
Math 2410 Quiz 3 10 February 2009

Problem 1: [BDH 1.5.12] (6 points) Verify (without finding the general solution) that

y1(t) =
1

t− 1
and y2(t) =

1

t− 2

are solutions of the differential equation
dy

dt
= −y2.

What can you say about solutions of
dy

dt
= −y2 for which the initial condition satisfies

the inequality −1 < y(0) < −1/2?

Address issues of both existence and uniqueness. Be as precise as possible and attempt
to justify your answer completely.

Solution: In order to verify that y1(t) and y2(t) are solutions to the differential equation
dy

dt
= −y2, we differentiate both. Doing so we find

dy1

dt
= − 1

(t− 1)2
= −y1

2 and
dy2

dt
= − 1

(t− 2)2
= −y2

2,

so that both are indeed solutions.

Before invoking the Existence and the Uniqueness Theorem, we note f(t, y) = −y2 and
∂f
∂y

(t, y) = −2y are both continuous on any rectangle {(t, y) : a < t < b, c < y < d}.

If y(0) = y0 is any initial condition, the Existence Theorem assures there is an ε > 0
and a solution y(t) to the initial value problem defined for all t with −ε < t < ε.

If y(0) = y0 is any initial condition with −1 < y0 < −1/2, the Uniqueness Theorem
assures any solution y(t) to dy

dt
= −y2 with y(0) = y0 satisfies

y1(t) < y(t) < y2(t)

for all t on any [symmetric] open interval containing zero for which all three functions
are defined. In particular, since y1 is not defined at t = 1 and y2 is not defined at t = 2,
nothing can be said about y(t) for t ≥ 1.



Problem 2: [BDH 1.6.40] (4 points) Suppose you wish to model a population with

an autonomous differential equation, i.e., an equation of the form
dP

dt
= f(P ), where

P (t) is the population at time t. Experiments have been performed on the population
that give the following information:

• The population P = 0 remains constant.

• A population close to 0 will decrease.

• A population of P = 20 will increase.

• A population of P > 100 will decrease.

(a) Sketch the simplest possible phase line that agrees with the experimental informa-
tion and classify the equilibrium points as sources, sinks, or nodes.

(b) Give a rough sketch of the function f(P ) for the phase line from Part (a).

Solution: There must be an equilibrium point at P = 0, another between 0 and 20
(say at P = A), and another between 20 and 100 (say at P = B). If there are no other
equilibrium points, the phase line pictured suffices.

Note that P = 0 is a sink (from the positive direction), P = A is a source, and P = B
is a sink.

Any sketch must have f(0) = 0, f(A) = 0, and f(B) = 0; must have f(P ) be negative
when 0 < P < A or B < P ; and must have f(P ) be positive when A < P < B. The
graph pictured suffices.


