TAYLOR MAP ON GROUPS ASSOCIATED WITH A II,-FACTOR

MARIA GORDINA

ABSTRACT. A notion of the heat kernel measure is introduced for the L2 com-
pletion of a hyperfinite I1;-factor with respect to the trace. Some properties of
this measure are derived from the corresponding stochastic differential equa-
tion. Then the Taylor map is studied for a space of holomorphic functions
square integrable with respect to the heat kernel measure. We also define a
skeleton map from this space to a Hilbert space of holomorphic functions on
a certain Cameron-Martin group. This group is a subgroup of the group of
invertible elements of the II;-factor.

Heat kernel measure, II;-factor, infinite-dimensional group, stochastic differen-
tial equation
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1. INTRODUCTION

In this work we continue to study the type of heat kernel analysis on infinite-
dimensional groups developed in [4], [5]. These papers dealt with so called Hilbert-
Schmidt (infinite-dimensional) complex groups of operators on a Hilbert space. In
the present article we consider similar problems for a hyperfinite I1;-factor € realized
as the weak closure of a subalgebra of the CAR-algebra.

The structure of this paper is as follows. The exact description of the II;-factor
is given in Section 2. In this representation C is a subalgebra of the bounded op-
erators on a Hilbert space of skew symmetric tensors, A(H). The completion of
this II;-factor in the L? norm induced by a trace on € is a Hilbert space L%(€).
Elements of the space L?(€) can be identified with possibly unbounded operators.
We use the fact that L?(€) is a Hilbert space to build a heat kernel measure. This
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measure, U, is the transition probability of a solution of a stochastic differential
equation with state space L?(C). We will describe this stochastic differential equa-
tion and its solution X; in Section 3. The Wiener process in L?(€) has a complex
linear nonnegative trace class operator @ on L?(C) as its covariance operator. The
operator () also determines “new” stronger inner product on L?(€). Kolmogorov’s
backward equation for the process X; is a heat equation in a sense. This fact
justifies the name for the heat kernel measure p; defined in Section 4.

The main difference from the case of Hilbert-Schmidt groups studied in [4] and
[5] is that the heat kernel measure lives in a space of unbounded operators, which
makes the case of the II;-factor more complicated. Some of the new features are
addressed in Section 6. There, in addition to the stochastic differential equation
determining the heat kernel measure, we consider a weak version of this equation.
This “new” equation is a stochastic differential equation whose state space is not
L?(€) but A(H). We can view its solution at time ¢ as an operator applied to
the initial value. Then this operator is in general an unbounded linear operator
although its mathematical expectation is a bounded operator. In [4], [5] we proved
that the stochastic process analogous to X; actually lives in the group of invertible
elements of B(H) for a Hilbert space H. In the case of IIj-factor the situation
is more complicated, since X, takes values in L?(C), not C itself. We will show
that the elements X;(w) have right inverses in L?(€) defined by another stochastic
differential equation.

In Section 7 we consider two spaces of holomorphic functions and discuss their
properties. One of these spaces, HL?(u,), is the closure in L?(L?(€), ;) of holo-
morphic polynomials on L?(€). In addition we consider a space of holomorphic
functions on a “smaller space” with a direct limit type norm. One of our main
results, Theorem 4, describes how these two spaces are related and the role of the
Taylor map. Also in this section we define the Cameron-Martin group G¢ps. One of
the remarkable properties of this group is that we can define holomorphic versions,
skeletons, for the elements of H{L?(y;). Note that elements of HL?(p;) might not
be even continuous functions on €, still we can define holomorphic skeletons on a
much smaller set, the Cameron-Martin group Ggyps. Finally we explain why the
trace class covariance operator ) is essential to obtain a nontrivial Taylor map.

Acknowledgement. I thank Professors B. Driver, M. Gordin, L. Gross and
B. Hall for their advice.

2. DESCRIPTION OF A II;{-FACTOR

We use a representation of a II;-factor as the weak closure of a subalgebra of
the CAR-algebra. In this description we follow, in particular, L. Gross [6] and I. E.
Segal [10]. Let H be a complex Hilbert space with an inner product (-,-). Denote
by A™(H) the space of skew symmetric tensors of rank n over H. Put A°(H) = C
and write A(H) = @52 (A" (H). The “bare vacuum” € = 1 is the element in
A°(H) C A(H). For any z in H there exists a bounded operator C, such that
Cotw = (n+1)2z Au,u € A"(H), where 2 A u denotes P,(z ® u) and P, is the
antisymmetric projection. If we denote A, = C3, then Cy A, + 4,Cy = (z,y)],
which are the canonical anti-commutation relations.

We fix a conjugation J on H, that is, J is antilinear, antiunitary and idempotent.
We will call an element =z in H real with respect to J if x = Jx. Let us define
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Lo, + Ay, for any x in H. Note that B,B, + ByB, = 2(x,y)I, where

<x y) = (z,3y).

Let € be the smallest weakly closed algebra of operators on A(H) containing all
the operators B,,z € H. We consider the trace on € given by tr(u) = (uf2, Q).
This trace function is a positive linear functional on € such that tr(AB) = tr(BA)
for any A, B € €. By Corollary 3.4 of [10] the space € with this trace is a hy-
perfinite II;-factor. The trace determines a Hermitian inner product on C by
(A, B)p2(ey = tr(B*A). In addition we will use the real inner product (A4, B) p2(ey =
Re(A, B)2(e). In a standard way we can define L?(C) as the completion of € in
the norm ||Allz = (Tr(A*A))z. Similarly we can define LP(C) as the comple-
tion of € in the norm |A|, = (Tr(|A|p))% for 1 < p < oo. The elements of
LP(C) may be identified with (unbounded) operators on H. Finally L*°(C) is sim-
ply the space C itself with the operator norm | - ||. These spaces LP(€) have
properties similar to the ones of LP-spaces in Lebesgue integration. For exam-
ple, if A,B € L*(C), then AB € L'(€). We will also use the inequality from
Corollary 12.2 of [11] [|AB|l ey < IIAIIBllz2e and [1BAlzzey < IANIBI z2ce)
for any element A in L*°(C) and B € L?*(C). By Theorem 5 of [6] the map
u — uf) extends to a unitary map from L2?(C) onto A(H). In particular if we
choose a real (with respect to J) orthonormal basis {1, 2, ..., Zp,...} in H, then
{Bu, Bu,,--Bu,, i1 <iz <..<i,,0< n}is an orthonormal basis in L*(C).

Tig ot

3. CONSTRUCTION OF THE HEAT KERNEL MEASURE

Let Q be a complex linear nonnegative trace class operator on L?(€). Denote by
Co the subspace Q'/2L?(C) and by LY = Ly(Cq, L*(€)) the space of the Hilbert-
Schmidt operators from Cg to L?(€) with the (Hilbert-Schmidt) norm || - g For
the purpose of solving a stochastic differential equation in L?(C) we will view this
space as a real space. Take an orthonormal basis {{,}72; of Cg as a real space
with the inner product (A, B) = (Q~1/2A, Q71/23>L2(e)~ The corresponding norm
will be denoted by |-|. We can complete {Q~'/2£,}52, to an orthonormal (in
L?-norm) basis {e, }22; of L?(€). We will assume throughout the paper that Cg is

a subspace of C and that the operator > £*&, is an element of C. In Section 6 we
n=1

o0
will also need that > &,£" is an element of € to prove the estimate in Equation
n=1

(6.3). Their operator norms are denoted by || Z &n65|| = E1 and || Z &enll =

The first constant will be used in the proofs Lof Theorem 1 and 2 Here the sum

is assumed to converge in the operator norm || - || . Lemma 3.1 proves that the
operators Z &ré, and Z £,€; are independent of the choice of the basis {£,}22 ;.
n=1

This Lemma is essentially the same as Lemma 5.2 in [5]. The main goal of this
section is to prove Theorem 1.

Theorem 1. Let W; be the Wiener process in L*(C) with the covariance operator

Q.
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(1) The stochastic differential equation
3 1 dXt = Xtth,
(3.1) Xo=1

has a unique solution in L*(C), up to equivalence, among the processes

satisfying
T
P (/ 1X4 |22y ds < oo> Y
0

(2) For any p > 2 there exists a constant Cp, r > 0 such that

sup B[ Xy[[7e) < Cpyr-
t€[0,T]

Lemma 3.1. The operators Y. &:&,, Y. £.85 and >, &2 are independent of the

n=1 n=1 n=1
choice of the basis {£,}22 ;. Moreover,

(3.2) i 2 =0.

n=1
Proof. Define a bilinear real form on L?(€) x L?(C) by L(f,g) = MQ'Y2fQ'/?g),
where A is a real bounded linear functional on L?*(C). Then f +— L(f,g) is a
bounded linear functional on L?(€) and so L(f, g) = (f, ) 12(e) for some g € L*(€).
There exists a linear operator B : g — g on L?(€) such that L(f, g) = (f, Bg)r2(c)-
We can actually compute B. Indeed, there exists an element h € L?(C) such that
Az) = (x,h)2(e). Then

L(f,9) = (QY*fQ"Y?g,h) 2(e)

and therefore
L(f,9) = Tr (1" Q"2Q"/%)

=(Q2£,h(Q29) ) r2(e) = (£, Q2 (M(Q?9)*)) L2(e)-

Thus Bg = QY2 (h(Q/?g)*) for some h € L?(€C). Therefore B is trace class and
since the trace is independent of a basis, the trace of B over L?(C) is

TrB = Z<6n7 Ben>L2(@) - Z )\(Ql/ze"Ql/Qen) =A (Z 52)
n=1

n=1 n:e, €Cq

does not depend on the choice of {£,}52, for any A. Use the bilinear forms
Mi(f.9) = M(QY2f)*Q"?g) and Ma(f.g) = MQ'*f(Q"/?9)*) to verify that
> &R, and ) €,6) are independent of the choice of the basis.

n=1 n=1

Finally, choose {£,}5°; so that &, = i 2,1 for n = 1,2, ..., where i = /—1.

Then (2n,-1)% 4 (€2,)% = 0.
O

Lemma 3.1 explains why stochastic differential equation (3.1) determining the
heat kernel measure has no drift term. The stochastic differential equation would
have a drift term if the real inner product (:,-)z2(¢) were not the real part of a
Hermitian inner product.
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Proof of Theorem 1. To prove this theorem we will use Theorem 7.4 from the book
by G.DaPrato and J.Zabczyk [1], p.186. We will check that the hypotheses of that
theorem are satisfied. Let B : L*(€) — LS be defined by B(X)U = XU for
U € Cq. The hypotheses are

(1) B(X) is a measurable mapping from L?(C) to LY;

(2) |IB(X1) — (X2>||L0 < O X1 — Xo[12(e) for any X7, Xy € L?(€);

(3) IBX)[Zy < K(1+ [ X|72(e)) for any X € L2(€).

We want to check that B(X) is in LY for any X from L?(€). First of all,
B(X)U € L?*(€) for any U € Cq. Indeed, B(X)U = XU € L*(@), since U € Co C €
and X € L?(C).

Now let us verify that B(X) is in L3. Compute the Hilbert-Schmidt norm of B
as an operator from Cgq to L?(C).

||B(X)||ig = Z<B(X)§naB(X)£n>L2(G) = Z<X§men>L2(e)
n=1 n=1

(X X)) (X Y6060 < E1lX ey < .

n=1

since > tr(AB,) = tr(4 Z B,) for A € L'(@), B,, € € such that > B, con-

n=1 n=1 n=1
verges to a bounded operator in the operator norm. Now one can use this estimate
to verify conditions 2 and 3. O

4. DEFINITION OF THE HEAT KERNEL MEASURE

We define a Borel measure p; by
s FOX) = BFD) = Prof ()

for any bounded Borel function f on L?(C).

Definition 4.1. g, is called the heat kernel measure on L?(€). The space of all
square integrable functions on L?(C) is denoted by L?(L?(C),u;) and the corre-
sponding norm by | f|lz2(z2(e),u) = If|l¢-

The name for this measure can be explained by interpreting Kolmogorov’s back-
ward equation for the process X; as the heat equation in a sense. First of all, the
coefficient B depends only on X € L2(C); therefore the transition probability is
stationary Ps.f(X) = Ef(X(t,s;X)) = P—sf(X). According to Theorem 9.16
n [1] for any ¢ € CZ(L?*(C)) and X € L?(C) the function v(t, X) = Pp(X) is a
unique strict solution in C’l} 2(L2(@)) for the parabolic type equation (Kolmogorov’s
backward equation)

(4.1) gt (t, X) = ;T’"[“XX(’*X>(B(X)Q1/2)(B(X)Q”Q)*], t>0,X € L2(©)
v(0, X) = p(X).

Here CJ'(L?(€)) denotes the space of all functions from L?(€) to R that are n-times
continuously Frechet differentiable with all derivatives up to order n bounded and
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CF™(L*(€)) denotes the space of all functions from [0,7] x L(€) to R that are k-
times continuously Frechet differentiable with respect to ¢ and n-times continuously
Frechet differentiable with respect to X with all partial derivatives continuous in
[0,T] x L?(€) and bounded.

One can rewrite Equation ((4.1)) as the heat equation. First

Trloxx(t, X)(B(X)Q'*)(B(X)Q"?)"]
= vax (t, X)(B(X)Q"?e, ® B(X)Q'?ey)

Z vxx (t, X)(XQY%e, @ XQ'%e,)

Z x(t, X)(X&n ® X&),

where vx x(t, X) is viewed as a functional on L?(€) ® L?(€). This means that for
any smooth bounded function ¢(X) : L?(€) — R, the function v(t, X) = Pyp(X)
satisfies this equation, which can be considered as the heat equation

(4.2) %v(t,X) = Lu(t, X)

v(0,X) = p(X),t >0,X € L*(@),

where the differential operator L on the space Cb1’2 (L?(C)) is defined by

Lo % L Z'UXX t, X)((X)én @ (X)&n).

Our goal is to show that L is a Laplacian in a sense. More precisely, L is a half
of the sum of second derivatives in the directions of an orthonormal basis of Cg.
Define the Laplacian by

(4.3) = % Z )

where the left-invariant vector field &, corresponding to &, is defined by (&,v)(X) =
4 ,_o v(Xe') for a function v : L?(€) — R.
Let us calculate derivatives of v : L?(€) — R in the direction of &,

() (X) = vx (X) 5 1o (Xe') = ux (X)(XE0)

and therefore

(£n&n0)(X) = vxx (X)(X&n @ X&) + vx (XED).
Thus by Lemma 3.1 the Laplacian is equal to

1

(A0)(X) = 5 D [exx (X) (X © X€0) + vx (XE2)) ;Z:j X)(X6, ® XE,).

n=1

o0

Since an is a left-invariant vector field, the Laplacian A is a left-invariant differ-
ential operator such that Lv = Av for any v € CZ(L?(C)) .
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5. APPROXIMATION OF THE PROCESS

Let a real (with respect to J) orthonormal basis {z,,}>°_; of the Hilbert space
H be fixed. Denote by H,, the complex subspace of H with the basis {z,,}" _;,
and by C,, the corresponding II;-factor. The subspace H,, is invariant under the
conjugation J. Note that since H,, is a finite-dimensional space, we have €, =
L?(@,,) as linear spaces though with different norms. We will denote by G,, the
group of invertible elements of €,,. Then G, is a complex connected Lie group with
the Lie algebra C,,.

In what follows we assume that C, are invariant subspaces of Q. This condition
ensures that the heat kernel measures on G,, approximate the heat kernel measure
¢ (defined in Section 4) on L?(€). The approximation is essential in proving of
Theorem 4. Let P, be the projection onto L?(C,). By the Q-invariance of €,, the
projection P, from € onto C,, (defined in terms of the norm |- |) is the restriction
of the projection from L?(€) onto L?(€,,) (defined in terms of the norm | - [12(e))-

Choose a real orthonormal basis {£,,,}2°_; of C in the same way as it was done
in Section 3. In addition, we will assume that the first d,, = dim L?(C,,) = 2" basis
elements form an orthonormal basis of L?(C,). Consider the equation

an,t = Bn(Xn,t>tha Xn,t(o) = 17
where
Bo(X)U = X(P,U).

This equation has a unique solution by the same arguments as in Section 3.
Denote Q,, = P,QP,, where P, is the projection onto L?(C,,).

Lemma 5.1. X, ; is a solution of the equation

dXnt = Bp (X t)dW,, 4,
(5.1) ! (Xnz) !
Xn’t(O) == I,

where W, , = P, W;.

Proof. First we check that P,QP, is the covariance operator of W, ;. By the defini-
tion of a covariance operator we have that (f, Qg)r2(ey = E(f, W1)r2(e)(9, W1) 12(¢),
and therefore

(f,Qng)r2e) = (Puf, QPng)r2(e) = E(Pnf, W1)12(0)(Png, W1) 12(e)
= E(f, PaWh)r2(e)(9, PuW1) L2 ()

Thus Equation (5.1) is actually the same as Equation (3.1) with the Wiener process
that has the covariance @,, instead of Q. O

Theorem 2. Denote by Ho the space of equivalence classes of L*(C)-valued pre-
dictable processes with the norm

1Xl2 = ( sup B[ X720
te[0,T

Then

X0t — Xell2 —— 0.
n—oo
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Proof of Theorem 2. We want to apply the local inversion theorem (see, for exam-
ple, Lemma 9.2, from the book by DaPrato and Zabczyk [1], p. 244) to K(z,X) =
x+ fot B(X)dW,, where z is the initial value of X and X = X(z,t) is an L?*(C)-
valued predictable process. Analogously we define K, (x,X) =« + fot B, (X)dW,.
To apply this lemma we need to check that K and K,, satisfy the following condi-
tions

(1) For any X1(t) and X5(¢t) from Ho

sup B|K (2, X1) — K(z, X3)[|72(e) < @ sup B[ Xi(t) — Xa(t)[72(e)
te[0,T] te[0,T

where 0 < a <1

(2) For any X;(t) and X5(t) from Ho
sup B[ Ky (x, X1) — Kn (2, X2)[12(e) < @ sup B[ X1 () — Xa(t)l|72e).

t€[0,T] t€[0,T]

where 0 < a < 1
(3) limy— oo Kp(z, X) = K(x,X) in Ho.

Proof of 1. To estimate the part with the stochastic differential we will use Lemma
7.2 from [1], p.182: for any r > 1 and for arbitrary L3-valued predictable process
D(t),

s t
(52)  E(sup || [ @(u)dW(u)|ae)) < CTE(/ 12(5)[175ds)",t € [0, T,
sefo,t] Jo 0
where C, = (r(2r — 1))"(5257)%". Thus

t
EIK (2, X1) = K (2, X5) |22 = B / B(X1) — B(X2)dWi |2 ¢,

t t
< 4E/ B(X1) — B(X2)||2Lgd5 < 451E/ X1 — X2||2L2(e)d5
0 0

< 4tEl sup EHXl - X2||%2(C)
t€[0,T)
Note that for small ¢ we can make 4t=; as small as we wish, therefore 1 holds.

Proof of 2. Similarly to the proof of Theorem 1 we have that

| Bn(X1) — Bn(X2)||ig = [I(X1 = X2) Pa() 2 g 22(e)
<Ei X = Xal72e)-
Now use the same estimates as in 1 to see that 2 holds.
Proof of 3. Here again we will use ((5.2)) to estimate the part with the stochastic

differential

15 (2, X) — K (2, X)) = | / (Ba(X) — B(X))dW;|3

¢ t
= sup Bl | (Bu(X)—B(X)dWiljz(e) < 4E / 1B:(X) = BX)[9ds.
€[0T 0 0

Now let us estimate ||B(X) — Bn(X)||2Lg
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IB(X) = Ba(X)|[70 = Z I(B(X) = Bua(X)&ml72(e)

Z (I-P,) §mHL2(e Z ||X§m||L2(e

m=1 m= dn

< Z Em&nlll X Iz ) —— 0

m=dy,

[ee]
by the assumptions on Y &,,&%,.
m=1
We know that there are unique elements X, X,, in the space Hy such that X =

K(z,X), X, = K,(z,X,) and therefore lim X,, = X for any = by the local

n—oo
inversion lemma. O

Denote PI'f(X) = Ef(X,(t, X)), X € €, and v"(¢,X) = P/f(X). Then
similarly to (4.1) the following holds for v" (¢, X). For any f € CZ(€,,) the function
v™(t, X) is a unique strict solution from C; ’Q(Gn) for the parabolic type equation

D01, X) = LTrlo (Ba(X)Q2)(BA(X)@)]
V0, X) = f(X),t >0,X €6,

We want to show that P}* corresponds to the heat kernel measure defined on G,
as on a Lie group (i. e. as in the finite-dimensional case).
Note that for any X € €,

2d,,

Trvfx (6 X)(Ba(X)Q?)(Ba(X)QV?)] = Y vkx(t, X)(X&m © X&),
Thus Lv = Tr[v}  (t, X) (B, (X)QY?)(B,(X)Q'/?)*] is equal to the Laplacian
2d,,

B0 =53 (66000,

where the left-invariant vector field &, corresponding to &, is defined by (f;lv)(X ) =
% li=o v(Xe') for a function v : L?(C,) — R. Thus, the transition probability
P! is equal to pf'(dX), where the latter is the heat kernel measure on G,, defined
as a Haar measure on G,, with the heat kernel as the density.

6. MORE PROPERTIES OF THE STOCHASTIC PROCESS DETERMINING THE HEAT
KERNEL MEASURE

In addition to Equation (3.1) we consider a stochastic differential equation on
A(H) whose solution can be viewed as a weak solution to Equation 3.1 in a sense.
Let us explain the motivation informally. The main difficulty with the solution to
Equation (3.1) is that the process X; is in L?(€), whose elements in general are
unbounded operators. Thus for fixed ¢,w the operator X;(w) might not be defined
for a fixed element of A(H). Still there is a subspace D of A(H) which is contained
in the domains of all elements of L?(€). In particular, we can take the subspace D
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to be equal to |JA(H,,). Let us disregard this problem of the domain of the process

X for a moment. Then we can take the adjoint of both sides of Equation (3.1) and
apply it to an element in A(H).

(6.1) dX{x=dW/ Xz, x€ A(H).
Denote X;z by x;. Then Equation (6.1) becomes

(6.2) dry = dWixy, a9 = x.

This equation has a unique solution in A(H). Indeed, denote D : A(H) —
L3(Cq,A(H)), D(z)U = Uxz,U € Cg. Then D satisfies conditions 1, 2 and 3
of Theorem 1. We have the following estimate of the L3-norm

ID@)[I7: = > (D@, D@)Eac) = Y (Enes &nzhacm)
n=1 n=1
= (Z Enén, ) Ay < ErllzlacH)-

n=1

o0

Here we used the assumption that Y &,£ is a bounded operator on A(H). As in
n=1

proof of Theorem 1 this estimate implies conditions 1, 2 and 3.

Let us define a random operator X; as an operator on A(H) by X,z = z;. From
[12] (p. 179) we know that EX; X, is a bounded operator on A(H) as an operator
on the initial value xy = € A(H). Skorokhod’s result is much more general than
what we actually need. We can show that Ef(t*f(t is a bounded operator directly.
First, we can apply Ito’s formula to E{z¢, x¢)as) to get

t
E<$t,£lft>A(H) = <$o,$0>A(H) +/ E(Z fz&ms,%s)/\(}])d&
0 n

If we assume that > £"¢, is a bounded operator on A(H), then

n

t
E{xe, 2t) acry < (%0, To)A(H) JrEz/ E(xg,xs) Ay ds.
0

By Gronwall’s lemma E{x¢, 2¢)p ) < et=2 (wo, o)Ay = (@, x)A(mry and therefore
E( X2, Xex)amy < o(x, ) Ay Thus

(6.3) <E)~(;‘)~(tm,x>A(H) < e, T)A(m)

and so EX} X, is a bounded operator on A(H).

The question is whether X,z = 2, = Xz for all z € A(H), and if not then for
which « it is so. Note that if we follow the same argument for finite-dimensional
approximations X, ; to the process X, then Xn,tx =Tnt = X;yt:v with probability
one. Indeed, in this case X,, ; is a bounded operator for fixed z,w and X,, + = )N(;t.
Let us see now what we can say about X;.
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Lemma 6.1. For any x € D

X,z = X7z with probability one.

Proof. Any z in D is in the domain of any operator Y from L?(C). By Corollary
12.12 and Corollary 16.1 of [11] we have that

(6.4) 1Y llace) <YLz ll2lloo

where ||2|loo = || >_ @y 4, Bjy - By || if € =2 «j, .25, A... Azj,,. By Theorem
2 we have E|| X, — Xn,t”zL?(e) — 0. Then by inequality (6.4) and usual properties of
mathematical expectation there is a subsequence such that || Xz —Xp, 2| sz) — 0
a.s. Similarly E||th—Xn7tx||i(H) — 0. In addition X,z = X, for large enough
n. 0

Proposition 6.2. For any x in A(H) we have that x belongs to the domain of X;
and X;x = Xyx with probability one.

Proof. There is a sequence {z,} in D such that z, — z in A(H). By Equation
(6.3) there is a constant ¢ such that

E”Xty”?\(H) < C||?JH%(H)

for any y € D. Hence by Lemma 6.1 there is a subsequence x,,, such that X;z,, —

X,z a.s. This implies the result since any element of L?(C) is a closed operator (see
Section 2 of [11]). O

The fact that the process X; is in general an unbounded operator makes the task
of finding its inverse complicated. In terms of the heat kernel measure p;, it means
that we can not view p; as a heat kernel measure on a group. However the support
of this measure enjoys some of the properties of a group. For example, Theorem 3
shows that for j;-almost all elements of L?(€) there exists a right inverse in L2(C).
This right inverse is defined as a solution of the stochastic differential equation
(6.5). At the same time we can not claim that there is a left inverse in L?(C).
Note that if X, X! are elements of L?(C), then X X ! is a well defined element of
L'(€), and the equality X X ! = I can be understood in L'(C)-terms.

Theorem 3. Consider the stochastic differential equation in L*(C)

(6.5) dZ, = —dW, Z,, Zo = I.

It has a unique solution in L?(C) and its solution satisfies Xy Zy = I with probability
one.

Proof. This can be shown by applying Itd’s formula to A\(X;Z;) where A is an
arbitrary bounded linear functional on L*(C).
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MXiZt) = M XoZo)

/t)\(XdWZ X AW, Z,) / ZXS§2Z ZX§2
0

- / XY & Zs)ds = M)
0 n
by Lemma 3.1. 0

Taking an inverse is not the only problem with group properties of the support
of the heat kernel measure j;. For any T in L?(C) we can informally define a
product TX in L?(@) for us-almost all X in L?(€). This product can be defined
as a solution of the stochastic differential equation dY; = Y;dW; with the initial
condition Yy = T. However we can not define a product XT in a similar way and
the product T'X lacks associativity.

Proposition 6.3 gives an estimate of the L” norm of the solution of the stochastic
differential equation in Theorem 1.

Proposition 6.3. For any p > 2,t >0

Bl X7 A (€ Cpa = 1),

1
2
LR Op,t

)2",

where Cpp = 0%2%_151575%_1701, = (p(2p — 1))1’(2361

Proof. First of all, let us estimate E|| fot Xs)dW, ||i2<e). From part 3 of the proof
of Theorem 1 we know that || B(X)]?, < '_'1(HX||L2( o 1). In addition we will use
2

Lemma 7.2 from the book by DaPrato and Zabczyk [1], p.182: for any r > 1 and
for an arbitrary L9-valued predictable process ®(t),

S t
(6.6) E(sup || [ @(u)dW(u)|*, )< C,»E(/ 1@ (s)70ds)", t € 0, T,
se[0,] Jo L2e 0 2

where C, = (r(2r — 1))"(5257)%". Thus

(6.7) E||/B JAWL?, < CyE /||B DllZgds)?
<CgEfE</O (IXIP, ., + 1)ds)’?

2 p P
=241 5
%“lt E/ L2(() 1) ds

Now we can use inequality (z+1)? < 2971 (29+1) for any z > 0 for the estimate

((6.7))
L p_1,2_
E||/ 172, S CpELE2T 1227 1E/ L+ 117, ) )ds

g, —Z p_
— oy2i sk 1t+E/ 112, ds)
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Finally,
t
B2, ,, < B [ X)WL, < Coult+ B / 1.7, ds)
where C),; = Cp2§_ Elgt% .
Thus, E”Xth(e) < & (eth,t — 1) by Gronwall’s lemma. O

7. THE CAMERON-MARTIN GROUP, HOLOMORPHIC FUNCTIONS AND TAYLOR
MAP

o0
Let g = |J ©C,. The operator @ is a bounded operator and therefore there is a
1

n=
constant ¢ such that |z| > ¢||z| for any = € Cq, where || - || is the operator norm
on B(A(H)). Note that the closure of g in the norm |- | is Cg. Let us denote by G
the connected component of I of invertible elements of C (e.g. [8]).

1 .
Let d denote the Riemannian metric d(y,z) = i%f{f ‘hilh‘ ds}, where h :
0

[0,1] — G is a piecewise differentiable continuous path, h(0) =y, k(1) = z, h = dh

W =h"1the Cq. Let us define now the Cameron-Martin group G-
Definition 7.1. Goyr = {2 € C : d(z,I) < oo} is called the Cameron-Martin
group.

Note that Goypy is a group and G, C Gy for any n. We will denote U,,G,, by
G- Let us now introduce holomorphic polynomials on C.

Definition 7.2. A function p: € — C is called a holomorphic polynomial, if p is
k

a complex linear combination of monomials of the form p(X) = [] (X, Fn)r2(e),
m=1

where {F,,}F _, are arbitrary elements of L?(C). We will denote the space of all

such polynomials by HP.

Note that (X, ') 2(e) = (X, FQ) 5z and therefore we could consider polyno-
mials of (X f, g) a(zr) instead. For any p € HP, X € C, B € Cq the derivative of py, in

k
the direction of & is (Dpg)(X)(§) = Z(X Fi) 2y (XE Fi)r2ey--(X, Fin) 2 (e)-

Thus the derivative (Dpg)(X)(€) is complex linear in £&. By Proposition 6.3 the
holomorphic polynomials are square integrable with respect to the heat kernel mea-
sure. We will denote the closure of all holomorphic polynomials in L?(L2(C), )
by FL? ().

One of the important properties of the holomorphic polynomials is that they
can be recovered on the Cameron-Martin group from their Taylor coeflicients at
the identity. This formula was first introduced for finite-dimensional Lie groups by
B. Driver in [2].

Lemma 7.3. (B. Driver’s formula).

Let g be a smooth path in Gopy such that g(0) = I and g is a piecewise differen-
tiable path from [0,1] to G such that g’ = g=1g is in Cq.

Then for any p € HP

plo(s) =3 / (D"D)(I)(e(51) ® .. ® c(5))d5.

n:OAn(s)
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where

dg

ds’
Proof. Note that our result is stated for paths g which are smooth in G¢jy, but
we actually use weaker assumptions in our proof. In fact the formula holds for a
smooth path in G.

It is enough to prove this formula for monomials. Take a monomial p(X) =
k
(X, Frn)r2(e)- Similarly to Lemma 5.2 of [2]

An(s) ={(51,.,8,) ER": 0 < 51 < 82... < 8, < 8},¢(8) =g (s)

) N-—1
o)=Y / (D) (1) (e(51) ® . ® c(5))d5
=0, (s)

+ / (DVp)(g(s1))(c(51) ® ... ® c(sn))d5.
An(s)

We want to estimate the remainder

| [ 0Dl 0 0 o)
An(s)

< / |(DNp)(g(81))(c($1)®...®C(8N))|d§.
An(s)

Note that the Nth derivative of the monomial is

(DVp)(X) (61 ® ... ® &) = D (XE™ Fy)page).(XE, Fy) pacey.. (XE™, Fi)r2(e),
o i i k

where the multindex o; = (al,...,al), a§ =0orl, % = §f1...§7VN, ap =

i=1

(1,...,1) and the sum is taken over all possible a = (a, ..., ag).
For(eC X el

(XE Bzl < IENIXNTE 22 )

The number of all such multindices « is k% therefore
k

|(DVp)(X)(& @ ... @ En)| < EN(IE- NN TIX N2 ey [T I z2ce)-
i=1
Denote

llellx =/||c(t)||dt.

Thus
[(D¥p)(g(s1))(c(51) ® .. @ e(sn))| d&
An(s)

k
< Fi| 12 su
\EH z”L ©) oot

X

p GOk [ el lels)lds
b An(s)
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k kN
= g IFillL2e)llelll sup H(Q(ﬂ”fz(e)m 0

RS

O

In addition to the space of holomorphic polynomials we consider another space
of holomorphic functions.

Definition 7.4. H!(G.,) will denote the space of continuous functions on G
whose restrictions to G,, are holomorphic for every n and || f]l1,co = sup{||fll¢.n} =
n

lim ||f]ltn, < oo, where || f||+n is the L?norm with respect to the heat kernel
— 00
measure on G,,.

Functions in the space H*(G ) and their derivatives satisfy pointwise estimates
similar to the ones proved in [5] for Hilbert-Schmidt complex groups. We omit the
estimates in the current paper since we do not need them to prove our main results.

Let us now describe the Taylor map. Suppose f is a function from Ggys to C
and f has a derivative which is complex linear. Then this derivative is unique. Let
(Df)(X) denote the unique element of Cf, (as a complex space) such that

d

= % f(XetE), 56 GQ,X € GGCM'

t=0

(DHX)(E) = (ENX)

Similarly (D* f)(X) denotes the unique element of (Co®*)* such that
(D*)(X)(B) = (BAHX),  BeCE, X eGoum.

We will use the following notation

(1=D)x'f = _(D*)(X).
k=0

o0

We call the series of all derivatives (1 — D)%'f = 3. (D*f)(X) the image of f
k=0

under the Taylor map. Let us also describe J, a noncommutative analog of the
bosonic Fock space. This space will play a role of space of Taylor coefficients in
Theorem 4.

Let h be a complex Lie algebra with a Hermitian inner product on it. Then T'(h)
will denote the algebraic tensor algebra over b as a complex vector space and T” ()
will denote the algebraic dual of T'(h). Define a norm on 7'() by

n ' n
(1) 18R =Y AP A=Y B B €0 k=012, 0> 0
k=0 k=0
Here | 3| is the cross norm on h®¥ arising from the inner product on h¥* determined
by the norm |- | on h. Ti(h) will denote the completion of T(h) in this norm.
The topological dual of T;(h) may be identified with the subspace T} (h) of T7(h)
consisting of such « € T'(h) that the norm

[ +k )
(72) |Oé|? - Z H|ak|27a = Zakaak € (h®k)*7k = Oa 1,2,..,t>0
k=0 """ k=0

is finite. Here |ag| is the norm on (h®*)* dual to the cross norm on h®*.
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There is a natural pairing for any a € T'(h) and § € T'(h) denoted by
<avﬁ> = Z(ak7ﬂk>7 Q= Zakaﬂ = Z/Bkvak € (h®k)*7ﬂk € h®k7 k= 0,1,2,..
k=0 k=0 k=0
Denote by J(h) the two-sided ideal in T'(h) generated by {£@n—n®&—[¢,n],&,n €
h}. Let JO(h) = {a € T'(h) : a(J) = 0}. Finally, let JP(h) = T7(h) N JO(h). We
will denote JP(C) by Jp .

The coefficients f—k' in the norm on the tensor algebra T'(h) are related to the fact
that the measure we consider is the heat kernel measure.

The first part of the following theorem generalizes the Driver-Gross isometry [3]
to our infinite-dimensional case. The isometry from the second part uses finite-
dimensional approximations to the process X; to show that for holomorphic poly-
nomials the L2-norm (with respect to the heat kernel measure) is equal to the

limit norm on H'(Gcps). We omit the proof which is essentially the same as for
Theorems 4.4 and 8.7 in [5].
Theorem 4. (1) HY(Gwo) is a Hilbert space with respect to || - ||t,0o and the
Taylor map at the identity (1 — D);1 is an isometry from H'(Gw) into Jp.
(2) The embedding of HP into H'(Gw) can be extended to an isometry from
HL2 () into H(Goo)

One of the remarkable features of the Cameron-Martin group is that elements
of the space HL?(j1;) have so called holomorphic skeletons defined on Goar. We
provide only a sketch of proof since it is the same as for Theorem 8.5 in [5].
Theorem 5. Suppose

2072
Pn L7 (L7(C),pe) 1 by € HP.

n—oo

Then there is a holomorphic function f, a skeleton of f, on Gonr such that
pu(x) — f(z) for any x € Geonr.

Sketch of proof. By Theorem 4 the Taylor map is an isometry from HL?(u;) to JP.
Thus we can find the limit of (1 — D)} 'p, in J?. Denote the limit by a = > a,.
Let us define

flay=">" / O (c(51) @ ... @ c(5m))d5.

=0a,.(1)

Then one can use Driver’s formula (Lemma 7.3) for p, to prove that p,(z) — f(x)
for any « € Goar. What is left to check is that the skeleton f(z) is a holomorphic
function. O

H. Sugita in [13] constructed holomorphic skeletons for elements in L? on an
abstract Wiener space. Those skeletons also are defined only on a “small” set,
namely, the Cameron-Martin subspace, though the construction is different. The
isometry in the second part of Theorem 4 is actually the restriction of the image of
the skeleton map f — f t0 Guo.

In conclusion let us explain why we change the inner product (-, -) r2(e) to the one
determined by a trace-class operator ). First of all, @ is the covariance operator
for the Wiener process W;. The fact that @ is trace class implies that the process
W, lives in L?(C). There is one more reason for using an inner product different
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from (-,-)z2¢e). In what follows we show that if @ is the identity operator then the
space J is “almost” trivial. That is, if we use the invariant inner product (-, VL2 e),
the only holomorphic functions square integrable with respect to the heat kernel
measure are functions of the form f(X) = g((X,I)12(e)), where g is a holomorphic
function on C. Thus essentially the only holomorphic functions square integrable
with respect to the heat kernel measure are holomorphic functions of one variable.
In [4] we proved the following theorem.

Theorem 6. Suppose by is a Lie algebra with an inner product (-,-). Assume that
there is an orthonormal basis {£1}72, of @ such that for any k there are nonzero
ay € C and an infinite set of distinct pairs (im, jm) satisfying & = ol &5 ]-
Then JP(b) is isomorphic to C.

Let b be the weak closure of Span{By, B,,...Bz, , i1 < iz < .. <in,n > 0}.
Note that g is a Lie algebra, since [By, Bu,,..-Bu,, , Baj, Bz, Bz, | € 8. Also
C = {CI} @b as Lie algebras. At the same time, b is not an algebra.

Corollary 7.5. J?(b) is isomorphic to C and J}(€) is isomorphic to Y .., C®™.

Proof. Note that

[Bs, Bz, ...Bx B,.,B,.|=2B,, B, ..Bq, ,
1 2 22n—1 J J 1 2 2n—1
[Bs, Ba,y Bz, Baj, By By, | = 2By, By, ...By,,
for any j. Therefore J? is trivial by Theorem 6. ]
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