HAMILTONIAN IDENTITIES FOR ELLIPTIC PARTIAL
DIFFERENTIAL EQUATIONS

CHANGFENG GUI

ABSTRACT. New identities for elliptic partial differential equationare obtained.
Several applications are discussed. In particular, Young’s Law for the contact
angles in triple junction formation is proven rigorously. Structure of level
curves of saddle solutions to Allen-Cahn equation are also carefully analyzed.

1. INTRODUCTION AND THE STATEMENT OF HAMILTONIAN TYPE IDENTITY

Given a C1'® potential function H(p),p € R™, and consider a solution p(t) to a
system of second order ordinary differential equation

(1.1) —p"(t)+ V,H(p(t)) =0, teR

we always have the Hamiltonian identity
1 .
(1.2) S0P —Hp@#)=C, iR

Another way of writing the above equation is in the form of first order Hamil-
tonian system

p'=Hy(p,q), teR
¢ =—-Hy(p,q), teR

where H(p,q) = %[q|*> — H(p). It is a basic and fundamental fact that H(p,q)
remains constant in the orbits of the solutions.

On the other hand, consider the case of m = 1 and a bounded entire solution
u(z) of the second order elliptic equation

(1.3) —Au(z) + H'(u(x)) =0, z€R"

Modica proved a point wise gradient estimate
1
(1.4) §|Vu|2 — H(u) <0, z€R"™

This inequality may be regarded as a generalization of the second order Hamil-
tonian to higher spatial dimensions in the case of single equation. It plays an
important role in the study of entire solutions, and leads properties such as mono-
tonicity formula. However, it is only an inequality. This makes one wonder if any
identity could be regarded as a more natural generalization of Hamiltonian identity
to partial differential equations in higher dimensions. In particular, we would ask
the following questions

e is there any identity for partial differential equations which may be a gen-
eralization of (1.2)?7
e how about systems of partial differential equations?
1
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It is the intention of this article to provide a version of such generalization,
which may be called Hamiltonian identity in higher dimensions, and to show some
examples of it’s applications. It would be interesting to see other types of the
generalizations.

We first state a Hamiltonian identity for partial differential equations on two di-
mensional planes, which can be generalized to higher dimensional spaces. However,
due to its simpler formulation and applications, we present it separately.

Consider an entire solution u € C?(R? ,R™) to the system of partial differential
equations

(1.5) —Au+V,H(u(z)) =0, =R

Theorem 1.1. If u is bounded and u(x1,x2) converges to a(xz),b(x2) respectively
as x1 tends oo and —oo, then the following Hamiltonian identity holds for u

(1.6) / [(| L |§;|)+H((>)}dx1:c, Vas € R.

provided that the integml 18 finite for at least one value of xo. In general, the
identity holds whenever the integral is finite for xo € R and the limit in the right
hand side of (1.9) below is zero as N, M go to oo.

Proof. Let us define

(1.7) pN,M(I2):/ [ (|6;v1|2 |§;2| )+H( (2 ))}dxl'

Then, using the equation and integration by parts, we have

N
PQV,M(I2) :/ (uz1 “Ugyzy — Uzy - Uggws + VuH(u) 'uz2)d$1
M

(1.8) N
- [uml : u:El:E2 + uzlml : u’mz]d'rl
-M

:(uzl ’ u12)(Na IQ) - (uml : umz)(_Ma IQ)'

Without loss of generality, we may assume that the value of zo for which the integral
in (1.6) is finite is x2 = 0. We can rewrite the above equality as

(19) pN,M(:EQ) - pNyM(O) = /Omz [(U‘Il : u12)(N7 S) - (uml ! umz)(_Mv S)} ds

Since u is bounded and H (u) is C?, by the standard elliptic theory we know that
u is bounded in C3(R?, R™). Furthermore, u(x1 + N, z2) converges in Cj (R? R™)
to a solution wi(x) and uy(z1,22) = a(xe). Similarly, u(zy — M, z2) converges
in C3 (R, R™) to a solution usz(z) and ua(x1,z2) = b(z2). Therefore u,, (1, x2)
converges to 0 uniformly in any compact set of x2 as z; goes to infinity. The
Hamiltonian identity follows immediately by letting N, M in (1.9) go to occ.

In general, if the right hand side of (1.9) has zero limit, then the identity (1.6)
holds. Therefore, we may write the Hamiltonian identity formally, and verify the
limiting procedure in each application.

O

The following identity may be regarded as the Hamiltonian identity for higher
dimensional spaces.
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Write z = (2/,2,) € R” and consider an entire solution u € C?(R",R™) to the
system of partial differential equations

(1.10) —Au+ V, H(u(z)) =0, zeR"
Theorem 1.2. The following Hamiltonian identity holds for u

(1.11) /RH [% (IVorul® = |ug, ) + H(u(z))]d2’ = C, Vz, €R.

provided that the integral is finite for at least one value of x, and the right hand
side of (1.14) below tends to zero as R goes to infinity along a sequence.

Proof. Let us define
1
(1.12) pr(Tn) = / [§(|Vz/u|2 = |ug, ) + H (u(z))]da’
Br(0)
Then, using the equation and integration by parts, we have

pr(xn) :/ [Vm/u Vg, — Uy, Uz, o, + Vo H(u(x)) - uzn} dz’
Br(0)

(1.13) :/ [Vm/u Vg, + Apru- umn]daj/
Br(0)
ou
= “Ug, | dSy
/BBR(O)[aV;E/ “ ]

We may assume that the integral in (1.11) is finite for 2, = 0. We can rewrite
the above equality as

n a / !
(1.14) pr(x,) — pr(0) = / / [(9 Y (@', 8) - ug, (x ,s)dSz/]ds
0 dBr(0) IVx’

The formal identity becomes rigorous, by taking the limit of the above equality as
R tends to infinity, under the condition that the limit goes to zero.
O

As a special case, the Hamiltonian identity holds with C' = 0 when the solution
belongs to a Sobolev space H'.

Corollary 1.3. Assume H is C* andu € H*(R",R™) is a solution to (1.10). Then
the following Hamiltonian identity holds for any choice of cartesian coordinates

(1.15) /RH [%(|Vm/u|2 — [ug,|?) + H(u(z))]dz’ =0, Vz,€R.

where H is chosen so that H(0) = 0.

Proof. We note that u is also a classical solution and u(z) — 0 uniformly as x — oo,
according to the standard theory of elliptic equations. Hence VH(0) = 0. Then the
integral in (1.15) is finite for at least a sequence of x,, which goes to infinity, since u
belongs to H'(R™,R™). The same fact also guarantees that the limit condition in
Theorem 1.2 holds true and therefore (1.11) is valid. On the other hand, we know
that p(z,,) tends to 0 at least along a sequence of z;, tending to infinity. Therefore
C=0. O
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A typical example of a H' solution is the unique positive radial solution of
(1.16) ~Autu—uP =0, zeR?* p>1

when H(u) = $u? — ﬁup"’l.
We shall see below that Pohazaev identity can be derived immediately from the
above identity.

Integrating (1.15) in R with respect to x,, we obtain

(1.17) /Rn [%(|Vx/u|2 — |ug, ) + H(u(z))]dz = 0.

Replacing x,, with z;, we shall obtain n — 1 similar identities. Sum up all these
identities, we derive

(1.18) /n[”g2|w|2+nH(u(x))}da::0.

This is indeed Pohazaev identity in the entire space. We believe that identity
(1.15) is a fundamental property of solutions, which gives more detailed information
in a lower dimension space and applies to a general class of problems in the whole
space.

When a solution u is not in H'(R"), we may still have Hamiltonian identity
(1.15) even though Pohazaev identity (1.18) may not hold. A typical example is
a solution w of degree d > 1 to the following two dimensional Ginzburg-Landau
equation

(1.19) Au+u(l—|u?) =0, u:R*—-R*=~C.
with
L 212 Lo
(1.20) Hw)dz == | (1—|u|*)*dx = zwd* < 0.
R2 4 R2 2

Indeed, we can prove

Theorem 1.4. The solution u of (1.19) and (1.20) satisfies

1, ou ou 1 2
1.21 (=P -l5=P)+=(1— )" ldzy =0, Vzy €R.
a2 [P 5P + (- @) dn =0, Vo €

The identity basically follows from (1.6) and the following asymptotic behavior
of u at infinity.

Proposition 1.5. ([8], [23]) Suppose u is a solution to (1.19) and (1.20). Then
there exists Ry > 0 such that u(x) = f(:v)ei(de"’w(w)), Vx € Bg, and

2
2|z/?

d? 1
(@) V(@)= NP +O(W)’ as |z] — o0

1
+ O(I—P), as |z| — oo

@) flx)=1-

(741) lim +(z) = 6y, / |Vih(x)]2de < oo.
|z|>Ro

|z|—o0
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Proof of Theorem 1.4. We note that Proposition 1.5 leads to
1
|z22+1
Therefore, the integral in (1.21) is finite for almost all 5 € R. It is also easy to
see that u(xy,x0) — €% as 21 — oo and u(xy,xy) — /@7 H00) ag 2y — —oo for
any fixed 5. Therefore, (1.6) holds. By (1.22) and Proposition 1.5, there exists at

least a sequence {s,} such that lim, . s, = 0o and

(1.22)  |Vu?2 <2[Vf]2+C(|VO? +|Vy|?) < O( +|VY|?), zeR2

lim [ |Vu(zy,s,)*dz; = 0.

n—oo R

It is obvious from (i) of Proposition 1.5 that

lim [ (1 —|u(z)|?)*dz; = 0.
z2—0 Jp
Hence (1.21) holds. The theorem is proven.

We note that the solution u to (1.19) and (1.20) does not belong in H*(R?) when
d>1.

In next sections, more applications of the Hamiltonian identity and its modifica-
tions shall be discussed. The applications are less obvious and need more analysis.
In particular, §2 deals with solutions to the vector-valued Allen-Cahn equation in
R2, which needs some preliminaries in the formulation of the problem. §3 and §4
deal with sign changing solutions to the scalar Allen-Cahn equation, which is con-
ceptually easier to understand than §2, but contain technically harder analysis. It
is arranged that §3 consists of the main ideas with simple formulation and §4 is
devoted to some technical details. The reader may choose either §2 or §3 to start
with.

2. TRIPLE JUNCTIONS AND THE YOUNG’S LAW

In the study of multiple phase separation, a vector-valued Allen-Cahn model was
proposed by Bronsard and Reitich in [10]. In this model, a physical state of material
of multiple phases is represented by an order parameter (vector-valued function)
v € R2. The dynamics of the physical state may be modeled by an Allen-Cahn
type system of partial differential equation

1
(2.1) v =€eAv— =V, W(), ze€,t>0
€

where W € C1®(R? — R) is a triple well potential satisfying
(H1): there exist three points a, b, ¢ € R? such that W (a) = W(b) = W(c) =
0 and W (u) > 0 for u € R?\ {a, b, c}, and D*W (a), D*W (b) and D*W (c)
are positive definite;
(H2): there exists Ry > 0 such that VW (u) - u > 0 when |u| > Ro.

Choose any two wells x,y € {a, b, c}, we may consider the minimization problem
1
(2.2) exy = min {/R §|U’|2 +W(v)dt:ve Hp (R)? v(—o0) =x,v(c0) = y} .

It can be shown that exy > 0 ( see, e.g., [25]). It is also shown in [1] that there is at

least one minimizer uyy for (2.2) as long as the following partial wetting condition
holds

(23) exy < exZ + eyZ; S {aa b) C} \ {X7 Y}
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The minimizer is a heteroclinic solution. See also [3] for more detailed discussion
regarding the existence of heteroclinic solutions.
To make our arguments more transparent, we assume in this section that

(H3): the wetting condition (2.3) holds and uxy is unique up to translation
for all x,y.

We say that a triple well potential W is of symmetry of an equilateral triangle
if it satisfies

(H4): three wells a, b, ¢ form an equilateral triangle and the potential W is
equivariant under the group action of the isometry group I' of the triangle.

An example of a triple well potential which satisfies (H1), (H2) and (H4) is
Wi(u) = |u® -1, uweR*=~C.

A special feature of multiple phase separation is the formation of triple junctions,
which is analyzed formally in [10]. The finer structure of triple junctions may be
demonstrated by an entire solution u to the following system of elliptic equations
(vector-valued equation)

(2.4) ~Au+V,W(u) =0, u:R?—-R?

with u asymptotically close to a, b, c in three separate sectors of R2.

Under the conditions (H1), (H2) and (H4), Bronsard, Gui and Schatzman proved
rigorously in [9] the existence of such a triple junction solution. To be more precise,
a simple version of the main result of [9] may be stated as follows.

Theorem 2.1. ([9]) Suppose W satisfies (H1) , (H2) and (H4). Then

(1) there exists a montrivial bounded T -equivariant solution U in C3(R% C)
to (2.4). If we identify v = (x1,%2) with o1 + ize = 1€, then for any
n € (0,7/3), U(re) converges to a uniformly with respect to 6 € [(7/2) +
n, (77/6) — n] as r tends to infinity.

(2) the solution U(x1,x2) converges to uap uniformly on R as x2 goes to in-
finity.

In other words, U is a solution with a triple junction structure, i.e., U
has three transition layers separating the regions where U is close to a, b
or ¢ respectively. (See Figure 1.)

It is natural to ask if there is any other solution to (2.4) which is not neces-
sarily symmetric with respect to I', but still displays a triple junction structure.
This question seems very difficult to answer now. It would be interesting to ask
whether a triple junction solution should be asymptotically symmetric. If we call
the angles between the interfaces contact angles, the question would be whether
the contact angles of any triple junction solutions must be the same. In physics
theory regarding the interfaces of materials, the contact angles near a triple junc-
tion are determined by the tensions at the interfaces between the different materials
according the Young’s Law (see [26]):

ky sy ks
2.5 = =
(2:5) sinf; sinfy  sinf;’
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F1GURE 1. The triple junction solution u with regions close to
a, b, c respectively

where k; are the surface tension between two materials and 6; are contact angle
of the corresponding two materials. Regarding the limiting problem of (2.1), which
is a geometric evolution problem, a formal analysis leads to Young’s Law, with exy
being the surface tension between the phases represented by x,y. See [10] and [16].
We shall show rigorously below the counterpart of Young’s Law for system (2.4). In
particular, we answer positively the above question of equal angles for symmetric
triple well potential.

Theorem 2.2. Suppose W satisfies (H1)—(H4) and u € C3(R?,R?) is a solution
to (2.4) with the following triple junction structure:
(1) if R? =~ C is divided into three sections S; = {x = re?| 0 < 0 <
Oca},S2 :={x =7€?| Oca <0 < Ocat+bap},S3:={x=1e? Oeatbap <
0 < Oca+0ab +0pe = 27}, then u(re’®) converges to b in Sy as the distance
d(x) to the boundary of S1 goes to infinity. Similar statements holds for Sa
and Ss with limits to c,a respectively;

(2) for any sufficiently small § > 0, u(x1,x2) converges to Uap(x2) uniformly
in 893 = {x = re?| 0 € [~Ope + 0,0ca — 6]} as x1 goes to infinity.
Similar statements holds for SfQ, 5’33 with limiting transitions Uac and Ucp
respectively.

Then the following Young’s Law holds
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FIGURE 2. The three sectors where the value of w is close to a, b, c respectively

(26) .eab _ .ebc _ .eca '
sinfap,  sinfpe  sinfea

Proof. We shall use the Hamiltonian identity in Theorem 1.1 to prove this theorem.
We shall first show that in S; the solution u is exponentially close to b in terms of
d(z) as d(x) goes to infinity. Similar estimate can be proven for u in Sz, S3. Since
u goes to b as d(x) goes to infinity in Sy, and D?W (b) is positive definite, then

(u=b) - (VuW(u) — V,W(b)) > plu—b|?>, when d(z) > Dy

for some positive constants p and Dy.
Then, from (2.4) we obtain

Alu—b|? > 2A(u —b) - (u — b)
(2.7) > (u—=b) - (V.W(u) — V,W(b))
> plu—b|?, Vd(x) > Dy, x¢€8.
Choose exponential function Ce=2%4*) a5 a comparison function and apply the

maximum principle to the above inequality for |u — b|? (see e.g. [12], [13]). We
obtain

(2.8) lu(z) —b| < Ce™ @) 18

for some positive constant C,«. By the standard theory for elliptic equations, we
can obtain

(2.9) |Vu(z)| < Ce @@ e 8
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Then, u satisfies the condition of Theorem 1.1, and we can apply (1.6) to u (with
z1 and zo switched) to obtain

(2.10) p(xl):Z[ [(| e |§—;2)+W(u(:c))]dxgzc, Vay € R.

In the case that all angles Hab, Obe, Oca are in (7w/2,7), by using Assumption (2)
in Theorem 2.2 it is easy to see that u(x1 + s, z2) converges to Uap(22) in C},_(R?).
Therefore, we derive (see Figure 2)

lim p(z1) = €ab-

x1—00

On the other hand, by Assumption (2) in Theorem 2.2 we also have

(2.11) { |[u(z1,22) = tbe( — 21 5i0(fea) — 22 05(fca)) | o1 (®+) — 0,

[lu(z1, z2) — Uca (a:l sin(fpe) — @2 Cos(obc))HCl(R—) — 0
as r|{ — —oo.

Then, in view of the exponential convergence of u to b, c in S5, S3 respectively
we have

. ou ou |,
i [T 2 W (o)
1 8 . 2
= bc 1 ca) — 42 ca
/ [2|8 Upe (—1 8in(fca) — 22 coS(fca)) |
1,0 . 9
(2.12) ~3 Ay ubc( 21 8in(fea) — T2 cos(@ca))|
+ W(ubc(—:zrl sin(feca) — @2 cos(@ca)))] dxa
1 c08%(0ca)  sin?(fea) 1
= §ebc[ - ]
coS(0ca)  €08(0ca)  €OS(Oca)

= €pc C08(0ca)

Similarly, we have

. o1 ou
ey im [ [ (13 2= |2 ) + W (u(2)] dirz = eca cos(Oe)
Therefore we obtain
(2.14) €ab = €be COS(0ca) + €ca €OS(Obe)-

If we ch_ange the coordinates so that the z;-axis becomes the direction of S; NSy
and So N S3 respectively and apply the Hamiltonian identity as above, we can also
obtain

€pe = €ca COS(0ap ) + €ap €0S(Oea
(2.15) { b (0ab) + €ab cos(fca)

€ca = €ab COS(Obe) + €be CoS(fab ).

In view of fab + Obe + O0ca = 27, we derive (2.6) from (2.14) and (2.15) immedi-
ately.
Using the above procedure, we can indeed prove that

(216) g < Gab, Gbc, Oca <

This finishes the proof.
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An immediate corollary of Theorem 2.2 is that a triple junction solution for (2.4)
with symmetric potential W must have equal contact angles.

3. SADDLE SOLUTIONS TO ALLEN-CAHN EQUATION IN R?

Allen-Cahn equation is a well-known model for bi-phase transition. It’s station-
ary equation in entire space is

(3.1) —Au+F'(u)=0, Ju/<1l, zeR"

where F(u) is a double well potential with equal depths at u = 1, —1, and the scalar
function u represents the physical state of a mixture of two materials, with v = +1
being two pure phases. A typical double well potential is F(u) = 1(1 —u?)%. An
entire solution to (3.1) represents a local structure of phase transition near interface
or singularities. Regarding monotone solutions of (3.1), i.e., ug, (', z,) > 0 in R™,
De Giorgi conjectured that all such solutions must depend on one direction when
n < 8. The conjecture has been proved for n = 2 in [12] and n = 3 in [4]. For
dimensions up to 8, the conjecture is essentially proved in [20], provided that u
satisfies the limiting condition
(3.2) lim u(2',x,) = +£1, Vo' e R*1
Related results can also be found in [5], [7], [21], [22], etc. Therefore, all monotone
entire solutions to Allen-Cahn equation for n = 2,3 or 4 < n < 8 with (3.2) are like
g(z - v+ a) for some a € R™ and v € S"~1, where g is the unique solution (up to
translation) to the corresponding ordinary differential equation
(3.3) —g"(t)+ F'(g(t)) =0, g¢'(t)>0, teR.
We may fix ¢ so that g(0) = 0. This solution can also be regarded as a minimizer
of

<1
(34) min{E(v) = / §|’U/(t)|2 + F(v(t))dt: wve H(R), . li? v==£1}

— 00

with minimum energy

(3.5) e=ep:= /1 V2F (u)du.

When the potential F'(u) is an even function, it is obvious that g is odd.

There are also other types of solutions to (3.1) which are not monotone. In
particular, saddle solutions are shown to exist in [11] for some even potential F'.
Indeed, the following slightly more general existence theorem can be proven. For
simplicity, below we will only discuss the two dimensional case n = 2 and assume
that F is a C? function satisfying

F(1)=F(-1)=0, F(u)>0, Yue (-1,1),
(3.6) F'(-1)=F'(1) =0, F"(-1)>0, F"(1) >0,
F(u) has only one critical point in (—1,1).

We define Q' := {z = (z1,22) € R? : 21 > 0, 23 > 0} and similarly we can

define Q2%, Q3, Q*.



HAMILTONIAN IDENTITIES FOR ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS 11

Proposition 3.1. If we assume that F is an even function and satisfies (3.6) ,
then there exists a saddle solution u to (3.1) such that
{ u(zy,r2) = —u(zy, —x2) = —u(—x1,72), Vo€ R?

3.0 u(r) >0, YreQ'uQ@?® u(x)<0, VreQ*uQ

It is easy to see that u is unique and has another symmetry:
(38) U(Il, IQ) = U(IQ, Il) = u(—xg, —xl), T € R2

The reader may use the direct variational method or the super-sub solution
method to solve the boundary value problem in Q} = {x = (z1,22) : 71 > 0, T2 >
0,]z|] < R} with 0 boundary value on both axes and v = 1 on the remaining
boundary, and hence obtain the desired solution as the limit by taking R to infinity.
It can be easily proven that the limiting solution is not trivial by constructing a
positive sub solution.

Remark 3.2. In [11], it is assumed that F' satisfies an additional condition
F'(u)
u

is increasing in(0, 1).

This condition can be dropped for both the existence and uniqueness of u, as in
Proposition 3.1. See Corollary 3.9 below or [14] for a more detailed proof.

Definition 3.3. We may call a solution of (3.1) a saddle solution if its 0-level set
consists of exactly two non self-intersecting C' curves which intersect each other at
most once.

There are two natural questions regarding saddle solutions:

e Does there exist any saddle solution to (3.1) when F' is not even;
e Are there any saddle solutions other than u ( and its rotation and transla-
tion) when F' is even?
If the answer to the second question is affirmative, can we classify all saddle
solutions? or can we show some properties of the solutions such as symmetry?
Regarding the first question, it is claimed in [24] that a saddle solution with 0-
level set being the two axes does exist. However, existence of such a saddle solution
is very counter intuitive. There has been doubt of this result among researchers
of Allen-Cahn equation, even though there is no counter example or argument to
disprove it. Here we give a rigorous proof that the result is indeed wrong, by using
the Hamiltonian identity (1.6). To be more precise, we have proved the following
necessary condition for the existence of the above mentioned saddle solutions.

Theorem 3.4. Suppose F' satisfies (3.6) and w is a solution to (3.1) satisfying
(3.9) uw(z) >0, Ve e QPUQ3; wu(z) <0, Vz e Q*UuQ™
Then F'(0) =0 and

(3.10) /0 Py = / ° JEdu.

Proof. Let
F'(1)= )3, F"(-1)= 3.
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For any € > 0, by using comparison functions of the form Ce~**il in proper
region and the maximum principle, we can obtain

lu(zy, 22) — 1] < Oy ce~Mmmindlzalleal} 4 e Ol y @3
{ lu(zy, z2) + 1| < Oy ce”Pemomintlzallel} g 2 92y Q2
The standard gradient estimate for elliptic equations lead to

IVu| < Cy e~ Cimamin{lzallel} 0 c @ty @?
{ [Vu| < Cyce™ Ge—eyminflesl.leal} 5 e Q2 Y Q4

for some constants C; . > 0,i=1,2.
Furthermore, we have

(3.11)

(3.12)

(3.13) { [uer, 22) £ g(a1)l[er ) — Oas a2 — ox,

[[u(x1, z2) + g(x2)||c1(r) — 0as x1 — Foo.
We also note that such a solution is unique and u satisfies (3.8).

We shall prove the (3.10) by applying the Hamiltonian identity to (3.1). For this
purpose, we choose a new coordinates (y1,y2) so that yj-axis and ys-axis coincide
with the lines {2 : 1 = 22} and {z : 21 = —x3} respectively (see Figure 3). Now
applying Theorem 1.1 (with x1, z2 replaced by ys,y1 respectively), we obtain

(3.14) p<y1>:=/_ o - |§—;‘12)+ (u(y))dyz = C, Vi € R

A straightforward computation as in (2.12) leads to

(3.15) lim p(y1) = V2ep = 2/11 vV F(u)du.

Yy1—00

Hence
< 1 Ou !
(816)  p(0) = / (515 7 (0,) + F (u(0, )y = 2 / VG

Note that in the above equality the derivative u,, vanishes on y»-axis due to (3.8).
Now we modify F' to get an even double potential

- F(u), u<0;
(3.17) F(u) = {F(—u) w0,

It is obvious to see from Eq. (3.1) that F’(0) = 0. Hence F is also a C'® function
and satisfies (3.6). By Theorem 3.1, there exists a saddle solution @ to (3.1) with
F replaced by F and @ satisfies (3.7) and (3.8). The application of Hamiltonian
identity to u leads to

B18) 50 = [ [GlgeP+ F(aw) dy2—2/ F(u)du.

By the uniqueness of @ (see Remark 3.2), we know
(3.19) u(z) = a(x), YreQ*uQ?
and therefore p(0) = 5(0). Then

(3.20) /11 VF(u)du = /11 \/Fu)du



HAMILTONIAN IDENTITIES FOR ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS 13

)

Y2 T1= T2 g, T = T2
AN 1

N QQ Q

u>0
u<o0
T
u>0 - u<0
Q? Q-

F1GURE 3. Applying Hamiltonian identity to saddle solutions

and (3.10) follows immediately from the definition of F'.
O

It remains a question whether F' must be an even function in order to have a
saddle solution u of (3.1) satisfying (3.9).
Now we discuss the contact angles at infinity for saddle solutions.

Definition 3.5. If the two O-level curves are asymptotically two intersecting straight
lines at infinity, we call the acute angle 6 between these two lines the contact angle
at infinity.

We have the following partial result.

Theorem 3.6. Assume that F' is a double well potential satisfying (3.6) and (3.10).
Suppose that u is a solution to (3.1) with a contact angle 6 at infinity. We further
assume that u satisfies (3.8) and w(0) = 0. Then we have

(3.21) /3 <0 <m7/2.

Proof. Without loss of generality, we may assume that the angle 6 is centered at
yo-axis and let § = 2a. Following the proof of Theorem 3.4, we can obtain

1 du .
(3.22) p(0) = Lm [§|a—y2|2 + F(u(y))]dy2 = 2epsin(a).
On the other hand, in view of ©(0) = 0 we know

<1 Ou
(3.23) p(0) = / [§|8_y2 2(0,y2) + F(u(0,92))]dyz > er.

Hence sin(a) > 1/2 and the theorem is proven. O
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FI1GURE 4. The translation and rotation of a cone inside a bigger cone

We propose the following conjecture

Conjecture 3.7. The contact angle 8 = 2« should be exactly w/2 under the as-
sumptions of Theorem 3.6.

So far, only for a very special case when F' is even and the 0-level set of u consists
of two intersecting lines, we can confirm the conjecture. For this purpose, we study
positive solutions of Allen-Cahn equation in a sector

(3.24) Soy={x=re: r>0, —a<b<a}
with condition:
(3.25) u(z) >0, Vo € So;  u(x) =0, Vo € 9S,,.

Similar to the existence of a solution u in @', it is easy to prove the existence of
a solution u, to (3.1) with condition (3.25). Furthermore, as for the symmetric
saddle solution we have the following estimates for u,

(3.26) 1 Cem e < uy(ref®) <1, Yo =re € S,
and
(3.27) uq(re”) — 9(7” sin(a — |9|)) — 0, uniformly in S, as rcos(a — ) — oo

Now we prove a monotonicity property of u, in terms of o. Suppose a > 3. For
any A € [—(a— 3),a — f], define

(3.28) uz\,(rew) =ug(re'® M), Ve S[’}
where
(3.29) Sy={z=re?:0eX-B,A+p), r>0}

See Figure 4.
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Lemma 3.8. If a > (3, then the following inequality holds
(3.30) u,(z) > ug(:ﬂ), Vo =ret € Sé‘, VA€ [—(a—0),a—0].

In particular, if the strict inequality holds if a > (. In other words, if we rotate the
cone Sg inside the cone Sq, the graph of ug shall always be below that of u,.

Proof. We first consider a shifted cone S, = {z : (zr1 — p,x2) € Sg} and
ug ,(z) == ug(xs —p, x2), € S . It is clear that ug ,(z) is a solution to (3.1) in
S5, Below we shall use the sliding plane method to prove uq,(z) > ug(z) in Ss.
From (3.6), there is an constant § > 0 such that F”(u) > 0 when u € (1 — 4, 1]. By
(3.26) and (3.27), we know that when p is large enough, u,(z) > 1—4 in Sg,, and
uq(z) > ugu(x) as ¢ — oo in S, or as © — 953,,. By the maximum principle,
we obtain

(3.31) u(x) > ugu(x), VoeeSg,

for u large enough.
Then, we can decrease p to 0 while still keep (3.31) true by the so-called sliding
plane method as follows:
Let
o := min{y : inequality (3.31) holds}.

We claim that po = 0. If this is not true, then there exist a sequence {u,}° and a
sequence of points {7, }7° such that p, < pg,lim, 00 iy = po and

o (nn) < g, (Mn), Vn.

By the asymptotical behavior (3.27) for both u, and ug, it is easy to see that
{nn} is bounded and therefore possesses a convergent sub sequence with limit 7.

Then u,(n) < ug,,(n). Recall that by the definition of o, (3.31) holds with
= po. Then, the strong maximum principle implies

u.(z) =ug (), YT € Ss .

This is a contradiction due to the zero boundary condition for the solutions. Hence
o = 0 and the lemma holds with A = 0.

Then we rotate Sg and apply the above arguments (usually called the rotating
plane method )to ug in Sg with A from 0 to o — 8 or to —(aw — ). The lemma
follows immediately. O

Corollary 3.9. It is easy to see from the above lemma that u, is unique, by choos-
ing 0 = «a and exchanging the order of two possible solutions.

Theorem 3.10. Assume F' is even and satisfies (3.6) and u is a saddle solution to
(3.1) with 0-level set being two straight lines with contact angle 6. Then 6 = /2.

Proof. Let a = 0/2. We just note that if § < 7, then § — a > a. By Lemma 3.8
we have

(3.32) ur_o(z) > ua%fm(

x), Vze SE7%
By the Hopf’s lemma, we deduce

s

z_2

8111704 81102‘ “
2 <

ov (z) ov

(3.33) (¢), VzedSE*noss_,
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By the uniqueness of u,, we know that after a proper rotation u(re’®) = u, in S,

and u(re'®) = —u%/fa in Sg/fa. Then, on 85, N 85’?_{1 we have
ou ou

where v is the normal of S ;r/_Q ., While v’ is normal of S,. This is in contrast with u

being a classical solution té (3.1). Therefore § — o = «, and hence 6 = 7/2. This
finishes the proof. O

4. FURTHER STUDY OF SADDLE SOLUTIONS

In this section, we consider a saddle solution u to (3.1) satisfying the even symme-
try condition (3.8). Here we just assume that F is a double well potential satisfying
(3.6). We shall use the cartesian coordinates (y1,y2) with y;-axis and ys-axis co-
inciding with the lines {z = (21,22) : 1 = 22} and {z = (21,22) : 1 = —x2}
respectively. In the new coordinates, the condition (3.8) becomes

(4.1) u(y y2) = u(yr, —y2) = u(~y1,y2), y€R?

We assume further that v satisfies the following monotonicity condition
(4.2) Uy, (y) >0, ify1 >0; wy(y) <0, if yo > 0.

Denote v = u(0,0). We can expand u near y = (0,0) as

u(y) =+ ayi — by + o(|y|?)

where a, b are positive constants. It is easy to see that F’(y) = 2(b—a). Moreover,
by the implicit Function Theorem the ~v-level set of u near the orgin in the first
quadrant Q1 = {y = (y1,¥2) : 11 > 0,92 > 0} is a C? curve which can be extended
to infinity. Indeed, by (4.2) we know that the ~y-level set curve can be expressed
as the graph of a strictly increasing C? function y2 = h(y;) which has an inverse
function y1 = k(y2). In the next several lemmas we shall show that the ~-level
curve is asymptotically a straight line. (See Figure 5.)

Lemma 4.1. The function ya = h(y1) for the y-level curve is defined for all y; > 0
and the following limit holds

(4.3) ylim h(y1) = oc.

Yyi1—0o0

Proof. By the monotonicity property (4.2) of u and the implicit Function Theo-
rem, we know that the v-level curve extends to infinity. Hence it suffices to show
(4.3) when h(y1) is defined for all y; > 0. Suppose (4.3) is not true. We de-
fine uoo(y) = lims—oo u(y1 + $,92),y € R? and A = limy, o0 h(y1). Then un is
C? in R? and satisfies (3.1). Furthermore, we have %‘T"l"(yl,yg) =0,y € R? and
Uoo(y1, A) = 7. Then us(y1,%2) = g(y2 + ),y € R? for some constant b, where g
is the unique solution of the ordinary differential equation (3.3). This contradicts

the even symmetry (4.1) of us in y2. The lemma is proven.
O

Lemma 4.2. There exists € (0,7/2) such that
(4.4) lim A'(y1) = tan 8

Y1—00
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Y2 7
X
y,=h(y)
€(s)
0] S Y1
xl\\

FIGURE 5. The ~v-level curve of u and the coordinates

Proof. We shall use the (z1, z2) coordinates as well and write @(z1, z2) = u(y1, y2)-
Define

(45) ﬁ(gj2) = % /2:2 [F(ﬁ(;pl,;pQ)) —+ %ﬁi1 (.Il,{EQ) — %ﬂiz (.Il,xg)} dCCl.
Then
V27 (x2)

:F(’UJ(.IQ,{EQ)) + %ﬁil(IQ, IQ) — %ﬁi2 (IQ, IQ) + (1_1,111_1,12)(172, IQ)
(4.6) ) 1, 1, _

+F (=2, 22)) + 585, (=2, 22) = Sz, (=22, 02) = (U U, ) (—2, 22)

=F (u(v222,0)) + %uil(\@xz, 0) + F (u(0,v222)) + %uf& (0, V2z2).
Then

M 1 1
(4.7) V2p(M/V?2) :/0 [F(u(s,0)) + 51@1(5,0)} + [F(u(0,s)) +§u§2(o,s)}d5.

On the other hand, we let (z1(s),s/v/2) be the intersection of the line zo = s/v/2
with the level set curve yo = h(y1) and write its y- coordinates as y = &(s) =
(€1(s),&2(s)). Define u®(y) = u(y+£(s)),y € R?. By the standard theory of elliptic
equations, for any sequence {s,} there is a subsequence {s,, } (which we will denote
by {si} later) such that uy(y) := u®*(y) converges to uc(y) in CZ.(R?) as k — oo,
where uo is a solution of (3.1). In particular, if s,, — oo, by (4.3) we deduce
&i(sp) — o00,i = 1,2. Hence, by (4.2) we obtain %%=(y) > 0, y € R% By the

Oy2
strong maximum principle, we know either %“T"; =01in R? or %“Tj(y) >0,y € R2.
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Then by Theorem 1.1 in [12] (De Giorgi conjecture for n = 2) we conclude that
Uso(y) = g(y - v + to),y € R?, where tq is the constant satisfying g(tp) = =, and
v € R? is constant unit vector. We write v = (sin 3, — cos ). Fix a large positive
constant M. For any small € > 0, we have

(4.8) [la(a1,sx) — g((w1 — z1(sk)) sin (7/4 + B) + to) |02 (las (si)— Mor (s1) 4 M]) < €

when k is sufficiently large. Moreover,

(4.9) { |a(z1, sK) — 1] < C’e*“(“*zl(s’“))s?“”/‘l, x1 > x1(sg) + M,
|z, 1) + 1] < CemM@rlse)—z)sinm/d = g < gy (53) — M

where C, u are positive constants independent of M,k and z;. The gradient esti-

mates for elliptic equations yield
(4.10) [Val < CemrmmmEsmm/l gy > (sg) + M,
. |V’EL| S Oeflu‘(zl(sk)le)sinﬂ'/47 x1 S fEl(Sk) — M.

Using (4.5) and (4.8)-(4.10) and choosing M sufficiently large, we can obtain
(4.11) |p(sk) —epsin(m/4+5)] < e

when k is sufficiently large. In view of (4.7), p(s) is increasing in s and then has a
finite limit. Hence we derive that

(4.12) lim p(sk) = epsin(w/4+ 5).

S —00

Note that the sequence {s,} is arbitrary and hence 8 in the above equality does
not depend on the choice of the sequence. Therefore we conclude

(4.13) Ju(y +&(s)) — g(yr1sin B — yacos B+ t0)||cz2m(R2) — 0, ass— oo

Next, we show 3 € (0,7/2). It suffices to show 3 > 0, since § < m/2 can be proven
similarly. Suppose 8 = 0. Following the proof of Theorem 3.4, we derive

/000 [F(u((),yg)) + %ufn (O,yg)]dyg =ep.

By (4.7) and (4.12), we derive

| PGt 0) + g (5. 00Jds + [ [P (0,) + 0, 0,000 e = e
Hence
/00 [F(u(s,0)) + %ufh(s, 0)]ds = 0.
This is a contradiction. Pl’he lemma is then proven. (I

Next we shall show that the v-level curve is indeed asymptotically a straight
line. We shall prove the following more general lemma regarding solution of (3.1)
in a cone.

Lemma 4.3. Suppose that u(y1,y2) is a solution of (3.1) in a cone C := {y € R?:
ly1| < yatanag, ya > M > 0} for some 0 < ag < mw. For some v € (—1,1), the
~-level set of u in C is given by the graph of a function y; = k(y2). Assume

(4.14) lim %'(y2) = 0.
Y2—00
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Then there is a finite number A such that

(4.15) lim k(y2) = A.

Y2 —00

Proof. We shall prove the lemma in three steps. First, we show that an energy
of u on a line segment [—ystana,ystanag], «a € (0,ap) is exponentially close
to ep as yo tends to co. Second, we construct an optimal approximation of u by
a shift r(y2) of the one dimensional solution g, and show that the difference is
exponentially small in L? norm as y» goes to infinity. Finally, we deduce that the
shift (y2) has a finite limit, and then conclude that k(y2) has a finite limit.

Step 1

Without loss of generality, we assume that u(y1,y2) > v when y; > k(y2) and
u(y1,y2) <7 when y1 < k(y2) in C.

It is easy to show by the maximum principle (see, e.g., [12], [14]) that for any
fixed @ € (0, )

(4.16) fuly) =1 < Cre™™ (yl_k(yQ))v for k(y2) <y1 <ya2tana

lu(y) + 1| < Cre™ (yl_k(“)), for —k(y2) >y1 > —ya2tana.

The standard gradient estimates of elliptic equations yield

(4 17) |Vu| < Ole*m(?hfk(m)), for k(y2) <y < yatana

[Vu| < Cre™ (yl_k(‘”)), for —k(y2) >y1 > —ya2tana.

For any sequence {s,} there exists a subsequence, which we still denote by {s,},
such that u(y1 + k(sn), y2 + s,) converges in C7 _(R?) to a solution ue(y) of (3.1)
in R2. Furthermore, we have

Uoo(0,2) =7, Vy2 € R
(4.18) U (y1,92) >, if y1>0, Vg2 €R
Uso (Y1, y2) <7, if y1 <0, Yy €R.

By symmetry results in half plane (See [6]), we know that ue(y) = g(y1+to),y €
R2. Since {s,} is arbitrary, we obtain

lu(yr + k(s),y2 + 5) — g(y1 + to)llc2 m2) — 0, as s — oo
Then,

(419) ||U(y17 y?) - g(yl - k(yQ) + t0)||C2([7y2 tan o,ys tan a]) 0, as Yz — O0.
Define

y2 tan o 1 9 1 9

p1(y2) :/ [F(ulyr, 92)) + Sl [* = Sl ] dyr.
—y2 tan o

It follows easily from (4.19) and (4.16) that

(4.20) Jim p1(y2) = er

Combining (4.16), (4.17) and straightforward computations as in (4.6), we obtain

(4.21) P (y2)] < Cae™™*%2, Yo > M
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for some positive constants Cs, k2. Hence we conclude that

O —K
(4.22) Ip1(y2) —er| < ﬁ—je 22 yy > M.
Step 2
We define

W(y2’ T) = ||u(a y2) - g(' +to — T>||%2([—y2 tan o,ys tan af)
By(4.16) and (4.19), we know that
W(y2,k(y2)) — 0, asys — o0

and
2

(423 AW e k(ge)) =2 [ [ = 9)g" + 19/ Pl > .

when ys is sufficiently large.
By the Implicit Function Theorem, for ys large there exists a unique r(y2) such
that

W (y2,7(52) = min W (g, 7).
Let

v(y1,42) = w(yr,y2) — 9(y1 +to —7(y2)), 91 € [~y2tana, ys tanal.
It follows immediately from (4.19) that

(4.24) lim_[[u(-,ys)l| = 0.

Y2 —00

Moreover, the function 7(ys3) is differentiable and

(4.25) lim 7/ (y2) = 0, yljgor(yg) — k(y2) = 0.

y2—0

It is also easy to see that

(4.26) /742 o [(u(y1,y2) — g1 +to — r(y2)) 9" (y1 + to — r(y2))]dyr = 0.

—y2tan o

Differentiating (4.26) with respect to yo leads to

(4.27) /Igl dy, — / —9)g"dy1) -7’ (y2) +/uyzg’dy1 = O(e™ ™).

Now we estimate the energy p;(y2) in terms of ||v]| as follows

pr(w2) - /”waw@@+m—m%m+§W@+m—Mmmﬂ@1

Y2 tan o
y2 tan o 1 1
-/ )~ F(g) + 5 (s = o) — 3 g, ]
y2 tan a
y2 tan o 1
42— [ [P - Flo) = 5(F(0) + F ) = ]y
—y2tan o

1 —K
2/%wx—wﬂw—§/%ﬂw+0@ o)
1 1 2 —K2y2 2
= 5 [ il gdin — 5 [y + O ) 1 o(|0]?)
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In the above estimate, we have used the following estimate

Y2 tan
Ll 1o )

—y2 tan o

Y2 tan o
(420) =— / (grgs + 9")(u — g)dyy + O(e="%2)

—y2 tan o

-/ T L )+ F(9)) (= ) + g (4 — 9)]dun + O(e%2).

—y2 tan o

Hence, in view of (4.22) we obtain

(4.30) /“y2y2(u—9)dl/1 B /Ufndyl = O(e™"**) + o([v]]*).

Furthermore, by the spectrum theory we have

Y2 tan o
(4.31) / 162 + F”(9))dys = NI

—y2 tan o

for some positive constant A > 0 when ¢ satisfies

Y2 tan o
(4.32) / ¢g'dyy =0, ¢ € Hy([—yatana,ys tanal).

—y2 tan o

Choosing ¢(-) = v(+,y2) in (4.31) for any fixed y2, we obtain

43 [ [ g+ @) )]~ g = N+ O,

—y2 tan o

[|? twice leads to

Differentiating ||v
(4.34)

j_;g”v”z = 2/ [y, + 91" (y2)Pdys
+ 2/[“yzyz — g (y2)|? + 1" (y2)] (u — g)dys + O(e™"2V2)
= [ g+ 07 ) Pt +2 [ )
—2(r"(y2))* /QN(U —g)dy1 + 21" (y2) /g’(u —g)dy1 + O(e”"2¥2)

Z/|Uy2 +g/rf(y2)|2dy1 +/u§2dy1 +/uy2y2(u—g)dy1 (by (4.30), (4.26) )
+ (' (y2)*O(|[vl]) + o(|[v]|*) + O(e™"2¥2)
> (191 + O(IelD) (¢ (02 + (A + o) o] + O™,

Here it is essential to split the term 2 [ wy,,, (u—g)dy: to two terms: one is replaced
by [uZ,dy: using (4.30) and the other is replaced by A|[v||* using the following
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estimate

[mmta—gan = [ ) — gy ) 0 )

—y2 tan o

435) / [(F'(u) = F'(9) = F"(g)(u ~ 9)) (u ~ g)]dyr

+ 1 @)= 9) = (0= g) (w9l (by (1.33))
> o([[v][*) + Alloll* + O(e™"2¥2).
Therefore we derive a differential inequality
d? A
(4.36) Zollvl? = Slll® +0(e™™%), g2 > My
Y2 2

where M is a sufficiently large positive constant. By choosing a comparison func-
tion of the form Ce™"¥2 it is easy to see that

(4.37) |[v]| < Ce™™2, yo > My
for appropriately chosen constants C' and x < min{ks, \/A/2}.

Step 3. From (4.37) and (4.30), we derive

(4.38) /|uy2|2dy1 <Ce ™2y > M.
Then by (4.27), we obtain
(4.39) 7 (y2)| < Ce™™¥2/2 gy > M.
Therefore
(4.40) lim r(y2) =A
Y2—00
for some finite number A. The lemma follows immediately from (4.25). O

Combining Lemma 4.1-4.3, we can prove the following

Theorem 4.4. Assume that u is a solution to the Allen-Cahn equation (3.1) where
F is a double well potential satifying (3.6). Assume further that u possesses even
symmetry (4.1) and monotonicity (4.2). Then every level set of u approaches
asymptotically a slant straight line with the same finite positive slope in the first
quadrant as y goes to infinity.

Proof. We just note that after rotating the coordinates clockwise by an angle w/2 —
0, then u satisfies the condition of Lemma 4.3 using Lemma 4.2. Hence we can
apply Lemma 4.3 to conclude that the ~y-level set of u approaches a straight line of
slope tan 8 in the original coordinate. In view of (4.13), the other level set curves
of u are essentially paralell to y-level curve of u asymptotically, the theorem then
follows immediately.

O

Remark 4.5. The result in Theorem 4.4 can be generalized to solutions of Allen-
Cahn equations in a domain which is a cone at infinity, provided that the level set
is a smooth curve contained in a strictly smaller cone near infinity. More details
will be provided in a forthcoming paper.
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Remark 4.6. The condition that F has only one critical point in (—1, 1) stated in
(3.6) can be droped in most of the discussion. In the case when F' has more critical
points in (—1,1), the one dimensional heteroclinic solution of (3.3) may not be
unique up to translation. In the case that F' is even, the saddle solution satisfying
(3.7) and (3.8) may not be unique either. However, we can state the following:

1. For each heteroclinic solution g; of (3.3) there exists a pair of critical points
[ai, b;] , which are the limits of g; at plus and minus infinity respectively, such that

If we assume that F"'(a;) > 0, F”(b;) > 0 at these points, then there are at most
countable many of such pairs.

2. Each saddle solution satisfying (4.1) and (4.2) corresponds to a heteroclinic
solution g; of (3.3) and hence a pair of a;, b;.

3. For each pair a;, b;, the heteroclinic solution g; connecting a; and b; is indeed
unique up to translation. Therefore, the discussion in this section as well as in
Section 3 can be carried out with —1,1 replaced by a;,b; and g replaced by g;,
except for the uniqueness assertions.

4. In the case F' is even and a; = —b;, there exists a saddle solution as in
Proposition3.1 associated with a;, b;.

The proofs of the above statements are either easy or can be modified from the
arguments in this paper, we leave them to the reader.

Next we study u more carefully at each side of the «-level curve. For this purpose,
we define

1 v
(4.42) e;r ::/ V2F (u)du, e} ::/ vV 2F (u)du.
¥ —1
We also define

e 1 1
pale) = [ [F(ulyn.e)) + gl P = 5l Pl don
k(yz2)
Since u(k(y2), y2) = v for y2 > 0, then
Uy, (k(y2)7 y2) ’ k/(yQ) + Uy, (k(y2)7y2) =0, Vyz>0.

Hence, by straight forward computations and the Allen-Cahn equation (3.1) we
obtain

1
Pa(y2) = —[F(v) = 5IVul*(B(y2), y2)| K (v2).
Hence
Y2 1
p2(ya2) = —/ [F(7) = 5 |Vul*(k(s), 5)[K'(s)ds + p2(0)
(4.43) R, X
== [ P0) = SIVuR k)] + 2 (0),
Using (1.6) and computations as in (2.12), we can obtain
(4.44) p2(0) = esin 3, yligloo p2(y2) = €7 sin B.

Therefore

(4.45) |17 = 59 b)) = e sins.
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Similarly, we can define

> 1 1
p3(y1) = / [F(u(y1,y2)) + §|Uyz|2 - §|Uy1|2} dys.
h(y1)

and obtain .
Ph(yr) = =[F(v) = 5IVul* (s, h(y))] ' (41)-
Hence
o 1 2 /
p3(y1) = — / [F(W) - §|VU| (s,h(s))}h (s)ds + p3(0)
(4.46) 0

h(y1) 1
== [ 1P = VP k() )]+ a0
Using (1.6) and computations as in (2.12), we can also obtain
(4.47) p3(0) = ecos 3, ylhgloo p3(y1) = e cos B.
and therefore
(1.48) 1) = SV k). ) e = e cos

Combining (4.48) and (4.45), we can conclude the following result.

Theorem 4.7. Under the assumptions of Theorem 4.4, if we assume further u(0) =

v and the y-level curve yo = h(y1) is close to a straight line in C* norm globally in

the first quadrant of R?, i.e., for some 3 € (0,7/2) and small positive constant €
[[h(y1) — y1 tan B]| o1 (j0,00)) < 6,

then we have

e

(4.49) (tan f —€) tan § < —i < (tan B + €) tan G.
€y

In particular, if y-level curve is a straight line, i.e., e = 0, then
(4.50) tan® 3 = —.

Remark 4.8. Theorem 3.4 and Theorem 3.10 are special cases of the above theo-
rem.

In general, we have the following estimate of the contact angle # = 23 of the
~-level curves.

Theorem 4.9. Under the assumption of Theorem 4.7, the angle 3 of the v-level
curve with y1-axis at infinity satisfies

el el S
(4.51) T <sinf< 214220
e

@ |
o

In particular,

(4.52) lim 3= T lim 3 = 0.
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Proof. We just note that p2(0) > el and p3(0) > e;. Then (4.44) and (4.47)

lead to (4.51) immediately. The limits of the angle in terms of 7 follows from the
following fact

(4.53) lim ejyL =e, limel =0.

Remark 4.10. Theorem 3.6 is a special case of the above theorem.
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