SYMMETRIC QUADRUPLE PHASE TRANSITIONS

CHANGFENG GUI AND MICHELLE SCHATZMAN

1. INTRODUCTION AND PRELIMINARIES

1.1. Motivation. The grain boundary of crystalline material has been
an object of intensive study by material scientists as well as by math-
ematicians. The two dimensional models of grain boundary dynamics
for multiple phases focus in particular on the pattern of triple junctions.
In [?], a vector-valued partial differential equation model is introduced
to model the formation and dynamics of such triple junctions. The
finer structure of triple junctions for this model is shown to exist in [?]
as a solution to the Euler-Lagrange equation on the entire plane

(1.1) ~Au+ (DF(u))' =0, u:R*—R?

where F': R? — R¥ is a nonnegative triple well potential with symme-
try of an equilateral triangle, and the subscript 7 means the transpose
of a row vector to column vector. In the study of grain boundary
structures, three dimensional geometries are more realistic, in particu-
lar when there are more than one layers of grains existing in the poly-
crystal. Indeed, polycrystalline materials contain complicated three
dimensional joints. Among them are quadruple junctions which are
the points of contact between four grains and six grain boundaries,
or, equivalently, the junction of four triple junctions. Figure 77 below
shows such a quadruple junction with one of the four grains highlighted.
(See [?], [?] and [?] for the discussion of quadruple junctions in crys-
talline materials.)

In this paper, we try to model the quadruple junction via generalized
Allen-Cahn equation as in [?]. We introduce a quadruple well poten-
tial W with each well (global minimum point) representing a phase
of grain. Assuming that all phases of the grain interior are of equal
status, the potential W can be chosen so that it has the symmetry of
a regular tetrahedron. The physical state of a crystalline material may
be represented by an order parameter V which is a R3 -vector valued
function. The order parameter V' has a constant value ug in each grain,

where ug corresponds to one of the wells of the potential. We may use
1
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One of four grains

Quadrui)le Junction

FIGURE 1. A quadruple junction with four grains.

the following energy functional to gauge the physical state
1
(1.2) Eq (V)= / elVV|2 + EW(V)da:
Q

where € > 0 is a small physical constant which is related to the difussion
rate and therefore the thickness of the grain boundary. The dynamics
of the physical state can be modeled by the gradient flow of the energy
functional, i.e.

1
(1.3) V,=eAV — Z(DW V)T, z€Q,t>0.
€

The finer structure of quadruple junction can then be expressed as a
scaling of a solution of the Euler -Lagrange equation

(1.4) ~AU + (DW(U)' =0, U:R®—R?

to R3 with suitable asymptotic behavior at infinity which shows a
quadruple structure. In this paper, we shall construct rigorously such a
quadruple junction solution with proper symmetry, in the same spirit
as done in [?] for triple junction solutions. However, the quadruple
junction solution turns out to be much more complicated to analyze,
due to both the complexity of the three dimensional geometries and
the structure of the solution. More interesting phenomena arise for
the three dimensional problem of quadruple junction compared to the
two dimensional problem of triple junctions. We have to construct first
one dimensional transition profile between two phases (heteroclinic so-
lution) with target space R® and study its special properties; then we
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reproduce a triple junction solution with target space R?, which is not
just the trivial generalization of [?] due to the extra dimension of the
target space and the fourth well of the potential. Finally, the structure
of the quadruple junction solution has a subtle two dimensional transi-
tion layer connecting different triple junctions in different faces, which
requires delicate analysis. Below we shall describe the details of each
step in the construction.

1.2. Hypotheses and notations. The letters a, b, ¢ and d denote
the vertices of a regular tetrahedron in R3?. Without loss of generality,
we will assume that the side of this tetrahedron has length 2 and that
its center of gravity is at the origin of the coordinates. We will denote
henceforth 7; for this unit tetrahedron and 7; = L7; for the tetrahe-
dron with size L for any positive real number L. The tetrahedron shall
be used for both the domain space and target space.

For x # y belonging to X = {a,b,c,d} we denote by 7xy the re-
flection which exchanges x and y and leaves invariant the two other
vertices. The group of symmetries I" is the group generated by all the
reflections 7xy; for three distinct letters x, y and z, we denote by I'(x,y)
the group generated by 7%y, and by I'(x,y,z) the group generated by

Ty, Vyz and by vax.
We now assume that

(H1): The potential W is a nonnegative function of class C* from R3
to R which is invariant under T", i.e.

Vyel: Woy=W.

(H2): W wvanishes only at the points in X in R, and the Hessian
D*W (x) is nondegenerate for all x € X. The eigenvalues of D*W (x)
are the strictly positive numbers Ay < Ay < A3 for x € X.

(H3): There is a constant Ry > 0 such that

(1.5)  DW(u)-u:= (u, DW(u)") >0, YucR3with |u| > R,

Hypothesis (H3) may be made more general as in [?]. For simplicity,
we do not include the general form here.
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For u - a function from R? to R3- we define a Landau density of
energy in a d-dimensional space by
d
1 ou
Ly(u) == —
d( ) 2 Z 01']-
7j=1
It is well known that there exists a heteroclinic connection from a to
b: it is obtained by minimizing the energy functional

Ei(u) = /R L1(w) da

among all the functions whose derivatives are square integrable and
which tend to a at —oo and to b at +oo; see for instance [?] for the
existence and [?], [?] for further analysis of the minimizer. Let z be
a heteroclinic connection from a to b; it satisfies the Euler-Lagrange
equation

+ W(u).

(1.6) —"+ DW ()" =0.
The energy of a minimizer is denoted ey:
€1 = El(z)

The function v.q2 is also a heteroclinic connection from a to b. In
this article, we will assume that, up to translation, there are at most
two heteroclinic connections from a to b; then Lemma ?7 ensures that

e cither there are two distinct heteroclinic connections and ~eq
exchanges them; in that case, one of the heteroclinic connections
takes its values in the open half-space {x € R?: (x,d—c) > 0};
it will be denoted by zap a and the other one takes its values in
the symmetric half-space and is denoted zap c.

e or there is only one heteroclinic connection and it is vy.q-invariant.
It will be denoted by zap.

The operator A defined by
(1.7) D(A) = H*(R)*, Av=—0"+ D*W (zapc)v

is a self-adjoint nonnegative operator; the lower bound of its essential
spectrum is governed by its behavior at infinity: it is equal to the lower
bound of the spectrum of D*W (a), i.e. A;.

Differentiating (?7) with z = zapc, We see that 2}, . satisfies the
linearized equation Az, . = 0. Since z, . and its derivatives decay
exponentially fast at infinity, it belongs to the kernel of A.

The main assumption is the nondegeneracy of the heteroclinic con-

nection zap ¢, namely

(H4):  the kernel of A is spanned by z

ab,c*
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(b+c)/2

FIGURE 2. The tetrahedron abced with the marking of
the middle of one edge, the center of gravity of the bot-
tom face and the center of gravity of the tetrahedron.

As the lower bound of the essential spectrum is strictly positive, it
is plain that the lower bound of the strictly positive elements of the
spectrum of A is a strictly positive number: it will be convenient to
call this number 2, with v > 0. Of course, we have the inequalities

(1.8) 0<v <V

The convex hull of a finite set of points x4, ..., x; will be denoted by
[X1, X2, ...,Xx] by analogy with the interval notation in dimension 1.

1.3. Geometric constants. We need a number of geometric con-
stants:

e the distance from a to any of the edges bc, cd, db is v/3;

e the distance from a to the face bed is 21/2/3;

e the distance from the center of gravity of a face to the edges of
the face is 1/\/3;

e the distance from the center of gravity of the tetrahedron to
each of the faces is 1//6.

The tetrahedron is pictured at Figure 77, together with a number
of distinguished points. The subtetrahedron [0, b, (b +¢)/2,(b+ c +
d)/3] has a volume which is a twenty-fourth of the total volume of the
tetrahedron.
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0

1/v/6

b (b+c+d)/3

1/v3
(b+c¢)/2

FIGURE 3. The small tetrahedron appearing in Figure
7?7 with the length of its sides.

On Figure 7?7, we can see that the area of the triangle [0, b, (b+c)/2]
is equal to \/5/4

We define the following constants: the segment [0, (b+c+d)/3] from
the center of gravity of the tetrahedron to the center of gravity of one
face has length 1/4/6; the total length of the four analogous segments

is
_2V6
=5
the segment [0, (b+c)/2] from the center of gravity of the tetrahedron
to the center of gravity of the segment [b, c] has length 1/1/2; the total
length of the analogous segments is

& = 3V2;
the triangle [0, (b + ¢)/2, (b + ¢ + d)/3] has area

1 1 1 V2
— X —= X — = —,
2 V3 V6 12
there are 12 analogous triangles and their total area is

5 = V2.

1.4. The exponential dichotomy. An exponential dichotomy is a
situation where the principal part of a solution of an ordinary differen-
tial equation is a combination of an exponentially small term and of an
exponentially large term; when a condition tells us that the solution is
bounded, we may be able to conclude that it is in fact exponentially
decaying. The following lemma helps to make this argument quantita-
tive, even when the interval of interest is finite.

02
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Lemma 1.1. Let g be a bounded nonnegative function on [0, L] and let
f be a nonnegative function belonging to LP(0, L) for some p € [1,0].
If g satisfies the ordinary differential equation

(1.9) g’ — g = f, over|[0,L]

with a Neumann boundary condition at L:

(1.10) g'(L) =0,

then, there exists a constant p depending only on p and p such that
(1.11) Vte[0,L], g(t) < 2e7"(g(0) + plflLe)-

If L = oo, the same conclusion holds without assuming (??7), and with-
out the constant 2 in (77).

Proof. The general solution of (?7?) is
(1.12)
LI A L[ o)
gt:Ae“t—i-Be_“t——/e“s_fs ds — — e % f(s) ds.
(1) 5 | a5 (5
The value of A and B are obtained from the boundary conditions:

13 B= (e (g0 5 [ ([ et ) )

e—uL L
(1.14) A= Be 2L - — / es=D)f(s)ds
2 Jo
Substituting (??) and (??) into (??), and using the positivity assump-
tions, we find the following identity

et _l_e,u(t—QL) 1 L e .
i (90 5 [l e ) s
0

1 L t L
— — (/ e“(t+8_2L)f(s) ds —i—/ e”(s_t)f(s) ds +/ e”(t_s)f(s) ds) ,
21 0 0 t

from which we infer the inequality

g(t) < e Ht (2g(0) 4 l /OL [e‘“s + eu(s—zL)]f(S) ds) )

g(t) =

1
By Holder inequality, assuming 1 < p < oo,
L
1
e " f(s)ds < ———=|fllre,
| s < i
and

L e,uL
et f s)ds < ’ f P,
| e ssris < sl
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with p’ the conjugate exponent to p. The conclusion for the case when
L is bounded is then clear, and we may take

1
p(pp) v

Obvious modification are to be performed when p = 1 or p = co. When
L is unbounded, A necessarily vanishes, and we obtain

B = g(0) + % / e f(s) ds,

and the conclusion holds. O

p:

Lemma 7?7 will be repeatedly used in the course of this article.

2. ONE-DIMENSIONAL RESULTS

This section is devoted to the careful study of heteroclinic connec-
tions, starting with general geometric properties as in [?], and then
specializing to the linearized problem and to problem on bounded in-
tervals with Neumann and other boundary conditions. These results
will be used in the construction of triple junctions and transition layer
solutions with three dimensional target space R? and two-dimensional
domain space R2.

2.1. Properties of the heteroclinic connections. Let us start with
a very general result:

Lemma 2.1. Let W be a nonnegative function of class C® from R? to
R which satisfies the nondegeneracy condition (H2) and the coercivity
assumption (H3) . Let z be a minimizer of E1(u) such that z(—o0)
is equal to a and z(oo) is equal to b. Then z cannot have a self-
intersection. Moreover, if z1 and zo are minimizers and there exist
x1 and xy such that zi(x1) is equal to zs(xs), then z is equal to a
translation of z.

Proof. Assume that z is a minimizer which has a self-intersection, i.e.
there exist x; and xo > x; such that z(z1) = z(z3). Then we define a
new minimizer by

n () = z(x) if v < 24,
ne 2(x — xo +x1) if x> 29.

Figure 7?7 makes it clear that the energy of z; is strictly smaller than
that of z, while the boundary conditions at infinity still hold for z;.
This contradicts the assumption that z was a minimizer.
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a b a b

FIGURE 4. How to decrease the energy of a heteroclinic
connection with a self-intersection.

Z4 Z4 b

FIGURE 5. Two pairs of connections: z; as a solid line,
zo as a dotted line, z3 as a dashed line and z, as a dash-
dot-dot line.

Assume now that z; and 29 are two heteroclinic connections which
intersect; and define

21 () if v < xy, 2o () if © < 9,
73 = . z(x) = .
zo(x — my + x0)  if & > 24; z(x —xg+ 1) if x> 20

Figure 7?7 displays the geometrical situation described here. The sum
of the energy of 23 and z4 is equal to 2e;. If the energy of one of
them is strictly less than e; we get a contradiction. Therefore, z3 and
z4 must be minimizers; thus they satisfy Euler-Lagrange equation, and
the derivative of z3 must be continuous at x7. This implies immediately
that z3 is equal to both z; and z; by uniqueness of the solution of
ordinary differential equations. 0

This lemma has several corollaries:

Corollary 2.2. Assume that W is I'-invariant. Then any minimizer
z of By which tends to a at —oo and to b at 400 must be symmetric
with respect to van after a proper translation, i.e., z satisfies

(2.1) Ve e R, vapz(z —x0) = 2(—x + x0).



10 CHANGFENG GUI AND MICHELLE SCHATZMAN

for some zy € R.

Proof. Observe that z;(x) = vapz(—x) is also a minimizer of F;, with
the same boundary data. By a connectivity argument, the orbit of
z must cross the plane through 0, ¢ and d, for some value zy of x;
this means that z(z¢) and z;(—xg) coincide, hence Lemma ?7? gives the
conclusion. 0

Remark 2.3. The group I'(a, b) operates on R according to the rule
Yab(T) = —w.

With this convention, which we will use systematically, (??) can be
rewritten as, modulo a translation,

(2.2) YabZ = Z O Yab,
i.e. z is I'(a, b)-equivariant.
Next corollary proves the alternative stated in the introduction:

Corollary 2.4. Under the assumptions of Corollary 7?7, any minimizer
of E taking the value a at —oo and the value b at +oo satisfies the
following alternative:

o cither veqz = 2,
e or z(x) — Yeaz(x) never vanishes.

Proof. Assume that there is a point such that
Yeaz(T0) = 2(20),
and define a new minimizer by
if x <
2 (2) = z(x) 1 x < xy,
Yeaz(z) if x > .

As z; satisfies the Euler-Lagrange equation, this shows that the deriv-
ative of z; must be continuous at xg, i.e.

Yea?' (T0) = 2'(20),
which is equivalent to
(2.3) 2 (z0) Ld—c;
by construction, we have also

2(0) = Yeaz(20),
ie.

(2.4) 2(z9) Ld—c.
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Since W is invariant under v.q, DW satisfies the relation
DW (Yeqtt)Yeav = DW (u)v, Vu,v € R?
or equivalently
(2.5) Yea DW (Yeau)? = DW (u)*,  Yu € R®.

Relation (??) implies that for all v orthogonal to d —c, DW (v)* is also
orthogonal to d — c. Therefore, with initial conditions satisfying (?7?)
and (?77?), the Euler-Lagrange equation (??) possesses a solution which
is orthogonal to d — c, for all values of the argument. By uniqueness
of the solution of Cauchy’s problem, z must be orthogonal to d — ¢ for
all values of its argument. This implies that y.q2 = 2. This proves the
corollary. O

The final result of this subsection describes the position of the min-
imizers relative to the planes Poad, Pobd, Poac and Pobc:

Corollary 2.5. Under the assumptions of Corollary 77, no minimizer
of Ey which tends to a at —oo and to b at +oo can take values in
any of the planes Poad, Pobd, Poac and Pobc. In particular, the
minimizer must belong entirely in the cone Coabc or Coabd.

Proof. We shall prove that z does not intersect the plane Poac. As-
sume the contrary, that z(xy) belongs to the plane Poac, i.e.

(2.6) z(xg) - (ax ¢) =0.
We define
o) = {z(x) if x > xo,

Yaz(x) if x < xg.

It is easy too see that z; has same value at infinity as z since a is invari-
ant under ypq and zy coincide with z for x > xy. By the invariance of
W under vpq, we know 25(z) is also a minimizer of F; and hence sat-
isfies (?77). By the uniqueness of solutions to the initial value problem
of ordinary equations, we have z(x) = z3(z) In particular, we have

(2.7) 2 (xg) - (ax c) = 0.

As in the proof of Corollary ??, the solution of the ordinary differential
equation (?7) with initial data satisfying (?7) and (??) takes its values
in the plane Poac, which implies that z cannot tend to b as x tends
to +o00. This is a contradiction, which proves the corollary. O
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The last useful property of z is its decay at infinity: by a classical
stable manifold argument or arguments in [?], we see that there exist
Cy and kg such that

(2.8) |zab(2) — a| + |2/(z)| + |2"(x)] < Coe™ ™ vz < 0.

The square of kg is an eigenvalue of D?*W (a); therefore, in particular,
we have

(2.9) Ko > V.

where /2 is the infimum of the positive spectrum of the linearized op-
erator A at z defined in (77).

2.2. The operator A; and its spectrum. In this subsection and
the next, we write for simplicity z instead of zap ¢ Or Zab.

Lemma 2.6. Define an operator Ay, in L*(—L, L)* by
D(AL) ={ve H*(—L,L)*: v(£L) =0, v0Yap = —Tabv},
Ay = =" + D*W(2)v.

As L tends to infinity, the infimum of the spectrum of A tends to V2.

Proof. Since Ay is self-adjoint, it suffices to prove that for any o €
(0,%) and all L large enough, Ay has no eigenvalues in (—oo, a]. As-
sume thus that for some 3 < « there exists v # 0 € L?*(—L, L)? such
that

(2.10a) YabV = —U © Vab,
(2.10b) —v" + D*W(2)v = v,
(2.10¢) V(£L) = 0.

Without loss of generality, we may assume that the norm of v in
L*(—L, L)? is equal to 1; if the L> norm of D?WW(z) is defined as

| D2*W (2)]| 1 = sup{|D*W (2(z))x; @ X5| : # € R, |x1| = |x2| = 1},
we infer from equation (?77?) that
[v"[z2 < @+ [ D*W (2)]| .
We have the identity

L L
(2.11) / V[ do = / 01" de < o+ | DPW ()|
L —L

By the Sobolev Imbedding Theorem for one dimensional space, we
have

(212) HUHLoo S Cl.
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Indeed, we can argue directly as follows. If 2L > 1/y/a + | D2W (2)]| -,
there exists a point xg such that

2
s - o2
o) <

Assume that the maximum of |v(z)| in [—L, L] is attained at x;. Then

< Va + [DW (@)~

z1
o(21) [P = v (o) = 2|/ vo'da| < 2ol -0 2 < 2v/a + [ D2W ()] oo
zo

Therefore we obtain the maximum norm estimate (??7) with C given
below, which is independent of L:

Cy = V3(a+ | D*W(2)]| <)
We now choose n > 0 small enough so that A —a —n > 0 and define

1/4

w=2(A —a—n).
We also choose [ large enough so that
D*W(z(z))v@v > (A —n)v®, VYo >1, YveR.
Define
g(x) = [o(x)*.
Thus, it is clear that g satisfies the ordinary differential equation
g"(x) = n’g(z) + f(2),
where, on the interval [I, L], f is satisfies
flx) = 210" (2) P +2D*W (2(z))v(z)@v(2) +2(a— 8- +n)|v(x)]? > 0.

Therefore, thanks to our choice of [ and the fact that f is nonnegative,
and we may estimate the L! norm of f over [I, L] by

£l < (o + [ID*W (2)l[ 1) + | D*W (2)]| v

Note that the integral is only over [, L] and a« — 3 — A\; + 1 < 0. By
the symmetry of v the estimates in all terms above are just half that
of the whole interval.

We apply now Lemma ?? to the function g(z) = |v(x)|* and obtain
the following estimate on v(L) by the above L! estimate of f:

lv(L)] < Che HE

| 2

where (5 is defined by
Co = 20" (C2 + pla + 2| DPW (=) | 1)).
We extend now v to R by setting
v(z) = v(L)e ™ for . > L,
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and by assuming that v, © v = v 0 74p. Then we can calculate the
linearized energy of v:

e e}

/[|v'|2+D2W(2)U®2} de = ﬁ+2/ [lv(L)?+D*W (z)v(L)*?] e~ 2@ gy,
R L
Thanks to the regularity assumption on W, there exists a constant Cj
such that for |z| > L:

|[DPW (2(2))v™?] < A3(1 + Cse™™0F) o],
By definition of v, we must have
(213) 2 (L+ @) <+ L) (1+ (1 + Cae™™5)) .

For L large enough, relation (??) contradicts the assumption o < 12,
proving thus the desired conclusion. O

2.3. The minimum of the one-dimensional energy on a finite
interval. We will study now minimizers of the one-dimensional energy
on [—L, L], with Neumann boundary conditions. The idea is very sim-
ilar to Theorem 3.2 in [?]. The discussion here, however, emphasizes
the difference in details. First, it is plain that there exists a constant
C such that

By(z(—L, L) ¥ /_ L1(2) dx

L

o) 112
=€ — 2/ [% + W(z)] dr < ey — C e~ 2Rl
L
thanks to estimate (?77).
We first prove that there exists a nontrivial minimizer of the one di-
mensional energy over [—L, L] under appropriate boundary conditions.
We denote below 1(_p 1) the characteristic function on (=L, L).

Lemma 2.7. For all L large enough, there exists a nontrivial min-
imizer zp of F1(-;(—L,L)); moreover, the mazximum norm of zp —
Zabel(—1,0) 0T the mazimum norm of zp — Zapal(-r,1) tends to 0 as L
tends to infinity.

Proof. We take a minimizing sequence {z, },, for the functional E (-; (=L, L))
under the conditions
YabZn = Zn ©Yab and min(|z,(z) — ¢, |z,(z) —d|) > 6, Va € [-L,L],

where § > 0 is a fixed sufficiently small constant. For all large enough
n, we see that
E(Zn; (_La L)) < er.
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We extract from the sequence {z,}, a subsequence that converges in
the weak topology of H'(—L, L)3; let z1, be the limit of this sequence;
then

Ey(zp; (=L, L)) = inf{El(u; (=L, L)) : YapU = U © Yap, and
min(|u(z) — c|,|u(z) —d|) >4, Vae[-L,L]}
S €1 — 046_2R0L.

We have now to describe precisely the behavior of zp; it is immediate
that

meas{z € (=L, L) : W(zp(x)) > B} < e1/5;
therefore, the number x, defined by
zy =inf{x > 0: W(x) < g}
where (8 will be chosen later, satisfies the inequality

ry <e/20.

Then z(z,) must be close to one of the points a or b if [ is chosen
sufficiently small. More precisely, let

e(f) =max{lv —b[: W(v) <8, [v—b[<d};

it is plain that (3) = O(y/B) and that the distance of z;(zy) to a or
b is at most equal to £(/3).

Assume first that zy (2, ) is close to b. Then, the energy F;(zp, (x4, L))
can be estimated from above by using the test function

y(z) = b+ (21(z4) — b) exp(—vV/ A1 (z — 24)).
Let us define
n=|z1(zs) — I,
Then
Ey(y; (24, L))

L
)\1 )\3(1“‘037’]) 2_—2v/1(z—24)
< ot 1\ T—T4
/u( 2 + — 5 )n e dx
s Mt As(1+Csn) 4
N 4\ .

The comparison is justified since min(|y(z) — c|, |y(z) — d|) > § for
x € [z4, L]. Thus, we shall have

)\1 + )\3(1 + 037’]) 2

(2.14) Bz, (34, L)) < oW
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On the other hand, (??) implies a bound on |z — b|, uniformly on
[z4, L], provided that z(xy) — b is small enough. Indeed, let m be a
positive number such that

) A+ A
(2.15) (m? — 1)/ A > o

Assume that there is a value z > x4 such that |zz(z)—b| > m|zp (x4 )—
b|; then, we can find a maximal interval [z, 2"] such that

lzr(2’) = bl =n, |z1(z") —b| = mn,
n < |zp(z) —b| <mn, Vzeld 2"
It suffices to choose
2" =inf{x >z, : |2p(x)=b| > mn} and 2’ = sup{z < 2" : |z (x)—b| < n}.

Then, we may estimate from below the energy on (2, 2”): there exists
a constant C5 such that
)\1‘1) — b‘2(1 — C'5m7))

[v=b[ <mn= W(v) = 5 :

then, we may write

o /12 _ B 9
Bt oy > [ AL S =BE g,

T

2/ 127 ||z, — b]v/ A1 (1 — Csmn) dx

- (m? — 1)n* /A1 (1 — Csmn)
pu— 2 .

However, under condition (?7?), for  small enough, we get a contradic-
tion, and we have proved that if we choose 8 small enough, then for all
T Z Ty,
(2.16) |zp.(x) — b] <m|zp(xy) —b|.
Now we claim that
min{|zz(z) —¢|, |zp(x) —d|, z€[-L, L]} >0

for L sufficiently large. Suppose this is not true, without loss of gen-
erality we assume that there exists xy > 0 such that |z (z¢) — c| = 6.
Now define a test function

c+ (ZL(I'O) _ C)e\/ﬂ(x—xo)’

h(z) = zu(z), =« € [z, z4],

b+ (zp(2y) = b)e V@24 s g

T < g
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As in the proof of (??7), we obtain

Ey(hi [24,00)) < Clzp () — bP,
and
By (h: (=00, 20]) < Cle(wo) — cf,
for some positive constant C'.
Therefore

2.17
( E>1(ZL7 [0, 24]) =E1(h; R) — Ev(h; [24,00)) — E1(h; (—00,20]))
> e1 — Cler(wy) = b[* = Cler(wo) —cf,
and
E\(zp,[-L,L]) > 2E:(2z, [x0, 24])
(2.18) > 2e; — 20z (24) — b|* = 2C|2(z0) — c|?
> 2e; — 2C(e(B)* + 6%) > gel
for # and 0 sufficiently small and L sufficiently large.
This is a contradiction which proves

min{|z,(z) —¢c|, =z €[-L,L]} >é.
Similarly, we can prove

min{|z;(z) —d|, =z ¢€[-L,L]} >é.

Therefore the claim is proven.
In summary, if 6 > 0 is sufficiently small, for L large enough any
minimizer of Fy(-;(—L, L)) under conditions

min{|z(z) — ¢[, |2(z) —=d|} > 6, Vze[-L,L], andyabz =20 Yab

must not saturate the constraints and therefore satisfies Neumann
boundary conditions and the Euler-Lagrange equation

—2f + DW(z)" = 0.
Let us extend z, to all of R by letting
(2.19) 20(x) = b+ (2p(L) —b)e VN for o > L,

keeping the symmetry condition vap © 27, = 27, © Vap. It is plain from
the above analysis that zz (L) —b tends to 0 as L tends to infinity; the
extended zj, verifies

€1 S El(ZL) S €1 + 046_2R0L + O(|2L(L) — b|2)

Therefore, the sequence (zp) is a minimizing sequence for the energy
Ey; the proof of estimate (77) clearly extends to (24, 00); it is therefore
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possible to extract from the sequence of the z; an uniformly convergent
subsequence whose derivative converges strongly in L?(R)3; the limit
of this subsequence is either zapc Or Zab.da-
If zp (z) is close to a, we flip 27, by 7Yap and the conclusion still holds.
This proves the lemma. ([l

Remark 2.8. In view of corollary 7?7 and the convergence of z,, we note
that ¢ in the proof can indeed be chosen as any positive number smaller
than 1/2.

It is basically a corollary of Lemmas 7?7 and 7?7 that z; — zab.cl|-1,1)
Or Z — Zabal{_r,r) converges exponentially fast to 0 in H*(—L,L)?
norm as well as in the maximum norm, and the energy of z; tends to
e; exponentially fast:

Theorem 2.9. Assume that z;, extended according to (??), converges
t0 2 = Zapc, then there exists a constant Cs such that
(2.20)

2z — 21—,nll2 < Cse ™" and By (21, [—L, L)) > ey — Cge™ 20k,

Consequently, the L? norm in the above estimate can be replaced by H?
norm or the maximum norm L.

Proof. Define a function Zj such that y,p 0 Zp(z) = Z(—2) by
Zr(x) = z(x) = 2 (L)x(L—x) for 0<x <L,

where x is a smooth cut-off function with support in (—oo, 1] and sat-

isfying x’(0) = —1. The function Z; satisfies Neumann boundary con-
ditions at =L and the ordinary differential equation
(2.21)

— '+ DW(z)"
=2 (L)X (L —2) — 2(=L)X"(x + L) + DW(z,)" — DW (21)".

Define p to be the right-hand side of (??). Thanks to (??), we have
the estimate

Ipllze < Cre=t.

We define y = z;, — Zp; it satisfies Neumann boundary conditions at
x = —L, L and the ordinary differential equation

(2.22) —y" 4+ DW (z)T — DW ()" = —p;
rewrite (?77) so as to make visible the operator Ay:

(2.23) Ay + DW (z)" — DW (z)F — D*W (2)y = —p.
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We multiply (??) by y and integrate over [—L, L]; the expression
DW (zr) — DW(zp) — D*W (z)(z1 — Z1) is a quadratic term that can
be rewritten

1 1 1

/ (D*W (2p+ty)—D*W (2))y dt = / / D*W (z+s(Zr+ty) )y®y dtds;
0 0o Jo

therefore, there exists a constant C7 such that

(224)  [DW(z)" = DW(2)" = D*W(2)yllz2 < Csllyll = [lyll 2.

For L large enough, the lower bound of the spectrum of Ay, is at least
equal to v2/2; therefore

7/2
(% - Gallle= ) Il < Iol

Since zy,—z1[_r ) converges to 0 in maximum norm, it is now clear that
the first estimate in (?7) holds; the second estimate can be immediately
inferred from the following facts: ||y”||12 satisfies the same exponential
estimate as y; therefore, z;, — 21_1 1) converges to zero exponentially
fast in maximum norm; the second estimate of (?7?) is obtained by a

Taylor expansion of the energy, using the assumption that W is of class
C3:

Bx(e,1-L,L) = |

- [\5’Ll2 +27 - (2 — Z) + %P
L

2
D2W(2L)(ZL - ZL)®2

+ W(,%L) —+ DW(%L)(Zl — 2L> + 9

+ O(|zL — 2L|3)] dr.

The term of order 0 is Ey(z,[—L, L]), up to the correction due to x
for L — 1 < |z| < L; thus it is of order e=2%L: the term of order 1 is
integrated by parts, and it vanishes, up to the correction due to y, and
it is equal to

L
) / (=2 + DW (5)) (21 — 2) da
L-1

which is also of order e~2%L. The term of order 2 is quadratic in v;
therefore it is of the same order e=2%%; finally, the term of order 3 is
negligible relative to the other ones.

O

Remark 2.10. The energy estimate in the above theorem does not need
hypothesis (H4). The reader may follow the proof of Theorem 2.8 and
Theorem 3.3 in [?] to obtain it directly.
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2.4. One dimensional connections with end points constrained
on planes. In this subsection, we are concerned with minimization
problems of £ in interval [—L, L] with boundary values constrained
on the two planes of symmetry. To be more precise, we define

Hp = {u € H'([~L,L])* : Yapt = w0 vap and u(—L) € Poad}.
For any given 0 < 6 < 1/2 we consider
(2.25) min{E;(u,[-L,L]) 1w € Hy, |u(z)—d| >4, Vo€ [-L,L]}.

This minimization problem is the three dimensional counterpart of
problem (3.4) in [?]. Because of the extra well d of W, we have to
impose the extra constraint |u(x) —d| > §,Vx € [—L,L]. We shall
prove the following theorem, which is the counterpart of Theorem 3.6
in [?].

Theorem 2.11. There exists a solution zj 5 to the minimization prob-
lem (??7). The solution is independent of § when L is large enough,
and therefore may be written as zj. Moreover, z; converges to either
Zabe OT Zaba (denoted by z), and

|25 — 21| < Ce ™" and
‘El(zzv [_LaL]) - €1| < C€_2ROL

for some positive constant C.

(2.26)

Proof. We shall prove the theorem by reducing (?7) to an equivalent
problem with one more constraint |u(x) — c¢| > §,Va € [—L, L]. This
can be done with the following transformation. For any z € Hj we
define a transformation

B Yebz(L —x), if x €0, L];
) = {%az(—L —2), ifzel-L,0.

See Figure 77 for an illustration of the transformation.

Since Ypez(—L) = 2(—L),Yacz(L) = z(L), we obtain Yacz(—L) =
Ybez(L) using the geometry of the equilateral triangle. Hence Z is
continuous at x = 0, and consequently belongs to H.

It is easy to see that Fy(2) = E1(z). By using a proper test function,
we know that the minimum energy in (??) is less than e; + Ce=2rok
for some constant C'. For any minimizing sequence {z,} of (?7), we
have E)(z,, [—L, L]) < 3e;/2 for sufficiently large n and L. Therefore,
if 0 > 0 is sufficiently small, following the proof of (??) we have either
min(|z, — b|,z € [0,L]) > 0, or min(|z, — c|,z € [0, L]) > §. (Since
otherwise the energy would be bigger than 3e;/2.) If the latter is
not true, the former must hold. We replace z, by Z,, and then it

(2.27)
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a

(b+c)/2

FIGURE 6. z_ denotes the curve z(x), —L < x < 0, while
z, denotes the curve z(z),0 < x < L. The point p is
mapped to p, the points ¢ are mapped to q.

becomes min(|Z, — c|,x € [0, L]) > 0. Therefore, there always exists a
minimizing sequence {z,} for (??) such that min(|z, —c|, |z, —d|,z €
[—L, L)) > ¢ for L, n sufficiently large. With the extra constraint, the
rest of the proof then follows exactly that of Lemma ?7 and Theorem
7?.

U

We note that Z7 is also a minimizer to (??). Similar to Propositions
3.8 and 3.9 in [?], we have

Corollary 2.12. The there exists a constant 3 > 0 such that
(2.28) |zj () — Z} ()| > B, Vx e [-L,L]|
for sufficiently large L.
Corollary 2.13. There exists a function (e, L), which tends to 0 as
€ — 0, L — o0, such that for any v € H, satisfying |v(z)—d| > 6, Vz €
[—L, L], and

Ey(v,[-L, L)) <e; +e¢
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we have either

v— 25 _
(2.29) I cha L,L))
llv =27 lleq-z.0)

3. TRIPLE JUNCTION AND TRANSITIONAL LAYER SOLUTIONS

In this section, we shall construct a triple junction solution on en-
tire plane R? with target space Er3. We shall describe very precisely
the asymptotic behavior of this triple junction solution at infinity with
three phases a, b and c¢. The domain space may be regarded as the
plane spanned by a, b and ¢ which are indeed in the target space, and
therefore we may use I'(a, b, ¢) for group actions in both the target and
domain spaces without distinguishing them. We then use the asymp-
totic behavior to obtain an estimate of the energy of the triple junction
solution restricted to large equilateral triangles. In similar manner, we
shall obtain an energy lower bound estimate for I'(a, b, ¢)- equivariant
functions in large equilateral triangles provided that the functions are
away from d. Another interesting solutions defined in entire R? are
transitional layer solutions, which connect two heteroclinic solutions in
x1 variable along the direction of x5. This type of solutions appears in
the quadruple junction structure in a subtle but essential way. We shall
study the asymptotic behavior and energy estimates of such solutions
as well.

3.1. The triple junction solutions in entire space and its behav-
ior at infinity. The construction of the triple junction in full space
follows closely the strategy developed in [?]. Therefore, we give details
only in the places where the difference is significant.

We define a I'(a, b, ¢)-equivariant covering of R? as follows: we let
a’, b’ and ¢’ be respectively the orthogonal projection of a, b and ¢ on
the plane through 0 which is parallel to [a, b, c|. The region Bay, is the
truncated cone defined by

Bab = {xe U)\[a’,b'] cx-(a' +b') > 1}.

A>0
The region B} is defined for some small v > 0 by
Bi, ={z €R*:d(x,Ba)} < .

The regions Bap, and B} are pictured in Figure ??.

The group I'(a, b, c) operates in a straightforward fashion on R?: for
instance 7,1, operates as the reflection exchanging a’ and b’, and keep-
ing ¢’ invariant, and the composition Y¢pYap is the rotation mapping a’
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FIGURE 7. The regions Bap, and B,

to ¢/, ¢’ to b’ and b’ to ¢’. Thus we define

Boe = YacBab, Bea = YbeBab-
Finally we define the region
S={reR’:z-@+b)<1l,z-(b+)<1,z-(+a) <1},
and
ST ={xrcR*:d(x,S) <a}.
It is not difficult to produce a partition of the unity {@ap, e, Peas Po}

which has the following properties:

supp ¢xy C B, supp ¢g C S¥;

Xy’
def
¢xy O Vxy = ¢xy = ¢yxa ¢xy O Vyz = ¢xy
With these definitions, we are now able to define a test function

o uo(z) = Pab(Z)zab,a Cﬂ + Obe(T)2bea (%)

+ ¢ca(T)zcad ( ) + ¢o(2)p(z), xR

a—c|
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where p is any I'(a, b, ¢)-equivariant smooth function from R? to R3
that we care to choose. Note x' —y' =x —y for x,y € {a,b,c}.
We also define an equilateral triangle T, of edge length 2L as

2 / / L

T, ={xeR*: z-(a +b)§§,

2

L
x~(b’+c’)§§,x-(c’+a’)§

wl

A straightforward calculation gives
(3.2) Ey(uo, Tr) < Co + Ley V3.

The construction of the triple junction proceeds as follows:
Step 1: We minimize the energy

Ey(u,Tp) = [ Lo(u)dx
1L

over the set of functions u from R? to R? which are I'(a, b, ¢)-equivariant
and coincide with ug over 077,. The minimizer u;, satisfies

(33) EQ(UL, TL) S CO + Lelx/g.

Step 2: For fixed large enough M and L > M, we prove the following
estimate from below on the energy in a triangular annulus:

(3.4) Es(up, T, \ Tay) > (L — M)erv/3 — Ch;
Step 3: Obtain the following energy estimate for Ey(ur, Ty)
(3.5) Ey(ug, Ty) < exV/3M + C;

where the constant C'is independent of L > M, and use it to show the
existence and asymptotic behavior of a triple junction solution.

Step 1 is performed exactly as in [?]; Step 2 is more delicate compared
to the case in [?]. Below we show the proof in details. For convenience,
we may choose the coordinates of R? so that

a' = (—1,1/V3), b’ = (1,1/V3), ¢ = (0, —2/V/3),

and concentrate on the section Sy, of T}, with

(36) St = {I‘ = (1‘1,1'2) eTy : —\/51'2 <z < \/51‘2, ZTo > 0}
For 0 < € < 1, we define
M = {xg >0: £ (UL(',IQ), [—\/§$2, \/§$g]> > (2— e)el.}

We have an obvious estimate of the Lesbegue measure of M as below

V3L
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Following the proof of (?7), it is easy to see that there exists § > 0
such that

(3.8) Ey(v(x1)) > (2 —¢€)er, v€ HY([a,b])?

whenever d(v,x) < ¢§ for at least three different points x in X =
{a, b, c,d}. Therefore, for any x5 & M the image of ur(z,xs) cannot
be within ¢ distance of three different points in X. Furthermore, the
Lesbegue measure of the set where ur(x1,z5) is within ¢ distance of X
must be large in the following sense

m{zy € [~V319, V322 1 d(ur(z1,22),X) <6} > 2V32 — %

for some constant C' > 0 independent of L and 4.
Now we define

N = {1’2 . d(UL(l’l,ZL'Q),d) > (S, Vl‘l - [—\/gl’g, \/51'2]}}
By (?7?) in Theorem ??, we know that for z5 € N’

(3.9) Eq(ur(, 22), (—/3z,, \/gﬁz]) > e — Cye~2r0V32

We define
7 = sup{ M NN}
We shall prove that 7 has an upper bound independent of L.
For any x5 > 7, we have 25 € M UN and hence (?7?) holds.
Then, by symmetry,
1 L
gEz(UL,TL) :/ By (ug (-, 22), [~V3x2, V3] ) dz

0

>(2 - erm(M) + / (g (e, 02), (=35, v/3s] )z

D) EN\M

>(2—€)eym(M) + (?L —7—m(M))e; — C.
In view of (?7), we have
(3.10) (2—¢em(M) + (?L—T—TTL(M)) -C<—L+C.
Hence
(3.11) m(M) < ——

We claim that there exists 7 € '\ M such that

+C.

ET—I—C.
—€

(3.12) T<m <]
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This is obviously true if

L
(3.13) = 7>

-
V3 1—e¢
If (?7) is not true, we just choose 71 to be % thanks to the Dirichlet

boundary condition of uy, which is given by (??). Hence (7?) still holds.
Note that for x9 = 71 we have

+C.

meas ({21 : d (ur(z1,71) — {a,b,c}) <d}) > 2v/37 — %(2 —€)ey.

On the other hand, u; must be close to d in a significant set when
ro = T, thanks to the energy estimates. To be more precise, we have
the estimate of the measure of the set as below

meas({zy : |ug(z1,7) —d| < 6}) > 2V37 — 5—62’(2 —€)ey.

Now we estimate the energy of uy in T\ 5, \ T,3, in two ways.
Integrating in the x5 direction first we obtain

1
Baun T \Ts) = [ Vs + Wan)do
Tz \ T3,

\/§T T1 1
23/ [/ ~|Vur|* + W (ug)dws]dr
Vir Jr 2

>3(1 — €)e [2V3T — 2%(2 —€)e]

Using (?7?) and (??) we can also obtain
Ey(ur, T g, \ Ty3,) <Eo(ur,Tr) — Ea(ur, TL \ T\/3,,)

V3
L

<V3e,L +C — 3/ Ei(ur(-, z2))dxs

T1

2 —
§3€1T1—|—C§31 6617'—'—0

By choosing € and accordingly ¢ sufficiently small we conclude
(3.14) T<C

Then the energy lower bound (77?) follows immediately for all 0 < z5 <
L/+/3, since (?77) holds for 7 < 25 < L/+/3 due to the definition of 7.
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Therefore
Fy (UL, 17, \ TM
/L/ V3 /xzf
a :czf
L/V3
3/ (61 — 066_2H0\/§m2) dl’Q Z 61\/5([/ - M) - C
M/\V3
Then (?77?) follows immediately.
Step 3 is completely straightforward. We may extract from the se-
quence of the uy a subsequence which converges uniformly on all com-

pact sets to a certain u, which solves the Euler-Lagrangian equation in
the entire plane.

(3.15) ~Au+ DW(u)' =0, u:R*— R®
The energy estimate (?7?) yields a similar estimate for u
Ey(u, Tar) < V3erM + C.

Using the same arguments as in Theorem 4.7 of [?], we can show that
u(+, ry) converges uniformly to zap e Or tO 2ap g, Which we denote by z
in both cases. Therefore u is a triple junction solution.

Consequently, there exist constants 0 and R, independent of L such
that

(3.16) lu(z) —d| >4, if|z] > Ry, x€R%:

Under the nondegeneracy hypothesis (H4), the asymptotic behavior
of u can be accurately described as exponentially close to the one di-
mensional heteroclinic solution z at infinity along xs-axis. To be more
precise, we state the following theorem.

2
8UL

Oy

18UL2

8372

+ W(uL)} dz dxo,

v

Theorem 3.1. There exists a triple junction solution u to (??7) which
is equivariant under the group action I'(a, b, c). Moreover, the conver-
gence of u(x1,T2) t0 Zab.c(T1) OT Zab.a(1) is uniform and exponentially
fast as xo tends to positive infinity.

Proof. We shall prove the exponential convergence of u. Define indeed

(3.17) g(x9) = /_00 lu(zy, 22) — 2(21)|? day,

o0

where z denotes the limit of u as 25 tends to +oo. When we differentiate
g, the derivative of g is given by

0
g/(I2) — 2 au2

(x1,m9) « (u(x1, 2) — 2(1)) dxy.
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A second differentiation yields

ywﬂzz/:[aUQ ( du

dry| ~ \"0a7

We use now the results of Lemma 2.6 in §2.2: we observe that

/OO [ Ou + DW(u)T} (u — z)dry

T a2
oo b 07

+waﬂ)4u—@ymy

when z, is sufficiently large. Therefore we have for some M, large
enough

1/2

(318) g”(LUQ) — 39(I2> Z O, i) Z M(]

Using comparison function h(t) = Ce V2" and the maximum principle,
we obtain that

g(xe) < h(wy) = Ce_%xz, 9 > M,

for some constant C' large enough. Then the theorem follows from the
standard elliptic theory. 0

From the definition of u as the limit of u;, we know that u is a local
minimizer in the following sense:
(3.19)
Es(u, Q) = min{ Ey(v, Q) : v € u+Hg(Q)?, yov = voy, ¥y € I'(a, b, c)}.

The proof follows the minimizing property of u; and is the same as in
[7].

Now we define the renormalized energy of the triple junction solution
u by
(3.20) ez = lim (Ba(u,T1) — e1V3L).

The definition is valid due to the exponential convergence of u to zap
as o tends to infinity.

Indeed, we have an exponential asymptotic estimate of the energy of
ur,.
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Corollary 3.2. There exist constants k and C such that
(3.21) |Ey(u,Tp) — e — V3e L] < Ce L.

Proof. Theorem 77 implies that there exists constants x and C' such
that

||u(.,552) — Zab||01([—\/§x2,\/§:cg]) < Ce—ﬁxz’

(3.22) ou e
||a—$2('axz)\\cl([_\/@mz,\/ﬁmz}) < Ce ™.

Then for any M > L,
(3.23)
|(Ea(u, Tar) — (ea + V3er M) — (Ey(u, Tr) — (es + vV3ei L))
—=|Ey(u, Tay \ T1) — V3er (M — L)| < Ce"E.

Letting M tend to infinity, we obtain (?7).
U

Finally, we state the asymptotic energy formula for u, assuming the
boundary condition (?7?) of uy, is given by zap . which is also the limit
of u at infinity.

Corollary 3.3. There exists constants k and C' such that
(324) |E2(UL, TL) — €y — \/§€1L| S CG_HL.

Proof. Using the boundary condition and the same arguments as in the
proof of Theorem ?7 we can obtain asymptotic behavior of u:

||UL(-7[L'2) — Zab||cl([—\/§m2,\/3m2}) S Ce_ﬁx2’

(3.25) ur, .
||8—x2(‘,$2)||01([_\/§x2,\/§x2}) < Ce ™.

with the constants C' and s independent of L,z5. Then using the
minimizing property of both u; and u and constructing exponentially
small test functions connecting u and u;, (here the boundary condition
is important), we can estimate the energy difference of u and wuy as

exponentially small. Therefore, (?77?) follows directly from (?7).
U

3.2. Transition layer solution between z,pc(71) and zapa(z1).
In this section, we are going to construct a solution u : R? — R3
which connects zap (1) and zap a(x1). To be more precise, we choose
a smooth function 7n(t) with value 0 and 1 for t < —1 and ¢ > 1
respectively, and define

(3.26) ¢0(7) = zab,c(T1)0(T2) + zab,a(1)(1 — n(2)).
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It is convenient to assume that n — % is an odd function.

We then consider a solution u of the Euler-Lagrange equation of Fj
which satisfies
(3.27) lim sup {|u(21,22) — ¢o(21, 22)[} = 0,

|z2|—00 21 €R

The construction of such a solution w is essentially the same as in
[?]. Here we just outline the strategy: First we minimize Fs(u) in
the set ¢p + (HOI’S(S_LL))?), where Sy = {x : M < 9 < L} is an
infinite strip and Hy®*(Sy, »/) consists functions in HE (S, ») which are
Yab equivariant, i.e. u(YanT) = Yap © u(z). The minimizer is denoted
by ur,.

Second, we obtain an energy estimate of uy for M < N < K < L

(328) (N — K)el S EQ('U/L,SNJ{) S (N — K)el + C

where C' > 0 is independent of L, M, N, K.

Third, we may translate u; in xs -axis so that uy(0,0) belongs to
the plane Poab. Then the boundedness of u;, in C' 2(5_ L,L)3 guarantees
the existence of limit uay, of uy, in a subsequence as L tends to oo.

Finally, we use the above energy estimate and the minimizing prop-
erty of uy to conclude that the limit solution u,p, satisfies (?7) and
uap(0,0) belongs to the plane Poab.

We can also minimize Es(u) in the set ¢g + (11101’5(5_,;7L))3 and with
further constraint that u(xi, —x2) = 7ea © u(x1,z2) and denote the
minimizer by uy, 5. The above procedure then leads to the existence of
a transitional layer solution u,, : R? — R3 satisfying (??) with one
more symmetry uly (1, —Z2) = Yea © Uy (T1, T2).

We summarize the above discussion as follows.

Theorem 3.4. There exists a transition layer solution uly to (??) and
(?77?) satisfying the symmetry condition uly (T1, —T2) = Yed O U (T1, T2)
and uSy(—x1,T2) = Yab © Uy (21, 22). Moreover, ul,, converges erpo-
nentially to zap (1) in C1(R)? as xy tends to co.

We note that u$,, is a local minimizer (in the sense of compact per-
turbation in R? ) in the corresponding symmetric space.

Question 3.5. Can we show that uap and u, are indeed the same?

Now we define

(329) ég = Lhm (E2(uab, S—L,L) - 2L€1).
and
(330) 6,2 = lim (Eg(uzb, S—L,L) — 2L61)

L—o0
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It is clear that
0< ég S 6/2.

We also have the exponential asymptotic formula for the renormal-
ized energy

(331) |E2(ufib, S—L,L) — 6,2 — 261L| S CG_HL.

The proof is similar to that of (?7).

3.3. Possible two triple junction solutions u. and ugq. As shown
in Theorem 77, the solution u should be exponentially close to zap.c
Or Zabd aS T2 goes to infinity. We denote the solution by u. or ug
respectively, according to it’s limit.

Similar to the minimization procedure in §3.1, we may choose a
different test function for boundary condition than (77?)

(3.32)
() = G (T ) + oueeen ()

+ (bca(x)zca,b (m) + ¢0(5L’)p(1’)

and carry out the same analysis. If both minimization procedure end
up with the same triple junction solution u. (or uq), then we do not
need to worry about possible two different energy levels for triple junc-
tion solutions. We note that even though u. ( or uq) may not be
unique, they have the same asymptotic behavior zapc (0r Zaba ) and
the same energy level, thanks to the minimizing property of the limit-
ing sequences. If each procedure yields a triple junction solution with
different asymptotic limit, then we define the renormalized energies of
the triple junctions as below

la—c|

(3.33) €ez = lim (Ba(ue, Ty) — V3erL).
and
(3.34) eaz = lim (Ba(ua, Tr) — V3e1L).

According to §3.2, the renormalized energy connecting u; and ug is
basically 3e5. From the construction of u. and uq we can then obtain

lec2 — eas| < 3ey,

since otherwise the two procedure would yield the same solution. We
leave the straightforward details to the reader.
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In any case, we have a triple junction solution with the minimum
energy level. Without loss of generality, we just call it u© with renor-
malized energy

eo = min{ec s, €q2}-
We would like to understand more about the triple junction solutions.
In particular, we have the following open question.

Question 3.6. Does the image of the triple junction solution u. lie
entirely inside the cone Coabc? Does ug really exist?

3.4. The triple junction with Neumann boundary conditions.
We shall consider a triple junction solution in a triangle 77, with Neu-
mann boundary condition. To be more precise, we consider the follow-
ing minimizing problem:

(3.35a) min Fy(u, T7,)
under the conditions
(3.35b) uoy=vyou, YVvyeTl(ab,c)
(3.35¢) lu—d| > g,
where 6 > 0 and Ry are as in (?7).

We shall prove the existence of a triple junction solution with Neu-

mann boundary condition and obtain an asymptotic formula for it’s
energy.

for |x| > Ry, z €T},

Theorem 3.7. The solution u¥ to the minimization problem (?77) does
not saturate (?7?) for L sufficiently large, and hence satisfies the Euler-
Lagrange equation as in (?7?7) with Neumann boundary condition on
OTy,. Furthermore, we have the following energy estimate

(3.36) |Ey(ud, Tr) — e3 —V3e1L| < Ce L.
for some constant C' and k independent of L.

Proof. The strategy of proof is the same as in Theorem ?77:

First, it is standard to show the existence of a minimizer u® to (??).
Since the triple junction u in R? is an admissible test function for (?7?)
due to (??), we can bound from above the energy of u¥ on T},

(3.37) Ey(ul . Tp) < Ey(u, T1) < ey + V3ey L + Ce .

for some constant C' and x independent of L.
Second, we note that the energy lower bound (77?) is always true for
ul (-, x5, thanks to Theorem ?? and the constraint (??). Then energy
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estimates (??) and (??) hold for u¥. Moreover, for any ¢ > 0 there
exists My large enough (independent of L) such that when M > M,

(3.39) Bo(u, Tares \ Tar) — Ve | < e
Therefore for some x5 € [M, M + 1] we have either
(3.39) [luz (- 22) = 25 |ler - yBas vaaa) < C(€)
or

(3.40) [luz (-, 22) = 21l cr - yBaavBma) < €(6),

where ¢(¢) is a function which goes to zero as € goes to 0.

By (?77), it is easy to see that (??) or (??) happen simultaneously
for all M large enough, since otherwise the energy in 77, would violate
estimate (??). (See proof of Theorem 4.7 in [?] for details.) If (77?)
happened, we would have

||uf(-, Tp) — 52”01([_\/3@7\/3@]) < c(e), Vay > M,.

Note that Z; converges to c locally in R as L tends to infinity, by
integrating in the directions b’ — ¢’ and a’ instead of x1, x5, we obtain

(3.41) Ep(ud, Ty) > 2v3e,L — C

which contradicts (?7?). Therefore, (?7?) holds for M > M,. By con-
structing a test function connecting u® and u near zo € [M, M + 1]
and using the minimizing property of u, we obtain for M > M,

|Ex(u)), Tar) — V3er M — es] < y(e)

where y(e) tends to 0 as € goes to 0. In particular, if we follow the
procedure in §3.1 and use the same notations, for x5 > max{M/v/3, 7}
we have o € M and therefore z, € N.

In other words, if we adjust Ry properly according to M, when
needed ( note Mj is independent of Ry in above discussion), we have

(3.42) luY (z) —d| >4, for |x| >Ry, x€Ty.

Therefore uY does not saturate the constraint (??), and satisfies the
Euler-Lagrange equation in (??). The convergence of u¥ to u as L
tends to infinity follows immediately.

Finally we use Lemma 7?7 with g given by (?7); it is easy to see
that ¢’(L/+/3) vanishes; the argument of Theorem ?? applies here.
Then we conclude that on the boundary of 77, the distance of uy to
the heteroclinic connection z is exponentially small in L; moreover, the
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bound extends inside the triangle and leads to the following exponential
bound:

Hug(a x2) - ZabHcl([_\/gm27\/§m2]) < C'e_’”?,
(3.43) ouN
L —KT
Hﬁ—@(‘ax2)||cl([_\/§x2’\/§x2}) S C@ 2,

We extend uY continuously to the entire plane so that it equals u
outside 77,1 and is a essentially a linear function of x5 in Sp1 \ Sg
except near the end, where both u® and u are exponentially close to a
or b and their derivatives are exponentially close to 0. ( Note that Sp
is defined in (??).) The renormalized energy of this extension is then
larger than the renormalized energy of the triple junction solution wu.
The desired estimate (??) follows from (??) and (??) immdediately.

O

3.5. The transition layer solution in a rectangle with Neumann
boundary condition. In this section, we fix 0 < a < 1 and define
the rectangle I, as follows

HL = {ZL‘ = ($1,[L’2) . |£L’1| S L, |I‘2| S O./L}
We consider a minimization problem

(3.44) min{ By (u, Tp) 1w € H' (L), u(—a1,5) = Yab 0 u(21, 72),

u(r1, —T2) = Yea 0 u(T1,T2) }.

The minimizer u; exists and satisfies the Euler-Lagrange equation
and Neumann boundary condition. We note that ~yeq © @y, Vap © Uz
are also solutions. In the discussion below we always mean a properly
chosen one of them.

We shall prove the asymptotic behavior and an energy formula for
U L in II L-

Theorem 3.8. The solution 1y, satisfies

i (-, 22) = zabllor(-r.)) < Ce™ ™,
(3.45) ||aﬁL
01'2

Furthermore, iy, converges uniformly to uy,, as L tends to infinity, and
the following energy estimate holds.

(3.46) |Ey (g, T1g) — €} — 2ae; L] < Ce L.

(s 22)||erqer,n < Ce ™2,

for some constant C' and k independent of L.
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Proof. Using uf,, as a test function, we easily obtain the upper bound
(347) Eg(lNLL, HL) S 6,2 + 20[61[/ + CB_HL

We claim that, for a fixed small €, there exists a 6 > 0 such that for
x9 € [—al, aL] either

(3.48) Ei(ar(-,xe), [—L, L]) > (2 —€)e;
(3.49) d(ar(zy, ) — {c,d}) >0, Va, €[-L,L]

when L is large enough.

Suppose that there exists 5 € [—L, L] such that both the above
statements are not true. Obviously we can assume 7, > 0 and |ty (71, T2)—
c| < 6, since urg(ry,0) € Poab by the symmetry of 4y with respect of
Yab. Observe, by symmetry of 4y with respect to vap, that ar(z1, 72)
cannot be close to both a, ¢ due to the above energy restriction (?7).
(See the arguments for (?77?).) Then we have

. C

meas{z; : |d(i(z1,72) — {c,d})| <6} > 2L — 52

Use the symmetry of uy with respect v.q, we can estimate the energy
of @y, by integrating in x5 first as follows

C
UL,HL / / £2 UL dl‘gdl’l ( €1 — 6)(2L — ﬁ)

This contradicts (??) when € > 0 is sufficiently small and L is suffi-
ciently large ( note @ < 1 ). The claim is proven. Therefore we have

(3.50)  Ey(agp(-,z),[~L,L]) > ey — Ce ™ Va, € [—aL,all.
Therefore, for any fixed M < aL,
Ey(iig, [~L, L] x [-M, M]) < 2Me; + ¢} + CLe™"".

Then it is easy to see that u; converges uniformly in any compact set
in R? to a transition layer solution ug,. Using similar arguments as in
above section, we can prove (??) and (?7?) immediately.

O

3.6. The triple junction with symmetric boundary condition.
We consider the following minimization problem with symmetric bound-
ary condition

min{Fs(u,Ty) : uw € H'(Ty), uoy=wuor, ¥y €I'(a,b,c),

(3.51) u(:L’l,L/\/§>> € Poab, Vr; < [-L, L]}
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It is easy to see that there exists a minimizer uj to the above mini-
mization problem.

Define a smooth function n(t) which equals 1 when ¢t > 1 and 0 when
t < 0. We fix a positive constant o < 1/2, and choose a ['(a, b, c)-
equivariant test function v which is basically the gluing of the triple
junction u and the transition layer solution u},. Namely,

(3.52)

(

(1 —n(V3zs 4 z1))a+ n(V3xs + z1)udy, (21, 1o — ),

L
V3
if 21 <0, and z € Sp\ Sa-aL,

Y(x) = uwlx), if x€ Sar,

\/g

(@) (1 = Q) L/V3 = 22) + (@2 = ALV ] - 55T

if x € S(l—a)L \ SarL-

\

where Sy, is defined in (?7).
Then it is easy to obtain an upper bound of the energy of uj

1
(353) Eg(ui, TL) S 61\/§L + €9 + 56/2 + C’e‘“L.

Following the procedure of §3.1, we can prove (??) and consequently
(??7). We need to make the following modification when applying the
boundary condition to conclude (?7): Proceeding exactly as in §3.1 to
get (?77), then consider

Case 1: If 7 < 5=5 (% — (), nothing needs to be modified in order to
prove (??). In particular, we obtain (??) for all z5 > 0. Therefore, (?7?)
holds. Following exactly the same arguments as in [?] and §3.1, we can
prove that uj converges to u in C?_(R?). Repeating the arguments in
the Neumann boundary case, we can also obtain (?7) for u$.

Case 2: If 7 > i(% — ('), we have to argue using the boundary
condition to get a contradiction for L sufficiently large.

By the symmetry of W, it is easy to see that

min{ E (z, [a,b]) : 2z € H'([a,b])*, |2(a)—d| < 6, 2(b) € Poab} > (%—e)el

for some 0 > 0 sufficiently small. Then

V3r L/V3
Eg(ui,SL) Z/ [/ EQ(U%)dQ:Q] dI‘l
—/37 T
Z(% — €)2V37¢;
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On the other hand, (??) implies
Ey(uj,S1) < L/V3e, +C

Then we obtain

L 2L

3.54 < 4 0<=

(3:54) TE30 20 U5
for L sufficiently large and € > 0 sufficiently small.

Furthermore, we know that for some 7 > %

Es(u$, S
El(usL(-,Tz), [—\/57‘2,\/57-2]) < % <C

5

B

for some constant C' independent of L. Let us define
]C =t us T, T —-d S 5 )

(3.55) 1 { 1| L(s 1,72) | }

ICo = {xl : d(uL(l’l,Tg)), {a,b,c}) < 5}.

Then

meas (/K1) 4+ meas(KCy) > 2v/37, — %

Now we define
O ={z: 2 +V3(m—x) €Ly, 21>0, 7<a5 <1}
Dy ={r=(—x1,m0) 1z € N}

and use new variable

V3 1 1
/I / / — (X~ - _ - v
= (x],x5) = ( 5 T + 2172, 2:)31+ 5 Ta).

See Figure 77 for the geometry of the definitions.
We now estimate the energy of uj by decomposing the S, into several
domains as follows

L/\V3
EQ(UE,SL) Z/ [/ £2(usL)dx2]d:C1 +/ Eg(ui)dxld@
K1 Jm Q1UQ2

1 1
>(§ — €)eymeas(Ky) + (1 — 6)615 meas(KCy)

(2 — 46)V3 C
g oal-g

>(3 — Jer(2V3n — o) >

1
>%61L + C Z EQ(U%, SL)

when e and ¢ fixed sufficiently small and L large sufficiently large. This
is a contradiction, which implies that Case 2 cannot happen.
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o)
T
To — L/\/g
To =T K1 Ko
To =T Ql
xy

F1GURE 8. The decomposition of T}, to several domains
for energy estimation

Now we fix any positive constant 0 < a < 1/2. By Theorems ?? and
7?7, we obtain

(3.56)
E2 (USL, TL)

> Eo(uy, Toar) + Ex(up, Ta—ayp \ Tar) + Eo(ul, T\ Th-a)r)
> e V3al + ey — Ce b + 61\/5((1 —a)L — ocL) — C'Le "ok

1
+ 56/2 +ei(L— (1 —a)L) — Ce "k

1
> 61\/§L + e + 56; — Ce_HaLﬂ.

and hence

(357) EQ(USL, T(l—a)L \TaL) < 61\/5(1 — QOZ)L + CG_HQL/Z,
As a consequence, we have

(3.58)

| By (s (-, x0), [V3Tg, V329]) — €| < Ce™, Vay € [aL, (1 —aL)).

after we make a possible adjustment of k.
Hence we have proved

Theorem 3.9. The solution uj satisfies

1
(3.59) |Ey(us, Tr) — ey V3L — ey — el < Ce"F.
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Moreover, we have
(3.60)
||USL(, ZL’Q) - Zab||cl[_\/§x2’\/§x2}) < C€_HL, va S [O./L, (1 - OéL)]

4. QUADRUPLE JUNCTION

4.1. Estimates from above. The construction of the quadruple junc-
tion is performed through a limiting process: in the first step, we define
a test function which will enable us to bound the energy of minimizers
from above.

We shall use the same copy of R? for both domain and target space.
Therefore we may not distinguish them. We start with a partition of
the unity which is [-equivariant. The first step is to define conical
regions: the conical region Cpeq is the cone R[x1, X2, %3] with vertex
0 generated by the triangle pictured on Figure ?77: the vertices of the
triangle are

_b+c+d+1<b_b+c+d> X_b+c—|—d+1<c_b—|—c—|—d>
T3 2 3 R 2 3 ’
_b+c+d+1<d_b+c+d)

n 3 2 3 ‘

X1
X3
The conical region Cpa is the cone with vertex 0 and generated by the

polyhedral region pictured at Figure ??; the vertices of that polyhedron
are 0, X1, x3 and

b+a+d 1 b+a+d b+a+d 1 b+a+d
obrard L bravd) s bratd 1 bravd)
3 2 3 3 2 3
We now let

Ched = Cbea \ T, Cba = Cba \ 7.

Note that the 7 is the regular tetrahedron with vertices a, b, ¢ and d,
which has side length 2 and is centered at the origin.
We also define larger regions

Cg_cd = {'I € Rg : d(xvcbcd S ﬁ}?

with identical definitions for C{'; and 7. By suitable transformations
belonging to I', we define regions Cyy, and Cyy, for all values of the
letters x, y and z taken in {a,b,c,d}. Then it is clear that there is a
partition of the unity subordinate to the covering

Uch.ulJeh vt
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a

F1GURE 9. The triangle x, x5, x3 spans the conical re-
gion whose truncation by a plane parallel to the plane of
the triangle will be the region Cype.

The test function is made up as follows:

Uop(z) = Z Gxyzlxyz /0 triple junction relative to xyz

XYz

+ Z PxyUsy % transition layer solution relative to xy
xy

+ ¢7u % any function that is symmetric and smooth.

Figure 7?7 shows the pyramidal region which will give Cpq.

Let 77, be the tetrahedron L7; with side length 2L. We will use co-
ordinates (x1, g, x3) for Cyy,, with z3 pointing from the origin to the
center of the triangle xyz; while for Cy, we use the rectangle coordi-
nates (z/, o4, 2%) with z4-axis pointing from the origin to the center of
the line segment xy.

Then, by decomposing 77, into Cxy,, Cxy, 7 and using (?7), (??) we
can obtain a upper energy estimate as follows.

First, we have

Ls(Up)dx = Y /C Tﬁg(Uo)dx
xyz7yp,

T x,y,zeX

+ Z / ﬁg(Ug)d$+/£3(Uo)d$,
CxyN7y, T

x,yeX

where



SYMMETRIC QUADRUPLE PHASE TRANSITIONS
A

F1GURE 10. The convex set spanned by x1, X3, X4, X5, b
and d generates the pyramidal region which will give Cpq.

/ £3 (Uo)dl’
CxyzN7y,

~7 10U,
< / [ / S1Z2202 4 Lo(Un(-, ) daydas]dcs
_L 2 Oxs

G 6
< / v [C‘$3‘6_2H\/6‘x3‘ +ex+ \/g(g‘l’gDel + CQ_M/QIS']CZ'T:; + C.

L%e; + ?Iﬁg +C

Using Figure 7?7 above, which gives the side view of the center cross
section of Cp¢ in the tetrahedron 77, we can estimate the energy

41
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0
! |
Transitional layer region I3 !
oy s | T3
3 |
T L
? xé %L . V6
L T
E'D\\ 2/4 3
B+C T I B+C+D
2 23 N 3

Triple junction region

FI1GURE 11. The side view of the region connecting the
triple junction and transitional layer .

1
—/ £3(U0)dl’
2 CxyN7y,
L
V2 10U P
S / [/ ‘|‘§ a$/0 |2 + ﬁg(Uo(',l’é))d!L‘leEQ]de’g
0 Iy 3
4 =2
< / Claly + 1)6_2“\/530&;, +/ [/ Lo(Uo(+, 5)daydxy|daty
0 0 H\/g\wa\
w7 / Lo(Uo(-, ) dat,dl) s,
V2L I
V2 V2 V2 V2,
< (ngel + ?e;L) + (5L2€1 +5el) +C

Here II .| denotes the cross section of the solid region Cyy at .
We have also used

V2L

Y AT
0 H\/é\%\
V2L
3 2 ! ' ’
<[ g + L 01+ fayPre
0

and
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2L
/ﬁL [/ Lo(Uy(-, 7 )dx das) day
93 s)er + — ¢ +C(1+| ~2n el
3)€1 $3|) Q}df?,
\/_L

V2, f
< = Y=
72L61+1262L+C’

Hence we obtain

(41) / ﬁg(Uo) dx S 5161[/2 + 5262[/ + 5;6’2[/ + C.
Ty

where 91, 02 and 65, are the geometric constants of tetrahedron defined
in §1.3, and C' is a constant independent of L.

Now we solve the minimization problem with Dirichlet boundary
condition in 77,
(4.2)

min{Es(U) : U € (H'(T1))",yoU =U o~,¥y € T,U = Uyon 87, }.

The existence of such a minimizer Uy is standard. For example, one
may use a modification of Theorem 5 in Chapter 8.2 of [?| by adding
the equi-variance constraint. Then we have the upper energy estimate
for U L

(43) Eg(UL, 7'[,) S 5161L2 + 5262[/ + 5;6/2[/ + C.

4.2. Estimates from below. First, we have to estimate from below
the energy of Uy on a tetrahedral annulus 77, \ 73;; see Figure 77 for
a quarter of the annulus. We proceed differently in different regions.
In the region (77 \ Zu) N Cape, We perform a comparison with the
triple junction energy; in the region (77 \ 7Zps) N Cap we perform a
comparison with the energy of transition layer solution which has the
same underlining rectangles. (See Figures 10-12.)
First we decompose the integral as

/ ﬁg(UL) dr = / ﬁg(UL)dI‘
Te\Tm x,y,zeX Y Cxyz0(Te\Tw)

+ / £3 (UL)dl’
Z CxyN(Te\Twm)

x,y,eX
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F1GURE 12. One quarter of the tetrahedric annulus

By using the lower energy estimates (??7) and (??), we derive

Sl

—

Sl

[/T EQ(UL(',I’g))dl‘ldI‘g]dl'g

/ L3(Ur)dx =
CxyzN(Tp\Tr) 82y

Si=

6
[62 + \/§(§|LL’3D€1 - Ce_ﬁ\/ax?"]dl’g

(L* — M?*)e; + ?(L — M)eg — C

v
—

[V
w
°°‘§ <
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V2 ! V2

e}

,,,,,,,
\

B+C

1
2 sl

FIGURE 13. The side view of the cross section S for
various zj .

and
1 ez
5/ L3(Up)dx = /M [/ Lo(U(-, 23))day das)day
CXyﬂ(TL\T]\/[) 3 H\/gli‘
N
s L) dras
Y2L
3 L,ﬁxl
2 2 3
+ [ Lo(U(+, xh))dxdas)daly
V2M I \H
3 V2o NI M V2
4 73 2 2 3
=]+ I1T+11]

where II represents the cross section of Cyy at % at various value of 2%

See Figure 77 for the decomposition of the integrals.
Further we estimate

. [ 1 Usel + % -C _“¥m/3]dxg
s
V2 2 1 eh 2 V2
> 2 (2L — —M? 2(==L—-==M)—
- 8 (9 2 ) + 2( 3 2 ) C,
and
2L
2 L 2 ! /
II > / ? [(_ — i)xlgel +2_C —RSTﬁxg_%]dgjé
VoL 2 2 2
. V2 V2

45
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and
RERE M2
_R3Y2,
IIT > s [ngel — (7 — T:L"g)el — Ce "2 %]drs
V2,1 2 V2
> 22(ZM? — ZMP)e; — —M?*e; — C
z2 3G gMer — 5 Mer
Hence we obtain
(4.4)

L3(Up)dx > 61e1(L* — M?) + daea(L — M) + Sheb(L — M) — C.
Ti\Tu
where 01,2, ) are universal constants defined in §1.3 , and C is a
constant independent of L, M and may differ from line to line.
Therefore, combining (?7) and (??) we have

(45) / ,Cg(UL) dx S 5161M2 + 5262M + 5;6’2M + C
Tm

where C' is independent of L and M.

By the standard elliptic theory, we know that ||UL||c2.«(7,) < C < 00,
where C'is independent of L. Now letting L go to infinity, after taking
a subsequence Uy, converges in C? (R?) to a solution U of the Euler
Lagrange equation

(4.6) AU — (DW(U))" =0, U:R*—R®

Furthermore, both (?7) and (??) hold with U}, replaced by U.

We conclude that U is the desired symmetric quadruple junction
solution. Indeed, a simple estimate of the energy of the trivial solution
Vo = 0 shows that

Es(Vo; Tar) = CW(0)M?,

which establishes U as a nontrivial solution. The asymptotic behavior
in the next subsection shall give an accurate description of the quadru-
ple junction structure of the solution.

4.3. Behavior at infinity. We shall study the asymptotic behavior
of the solution U which is obtained in the previous section. From the
energy estimates (?7?) and (??) with Uy, replaced by U, we can obtain

(@7) / 1Y 2ge < ¢
Cxyz

xs3

(4.8) / |8U |*dx < C.
Cxy

/
oz}
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Similar to [?], we can prove that for any sequence {z%} tending to
infinity, U(xy,x9,z3) converges to a triple junction solution wu(zq,zs)
with minimum normalized energy e, along a subsequence of {z%5}. We
can also prove that for any sequence {(z%)"} tending to infinity, U con-
verges to a transition layer solution with minimum normalized energy
e}, along a subsequence of {(z%)"}. To be more precise, let us define

K= {uabc € C?*(R* = R*) : | Uape 077 = 7 0 Uabe, Vy € ['(a, b, c),
Uape 18 a triple junction solution with renormalized energy 62}
and
KL= {uabc|TL—>]R3 ¢ Uape € /C}-
Similarly, we can define
S={uy, € C*(R? = R®) 1wy, (=21, %) = Yab © Uy, Ugp(T1, —T2) = Yed © Upp,
ugy, is a transition layer solution with renormalized energy e}
and
Sy = {ugb|HL/aéR3 o udy, €S}

From the standard theory of elliptic equations and systems, we know
that K and S are compact sets in C?(R? : R?). We also know that U
is bounded in C?*(R3 : R3). Then, by (?7?), (??) and (??) we derive

3vV2
o [ }£2<U<-,t))dx1x2—<7fe1t+ez>| L0, as oo
abcr\| -TSZt
and
2
(4.10) | . }EQ(U(-,t))dx'laté—(geltjte'zﬂ—>O, as t — oo.
abl .’L'é:t

Therefore, we conclude

(4.11) lim d(U(-23),Ks,,)=0.
and
(4.12) lim d(U(-,25),Sy,, ) =0.

In particular, if there are only finitely many triple junction solutions
Uxyz fOr {x,y, 2z}, then U converges to uxy, as xs goes to infinity. Sim-
ilarly, if there are only finitely many transition layer solution ug, for
{x,y}, then U converges to u}, as x3 goes to infinity.
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Further asymptotic behaviors of U restricted to rays of line segments
and rays of points follow immediately from the asymptotic behavior of
Uxy, and ugy- For example, for 0 < k < v/2 we have

(4.13) lim sup |U(xy, kxs, x3) — zap(z1)] = 0.

T30 |2y | <V/Bkas

For any vector x € R? with x-(a—b) > 0, x-(a—c) > 0, x-(a—d) >
0 we have

(4.14) lim |U(tx) — a] = 0.

The symmetry of U also yields the corresponding limits of U relative
to other wells b, c,d and other heteroclinic solutions 2y, in different
regions.

With the above limits, the quadruple structure of U is hence clearly
displayed.

In summary, we have proven the main theorem of this article.

Theorem 4.1. Under the assumptions (H1)-(H3) for the potential
W and (H4) for the linearized operator A, there exists a solution U
in C*(R3 : R3) to the Euler-Lagrange equation (77) with a symmetric
quadruple structure. Namely, U satisfies U oy =~oU forv €' and
(??), (??), (??) and (?7). Furthermore, if we assume that IC and S
have only finite elements, then

(4.15) xilinoo U(xy, 2, %3) = Uabe(T1, T2), (71,72) € R?

and

(4.16) lim U(x), 25, x4) = udp (2, 25), (2),25) € R
1'3—)00

where Uape and ul,, are a triple junction solution and a transition layer
solution respectively.

The structure of the quadruple junction solution may be illustrated
by Figure ?77.

5. APPENDIX: THE GENERIC FEATURE OF THE NONDEGENERACY
CONDITION

In this appendix, we shall show that hypothesis (H4) holds generi-
cally. To this end, we define

(5.1) Z = {z : z 1s a heteroclinic connection of a and b with
. El(z) = €1, and YabZ = Z O f)/ab}
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FIGURE 14. The quadruple junction structure with
triple junction on each face

From §2.1, we know that Z is compact in C?(R : R?) and
Z=2Z.UZqUZ

where Z., Zq are the subsets of elements of Z whose image lie entirely
inside the cone Coabc and Coabd respectively, and Z; is the set
of elements of Z whose image lies entirely on the plane Poab. By
Corollary 2.5, we can further conclude that the image of elements in
Z. belongs entirely in the interior of the cone C which has vertex at
the origin o and the base triangle [a, b, 2t2+€],

We may choose the coordinates (uy, us, us) of target space R? so that
c — d is the direction of us axis, a — b is the direction of u; axis, and
a + b is the direction of u, axis.

Select a function z = (z1, 22, 23) € Z. U Zy. We claim z{(0) # 0.
Indeed, by integrating the dot product of equation (1.5) and z’, and
using (2.8) we obtain

(5.2) —%\z’(t)\z FW() =0, teR

By symmetry of z, we always have 24(0) = 25(0) = 0. Then W (u(0)) =
0 if 21(0) = 0. This is impossible and proves the claim. Now by the
inverse function theorem we can find even functions 7, and 73 on a non
empty interval (—dy, ;) such that

z(t) =m(a(t)), 23(t) =n(2(t), [t <.
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Moreover by Lemma 2.1, there is no other minimizer (up to translation)
which satisfies this relation. Since z is of class C3, 1 is of class C3.
Choose 05 € (0,61) such that {z(t) : |t| < 0o} is in the interior of
C U 7.4C. Now we choose a nonnegative function p so that it satisfies
pPoYvea = p in CU~.qC and it’s support lies in the interior of CU~.qC.
We can adjust p so that 7,73 are well defined in the support of p.
Given any positive constant ¢, we can define W in C U 7.9C by

W (u) = W (u) + dp(u)[(uz — m2(u1))® + (us — n3(us))?].

Then W can be defined over all of R? by T invariance. The corre-
sponding energy is denoted

By (u) = /R [%W + W(u)] |

It is easy to check F(z) = Ei(z), and that for all v € Z¢ \ {u},
E1(v) > E1(2) = E1(2). Moreover, for all v € Z, U Zy, Ey(v) > Ey(v).
This shows that generically either Z = Z, has only one minimizer of F;
or Z = Z.U Z4 has exactly two minimizers of F; which are reflections
of each other by ~vcq.

We pass now to the spectral analysis of the linearized operator around
z. This operator is an unbounded operator in L*(R)? defined by

D(A) = H*(R)®, Av ="+ (D*W(z)v).

From the point of view of linear algebra, v — D?*W (z(t))v is a linear
symmetric mapping form R3 to itself which is uniformly bounded in
t ; thus A is a self-adjoint operator in L*(R)? ; by a generalization
of Persson’s theorem to the self-adjoint vector case (see [?] Theorem
3.12), we have

(5.3)
inf o (A) = s;i% inf{ ' [|2']? 4+ D*W(u)z ® 2] dz : |2|2 = 1,}
= sup inf{DZ?/V(U@))C ®C:CeR[¢|=1,]z] > L}
o

If we differentiate (1.5), we can see that
—" + D*W ()T = 0.

The function 2’ satisfies (2 0 yap)’ = —7ap © 2’. Since 2’ and 2" are
square integrable, z”” is square integrable too ; this means that 2’ is an
eigenfunction of A corresponding to the eigenvalue 0. Moreover, 0 is
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the lower bound of the spectrum of A : we know that for all £ € R and
all v € HY(R)3,
Ei(z+tv) > Ey(2).
Hence,
(Av,v) >0, Yve H'Y(R).

Since v(t) is a function with values in R3, there are at most three
independent solutions of the ordinary differential system

(5.4) —"+ D*W(z)v =0, v:R—R?

which tend to zero at —oo ; therefore, the eigenvalue 0 has at most
multiplicity 3. In particular, if v is restricted to the symmetric space

Li(R) = {U S Lz(R>3 VO %b = Yab © U},

the multiplicity of eigenvalue A = 0 is at most 2.

We show now that “generically”, the kernel of A restricted to L2(R)
is reduced to {0}.

Define a space H:(R) by

H!(R) = L}R) n H'(R)®.
Define A as the linearized operator at z associated to W, ie.
A(v) := =" + D*W(2)v, v € HY(R).
The lower bound of the spectrum of A in L2(R) is given by
inf o(A) = inf{(Av,v) : v € HY(R), |v|> = 1}.

Let P be the orthogonal projection on the orthogonal of the kernel of
A restricted to L%(R) ; we have

(Av,v) > v?|Pv|3., Vo € HL(R).

Note that v2? is the infimum of positive spectrum of A. Therefore,
(Av,v) > | Pv|? + /(D2W(z) — D*W(2))v®* dt.

If the kernel of A in L2(R) is reduced to zero, we are done. If it contains
an element ¢, then

(A6,0) = IPof + [ (D) = DI (26" dr.
so that, according to the definition of W,

(A, ¢) > VQ\P¢I2+25/p(Z)[I¢1(t)né(21(t))—¢2(t)|2+\¢1(t)n§,(21(t))—¢3(t)|2] dt.
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This shows that A — A is positive in the sense of quadratic forms, and
the kernel of A will be strictly larger than {¢ = 0} iff

(5.5) /p(Z)Hqﬁl(t)ﬁé(zl () = 2t + o1 () (21(8)) — d3(t)[*] = 0
Then, for [¢t| < dy

(5.6) P1(t)my(21(1) = da(t),  dr()ms(21(1)) = P5(t)
By symmetry of ¢ :

$1(0) =0, ¢5(0)=0, ¢40)=0.

From (77), we also have

$2(0) =0,  ¢3(0) =0.

Since ¢ and 2’ both are in the kernel of A, i.e., solutions of (?7?), we
have

(5.7) (p-2"—¢'-2/)Y =0, teR
Therefore, by using the asymptotic behavior of z and ¢ we obtain
(5.8) ¢-2"—¢ -2 =0, teR.
In particular, letting ¢ = 0 and using 2{(0) # 0, we conclude
¢1(0) = 0.
Since ¢ is the solution of a differential equation of the second order,

¢ has to vanish identically. This is a contradiction. Therefore we have
proved

Theorem 5.1. Assume that Z has more than two elements or that
ker(A) NL2(R) # {0} ; then, there is a non empty interval (0,dy) and
a function W € C3 such that for W = W +6W, 6 € (0,0,) either the
corresponding Z has only one element which is in Zq, or Z has ezactly
two elements which are reflections of each other by veq. Furthermore,
the kernel of the corresponding A intersected with L2(R) is reduced to

Z€ero.
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