Research Statement

Marius Ionescu

My research interests are in the field of functional analysis. In particular, much of my work
over the past few years has involved the interaction between operator theory/algebras, irre-
versible dynamical systems, the representation theory of groupoids and the theory of wavelets.
In the three papers [30], [31], [32] that resulted from my thesis I studied the structure of
different operator algebras attached to a large class of fractals. I built different such alge-
bras and showed how they capture the dynamics of the fractals. Currently I am extend-
ing this study to a larger class of fractals as well as to a general class of Markov operators.
In the recently submitted paper [37] we describe the simplicity of C*-algebras associated to
Markov operators in terms of the probabilistic properties of these operators. A closely related
project I am currently undertaking relates the theory of wavelets to natural representations
of groupoids attached to local homeomorphisms. Some partial results and examples have
appeared in [33]. In a different direction of research, I am studying the irreducible represen-
tations and primitive ideals of C*-algebras arising from groupoids and groupoid dynamical
systems. Some of my recent achievements in this area are the description of irreducible rep-
resentations and the proof of the generalized Effros-Hahn conjecture for groupoid C*-algebras
[34], [35].

Recently, I have become interested also in the study of differential and pseudo-differential
operators on fractals. As I will detail below, my work is part of a larger effort to understand
elliptic and hypoelliptic operators on fractals. The results I proved with my coauthors in [36]
represent an important advancement for this ongoing project.

In what follows, I describe my research accomplishments in different areas, I discuss some
problems that I am currently pursuing, and I provide a brief description of directions for
future research.

1. FRACTALS AND C*-ALGEBRAS

1.1. Disertation Results. The results from [30], [31], and [32] have evolved from my disser-
tation. My thesis was completed at the University of Iowa under the direction of Professor
Paul S. Muhly. It was awarded the 2006 D.C. Spriestersbach Dissertation Prize for Mathe-
matics, Physical Sciences, and Engineering at the University of Iowa.

The common subject of the papers mentioned above is the structure of certain operator
algebras (self-adjoint and non-self-adjoint) associated with Mauldin-Williams graphs and the
dynamical systems they determine. My primary focus was the Pimsner construction of what
are known now as Cuntz-Pimsner algebras (see [65] and [55]).

Let G = (E° E' r, s) be a finite directed graph. A Mauldin-Williams graph associated to
G consists of a collection {7, },cgo of compact metric spaces, one for each vertex of the graph,
and a collection {¢.}.cp1 of contractive maps, one for each edge of the graph ([53], [20], [30D).
We associate with such a system a C*-correspondence X' over the C*-algebra A = C(T"), where
T = | |T,, which reflects the dynamics of the Mauldin-Williams graph (see [30, Definition
2.2])). My interests lie in the structure of operator algebras built from this correspondence.

The first main result of [30] states that if the underlying graph G has no sources and no
sinks, that is, if the maps r and s are surjective, then the Cuntz-Pimsner algebra O(X) asso-
ciated to the Mauldin-Williams graph (G, {T,, pv}vero, {Pe }ecrt) 18 isomorphic to the Cuntz-
Krieger algebra associated with the graph G [12] (see [30, Theorem 2.3]). This is a generaliza-
tion of the results of [66]. My proof is different from that in [66] and yields a second theorem.
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It asserts, roughly, that if one wants to build a graph-directed system where the T, are re-
placed by arbitrary unital C*-algebras A, and where the ¢. are replaced by homomorphisms
that are contractive in the Rieffel metric [73, 74, 75], then the resulting Cuntz-Pimsner alge-
bra still is isomorphic to C*(G). In fact, I proved that in such situations, using the hypothesis
that the graph G has no sinks, the C*-algebras A, involved are necessarily commutative.

I showed, however, in [31] that the tensor algebra of X, 7, (X), is “locally” a “complete conju-
gacy invariant”. More precisely, I proved that if X;, i = 1,2 are the C*-correspondences coming
from two Mauldin-Williams graphs defined over the same graph G, then the associated ten-
sor algebras 7, (X;) are Morita equivalent in the sense of [7] if and only if that are completely
isometrically isomorphic. This, in turn, happens if and only if there is a homeomorphism be-
tween the vertex spaces which implements a conjugacy between the appropriate edge maps.
This result, thus, stands in a long series of results that were inspired by Arveson’s discovery
[2] of the relation between conjugacy invariants for measure preserving transformations and
non-self-adjoint operator algebras.

In the third paper [32], Watatani and I associate a slightly different C*-correspondence
to a Mauldin-Williams graph, which yields a C*-algebra that seems to respect the dynamics
more clearly. This new C*-correspondence X over A = C'(K) is based on the union of the so
called cographs of the maps ¢.. This approach allows us to put more emphasis on the “branch
points” of the maps. These are points (z,y) € K x K such that ¢.(y) = ¢¢(y) = = for some e # f.
Assuming that the underlying graph G of a Mauldin-Williams graph is irreducible and is not
a cyclic permutation, and assuming that the invariant set K satisfies a technical condition
called the open set condition, we proved that the Cuntz-Pimsner algebra O(X) associated with
the C*-correspondence X is simple and purely infinite. Since O(X) is also separable, nuclear,
and satisfies the Universal Coefficient Theorem, the classification theorem of Kirchberg and
Phillips [47, 64] implies that the isomorphism class of O(X) is completely determined by its
K-theory with the K-theory class of the unit. Its K-theory is closely related to the failure of
the injectivity of the coding by the shift on a Cantor set. In particular, Watatani and I compute
the K-theory of this C*-algebra and show that it can be quite different from the K-theory of
C*(G).

1.2. Graph directed Markov systems and C*-algebras. This project is a natural exten-
sion of my thesis. A graph directed Markov system (GDMS) is a generalization of a Mauldin-
Williams graph in that it allows for an infinite, but countable, number of edges, while still
requiring a finite number of vertices [52]. To each vertex v one attaches a compact metric
space K, and to each edge e one attaches a contraction ¢. : K, ) — Ky). Some examples
of such dynamical systems are the so called continued fractions and the Kleinian groups of
Schottky type. The main difference compared with the classical Mauldin-Williams graphs is
that the invariant set and the path space of a GDMS fail, in general, to be locally compact
spaces. This failure leads to the main difficulty when one tries to associate a C*-algebra to
a GDMS. The idea that I propose to overcome this difficulty is to use the groupoid model of
Paterson [63] for infinite graph C*-algebras. This leads to building a topological quiver over
the closure of the invariant set. Natural questions I will like to answer include: how does the
structure of the C*-algebra associated with a graph directed Markov system depend on the
underlying infinite graph? How is the dynamics of the GDMS reflected in the properties of the
C*-algebra? Is the associated C*-algebra simple? Can one compute it’s K-theory by studying
particular sets of points? Based on the work I have done so far, the C*-algebra associated to a
GDMS should be, in general, different from the C*-algebra of the underlying graph. Moreover,
I have reasons to believe that these C*-algebras are simple. This belief is substantiated by
the work described in the following project While I believe that, under suitable assumptions,
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these C*-algebras are purely infinite, the proof seems to require more elaborate techniques
compared with the classical Mauldin-Williams graphs.

In a different direction, I plan to study in collaboration with John Quigg and Steve Kaliszewski
the KMS states induced from invariant measures of the GDMS on the C*-algebra described
above. This work will extend the impressive analysis of Pinzari, Watatani, and Yonetani [66].

1.3. Markov operators and C*-algebras. In a recent paper which is joint with Paul S.
Mubhly and Victor Vega we began the study of Markov operators and C*-algebras [37]. We say
that an operator P on C'(X), where X is compact, is a Markov operator in case P is unital
and positive. Using a Markov operator P, we built a topological quiver and a C*-algebra O(P)
([57]) on C(X) using the so called support of P. This Cuntz-Pimsner algebra, O(P) generalizes
a number of C*-algebras associated with automorphism, endomorphisms, transfer operators,
and graphs ([83], [16]-[17], [22], [23], [32]). Our first theorem provides a characterization of
the simplicity of the C*-algebra O(P) in terms of the probabilistic properties of P. Namely,
we proved that O(P) is simple if and only if there are no closed strongly absorbing sets for P.
The second theorem of [37] states that given a compact topological quiver E with no singular
vertices, there is Markov operator P such that O(E) is isomorphic to O(P). There are many
other problems which I plan to investigate. All of them involve the interactions between the
probabilistic features of P and properties of O(P). One particularly intriguing problem is
deciding when two P’s give rise to isomorphic Cuntz-Pimsner algebras. When the P’s are
finite state Markov chains, then the two algebras are isomorphic if and only if the supports
are same. Whether this is true more generally seems unlikely. However, [10, Proposition 6,
p- 39] suggests that in general two P’s with the same support give Morita equivalent Cuntz-
Pimsner algebras.

1.4. Tensor Algebras Associated to Fractals and their Perturbations. As I pointed out
in the description of my dissertation results, a natural C*-correspondence associated with an
iterated function system or, more generally, a Mauldin-Williams graph gives a C*-algebra that
ignores the dynamics of the system or graph. However, I proved in [31] that the tensor algebra
does determine the dynamics in specified ways. One question to investigate is a perturbation
question: If A&;, is the C*-correspondence coming from a Mauldin-Williams graph, i = 1,2,
and if the underlying graphs are the same, so that one may identify O(X;) and O(X>), under
what circumstances is 7 (&}) close to 7 (X2) in the Hausdorff metric? I expect the answer to
be in terms of some sort of “closeness” for the underlying dynamics. Another question I plan
to pursue is whether the non-self adjoint algebras one can associate to the graph directed
Markov systems I described above will provide a topological invariant for the GDMS in a
similar way with [31]. Providing an answer for a GDMS should open a new set of problems
and conjectures. For example, if the Toeplitz algebra is indeed a topological invariant of the
system, for which Markov operators will the result still hold? Davidson and Katsoulis proved
in [14] and [15] that the result would fail if one considers, in our language, a Markov operator
built from a finite number of continuous maps which are not contractions.

2. WAVELETS AND GROUPOIDS

2.1. Groupoids methods in wavelet theory. One project which I am actively pursuing
with Paul S. Muhly is the use of groupoid methods in wavelet theory. An outline of our work
together with partial results are published in [33]. We summarize the results below. The key
idea is the use of the Deaconu-Renault groupoid [16], [69] and the theory of Exel [22] con-
cerning irreversible dynamical systems to expand on the work of Bratteli, Jorgensen, Dutkay,
et. al [9], [41], [19]. Their work, in turn, relates wavelet analysis, both for classical wavelets
and for wavelets on fractals, to representations of the Cuntz algebra. Our approach shows
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how their Cuntz representations may be tied more closely to the underlying geometry of the
situations they consider. A wavelet is a function  in L?(R) such that

{UITky : j k e N}

is an orthonormal basis for L?(R), where U is the operator of dilation by 2, and T is the
operator of translation by 1.

In our approach we start with a local homeomorphism 7" on a compact, Hausdorff space X,
and define the Deaconu-Renault groupoid to be

(1) G={(z,n,y) EXXZxX : T'2) =T"(y),n=k—1},

endowed with a suitable topology such that G becomes an étale, locally compact groupoid.
Thus G carries information about the entire pseudogroup generated by 7. In investigations
that Muhly and I have been making (described in part in [33]) it has become clear that har-
monic analysis on fractals and the analysis of wavelets can profitably exploit the representa-
tion theory of G for suitable choices of X and 7. Our analysis shows that there are structures
that are intrinsic to the geometric setting of a space X with a local homeomorphism 7. These
include the groupoid G and its C*-algebra, the pseudogroup &, and the Deaconu correspon-
dence X [16, 17]. These are the source of isometries and the Cuntz relations - assuming X
has an orthonormal basis. Each choice of orthonormal basis (which we call a filter bank) gives
Cuntz isometries S; in C*(G). Further, we may construct the minimal unitary extension of
any of the S; essentially within C*(G).

The “classic” wavelet analysis arises from our groupoid perspective via the following exam-
ple. Let X = T, Tz = 22, i = Lebesgue measure on T. Let 7 be the representation of C*(G)
given by (i, H,U), where H = X x C is the trivial line bundle on X,

UWM) :{s(1)} x C = {r(m)} x C, UM)(s(7),¢) = (r(7), ¢).

This representation induces the classical wavelets: 7(f)¢(2) = f(2)€(2), 7(S:)€(2) = my(2)€(22),
where (m1,mg) is a filter bank associated with 7. Then one can recapture the result due to
Jorgensen and, more recently, Larsen and Raeburn that the inverse Fourier transform of
ma(e™)p(271x) is the wavelet associated with the filter bank (m1, ms).

3. STRUCTURE OF GROUPOID DYNAMICAL SYSTEMS C*-ALGEBRAS

3.1. Induced representations and primitive ideals. In this ongoing project, in which I
am collaborating with Dana P. Williams, we are concerned with the generalization of the
famous Effros-Hahn conjecture to groupoid, Fell bundles, and groupoid dynamical systems
C*-algebras. Key to this project is understanding the theory of representations of groupoid
and groupoid cross-product C*-algebras.

In two recent papers [34] and [35], Williams and I made significant progress on this project
and we proved that a generalized Effros-Hahn conjecture is true for groupoid C*-algebras.
Let me begin with a review of the “classical” Effros-Hahn conjecture and a short description
of our results. I will proceed, then, with a discussion of our future plans.

A dynamical system (A, G, ), where A is a C*-algebra, G is a locally compact group and « is
a strongly continuous homomorphism of G into AutA, is called EH-regular if every primitive
ideal of the crossed product A x,, G is induced from a stability group ([98]). In their 1967 Mem-
oir [21], Effros and Hahn conjectured that if (G, X) was a second countable locally compact
transformation group with G amenable, then (Co(X), G, 1t) should be EH-regular. This con-
jecture, and its generalization to dynamical systems, was proved by Gootman and Rosenberg
in [26] building on results due to Sauvageot [80, 79].

In [71], Renault gives the following version of the Gootman-Rosenberg-Sauvageot Theorem
for groupoid dynamical systems. Let G be a locally compact groupoid and (A, G, «) a groupoid
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dynamical system. If R is a representation of the crossed product A x, G, then Renault
forms the restriction, L, of R to the isotropy groups of G and forms an induced representation
Ind L of A x, G such that ker R C ker(Ind ﬁ). When G is suitably amenable, then the reverse
conclusion holds. This is a powerful result and allows Renault to establish some very striking
results concerning the ideal structure of crossed products.

In a recent paper [35], Williams and I provide a significant sharpening of Renault’s result
in the case of a groupoid C*—algebra — that is, a dynamical system where G acts on the com-
mutative algebra Cy(G(?)) by translation. We showed that every primitive ideal K of C*(G) is
induced from a stability group. That is, we show that K = Indg(u) J for a primitive ideal J of

C*(G(u)), where G(u) is the stability group at some u € G¥). This not only provides a cleaner
generalization of the Gootman-Rosenberg-Sauvageot result to the groupoid setting, but gives
us a much better means to study the fine ideal structure of groupoids and the primitive ideal
space (together with its topology) in particular. We took the opportunity to formalize the the-
ory of inducing representations from a general closed subgroupoid in [34]. The main result
of this paper is that the induced representation of an irreducible representation of a stability
group 1is irreducible. This result is also one of the main pillars in our proof of the Effros-
Hahn conjecture for groupoids. In the case of transformation group C*-algebras, it is well
known that representations induced from irreducible representations of the stability groups
are themselves irreducible [97]. The corresponding result for groupoid C*-algebras has been
proved in an ad hoc manner in a number of special cases (see, e.g., [69, 71, 54, 58, 59].). Thus
our analysis unifies and extends these results to groupoid C*-algebras.

The next goal is to extend our analysis to Fell bundles and groupoid dynamical systems. We
believe that the proof of the Effros-Hahn conjecture for Fell bundles should follow closely the
steps we preformed in [35] and [34], modulus technicalities (see [38] and [39] for some recent
results on this project). We expect, though, that the study of the Effros-Hahn conjecture for
groupoid dynamical systems to be substantially harder. It seems unlikely that the results of
[34] will go over to this level of generality. Thus the proof will require to retool the methods of
Sauvageot [80, 79] and Gootman-Rosenberg [26] to work in the context of groupoid dynamical
systems. Success here should lead to an important improvement upon [71] and give more
information about the structure of the primitive ideal space and simplicity of groupoid crossed
product C*-algebras.

3.2. Groupoids and Markov operators. I plan to use the techniques developed in the
previous project to study the problem of deciding for which Markov operators P there is
a groupoid such that O(P) is isomorphic to the C*-algebra of the groupoid. This problem
was suggested to me by Jean Renault and it should fill an important gap in the literature
of topological quivers [567] and C*-algebras. Based on preliminary work, it seems that one
needs some kind of “locally finiteness” assumption for the Markov operator P. An answer to
this problem might shed some light on a more general problem: given a topological quiver
E = (EY,E',r,s,)), is there a groupoid G so that O(F) is isomorphic to C*(G)? The answer
is known to be true when r is a local homeomorphism, that is, when F is a topological graph
in the sense of Katsura ([45]). An answer for general topological quiver has been searched by
many people working in C*-algebras. I believe that my study of Markov operators might help
provide a (negative) answer to this open question.

4. LAPLACE OPERATORS ON FRACTALS

I became interested in problems related to analysis on fractals during the year I spent at
Cornell University in 2007-2008 as a visiting assistant professor. I had the opportunity to
interact with Strichartz, Kigami, Teplyaev, Rogers, and other people working in the field. I
have also been involved in the research of students participating in the R.E.U. program in
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fractal analysis at Cornell, which helped me understand the many possibilities of research in
this new and dynamic field. I became immediately involved in some interesting projects on
the subject. I will describe next a project which I began during my year at Cornell University,
on which the paper [36] joint with Strichartz, Rogers, and Ruan is a first important step.
Then I will discuss a few other projects that are in various stages of completion. Some of
them involve joint work with Robert S. Strichartz and Luke Rogers.

A theory of analysis on certain P.C.F. self-similar fractals has been developed around the
Laplace operator A by Kigami [46]. Recall that an iterated function system (i.f.s.) is a collec-
tion {Fy,..., Fx} of contractions on R?. For such an i.f.s. there exist a unique invariant set X
and a unique invariant measure ;. on X ([29]). Kigami built on the class of P.C.F. fractals a
self-similar energy £ using the graph approximations of the fractal. Then one can define the
Laplacian on these self-similar sets using the weak formulation. That is, we say that Au = f
if

Eu,0) =~ [ fodu.
X

for all functions v vanishing on the boundary of X.

4.1. Resolvents and Heat Kernels on Fractals. The heat equation, the heat kernel and
heat kernel estimates have been central notions in analysis on fractals. These notions have
been studied primarily with probabalistic methods [4, 46, 24, 28]. In collaboration with
Pearse, Ruan, Rogers and Strichartz, we were able to give an analytic formula for the resol-
vent of the Laplacian on a p.c.f. fractal that by-passed probabilistic methods [36]. That is, we
constructed a symmetric function G (z, y) which weakly solves (A — A) 'GP (z,y) = §(z,y),
meaning that

[ 6V @ mutdut) = (= &) (o)

For A\ = 0 our construction recovers the Green function for A. Our main theorem provides
an explicit description of the resolvent kernel. We worked out in detail our construction for
a series of examples, including the unit interval and the Sierpinski gasket. Heuristically, the
resolvent kernel is the sum of the weak solutions of the resolvent problem in all cells of all
order.

We plan to use this formula to recapture the known estimates of heat kernels on Sierpinski
gaskets and to obtain estimates for a larger class of fractals. Some initial results in this
direction have been announced in [76]. The proofs given so far for the estimates of heat
kernels use probability theory. A direct proof of these estimates, using analytic methods, is
highly desirable in order to have a self-contained theory.

It is also our hope that using resolvent estimates we could obtain useful information about
spectral operators of the form

€a) = [ €N -a)ta

in the same manner as used by Seeley [81, 82] for the Euclidian setting. I describe an outline
of some incipient work on a particular class of such operators in the following project. I believe
that the resolvent estimates will be useful also for the project on pseudo-differential operators
on fractals that I will discuss later.

4.2. Complex powers of the Laplacian on PCF fractals. This project is, to my knowl-
edge, the first systematic attempt to study the kernels of the Riesz and Bessel potentials on
P.C.F. fractals. I aim to prove the LP boundedness of these operators using techniques analo-
gous to [84, Chapter 5].
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For A=1— A and o € C with Rea < 0 we define

« 1 * —a—1_—t _tA
A%y = T(—a) t e ‘e udt,
—a) Jo

where {¢!*} is the heat semigroup with generator A. I defined the kernels of these operators

to be
1 oo
K, = h e tdt
(-T,y) F(—a) /0 t(x7y) € )

where h;(x,y) is the heat kernel. Using the heat kernel estimates we prove estimates for these
kernels which allow us to prove the LP-boundedness of these operators. In particular one can
develop a general theory of Sobolev spaces on fractals (see also [91]).

In the second part of this project I consider the case when « is an imaginary number. I
proved that in this case the kernels satisfy the following pseudo-differential type estimates:

(2) | Kia(w,y)| S R(x,y) ™
and
(3) |AyKZOl(l'ay)| 5 R(x’y)_Qd_la

where R(z,y) is the resistance metric on the fractal X ([46],[89]). To make the connection with
the singular integral operators theory, as described, for example, in [85], is a delicate task and
requires the development of new techniques, since fractal analysis lacks many tools available
in real analysis. Success in this project will provide the first example, to my knowledge,
of singular integral operators on fractals built out of Kigami’s construction. An affirmative
answer will also be key in the projects I am going to describe next.

4.3. Pseudo-differential operators on PCF fractals. Spectral operators on fractals have
been studied in a series of recent papers ([1, 5, 60, 88, 91]) mainly using numerical methods.
These papers, as well as the project I described above, lead me to take on the task on formal-
izing a general theory of pseudo-differential operators on P.C.F. fractals. In this joint project
with Robert S. Strichartz, we define our operators not on the fractals, but on the fractafolds
built on P.C.F. fractals ([88, 87, 89, 95]). The spectrum A of the Laplacian is well understood
in these situations ([88],[95]). For m € R we define the class S™ of constant coefficient symbols
to be the set of real valued smooth functions that satisfy

d\*
()\d)\> p(\)
for all A > 0. As in the classical analysis (see, for example, [84, 85, 94]), the symbol class

S™ defines a class of operators, ¥ DO™, which we call the class of constant coefficient pseudo-
differential operators. We define such an operator via

p(=A)u =" p())Pu,
NeA

S (L VT

where P, are the spectral projections. These operators extend to bounded linear operators
on L?(;1). Using the heat kernel estimates on fractals (see [4, 24, 28, 92]) and the multiplier
theorem of [96] we proved that they are bounded on L9(u), 1 < g < oo, as well. Even though we
made good progress in understanding the constant coefficient pseudo-differential operators,
we still have a long way to go in order to provide a complete analysis of them. For example,
we conjecture that these operators are given by integration with respect to kernels that are
smooth away from the diagonal and satisfy estimates of the form (2) and (3). We showed
that this conjecture is true for the so called Laplace transform operators. Other important
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questions which are still open and we plan to pursue in the near future is the pseudo-local
property of such operators and the study of elliptic and hypoelliptic operators.

We plan to extend, then, the analysis to a more general class of pseudo-differential oper-
ators. The idea is to allow the symbols to depend on the variable x € X, as well. That is,
for m € R we define the general symbol class S™ to consist of real valued smooth functions
defined on [0, 00) x Ko that satisfy

) k

for all A and z. Thus we define the general class of pseudo-differential operators on fractals
via

< (L)

p-Ayue) = 3 [ o0 Prwp)ulw)du(y).

AEA

We conjecture that such operators extend to bounded operators on L?(u). We proved this
conjecture when X, is a compact fractafold. Moreover, we conjecture that these operators
are singular integral operators and, thus, they are bounded on L%(u), for 1 < ¢ < co. A
positive answer to our conjecture leads naturally to the study of pseudo-differential operators
on products of fractals ([93, 8, 89]).

4.4. Fractafolds. Of particular interest to us is the possibility for using the Deaconu-Renault
groupoid G (as described in Section 2 equation (1)) to understand better the structure of
fractafolds. These were defined by R. Strichartz in [88] in an effort to understand objects
that look locally like known fractals. The well-known relations among atlases, pseudogroups
and groupoids, realized through Morita equivalence (see, e.g., [27, 48, 67, 72]), should lead to
a useful way of looking at fractafolds. This is especially evident in the case of “fractals in the
large”, a special class of fractafolds that Strichartz introduced in [87]. In particular, harmonic
analysis on G should illuminate and help extend the theory of periodic and almost periodic
functions on the Sierpinski gasket recently developed by Strichartz [90]. The point is that
under favorable circumstances G is the groupoid of germs of the pseudogroup & of partial
homeomorphisms defined by 7'. I believe that the pseudogroup of partial homeomorphisms
of a fractafold which is locally like X will be Morita equivalent, in the sense described by
Renault in [72, Section 3], to &. This sense is based on work of Kumjian [48] and Haefliger
[27]. At this stage, however, there still is a lot of work to be done to substantiate this belief.

In a series of papers ([61], [50]), Nistor and his collaborators defined and studied pseudo-
differential operators on differential groupoids attached to manifolds. I believe that their
methods can be adapted to the groupoids I plan to attach to a fractafold. This will allow us
to provide a different approach than the one described in the previous project to the study of
pseudo-differential operators on P.C.F. fractals. The results and techniques we developed in
[34] and [35] should provide us invaluable help in pursuing this approach.

REFERENCES

[1] C. Avenancio-Leon and R.S. Strichartz, Local behavior of harmonic functions on the Sierpinski gasket. Illinois
dJ. Math. 51 (2007), no. 4, 1061-1075.

[2] Wm. B. Arveson, Operator algebras and measure preserving automorphisms, Acta Mathematica 118 (1967),
95-109.

[3] L. Baggett, H. Medina and K. Merrill, Generalized multi-resolution analyses and a construction procedure for
wavelet sets in R", J. Fourier Anal. Appl. 5 (1999), 563-573.

[4] M. Barlow and E. Perkins, Brownian motion on the Sierpiriski gasket, Probab. Theory Related Fields 79
(1988), 543-623.



Marius Ionescu, Research Statement Page 9 of 11

[5] N. Ben-Gal and A. Shaw-Krauss and R.S. Strichartz and C. Young, Calculus on the Sierpinski gasket. I1. Point
singularities, eigenfunctions, and normal derivatives of the heat kernel. Trans. Amer. Math. Soc. 358 (2006),
no. 9, 3883-3936 (electronic).

[6] O. Ben-Bassat and R.S. Strichartz and A. Teplyaev, What is not in the domain of the Laplacian on Sierpinski
gasket type fractals. J. Funct. Anal. 166 (1999), no. 2, 197-217.

[7] D. P. Blecher, P. S. Muhly, V. I. Paulsen, ‘Categories of operator modules (Morita equivalence and projective
modules),” Mem. Amer. Math. Soc. 143 (2000), no. 681

[8] B. Bockelman and R.S. Strichartz, Partial differential equations on products of Sierpinski gaskets. Indiana
Univ. Math. J. 56 (2007), no. 3, 1361-1375.

[9] O. Bratteli, P. E. T. Jorgensen, ‘Isometries, shifts, Cuntz algebras and multiresolution wavelet analysis of
scale N, Integral Equations Operator Theory 28 (1997), no. 4, 382—443

[10] A. Connes, Sur la théorie non commutative de lintégration, in Algébres d’Opérateurs, Springer Lecture Notes
in Mathematics 725, pp. 19-143, 1979.

[11] J. Cuntz, ‘Simple C*-algebras generated by isometries.”, Comm. Math. Phys, 57 (1977), no. 2, 173-185

[12] J. Cuntz, W. Krieger, ‘A class of C*-algebras and topological Markov chains’, Invent. Math. 56 (1980), no. 3,
251-268.

[13] I. Daubechies, Ten Lectures on Wavelets, CBMS-NSF Regional Conference Series in Applied Mathematics,
SIAM, Philadelphia, PA, 1992.

[14] K. R. Davidson and E. G. Katsoulis, Nonself-adjoint operator algebras for dynamical systems, preprint

[15] K. R. Davidson and E. G. Katsoulis, Operator algebras for multivariable dynamics, preprint

[16] V. Deaconu, ‘Groupoids associated with endomorphisms’, Trans. Amer. Math. Soc., 347 (1995), 1779-1786

[17] V. Deaconu, ‘Generalized solenoids and C*-algebras’, Pacific J. Math. 190 (1999), 247-260

[18] V. Deaconu, A. Kumjian and P. Muhly, ‘Cohomology of topological graphs and Cuntz-Pimsner algebras’, <.
Operator Theory, 46 (2001), 251-264

[19] D. Dutkay, P. E. T. Jorgensen, ‘Wavelet constructions in non-linear dynamics’. Electron. Res. Announc. Amer.
Math. Soc. 11 (2005), 21-33 (electronic)

[20] G. A. Edgar, Measure, topology, and fractal geometry, Undergraduate Texts in Mathematics. Springer-Verlag,
New York, 1990

[21] E.G. Effros and F. Hahn, Locally compact transformation groups and C*-algebras. Memoirs of the American
Mathematical Society, No. 75 American Mathematical Society, Providence, R.I. 1967

[22] R. Exel, ‘A New Look at the Crossed-Product of a C*-algebra by an endomorphism’, Ergodic Theory Dynam.
Systems 23 (2003), no. 6, 1733-1750

[23] R. Exel and A. Vershik, C*-algebas of irreversible dynamical systems, Canad. J. Math. 58 (2006), 39-63.

[24] P.J. Fitzsimmons and B. M. Hambly and T. Kumagai, Transition density estimates for Brownian motion on
affine nested fractals. Comm. Math. Phys. 165 (1994), no. 3, 595-620.

[25] J. Glimm, Families of induced representations, Pacific J. Math. 12, 1962.

[26] E. C. Gootman, J. Rosenberg, ‘The structure of crossed product C*-algebras: a proof of the generalized Effros-
Hahn conjecture’, Invent. Math. 52 (1979), no. 3, 283-298

[27] A. Haefliger, Pseudogroups of local isometries, Pitman Res. Notes Math. Ser., 131, Longman, Harlow 1985,
174-197.

[28] B.M. Hambly and T. Kumagai Transition density estimates for diffusion processes on post critically finite
self-similar fractals. Proc. London Math. Soc. (3) 78 (1999), no. 2, 431-458.

[29] J.E. Hutchinson, Fractals and self-similarity. Indiana Univ. Math. J. 30 (1981), no. 5, 713-747.

[30] M. Ionescu, Operator Algebras and Mauldin-Williams graphs’ Rocky Mountain J. Math., 37 (2007), no. 3, 829
- 849

[31] M. Ionescu, Mauldin-Williams graphs, Morita Equivalence and Isomorphisms. Proc. Amer. Math. Soc. 134
(2006), no. 4, 1087-1097

[32] M. Ionescu and Y. Watatani, C*-Algebras associated with Mauldin-Williams Graphs, Can. Math. Bull, 51
(2008), no 4, 545-560

[33] M. Ionescu and P. S. Muhly, ‘Groupoid Methods in Wavelet Analysis’, n Group representations, ergodic theory,
and mathematical physics: a tribute to George W. Mackey, 193-208, Contemp. Math., 449, Amer. Math. Soc.,
Providence, RI, 2008.

[34] M. Ionescu and D. P. Williams, Irreducible Representations of Groupoid $C"€$-algebras, Proc. Amer. Math.
Soc., 137 (2009), 1323-1332

[35] M. Ionescu and D. P. Williams, The Generalized Effros-Hahn Congjecture for Groupoids, Indiana Univ. Math.
dJ., to appear

[36] M. Ionescu and E.P.J. Pearse and L.G. Rogers and H-J. Ruan and Robert S. Strichartz, The resolvent kernel
for PCF self similar fractals, Trans. Amer. Math. Soc., to appear

[37] M. Ionescu and Paul S. Muhly and Victor Vega, Markov Operators and C*-Algebras, submitted.



Marius Ionescu, Research Statement Page 10 of 11

[38] M. Ionescu and D. P. Williams, Remarks on the Ideal Structure of Fell Bundle C*-Algebras, submitted.

[39] M. Ionescu and D. P. Williams, A Classic Morita Equivalence Result for Fell Bundle -Algebras, submitted.

[40] P.E.T. Jorgensen, S. Pedersen, ‘Spectral pairs in Cartesian coordinates’ JJ. Fourier Anal. Appl. 5 (1999), no. 4,
285-302.

[41] P. E. T. Jorgensen, ‘Harmonic analysis of fractal processes via C*-algebras’, Math. Nachr. 200 (1999), 77-117

[42] T. Kajiwara and Y. Watatani, ‘C*-algebras associated with self-similar sets’, J. Operator Theory 56 (2006),
225-2417.

[43] G. Kasparov. ‘The operator K-functor and extensions of C*-algebras’,Jzv. Akad. Nauk SSSR, Set. Math. 44
(1980), 571-636;Math. USSR Izvestija 16 (1981), 513-572

[44] T. Katsura, On C*-algebras associated with C*-correspondences, J. Funct. Anal. 217 (2004), 366-401.

[45] T. Katsura, A class of C*-algebras generalizing both graph algebras and homeomorphism C*-algebras I,
fundamental results, Trans. Amer. Math. Soc. 356 (2004), 4287—4322.

[46] J. Kigami, Analysis on fractals, Cambridge Tracts in Mathematics 143, Cambridge University Press, Cam-
bridge, 2001.

[47] E. Kirchberg, ‘The classification of purely infinite C*-algebras using Kasparov’s theory’, preprint

[48] A. Kumjian, On localizations and simple C*-algebras, Pac. J. Math. 112 (1984), 141-192.

[49] S. Kusuoka, Dirichlet forms on fractals and products of random matrices, Publ. Res. Inst. Math. Sci. 25
(1989), 659—680.

[50] R. Lauter and B. Monthubert and V. Nistor, Pseudodifferential analysis on continuous family groupoids. Doc.
Math. 5 (2000), 625-655

[51]1 G.W. Mackey, Imprimitivity for representations of locally compact groups. I, Proc. Nat. Acad. Sci. U. S. A. 35,
1949

[52] R. D. Mauldin,M. Urbanski, ‘Graph directed Markov systems. Geometry and dynamics of limit sets’, Cam-
bridge Tracts in Mathematics 148 Cambridge University Press, Cambridge, 2003

[563] R. D. Mauldin and S. C. Williams, ‘Hausdorff dimension in graph directed constructions’, Trans. Amer. Math.
Soc. 309 (1988), no. 2,811-829

[54] P. S. Muhly, J. Renault and D. Williams, ‘Equivalence and isomorphism of groupoid C*-algebras’, J. Operator
Theory 17 (1987), 3-22

[55] P. S. Muhly and B. Solel, ‘Tensor algebras over C*-correspondences: representations, dilations, and C*-
envelopes’, J. Funct. Anal. 158 (1998), no. 2, 389-457

[56] P. S. Muhly and B. Solel, ‘On the Morita equivalence of tensor algebras’, Proc. London Math. Soc. (3) 81
(2000), no. 1, 113-168

[57] P. Muhly and M. Tomforde, Topological quivers, International Journal of Mathematics 16 (2005), 693-755.

[58] P. Muhly and D. Williams, Continuous trace groupoid C* — algebras, Math. Scand. 66 (1990), 231-241.

[59] P. Muhly and D. Williams, Continuous trace groupoid C* — algebras, II, Math. Scan. 70 (1992), 127-145.

[60] J. Needleman and R.S. Strichartz and A. Teplyaev and P.L. Yung, Calculus on the Sierpinski gasket. I. Poly-
nomials, exponentials and power series. J. Funct. Anal. 215 (2004), no. 2, 290-340.

[61] V. Nistor and A. Weinstein and P. Xu. Pseudodifferential Operators on Differential Groupoids, Pacific J. Math.
189 (1999), no. 1, 117-152.

[62] J. A. Packer, M. A. Rieffel, ‘Projective multi-resolution analyses for L?(R?)’ J. Fourier Anal. Appl. 10 (2004),
no. 5, 439-464.

[63] Paterson, Alan L. T. Graph inverse semigroups, groupoids and their C*-algebras J. Operator Theory 48 (2002),
no. 3, 645-662.

[64] N.C. Phillips, ‘A classification theorem for nuclear purely infinite simple C*-algebras’, Documenta Math.
(2000), 113-168

[65] M. V. Pimsner, ‘A class of C*-algebras generalizing both Cuntz-Krieger algebras and crossed products by Z’,
Free probability theory (Waterloo, ON, 1995), 189-212, Fields Inst. Commun., 12, Amer. Math. Soc., Provi-
dence, RI, 1997

[66] C. Pinzari, Y. Watatani and K. Yonetani, ‘KMS states, entropy and the variational principle in full C*-
dynamical systems’, Comm. Math. Phys. 213 (2000), no. 2, 331-379

[67] J. Pradines, Lie groupoids as generalized atlases, Central European J. Math. 2(5) (2004), 624—662.

[68] I. F. Putnam, ‘C*-algebras from Smale spaces’, Canad. J. Math. 48 (1996), no. 1, 175-195

[69] J. Renault, A groupoid approach to C -algebras, Lecture Notes in Mathematics, Vol. 793, Springer-Verlag
Berlin, Heidelberg, New York (1980)

[70] J. Renault, 'Représentation des produits croisés d’algebres de groupoides’, J. Operator Theory, 18 (1987), no.
1, 67-97

[71] J. Renault, ‘The ideal structure of groupoid crossed product C*-algebras. With an appendix by Georges Skan-
dalis.’ JJ. Operator Theory 25 (1991), no. 1, 3-36



Marius Ionescu, Research Statement Page 11 of 11

[72] J. Renault, Cuniz-like Algebras, in Operator theoretical methods (Timig¢soara, 1998), 371-386, Theta Found.,
Bucharest, 2000.

[73] M. A. Rieffel, ‘Metrics on states from actions of compact groups’, Doc. Math. 3 (1998), 215-229

[74] M. A. Rieffel, ‘Metrics on state spaces’, Doc. Math. 4 (1999), 559—600

[75] M. A. Rieffel, ‘Gromov-Hausdorff distance for quantum metric spaces. Appendix 1 by Hanfeng Li. Gromov-
Hausdorff distance for quantum metric spaces. Matrix algebras converge to the sphere for quantum Gromov-
Hausdorff distance’, Mem. Amer. Math. Soc. 168 (2004), no. 796, 1-65

[76] L. G. Rogers, The resolvent kernel for P.C.C; self similar fractals II: resolvent on blowups and heat kernel
estimates, preprint

[77] L.G. Rogers and R.S. Strichartz and A. Teplyaev, Smooth bumps, A Borel theorem and partitions of smooth
functions on P.C.F. fractals, Trans. Amer. Math. Soc., to appear.

[78] L.G. Rogers and R.S. Strichartz, Distribution theory for fractals, preprint.

[79] J.-L. Sauvageot, ‘Idéaux primitifs induits dans les produits croisés’, J. Funct. Anal. 32 (1979), no. 3, 381-392

[80] J.-L. Sauvageot, Idéaux primitifs de certains produits croisés’, Math. Ann. 231 (1977/78), no. 1, 61-76

[81] R.T. Seeley, Complex powers of an elliptic operator. 1967 Singular Integrals (Proc. Sympos. Pure Math.,
Chicago, Ill., 1966) pp. 288-307 Amer. Math. Soc., Providence, R.I.

[82] R.T. Seeley, The resolvent of an elliptic boundary problem. Amer. J. Math. 91 1969 889-920.

[83] P. Stacey, Crossed products of C*-algebras by x-endomorphisms, J. Austral. Math. Soc. Ser. A 54 (1993),
204-212.

[84] E.M. Stein, Singular integrals and differentiability properties of functions. Princeton Mathematical Series,
No. 30 Princeton University Press, Princeton, N.J. 1970 xiv+290 pp.

[85] E.M. Stein, Harmonic analysis: real-variable methods, orthogonality, and oscillatory integrals. With the as-
sistance of Timothy S. Murphy. Princeton Mathematical Series, 43. Monographs in Harmonic Analysis, III.
Princeton University Press, Princeton, NdJ, 1993. xiv+695 pp.

[86] Stein, Elias M. Topics in harmonic analysis related to the Littlewood-Paley theory. Annals of Mathematics
Studies, No. 63 Princeton University Press, Princeton, N.J.; University of Tokyo Press, Tokyo 1970 viii+146

pp.

[87] R. Strichartz, Fractals in the large, Canad. J. Math. 50 (1998), 638-657.

[88] R. Strichartz, ‘Fractafolds based on the Sierpiniski gasket and their spectra’, Trans. Amer. Math. Soc. 355
(2003), 40194043

[89] R. Strichartz, Differential Equations on Fractals, Princeton University Press, Princeton, N.dJ., 2006.

[90] R. Strichartz, Periodic and almost periodic functions on infinite Sierpinski gaskets, preprint.

[91] R.S. Strichartz, Function spaces on fractals. J. Funct. Anal. 198 (2003), no. 1, 43-83.

[92] R.S. Strichartz, A fractal quantum mechanic model with Coulomb potential, preprint

[93] R.S. Strichartz, Analysis on products of fractals. Trans. Amer. Math. Soc. 357 (2005), no. 2, 571-615 (elec-
tronic).

[94] M.E. Taylor, Pseudodifferential operators. Princeton Mathematical Series, 34. Princeton University Press,
Princeton, N.J., 1981. xi+452 pp.

[95] A. Teplyaev, Spectral analysis on infinite Sierpiski gaskets. J. Funct. Anal. 159 (1998), no. 2, 537-567.

[96] X.D. Thinh and E.M. Ouhabaz and A. Sikora, Plancherel-type estimates and sharp spectral multipliers. J.
Funct. Anal. 196 (2002), no. 2, 443—485.

[97] D.P. Williams, The topology on the primitive ideal space of transformation group C*-algebras and C.C.R.
transformation group C*-algebras, Trans. Amer. Math. Soc., 266, 2 (1981)

[98] D.P. Williams, Crossed products of C*-algebras. Mathematical Surveys and Monographs, 134. American
Mathematical Society, Providence, RI, 2007



