THE DIFFERENT IDEAL

KEITH CONRAD

1. INTRODUCTION

The discriminant of a number field K tells us which primes p in Z ramify in Og: the
prime factors of the discriminant. However, the way we have seen how to compute the
discriminant doesn’t address the following themes:

(a) determine which prime ideals in Og ramify (that is, which p in Og have e(p|p) > 1
rather than which p have e(p|p) > 1 for some p),

(b) determine the multiplicity of a prime in the discriminant. (We only know the mul-
tiplicity is positive for the ramified primes.)

Example 1.1. Let K = Q(a), where a® — a —1 = 0. The polynomial 7% — T — 1 has
discriminant —23, which is squarefree, so O = Z[«a] and we can detect how any prime p
factors in Of by seeing how T3 — T — 1 factors in F,[T]. Since disc(Ox) = —23, only the
prime 23 ramifies.

Since T —~T—1 = (T—3)(T—10)? mod 23, (23) = pg®. One prime over 23 has multiplicity
1 and the other has multiplicity 2. The discriminant tells us some prime over 23 ramifies,
but not which ones ramify. Only q does.

The discriminant of K is, by definition, the determinant of the matrix (Trg/q(eie;)),
where ey, ..., e, is any Z-basis of O . By a finer analysis of the trace, we will construct an
ideal in O which is divisible precisely by the ramified primes in Og. This ideal is called
the different ideal. (It is related to differentiation, hence the name I think.) In the case of
Example 1.1, for instance, we will see that the different ideal is ¢, so the different singles
out the particular prime over 23 that ramifies. While the discriminant lies downstairs in
Z, the different lies upstairs in Og. The ideal norm of the different is the absolute value
of the discriminant, and this connection between the different and discriminant will tell us
something about the multiplicity of primes in the discriminant. So the different ideal gives
answers to both (a) and (b) above (only a partial answer in the case of (b)).

The main idea needed to construct the different ideal is to do something in number fields
that is analogous to the classical notion of a dual lattice in Euclidean space. We will start
off in Section 2 describing dual lattices in R™ and some of their basic properties. Armed
with that intuition, we will meet the analogous construction in number fields in Section 3
and then construct the different ideal in Section 4.

2. THE Z-DUAL OF A LATTICE IN R"

In R, the standard dot product gives a notion of orthogonal complement: when V" C R"
is a subspace, we set

Vi={weR":wlVi={weR":w- -V =0}

Then R" =V oV Vi =V, and Vi € 1, <= Vi C Vi
1
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A lattice in R™ is, by definition, the Z-span of a basis of R”.! The standard lattice is Z",
for instance. There is a concept for lattices in R™ somewhat like the orthogonal complement
of a subspace.

Definition 2.1. For a lattice L C R" its Z-dual is
LY={weR":w-LCZ}.

This Z-dual of a lattice is not an orthogonal complement. The condition for a vector to
lie in the Z-dual of L is to have integral dot product against all elements of L, not to have
dot product 0 against all elements of L.2 Some similarities with properties of orthogonal
complements will be seen in Corollary 2.7.

If e1,...,e, is a Z-basis of L, then to have w -v € Z for all v € L it suffices to check
w-e; € 7Z fori=1,...,n since every element of L is a Z-linear combination of the e;’s.
Here are three examples of dual lattices in R2.

Example 2.2. Let L = Z? = Z((l)) + Z((ll). For w € R?, w € LV if and only if w - ((1)) S/
and w - ((1)) € Z. Writing w = (Z), the two dot products are a and b, so LY = Z? = L. The
lattice Z? is “self-dual.”

Example 2.3. Let L = Z(é) + Z(;) Then () is in LY when a € Z and a + 2b € Z, which
is equivalent to a € Z and b € (1/2)Z, so LV = Z(;) + Z(1(/)2)-

Example 2.4. Let L = Z(%) + Z(§) To say (‘;) € LV is equivalent to 2a + b € Z and
a + 3b € Z. The system of equations

20+b = =
a+3b =
is equivalent to
3 1
a = -—r—-
57 57
1 2
h — ——
5x+ 5y,

SO

Thus LY = Z(*7) + Z2(,4).

Theorem 2.5. If L = @], Ze; is a lattice in R™ then its Z-dual is LY = @}, Ze,', where
{ei'} is the dual basis to {e;} relative to the dot product on R": ;- e = 0;5. In particular,
LY is a lattice.

Proof. For w € R", write it in the dual basis {eY,...,e tasw =Y | ¢ie/. Thenw-e; = ¢,
so to say w € LV is equivalent to the coefficients ¢; being integers. Therefore LV is the Z-
span of the e)’s. O

1Topologically, the lattices in R™ are the subgroups A such that A is discrete and R™/A is compact.
2The Z-dual is the dual space of L as a Z-module: every Z-linear map L — Z has the form v — w - v for
a unique w € LY.
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Example 2.6. Let L = Z((l)) + Z(;), as in Example 2.3. The dual basis to ((1)) and (%) is

(_11/2) and (192), so by Theorem 2.5, LV = Z(_11/2) + Z(1(/)2)- If we do a change of basis,

replacing (711 /2) with (711 /2) + (192) = ((1)) and keeping (1(/]2) then we recover the spanning
set for LV in Example 2.3.

Corollary 2.7. For lattices in R", the following properties hold:
(1) LYW =1L,

(2) L, C Ly <:>L\2/ - L\l/’

(3) (L1 + L2)¥ = Ly N L3,

(4) (L1 N Lg)v = L\l/ + L\Q/

Proof. (1): Theorem 2.5 and double duality of vector spaces tells us LYY = L since the dual
basis of a dual basis is the original basis, whose Z-span is the original lattice.

(2): It is easy to see from the definitions that if Ly C Lo then Ly C LY. Applying this
to the inclusion LY C Ly gives us LYY C LyV, so Ly C Lo.

(3): If v € (L1 + Lo)V then v has integral dot product with any vector in Lj + Lo, and
hence with any vector in Ly and any vector in Ly. Thus v € LY and v € LY, sov € LY N L.
We have shown (L1 + La)¥ C LY N Ly. The reverse inclusion is just as easy to check.

(4): Rather than directly verify that (L N Ly)Y = LY + L3, we will check the two sides
are equal by checking their dual lattices are equal. That means, by double duality, we want
to check Ly N Ly = (LY + Ly)V. From (3), (LY + Ly)V = LYY N LYY = Ly N Ly, so we are
done. g

One property of orthogonal complements that is not shared by dual lattices is V@ V+ =
R". The lattices L and LY are not complementary in the direct sum sense. Both a lattice
and its dual lattice have rank n.

3. LATTICES IN NUMBER FIELDS

The ideas about lattices in R” will not literally be used, but they are the motivation
for what we do now in number fields. Replace R™ and its dot product (v,w) — v - w
with a number field K and the operation (z,y) + Trg/q(zy) on it, which we'll call the
trace product.® The trace product has values in Q. Instead of being concerned with vectors
having a dot product in Z, we will look at algebraic numbers having a trace product in Z.

Definition 3.1. In a number field K of degree n, a lattice in K is the Z-span of a Q-basis
of K.

Examples of lattices in K include O, fractional ideals, and orders.
Definition 3.2. Let L be a lattice in K. Its dual lattice is
LY ={a € K : Trg)q(al) C Z}.

As with lattices in Euclidean space, where one can check membership in a dual lattice by
checking the dot products with a basis of the lattice are all in Z, to check o € LV it suffices
to check its trace products with a basis of L are all in Z: Trg q(ae;) € Z for some Z-basis
e1,...,en of L.

3The usual term is trace pairing, not trace product. But since we’re trying to emphasize the similarity
to the dot product on R", the term “trace product” seems helpful.
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Example 3.3. Let K = Q(i) and L = Z[i] = Z + Zi. For a+ bi € Q(i), a+bi € LY when
Trqi)/q(a+bi) € Z and Trq;),q((a+bi)i) € Z. This is equivalent to 2a € Z and —2b € Z,
0

1 1 1
av o+ iy A .
Z[i]" = 2Z+2Z2 2Z[z].
Taking L = (1 + 2i)Z[i] = Z(1 + 2i) + Z(—2 + ), calculations like those in Example 2.4
(but using trace products instead of dot products) lead to

1 ) 1 ) 1—2: —2—1 1—2 1
V=7 -4z )=z 2z g 7y = 7]
10 5 5 10 10 10 10 2(1 + 2i)
This calculation shows a relation between the dual lattice and the inverse ideal. Writing a
for L = (1 + 2i), an ideal, the calculation of LV says a¥ = Fa~L.

Theorem 3.4. For a number field K and a lattice L C K with Z-basis e1,...,e,, LV =
D, Ze), where {e]} is the dual basis to {e;} relative to the trace product on K/Q. In
particular, LV is a lattice.

Proof. This is virtually identical to Theorem 2.5, except for the use of the trace product in
place of the dot product. O

Corollary 3.5. For lattices in K, the following properties hold:

(1) LV =L,

( ) LlCL2<:>LvCL

(3) (L1 + La)" = LY N LY,

(4) (LN L2)Y LY + Lg,

(5) (L)Y =1LV for a € K*.
Proof. The first four properties are proved in the same way as the proof of Corollary 2.7,
and the last one is left to the reader. O

Example 3.6. For any quadratic field K = Q(v/d), with a squarefree integer d, we use

Theorem 3.4 to compute LV for the lattices Z + Z+v/d and Z + Z”—Q‘/E. (The second lattice
isn’t a ring unless d = 1 mod 4, but it is a lattice for all d, so we can speak of its dual lattice
in all cases.)

The dual basis of {1,vd} for K/Q relative to the trace product on K is {3,

(Z+ZVd)Y = Z4 + 234 = S (ZVd + Z) = S2(Z + ZV4d).
The dual basis of {1, 1+\f} relative to the trace product on K is {—1+ 2\[, 1V/d}, and

a calculation yields (Z + ZHT‘[) = %(Z 142r\f +7) = ﬁ(z + Z1+2f).

The next theorem tells us the dual basis of a power basis of K (a basis consisting of
powers of a single element). In terms of dual lattices, a tight connection between dual
lattices and differentiation is revealed.

Theorem 3.7. Let K = Q(«) and let f(T) be the minimal polynomial of a in Q[T]. Write

F(T) = (T = a)(co(@) + er(a)T + -+ + co1 ()T, ¢i(a) € K.

The dual basis to {1,a,...,a" 1} relative to the trace product is {f z) ;1563, e C’}7(165§“)}.

In particular, if K = Q(a) and o € O then

Siah e

(Z+Za+ -+ Za™ )Y (Z+Zo+ - +Za™ ).

~ (e
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Proof. Let aq, ..., a, be the Q-conjugates of « in a splitting field, with a = «1. A beautiful
polynomial identity of Euler says

~ 1 f(n
iz;f/(ai)T—Oéi_

Indeed, both sides are polynomials of degree less than n that are equal at n values. By the
same argument,

k

i

~ o f(T) _ 7k
2 Pl T

for 0 < k < n —1. Comparing coefficients of like powers of T on both sides,
L _ci() = 6.
2 Pl i) =

The left side is Try/q(a*(c;(a)/f'(@))), so {c;(@)/f(a)} is the dual basis to {a/} and
1
f'(a)

(Z+ Za+ -+ Za" )Y =

(Zeo(a) + Zer(a) + -+ + Zicp—1(@)).

To show

Zeo(a) + Zey (o) + -+ Zep_1(0) =Z +Za+ -+ Za™!
when a € Ok, we find a formula for cj(«a), the coefficient of 77 in f(T)/(T — «). Letting
f(T)=ao+a T+ -+ an1T" ' + a,T" € Z[T], where a,, = 1,

1) A1) = fle)

T—« T—«
L
P T—«
n i—1
= Zai QI
=1 7=0
n—1 n
= Z a;a' "t T
j=0 \i=j+1

so cj(a) = Y1y a;o~'=J whose top term is a"~! (since a,, = 1). A transition matrix

from 1,c,...,a" ! to cp_1(a),...,ci1(a), co(a) is triangular with integral entries and 1’s on
the main diagonal, so it is invertible over Z and shows the Z-span of the two sets is the
same. O

Example 3.8. Returning to Example 3.6, we recompute (Z + Za)V for a = Vd or 1+T\/&,

with f(T) = T2 —d or T? — T + 134, respectively. In the first case f’(a) = 2v/d, and in
the second case f'(«a) = 2% — 1 =+/d. The formula (Z + Za)" = f,%a)(Z + Za) from
Theorem 3.7 recovers the formulas for the dual lattices in Example 3.6.

The most interesting lattice in K is Og. What can we say about

O ={a € K : Trg/q(a0k) C Z}?
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First of all, O is not the elements of K with integral trace. It is smaller than that. To lie
in O}, the trace product with all elements of O must lie in Z. This includes the condition
the trace of the element is in Z only as a special case (taking the trace product with 1).
Since algebraic integers have integral trace, O C OY, so O}, always contains Ox. We saw
earlier that Z[i]Y = £Z]i], for instance.

The next theorem says the dual lattice of O is a fractional ideal that “controls” the

dual lattice of any fractional ideal.
Theorem 3.9. For any fractional ideal a in K, a" is a fractional ideal and a¥ = a=10},.

This formula explains a¥V = a from Corollary 3.5 in the special case of fractional ideals.

Proof. By definition, a¥ = {a € K : Trg/q(aa) C Z}. First we check a is a fractional
ideal. We know it is finitely generated as a Z-module (any dual lattice is a lattice), so the
key point is that it is preserved by multiplication by O. For o € ¥ and x € O, ra € aV
since, for any § € a, Trg/q((za)B) = Trg/q(a(zf)) € Z, as zf € a and a € a”.

To show a¥ = a~'0Y, pick a € a¥. For any 8 € a, Try/q(af0k) C Z since SO0k C a.
Therefore a8 € O).. Letting 8 vary in a we get aa C O}, so a € a~10}.. Thus a¥ C a~0O}.
The reverse inclusion is left to the reader. g

Theorem 3.10. The dual lattice OY; is the largest fractional ideal in K whose elements all
have trace in Z.

Proof. For a fractional ideal a, a = aOg. Thus Trg,q(a) C Z if and only if Trg,q(aOk) C
Z, which is equivalent to a C O}. O

This theorem isn’t saying O} is the set of all elements in K with integral trace. It’s
the largest fractional ideal whose elements have integral trace. The set of all elements with

integral trace is an additive group, but it is not a fractional ideal.

Example 3.11. Since Z[i]Y = 1Z[i], any fractional ideal whose elements have integral
trace is inside $Z[i]. All the elements of Q(i) with integral trace are 1Z + Qi, which isn’t
a fractional ideal at all.

4. THE DIFFERENT IDEAL

The construction of O} provides us with an interesting canonical fractional ideal in K
other than Ok. Because O C O}, the inverse of (‘)% is a fractional ideal inside O, hence
is an integral ideal.

Definition 4.1. The different ideal of K is
D = (0)) ' ={z € K:20} C Og}.
Example 4.2. Since Z[i]" = 1Z[i] by Example 3.3, Dq;) = 2Z[i].

Theorem 4.3. If O = Z[a] then D = (f'(«)), where o has minimal polynomial f(T) €
Z[T)].

Proof. Use Theorem 3.7. g
Example 4.4. For a quadratic field K = Q(v/d) with squarefree d € Z, O is Z[V/d] or
Z[(1 ++/d)/2], depending on d mod 4. Using Example 3.8,

(2v/d), if d # 1 mod 4,
(4.1) Dawa = =
(v/d), ifd=1mod 4.
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Remark 4.5. It is not true in general that O = Z[a] for some «, so the different can’t be
calculated as a principal ideal (f'(«)) all the time. However, the different does divide ideals
of this type. Specifically, for any a € Ok, D | (f,(«)) where fo(T') is the characteristic
polynomial of o in Q[T]. This is automatic if Q(a) & K since f/(a) = 0, as fo(T) is a
proper power of the minimal polynomial of a. If Q(a) = K and a € Ok, then Z[a] is
a lattice in K and the inclusion Z[a] C O implies O}, C Z[a]Y, which is equivalent to
D C mZ[a], so D' C %OK. Inverting ideals, (f/(a)) C Dk, so Dg | (fL(«)). If
we let o vary then D divides the ideal generated by f/(«) as « runs over Og. It can be
shown that D is equal to the ideal generated by all f/ («) for a € Og. This is in marked
contrast to the situation for discriminants: disc(Ox/Z) does not always equal the greatest
common divisor of all disc(f,(7")) as « ranges over algebraic integers in K.

Theorem 4.6. For any number field K, N(Dg) = | disc(K)|.

Proof. Let ey, ..., e, bea Z-basis for O, so O = @}, Ze;. Then D' = 0}, = @, Ze).
The norm of an ideal is its index in O, so

N(Dk) = [0k : Dg] =4 [D' : Ok] = [OF : Ok].

To compute the index [0} : O], recall that for finite free Z-modules My C Mj of equal
rank, [My : M;] = |det(A)| where A is a matrix expressing a Z-basis of M; in terms of a
Z-basis of M. For our application, with M; = O and My = O}, let’s write the e;’s in
terms of the e’s: if e; = > | a;;e;, the meaning of being dual bases relative to the trace
product is that a;; = Trg,q(ejei) = Trg/q(eiej). Therefore (a;;) = (Trgx q(eie;)). The
determinant of this matrix, by definition, is |disc(K)|, so N(Dg) = | disc(K)|. O

Theorem 4.6 tells us that in the inclusions of lattices
D Kk COg C OVK

each successive inclusion has index | disc(K)|. In particular, O} is strictly larger than Ok
if and only if |disc(K)| > 1. That inequality holds for all K # Q (Minkowski’s theorem),
so O is not its own dual lattice when K # Q. The different ideal could be considered a
measure of how much Oy fails to be self-dual as a lattice in K.

Example 4.4 and Theorem 4.6 recover the formulas for (the absolute value of) the dis-
criminant of a quadratic field from the norm of the different of a quadratic field:

4ld|, ifd# 1 mod 4,

(4.2) ’diSC(Q(\/g))‘ = N(DQ(x/E)) - {’d|7 if d =1 mod 4.

Theorem 4.6 suggests, from experience with the discriminant, there should be a relation
between the different and ramified primes. We will show the prime ideal factors of the
different are the ramified primes in K.

Lemma 4.7. For a nonzero ideal a in Ok, a | Dg if and only if TrK/Q(afl) C Z.

Proof. Since divisibility is the same as containment for integral ideals, a | Dg if and only
if a O Dxg = (0)%)~!, which is equivalent to O} D a~!. By Theorem 3.10, this last
containment is equivalent to Tr K/Q(afl) Cc Z. 0

4For fractional ideals a, b, and ¢, with a D b, ac/bc 2 a/b as Ox-modules. When ¢ is a nonzero ideal,
using a = ¢! and b = Ok gives us Ox/c = ¢ ' /Ok. Thus [Ok : ] =[c7': Ok].



8 KEITH CONRAD

Here is the central theorem about the different ideal. It not only tells us the prime ideal
factors of the different, but also the multiplicities in most cases.

Theorem 4.8 (Dedekind). The prime ideal factors of D are the primes in K that ramify
over Q. More precisely, for any prime ideal p in O lying over a prime number p, with
ramification index e = e(p|p), the exact power of p in Dy is p*~' if e Z 0 mod p, and
p° | Dk ifp|e.

When p | e, the theorem does not tell us the exact multiplicity of p in D g, but only says
the multiplicity is at least e.

Proof. If we grant that p®~! | D, any ramified prime in K divides Dg. If p is unramified
over Q, so e = 1, then the last part of the theorem says p doesn’t divide D g since p doesn’t
divide 1. Therefore it remains to check the two divisibility relations.

To show p¢~! | D, write (p) = p*ta. Since p | (p), p | a. Tosay p°~! | D is equivalent,
by Lemma 4.7, to saying Trq(p~“") C Z. Since p~ (") = La, Trq(p~*"V) C Z if
and only if Trx/q(a) C pZ, which is the same as Trg/q(a) = 0 mod p for all a € a. This
congruence is what we will actually show.

For a € a, Trg/q(a) = Trg, jz(a) and Trg, /z(a) mod p = Tro, /(p))/F,(@). This last
trace is the trace of multiplication by @ on O /(p) as an F-linear map, and @ is a general
element of a/(p). (The quotient a/(p) makes sense since a | (p) by the definition of a.)
Since a is divisible by every prime ideal factor of (p) (including p), a high power of a is
divisible by (p). Therefore a high power of @ is 0 in Ok /(p), which means multiplication
by @ on O /(p) is nilpotent as an Fp-linear map. Nilpotent linear maps have trace 0, so
Tr(0,/(p))/F, (@) = 0. That completes the proof that pe | D

Now we want to show p¢ | D if and only if p | e. Write (p) = p©b, so b is not divisible
by p. To say p¢ | D is equivalent to Trg, /z(b) C pZ by Lemma 4.7, which is equivalent to

(43) Tr(O[(/(}O))/F;,(ﬁ) =0 for all ﬁ € b.

We will break up Ok /(p) into a product of two rings and analyze the trace separately on
both.

Since p¢ and b are relatively prime, Ok /(p) = Og/p¢ x Ok /b as rings by the natural
map, so

(4.4) Tr(05 /() /7, (T) = Tr(0,c /ey /7, (T) + Tr (0, /07, (T)

for all z € Ok, where T on the left is x mod (p) and T on the right is x mod p¢ and
zmod b. (Both Og/b and Ok /p® contain F, since p¢ and b both divide (p), so p is 0
in both rings.) If x € b, then x = 0 in OK/[J, SO Tr(OK/(p))/Fp(f) = Tr(OK/pe)/Fp(f)'
For any y € Ok, there is an ¢ € Og satisfying £ = y mod p® and z = 0 mod b, so
Tr (0 /pe)/F, ¥) = Tr0 spe) /7, (T) = Tr(0, /(p))/F, (T). Therefore proving (4.3) is equivalent
to proving

(4.5) Tr(OK/pe)/Fp (y) =0 for all y € Ok.

Unlike (4.3), which is quantified over the ideal b, (4.3) runs over Ox. We will show (4.5)
happens if and only if p | e.

To study the trace down to F), of y on O /p®, we will filter O /p® by subspaces made
from powers of p:

Ok /P D p/p® D p?/p >+ D p1/p® D p¢/p¢ = {0}.
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Each power p’ is an ideal, so multiplication by y is a well-defined linear operator on each
p?/p® (0 < i < e). We now appeal to a result from linear algebra: if V is a finite-dimensional
vector space over a field F;, A: V — V is a linear operator and W is a subspace of V' such
that A(W) C W, then

Tr(A: V> V)=Tr(A: V/W - V/W) 4+ Tr(A: W - W).
(This identity is proved by a matrix calculation, using a basis of V/W lifted to V together
with a basis of W to form a basis of V. The matrix for A on V in this basis is block
triangular.) Taking F' =F,, V = Ok /p®, W = p/p°, and A to be multiplication by v,
Tro peym, M) = Tr(my: Og/p® — Ok /p°)
= Tr(my: Og/p — Ok /p) + Tr(my: p/p® — p/p°).

In a similar way, using multiplication by y on the vector space p*/p¢ and subspace p**!/p¢
where 0 <17 <e—1,

Tr(my: pi/pe — pz/pe> — Tr(my: pi/pi-H N pl/pl+1) + Tr(my: pi—i-l/pe N pi—&-l/pe).

Using this recursively for ¢ = 0,1,...,e — 1, we get
e—1

(4.6) Tr (o, spe)r, (@) = D Tr(my: p' /'t — pi/p™h).
i=0

The traces in the sum take values in F,,. We will show the traces are all equal. Choos-
ing m € p —p?, (7') is divisible by p’ but not by p'*t, so p’ = (x') 4+ p'*t. Therefore
Ok /p = p'/pit! as O-modules by x mod p +— 7'z mod p*!. This Ox-module isomor-
phism commutes with multiplication by y on both sides, so

Te(my: p'/p™" = p'/p"™) = Ta(my: Ok /p — Ok /p).
Thus (4.6) becomes

(4.7) Trk /pe)/F, (y) = eTro /p) /¥, ®)

for any y € Ok, so (4.5) is true if and only if e Tr(g,. /p)/F,(¥) = 0 for all § € Ok /p. Since
Ok /p is a finite field, the trace map from Og /p to F), is not identically 0, so (4.5) holds if
and only if e=0in F, i.e., p|e. O

Up to now the fact that the prime numbers dividing disc(K) are the ramified primes in
K hasn’t been used (outside of Example 1.1). Theorem 4.8 leads to a new proof of that
result.

Corollary 4.9. The prime factors of disc(K) are the primes in Q that ramify in K.

Proof. Since |disc(K)| = N(Dg), if p is a prime dividing disc(K) then Dg must have a
prime ideal factor whose norm is a power of p, which means (p) is divisible by a prime factor

of D, so p ramifies in K. Conversely, if p ramifies in K then Dy is divisible by a prime
ideal factor of (p), so N(Dy) is divisible by p. O

Corollary 4.10. Write pOg = p$' ---pg’ and f; = f(pilp). If no e; is a multiple of p then
the multiplicity of p in disc(K) is

(er=Dfit-Fleg—Dfg=n—(fr+-+1y:
If some e; is a multiple of p then the multiplicity of p in disc(K) is larger than this amount.
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Proof. The multiplicity of p in disc(K) is determined by the multiplicities of the p;’s in D,
since the norm of the different is the discriminant (in absolute value). By Theorem 4.8,
peit.. -pgg_l is a factor of Dg. Applying the ideal norm, p(e1—1D/1++(s—1]s is a factor
of disc(K). If no e; is a multiple of p then p; appears in D with multiplicity e; — 1, so this
power of p is the full power of p in disc(K). If some e; is a multiple of p then p; appears in
Dy with multiplicity larger than e; — 1, so the p-multiplicity of disc(K) is larger than what

we just computed. [l

Example 4.11. In Q(1/10), the prime numbers that ramify are 2 and 5: (2) = p2 and
(5) = p2. By Example 4.4, the different of Q(+/10)/Q is D = (2/10) = p3ps. The
multiplicity of ps in D is e(p5]5) — 1 = 1, and the multiplicity of po is at least e(p2|2) = 2,
which is consistent with Theorem 4.8 since e(p5|5) is not a multiple of 5 and e(p2]2) is a
multiple of 2. Notice the po-multiplicity in D is in fact greater than e(p2|2).

Example 4.12. Let K = Q(a), where a®—a—1 = 0. Since Ok = Z[a] and | disc(K)| = 23,
D has norm 23. Therefore Dy is a prime ideal. Since (23) = pq? and q must divide Dy by
Theorem 4.8, D = q. The multiplicity of q in the different is 1 = e(q|23) — 1, as expected.

Example 4.13. Let K = Q(v/2), so Z[v/2] C Ox. We will use Theorem 4.8 to prove O =
Z[v/2]. Since disc(Z[V/2]) = [0k : Z[v/2])? disc(Of) and disc(Z[V/2]) = —108 = —4 - 27, it
suffices to show |disc(Ox)| = 108.

The only prime factors of 108 are 2 and 3, so the only primes that can ramify in K are
2 and 3. The polynomials 7% — 2 and (T — 1)3 — 2 = T3 — 3T? + 3T — 3 are Eisenstein at
2 and 3 with roots generating K, so both 2 and 3 are totally ramified in Og: (2) = p® and
(3) = q®. By Theorem 4.8, Dy is divisible by p?q3. Taking norms, disc(O) is divisible
by 22 - 3% = 108. We already knew disc(Of) is a factor of 108, so |disc(Ox)| = 108 and
Ok = Z[V2] (and D = p?¢®).

Example 4.14. If p has exactly one prime lying over it, say (p) = p¢, then Dy is divisible
by p¢~1, so disc(K) is divisible by N(p)¢~! = pfe=D_ If e # 0 mod p then p/(¢=Y is the
exact power of p in disc(K).

Example 4.15. Let K = Q(+/175). Using our knowledge of the multiplicity of primes in
the discriminant, based on the connection between the different and discriminant, we will
determine O and then prove O does not have a power basis.

View K as a subfield of R, so there is no ambiguity about the meaning of cube roots.
Set a = {/175. Since 175 = 5% -7, K also contains v/5- 72 = 35/a. Set 8 = V/5-72. The
minimal polynomials for a and 3 over Q are 7% —5%.7 and T3 — 5- 72, which are Eisenstein
at 5 and 7, so 5 and 7 are both totally ramified in O: (5) = p? and (7) = q. Therefore
Dy is divisible by p3~1¢3~1 = p2q?, so disc(O) is divisible by N(p2g?) = 52 - 72. Moreover,
(T +1)3 — 175 = T3 4+ 372 + 3T — 174 is Eisenstein at 3, so 3 is totally ramified in K:
(3) = p3. Since e(p3|3) is a multiple of 3, disc(O ) is divisible by 33, not just 32, so disc(O k)
is a multiple of 33 - 52 . 72,

The lattice Z + Za + Z3 lies inside O and is a ring:

(4.8) o? =58, B2 =Ta, af =35.
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Using these equations and the formulas Trgq(a) = 0 and Trg/q(8) = 0, the matrix of
trace products for the Q-basis {1, «, 5} of K is

30 0
0o 0 353 |,
0 35-3 0

whose determinant is —33 - 52 - 72. Therefore
—3%.5%. 7% = disc(Z + Za + ZB) = [0k : (Z + Za + ZB))? disc(Ok).

Since we know disc(Of) is a multiple of 33 - 52 - 72, the index [Of : (Z + Za + Z3)] must
be 1, s0 O = Z + Za + Zf and thus K has discriminant —325%7% = —33075.

We will now show in two ways that Ok does not have a power basis.

Method 1. For each v € Ox — Z we will show disc(Z[y]) # disc(Ok) From the com-
putation of Og, we can write v = a + ba 4+ ¢f with integers a, b, and ¢, where b and ¢ are
not both 0. Using (4.8), the matrix for multiplication by 7 relative to the ordered Z-basis
1,a,p8 is

a 35¢ 35b
(4.9) myl=10b a Tc
c bb a

Computing powers of this matrix in PARI we get
Tri/q(7) = 3a, Triq(v?) = 3a® +210bc, Try/q(7*) = 3a® + 5256° + 735¢” + 630abe,

and
Trr (') = 3a* +2100ab® + 2940ac® + 220506%c* + 1260a®be,

0
Tri/q(l)  Triq(y) Trrq(y?) - ,
disc(Z[y]) = det [ Trx/q(7) Trrq(¥?) Trr(y®) | = —3%5°7%(5b° — 7c%)2.
Trr/Q(v?) Trrq(v?) Triq(v?)

Since —335272 is the discriminant of K, [Of : Z[y]] = |5b% — 7c®|. Therefore this index is
1 if and only if 563 — 7¢® = +1, which implies 56> = 41 mod 7, but 5 mod 7 is not a cube.
We have a contradiction.

Method 2. We will show the different ideal D is not principal, so O can’t have the
form Z[vy] by Theorem 4.3.

We already saw that disc(K) = —33527% and (3) = p3, (5) = p3, and (7) = ¢3. Since
N(Dg) = |disc(K)| = 335272, Dk = p3p?q?. Since (8)® = (245) = (5)(7)? = p3q°® we get
(B) = pg?, so D = (3)(B)p (also D = (3)(a)q). We will prove p is not principal, so D
is not principal.

The ideal norm of p is 5, so to show p is not principal it suffices (and actually is equivalent)
to show that no v in O has norm +5. Write v = a + ba + ¢ with a, b, ¢ € Z. Using (4.9),

Nk /q(7) = det(my) = a® 4+ 1756% + 245¢° — 105abc.

Set this equal to £5 and reduce modulo 7: the coefficients 175, 245, and 105 are multiples
of 7, so

+5 = a> mod 7.

This has no solution for a in Z/(7), so we have a contradiction.
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The reasoning in Example 4.15 can be generalized: for distinct primes p and ¢ not equal
to 3 such that p?¢ = 1 mod 3 and p?q #Z 1 mod 9, and p is not a cube in Z/(q), the cubic
field Q({*’/qu) has a different ideal that is not principal. Examples besides (p,q) = (5,7)
are (p,q) = (11,7), (17,7), and (2, 13); that last example is Q(+/52). I learned about this
type of construction from [2, pp. 460-462] and [3, Exer. 10B, pp. 101-102].

Theorem 4.8 gives us an exact formula for the multiplicity of p in D if e(p|p) Z 0 mod p,
but not if e(p|p) = 0 mod p. Ramification when e(p|p) Z 0 mod p is generally easier to
study than when e(p|p) = 0 mod p. For this reason, when e(p|p) # 0 mod p we say p is
tamely ramified over p, and when e(p|p) = 0 mod p we say p is wildly ramified over p. If
every prime over p in K is tamely ramified then we say p is tamely ramified in K. Any
unramified prime is tamely ramified, but ramified primes can also be tamely ramified. For
example, 2 is tamely ramified in Q(3/2) ((2) = p?), but 2 is wildly ramified in Q(v), where
P4y +4=0((2) = ).

Upper and lower bounds for the multiplicity of a nonzero prime ideal p in Dg are

e—1<ordy(Dg) <e—14eordy(e),

where p|p and e = e(p|p). The lower bound was proved by Dedekind (Theorem 4.8),
who conjectured the upper bound, which was later proved by Hensel as one of the first
applications of p-adic fields to number theory.

In the ideal class group of K, Hecke proved the ideal class of D is always a square. For
a proof in the number field and function field settings, see [1].
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