then the fractional parts ofnα are equidistributed mod1.

For a proof, see [HW].
From this and Theorem 1.2, it immediately follows that Geometric Series (series wherexn = rn) are

Benford (modulo a certain irrationality condition onr):

Theorem 2.3. Letxn = arn, logb r 6∈ Q. Thenxn is Benford (baseb).

Proof: Letyn = logb xn = n logb r+logb a. As logb r 6∈ Q, the fractional parts ofyn are equidistributed.
Exponentiating byb, we obtain thatxn is Benford (baseb) by Theorem 1.2.

2.3 Recurrence Relations are Benford

We first introduce some notation, and then show recurrence relations are Benford.

Definition 2.4 (Big-Oh, Little-Oh). If F andG are two real functions withG(x) > 0 for x large, we write

F (x) = O(G(x)) (18)

if there existM,x0 > 0 such that|F (x)| ≤ MG(x) for all x > x0. If

lim
x→+∞

F (x)
G(x)

= 0, (19)

we writeF (x) = o(G(x)) and sayF is little-oh ofG.

An alternative notation forF (x) = O(g(x)) is F (x) � G(x). If the constant depends on parameters
α, β but not on parametersa, b, we sometimes writeF (x) �α,β G(x).
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Exercise 2.5.Prove for anyr, ε > 0, asx →∞ we havexr = O(ex) andlog x = O(xε).

Theorem 2.6. Let an be a Recurrence Relation as before, with|λ1| 6= 1 (note |λ1| is the largest absolute
value of the eigenvalues). Iflogb |λ1| 6∈ Q, thenan is Benford (baseb).

Proof: for notational simplicity, we assumeλ1 > 0, λ1 > |λ2|, andu1 > 0. We will comment at the end
on how to handle the more general case.

As always, letyn = logb xn. By Theorem 1.2, it is sufficient to showyn is equidistributed mod1. We
have

xn = u1λ
n
1 + · · ·+ unλn

k

xn = u1λ
n
1

[
1 + O

(
kuλn

2

λn
1

)]
, (20)

whereu = maxi |ui|+ 1 (soku > 1 and the big-Oh constant is1). Choose a smallε and ann0 such that

1. |λ2| < λ1−ε
1 ;

2. for all n > n0, (ku)
1
n

λε
1

< 1, and noteku
λnε
1

=
(

(ku)
1
n

λε
1

)n

.

As ku > 1, (ku)
1
n is monotonically decreasing to1. Noteε > 0 if λ1 > 1 andε < 0 if λ1 < 1. Letting

β =
(ku)

1
n0

λε
1

|λ2|
λ1−ε

1

< 1, (21)

we find that the error term above is bounded byβn for n > n0, which tends to0. Therefore

yn = logb xn

= logb(u1λ
n
1 ) + O (logb(1 + βn))

= n logb λ1 + logb u1 + O(βn), (22)

where the big-Oh constant is1 (actually, the constant is slightly greater than1, but for notational ease we will
use1 below). Aslogb λ1 6∈ Q, the fractional parts ofn logb λ1 are equidistributed mod1. Therefore, so are
the shifts obtained by adding the fixed constantlogb u1.

We need only show that the error termO(βn) is negligible. It is possible for the error term to change the
first digit; for example, if we had999999999999999 (or 10000000000), then if the error term contributes2
(or−2), we would change the first digit (base10).

However, forn sufficiently large, the error term will change a vanishingly small number of first digits.
Sayn logb λ1 + logb u1 exponentiates (baseb) to first digit j, j ∈ {1, . . . , b− 1}. This means

n logb λ1 + logb u1 ∈ Ij = [pj−1, pj). (23)

The error term is at mostβn. Thus,yn will have exponentiate to a different first digit thann logb λ1 +logb u1

only if one of the following holds:
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1. n logb λ1 + logb u1 is within βn of pj , and adding the error term pushes us to or pastpj ;

2. n logb λ1 + logb u1 is within βn of pj−1, and adding the error term pushes us beforepj−1.

The first set is contained in[pj − βn, pj), of lengthβn. The second is contained in[pj−1, pj−1 + βn),
also of lengthβn.

Thus, the length of the interval wheren logb λ1 + logb u1 andyn could exponentiate (baseb) to different
first digits is of size2βn. If we chooseN sufficiently large, than for alln > N , we can make these lengths
arbitrarily small.

Thus, asn logb λ1 + logb u1 is equidistributed mod1, we can control the size of the subsets of[0, 1)
wheren logb λ1 + logb u1 andyn disagree. The Benford behavior (baseb) of xn now follows (in the limit, of
course).

2.4 Weaking of Recurrence Constraints (Sketch)

We now show that we can weaken most of the Recurrence Relation assumptions, namely

1. λ1 > 0,

2. λ1 > |λ2|,

3. u1 > 0.

It is possible that|λ1| = |λ2| = · · · = |λi|. If so (including signs), we can combine these terms to give

u1λ
n
1 + · · ·+ uiλ

n
i = u∗λ

n
1 + u#(−λ1)n. (24)

Of course, if the different eigenvalues of modulusλ1 range over more than±λ1, one replaces the sum
above with the obvious generalization.

The proof will proceed similarly if theλ1, . . . , λi are real-valued (simply split into even and odd powers
of n, and2 logb λ1 6∈ Q (in the odd case, we get an extra translation by a multiple oflogb λ1). Note this shows
how to handle the negative sign constraint (for we do not want to take logarithms of negative numbers, hence
we break our sequence into two sequences). Similarly, ifu1 (or the net effect from eigenvalues of modulus
|λ1|) is negative, we consider−xn, and show that satisfies Benford (baseb).
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