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Abstract

For many systems, there is a bias in the distribution of the first digits. For example, if one looks at the
first digit of 2™ in base 10, a& ranges over the positive integers, one observes 1 &6tiof the time
(and not% ~ .11% of the time as one might expect). This bias is known as Benford’s Law, and occurs in a
variety of phenomena. In fact, the IRS uses Benford’s Law to check the tax returns of large corporations!

We will show that ify,, = log, z,, is equidistributed mod, thenz,, is Benford basé. This is
sufficient to prove that Recurrence Relations (with distinct ro@ts. ., Ay such thaii;| > --- > |\g]
and|\;| # 1) are Benford. In particular, this will imply that the Fibonacci numbers, which satisfy the
Recurrence Relatiom, = a,,_1 + a,,_2, are Benford.

In these notes we develop most of the techniques needed to prove these results. The only fact which
we must assume is thatdf ¢ Q, thenna mod 1 is equidistributed.

The first section introduces Benford’s Law, and highlights the method of proof. The second section
investigates Recurrence Relations. For a nice introduction to Benford’s Law, the reader should see [Hil];
for an exposition on Benford’s Law and Recurrence Relations, see [BrDu, NS].
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1 Benford's Law

While looking through tables of logarithms in the late 1800s, Newcomb noticed a surprising fact: certain
pages were significantly more worn out than others. People were looking up numbers whose logarithm
started with 1 significantly more frequently than other digits. In 1938, Benford observed the same digit bias
in a variety of phenomenon. See [Hil] for a description and history, [Hi2, BBH, KonMi] for recent results,
and [Knu] for connections between Benford’s law and rounding errors in computer calculations.

We say a sequence of positive numbgts } is Benford (baseb) if the probability of observing the first

digit of ,, (in baseb) is j is log, (1 n ;).
More precisely, we would have

. #{n < N :firstdigit of z,, is j} 1
| =1 1+-]. 1
A N o8y 1+ 1)
Note thatj € {1,...,b— 1}. This is a division of probability, as one of thhe- 1 events must occur, and the

total probability is

b—1 1 b—1 1
Zlogb (1 + ) = log, H <1 + >
= J J

j=1
= log,b = 1. (2)

Note it is possible to be Benford to some bases but not otherdoghs2 ~ .3, this means that abogd%
of the time the first digit is a 1. This is a very strong digit bias; if all digits (1 through 9) were equally likely,
than the probability of the first digit being 1 would %ez A1,

A common way to prove a sequence is Benford is to show its logarithms (modulo 1) are equidistributed.
Recall

Definition 1.1 (Equidistributed) A sequencéy,, }°> , y» € [0, 1], is equidistributed irj0, 1] if
i F SNy € 0B} Yy Xy ()

- b 3
N ON + 1 Na ON + 1 @ (3)

for all (a,b) C [0,1].
The following theorem will be central to our presentation, and will be proved in §1.2:

Theorem 1.2. If y,, = log,, x,, equidistributed mod, thenz,, is Benford (base).



1.1 Preliminaries
We need the following simple fact:
Lemma 1.3. If u = v mod1, then the first digits 06" andb” are the same in bagde

Proof. (of Lemma 1.3): Asu = v mod 1, without loss of generality we may write= u + m, m € Z. If

b = upb® + up b 4 -+ g, (4)
then
bv — bu+m
= b
= (upb® +up_ b+ )™
= b 4 gb™. (5)
Thus, the first digits of each atg, proving the claim. O

The utility of the above lemma is that it in order to study the first digii*ofin baseb), it suffices to study
y mod 1.
1.2 Equidistribution and Benford

Proof (of Theorem 1.2): Assumg, = log, x,, is equidistributed mod. Consider the unit interval, 1). For
j€{1,...,b}, definep; by

W= j (6)
equivalently, we have
pj = logyJ. (7)
Forje {1,...,b— 1}, let

Claim 1.4. If y mod1 € I;, thenb? has first digit;.

The proof is immediate. By Lemma 1.3, it is sufficient to prove thisifar I;, which we now assume.
Then
y € [pj,pj+1) impliesthat bPi <y < bPit1, ©)

From the definitions of thg;, it follows that
j <y <j+l, (10)

proving the claim.



Thus, the measure of the subsef@®fl) which, when we exponentiate Ibyhas first digitj, is simply the
length of;. This is

j+1 1
|I;| = pjy1 —p; = log, i = log, (1 + j>a (11)
the Benford (base) probabilities.
Returning to the proof of Theorem 1.2, we see that the intefatave lengthog,, (1 + %) As y, is

equidistributed mod, in the limit the percent of time,, € I; is equal to[;|, ie, log b, (1 + %)

Now z,, = b¥. Eachy,, is equivalent to somg, mod1, and by Lemma 1.3 andb¥" have the same
first digit.

Thus, in the limit, the probability that the first digit of, is j (baseb) is justlog, (1 + ;), proving the
theorem.O

2 Recurrence Relations and Benford’s Law

2.1 Recurrence Preliminaries

We consider Recurrence Relations of the following form:

an = C1ap—1+ -+ Ckan_p, (12)
wherecy, .. ., c, k are fixed integers. It is well known that we may explicitly writg in Binet form:
an = WAL + -+ up Ay, (13)

where we have ordered the eigenvalues suchat> - - - > |Ag|.
We give a quick sketch in a special case whes 2; the reader can generalize the arguments. Assume
an = c1an—1 + coan_s. Let us guess that, = r" for somer. If this were true, then

o= e 4 e (14)
After a little algebra, this leads us to the equation

r2—cr—cy = 0. (15)
There are two solutions to that, sayandrs. A little algebra shows that any solutiar is of the form

an = urry + uary, (16)

for someuy,us € C. If we are given initial conditions (say the valuesagfanda,), we can then solve for
o, ag; if the two roots are the same.



Remark 2.1. We call the equation? — ¢;r — ¢, the characteristic polynomial. Technically, we need to
assume its roots are distinct; if there are repeated roots, the solution must be modified. Below, we always
assume we have Recurrence Relations where the roots are distinct.

and)\, = 15

For example, for the Fibonacci numbeéis= 2, ¢c; = ¢ = 1, u3 = 5

Ay = 1=v5

52
If |A\1| = 1, we do not expect the first digit af, to be Benford (basg). For example, if we consider

1
—U2 = /5

anp = 20p_1 — Qp_2 a7

with initial valuesag = a1 = 1, everya,, = 1! If we instead takeiy = 0, a; = 1, we geta,, = n.

2.2 Geometric Series are Benford

Let{z} = = — [z] denote the fractional part af where[z] as always is the greatest integer at masRecall
the following:

Theorem 2.2. Leta ¢ Q. Then the fractional parts of« are equidistributed mod.

For a proof, see [HW].
From this and Theorem 1.2, it immediately follows that Geometric Series (series whetrer™) are
Benford (modulo a certain irrationality condition eh

Theorem 2.3. Letx,, = ar”™, log, r ¢ Q. Thenx,, is Benford (basé).
Proof: Lety,, = log, x,, = nlog, r+log, a. Aslog, r ¢ Q, the fractional parts af,, are equidistributed.

Exponentiating by, we obtain that:,, is Benford (basé) by Theorem 1.2.

2.3 Recurrence Relations are Benford

We first introduce some notation, and then show recurrence relations are Benford.

Definition 2.4 (Big-Oh, Little-Oh) If F' andG are two real functions witlé7(z) > 0 for z large, we write
F(z) = O(G(x)) (18)

if there existM, zop > 0 such thaf F'(z)| < MG(z) for all z > z¢. If

. F(z)
o G(z) 0, (19)

we write F'(x) = o(G(x)) and sayF' is little-oh of G.

An alternative notation fof’(z) = O(g(x)) is F(x) < G(zx). If the constant depends on parameters
a, 3 but not on parameters b, we sometimes writé'(z) <, G().
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Exercise 2.5.Prove for anyr,e > 0, asz — oo we haver” = O(e”) andlogz = O(z¢).

Theorem 2.6. Let a,, be a Recurrence Relation as before, with| # 1 (note|\| is the largest absolute
value of the eigenvalues).llig, |\1| € Q, thena,, is Benford (basé).

Proof: for notational simplicity, we assume > 0, A; > |\2|, andu; > 0. We will comment at the end
on how to handle the more general case.

As always, lety,, = log, x,,. By Theorem 1.2, it is sufficient to show, is equidistributed mod. We
have

kuAz
Tn = WA {1+o< ;3)] (20)
1

whereu = max; |u;| + 1 (S0ku > 1 and the big-Oh constant i. Choose a smadl and ann such that

1. |)\2| < )\%_E;

1 1 n
2. forall n > ny, (’“A‘)" <1, and noteft = (U“;)") .
1 1 1

Asku > 1, (ku)% is monotonically decreasing o Notee > 0 if A\; > 1 ande < 0if A; < 1. Letting

1
5 (ki)i"o A'?i' -1, (21)
we find that the error term above is bounded®yfor n > ng, which tends td@). Therefore
Yn = logyan
= logy(u1AY) + O (logy(1 + 3"))
= nlogy, A1 + log, ug + O(6"), (22)

where the big-Oh constantiqactually, the constant is slightly greater thiabut for notational ease we will
usel below). Aslog, \1 ¢ Q, the fractional parts ofi log, A\; are equidistributed motl. Therefore, so are
the shifts obtained by adding the fixed constagf, v .

We need only show that the error tef{5") is negligible. It is possible for the error term to change the
first digit; for example, if we had99999999999999 (or 10000000000), then if the error term contributes
(or —2), we would change the first digit (ba$e).

However, forn sufficiently large, the error term will change a vanishingly small number of first digits.

Saynlog, A1 + log, u1 exponentiates (bagg to first digitj, j € {1,...,b— 1}. This means

TLlOgb)\lJrlOgb’LLl c Ij = [pjfl,pj). (23)

The error term is at mogt”. Thus,y,, will have exponentiate to a different first digit thartog, A1 + log;, u1
only if one of the following holds:



1. nlogy A1 + log, uy is within 5™ of p;, and adding the error term pushes us to or pgst

2. nlog, A1 + logy, uy is within 5" of p,;_;, and adding the error term pushes us befgrg .

The first set is contained ifp; — 5", p;), of length3™. The second is contained jp;_1,p;—1 + 8"),
also of lengths™.

Thus, the length of the interval wherdog, A\; + log, u1 andy,, could exponentiate (basgto different
first digits is of size25™. If we chooseN sufficiently large, than for alh > N, we can make these lengths
arbitrarily small.

Thus, asnlog, A1 + log, up is equidistributed mod, we can control the size of the subsets|@fl)
wheren log, A1 + log, u; andy,, disagree. The Benford behavior (bagef x,, now follows (in the limit, of
course).

2.4 Weaking of Recurrence Constraints (Sketch)

We now show that we can weaken most of the Recurrence Relation assumptions, namely

1. A >0,
2. A\ > ’/\2’,
3. up > 0.

Itis possible that\;| = |A2| = --- = |\;]. If so (including signs), we can combine these terms to give

Ul)\?'i‘ +Ui)\? = u*)\?—l—u#(—)\l)n. (24)

Of course, if the different eigenvalues of modulisrange over more thait\;, one replaces the sum
above with the obvious generalization.

The proof will proceed similarly if the, ..., \; are real-valued (simply split into even and odd powers
of n, and2log, A1 ¢ Q (inthe odd case, we get an extra translation by a multiplegyf);). Note this shows
how to handle the negative sign constraint (for we do not want to take logarithms of negative numbers, hence
we break our sequence into two sequences). Similarly, {for the net effect from eigenvalues of modulus
|A1]) is negative, we considerz,,, and show that satisfies Benford (baye
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