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Abstract
A unified, empirical processes based approach to the central limit theo-

rem and to the bootstrap for randomly trimmed and Winsorized means
is developped, with emphasis on Hampel’s means.

1. Introduction. Since the sample mean is very sensitive to outliers in the data, al-
ternative estimators (and location parameters) have been in use since time immemorial.
Randomly trimmed means, which include as extremes the mean and the median, constitute
a very general class of location parameters whose sample counterparts that can be made as
sensitive or insensitive to outliers as one wishes, and also as asymptotically efficient with

respect to the sample mean as one wishes when considered as estimators of the center of
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symmetry of a smooth symmetric distribution. A randomly trimmed mean is constructed
as follows: one fixes levels a,, < b, depending on the sample, and takes the average of
those data points that fall between a, and b,,. Typically these levels are obtained by
evaluation at the empirical distribution function F;, of functions a(F'), b(F') defined on
probability laws; then, if F' is the distribution function from which the data are drawn,
and one takes a,, = a(F),) and b,, = b(F},), the trimmed mean estimates the expectation
of X (with distribution F') conditioned to X € [a(F),b(F)]. If a(F) = F~1(a/2) and
b(F) = F~Y(1 — a/2), one has the classical trimming, with a breakdown point of a. If
a(F) = u(F)—cs(F) and b(F) = pu(F)+cs(F), where u denotes median, s denotes median
absolute deviation (MAD), and c is a constant of choice, then one has Hampel’s trimmed
mean (Hampel, 1971, 1985), which has the optimal breakdown point of 1/2; in this case
one does not know in advance what proportion of the data are being discarded (which
may have some advantages). These are just two examples, but there are many more. A
companion to trimmed means are Winsorized means, which are the plug-in estimators of

the population parameters E((X Ab) V a).

It seems advantageous to have a unified approach at getting robustness properties,
limit distributions and the validity of the bootstrap for this relatively general and very
useful class of statistics. Shorack (1974) has a unifed approach to the central limit theo-
rem in the case of symmetric distributions; Shorack and Wellner (1986) have asymptotic
expressions for randomly trimmed and Winsorized means that fall short from being limit
theorems because the levels a and b are, in a sense, too general. Kim (1992) proposes a

type of trimmed means (not unrelated to Hampel’s) for which he obtains the central limit



theorem using the delta method. Hall and Padmanahban (1992) contains a detailed study
of the bootstrap for the studentized classical trimmed mean. In this article we present a
unified, empirical process based approach to the central limit theorem and the bootstrap
central limit theorem for the general trimmed mean under very mild assumptions on the
levels a(F) and b(F). The basic assumption is that y/n(a, — a) can be asymptotically
linearized, in the sense that it is asymptotically equivalent to Y ., (h1(X;) — Ehi(X))/v/n
for some function hy square integrable for F', and likewise for y/n(b,, —b). This assumption
is very natural because on one hand it allows for very simple proofs, and on the other, it
is satisfied by the median, any quantiles and the MAD (and hence also by u — cs), as we

show below. Robustness properties are also breifly reviewed.

Then, we apply the general results to Hampel’s means and to means based on box plots
(precise definitions are given in the next section). We emphasize Hampel’s means because
they have optimal breakdown point, and, as Davies (1998) concludes after commenting on
their simplicity and favorably comparing the performance of Hampel’s trimmed mean and
standard deviation with that of other robust location/scale parameters, ‘It (Hmean/Hsdv)
can certainly be recommended for a first course in data analysis as an alternative to the
usual mean/sdv.” (Here we do not deal with Hampel’s standard deviation -the standard
deviation of the data between u,, — ¢s,, and p, + cs,-.) Also, as estimators of the center
of symmetry of a smooth symmetric distribution, the asymtotic efficiency of Hampel’s
trimmed and Winsorized sample means with respect to the sample mean tends to one
as the tuning parameter ¢ tends to infinity, whereas the brakdown point remains 1/2

regardless of the value of c.



Section 2 contains definitions and examples, Section 3 reviews robustness properties,
in Section 4 we obtain asymptiotic normality and in Section 5 we show that the bootstrap

is valid a.s.

2. Definitions. Let X, Xq,...,X,,... be indepedent identically distributed real random
variables with common probability law P and, for each n € N, let P, = n~! S 0x,
be the empirical measure corresponding to the first n observations X;,...,X,,. F and F,,
will denote the cumulative distribution functions associated respectively to P and P,. Let
a(Q) = a(Fg) and b(Q) = b(Fg) be real valued functionals defined on a subset of the set
of probability measures @@ on R containing P and P,(w) for all n € N and w € , and

such that a < b. Then, the trimmed mean of P based on a and b is defined as

b(P
fa((P)) fL’dF(:L‘)

O =90")= Fop)) — Fla(P) )

= E(X|X € [a(P),b(P))),

and we will usually write a and b for a(P) and b(P). Likewise, we will write a,, for a(P,)
and b,, for b(P,), and we impose without further mention that a,, and b,, are measurable
functions, that is, random variables. The empirical trimmed mean based on a and b is

analogously defined as

n by
= i Xilja, 0,0 (X5) J. xdFy(z)

Z?:l I[an,bn](Xi) B Fn(bn> - Fn(an_) '

0, = 0(P,)

Here and elsewhere, fcd = f[c e The Winsorized population and empirical means based on

a and b are respectively defined as

£—¢(P) = / 2dF () + aF(a—) + b(1 — F(b)) = E(X Ab)V a)
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and

€ = ,(P) = / " 2 dF(2) + an F(an—) + bu(1 — F(by))

n

1 n
= D [ Xiljay 5,0 (X3) 4 bnl iy, 00 (Xi) + anI(—oo,a,)(X5)] -
=1

Most trimmed and Winsorized means in the literature are obtained by appropriately
choosing a and b. Given a distribution function F' and a number a € (0, 1) define, as usual,
Qu(F) = F7 () := inf{z : F(z) > a}, the a-quantile of F' (quartiles: a = 1/4,3/4,
median: o = 1/2). We will denote as p the population median Qq/o(F) and by p, the
sample median Q1 /2(F,); likewise, we simplify the notation for quartiles as Q1 = Q1 /4(F),
Qn1 = Qua(Fn), Q3 = Q3/4(F) and Q3 = Q3/4(F,), and the interquartile ranges are
denoted by R = Q3 — Q1, R, = Qn3 — Qn,1. Finally, the median absolute deviation or
MAD s for P is defined as the median of the random variable | X — p| (where X has law

P), and the empirical or sample MAD, s,, as the median of the (random) set of points

|X1 _,Un‘a---7|Xn _,un‘-

Examples.

1. Hampel’s means. (Hampel (1971, 1985)) The trimmed and Winsorized Hampel means
are obtained by taking a = p—cs and b = p+cs for some ¢ > 0 (Hampel takes ¢ = 5.2). So,
the Hampel means are averages of the data points that are close to the (sample) median by
at most a fixed multiple of the (sample) MAD. These means are remarkable because they
inherit the excellent robustness properties of the median and the MAD. Their asymptotic
normality in the symmetric case can be obtained from Shorack (1974), Example 9, given
the asymptotic normality of the MAD, that was proved by Hall and Welsh (1985). We are
not aware of any proofs in the literature of the asymptotic normality of these estimators
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in general (without assuming symmetry of F') or of the validity of the bootstrap for them.

2. Boz plot means. The box plot trimmed and Winsorized means are obtained by taking
a=@Q1—cR and b = Q3+ cR for some ¢ > 0, or what is the same, a = (@1 +@3)/2 — dR,
b= (Q1+ Q3)/2+ dR for some d > 1/2. Asymptotic normality in the symmetric case
follows from Shorack (1974). We call these box plot means for obvious reasons. We could

take other quantiles as well in the definition of these trimmed means.

3. Symmetrically trimmed means. for these means, one takes a = @, and b = Q1_,.
Classical, well studied (for asymptotic normality, see e.g. Huber (1969) and Stigler (1973),

and for the bootstrap, Hall and Padmanabhan (1992)).

4. Kim’s metrically trimmed mean (Kim (1992)) is obtained by taking a = M—F&l_u' (1—a)

and b = pu + F &17”' (1 — «). For a = 1/2 Kim’s metrically trimmed mean coincides with
Hampel’s with the choice of ¢ = 1. The asymptotic normality when ‘I’ possesses a density f
which is positive and absolutely continuous on its support’ was obtained by Kim (1992); in
the symmetric case it does follow from Shorack (1974) given the asymptotic normality of a,,
and b,,, that was obtained later. The results in the next sections imply that Kim’s theorem
is true under the weaker assumption that the density exists in an open set containing pu,
a and b and is positive and continuous there; they also imply that the bootstrap works as

well. However, these results wil neither be stated nor proved because of their similarity

with the corresponding results for Hampel’s means.

3. Robustness. It is obvious that if a and b, as functions of P, are equivariant under
affine transformations, then so are #,, and &,, and this is a basic property to have for
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location parameters and estimators. It is also interesting to note that if P is symmetric
about a point ¢, then §(P) = {(P) = c and 0,, and &, are unbiased estimators of the center
of symmetry c. Although these are desirable and important properties, randomly trimmed
means are most appealing because of their robustness properties. We look now a little

more closely at robustness in terms of breakdown points and influence curves.

We recall (Hampel (1974)) that the finite sample breakdown point of an estimator is
‘the smallest percentage of free contamination that can carry the value of the estimator

over any bounds’.

Proposition 3.1. The finite sample breakdown points of 6,, and &,,, defined from a,, and
b, as in Section 2, are the smallest of the breakdown points of a,, and b,,. In particular,
Hampel’s trimmed and Winsorized means have breakdown points of 50%, whereas the box

plot trimmed and Winsorized means have breakdown points of 25%.

Proof. For any portion of contamination points that keep a,, and b,, unbroken (bounded),
the estimators #,, and &, also remain bounded by their very definition. Conversely, if a
portion of contamination can take a,, or b, beyond any bound, then it can also take #,, and
&, beyond any bound, proving the general result. The result for the Hampel and box plot
means follows from this because, as is well known, the breakdown points of the median

and the MAD are both equal to 1/2, and that of the quartiles is 1/4. q.e.d.

The influence curve or function at P of a parameter § = 0(P) is defined (Hampel

(1974)) as

IC(z,0,P) = lim b(P(e, ) = G(P),

e—0 g
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where P(e,z) := (1 —€)P + &d,, € € [0,1]. The next proposition follows by direct simple

computations that we omit.

Proposition 3.2. Assume the distribution function F' of P has a continuous deriva-
tive f on an open set containing a = a(P) and b = b(P). Let a,(¢) := a(P(e,z)) and
by (e) := b(P(e,x)), and assume a, and b, are differentiable (with respect to €) at zero,
with derivatives a!, and b/,. If 0 = 6(P) and & = {(P) are defined from a and b as in Section

2, we have:

_bbLf(b) —aal f(a) + xljgy(x) U f(b) —a,f(a) + Ijap (@)
[C(z,0,P) = F(b) — F(a) N F(b) — F(a) 9

and, for x # a, b,
IC(x,&, P) = ayF(a) + b,(1 — F(b)) + x1jqp) () + al(—oo,a) () + DI (y,00) () — € .
In particular, these parameters have bounded influence functions.
The previous proposition gives the influence functions of the Hampel and the box

plot means just by replacing a and b by their values in terms of the median, the MAD

and the quartiles, whose influence functions are (Hampel (1974), Huber (1981) or direct

computation):
0 if 2 = Qq
IC ) gy P) = _
(o) - I}_(Z;;;a)(x) otherwise
and
[C(z, 5, P) = 1/2 = I(yes prs) (@) = [f(4s) = f(u— )] (IC(z, p, p))

flu+s)+ f(u—s)

4. Limit distributions. Given X, X;, i € N, we let P be their common law, with c.d.f. F’
and density f, and, for each n € N, we let P, :=n~!'> "  dx, be the empirical measure
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and v, := y/n(P, — P) the empirical process. In this notation, the classical empirical
process is v, (—o00, x| = \/n(F,(z) — F(x)). Given a measure u (in paticular, P, P, or v,)

and an integrable function f, we will often write u(f) for [ fdu.

4.1. General trimmed and Winsorized means. Let —oo < a < b < oo and let a,, b, be
random variables such that —oo < a,, < b,, < 00 a.s. The following assumptions will be in

force in this subsection:

(D.1) The c.d.f F has a derivative f on an open set containing a and b and f is continuous
there, hence, f is uniformly continuous on a compact set K whose interior contains a

and b.

(D.2) f(a)+ f(b) # 0.

(L) There exist measurable, P-square integrable functions h; and hy such that

(41)  Vi(an —a) = va(h) + 0p(1) and V(b —b) = va(hs) + op(1)

In particular, by the central limit theorem, a, and b, are weakly consistent (that
is, a, — a and b, — b in probability) and asymptotically normal (when centered at a,
resp. b, and multiplied by y/n). Note that, although fairly general, these assumptions are
slightly stronger than the assumptions in Theorems 1 and 2, Shorack and Wellner (1986),
pp. 678 and 682. But, on one hand, they will allow us to get stronger results than in their

theorems and, on the other, they are satisfied by all the examples in Section 2.

Lemma 4.1. Assume (D.1) and (L). Define, for x € R,

91(x) = Iiag)(x) + f(0)ha(x) — f(a)ha(z)
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and

g2(x) = xlqp)(x) + bf(b)ha(z) — af(a)hi(z).

Then,
(42) v%lLTdEx@—1lﬂﬂmm = vnlg1) + 0p(1)
and

(4.3) Jn [/b dF,(z) — /ab 2dF(@)| = vn(gs) + op(1).

Proof. We have

:\/ﬁ/aind(Fn—F)

bn b
ﬁ[/ or, ~ [ ar

a bn
+¢ﬁ/ dF+\/ﬁ/ dF.
an b

Since f is uniformly bounded on K we have that || f|| x := sup,cx f(2) is finite, and that
if [,y] € K then Plr,y] < | f]lxc(y — 2), hence, Plr,y] — (Plr,y))? < || fllx(y — ). Also,
there is 69 > 0 such that [a — dg, a + dp] U [b — 0o, b+ Jp] C K. Therefore, by the asymptotic
equicontinuity of the classical empirical process (e.g., Theorem 3.7.2 and Corollary 6.3.17,

pp. 118 and 215, in Dudley (1999)), we have

(4.4) lim lim sup Pr sup |Un |z, y] — vnla,b]| >ep =0
6=0 n le—al<5,|y—b|<5

for all € > 0. Since

bn
Pr{‘\/ﬁ/ d(F, — F) — vyla,b]

25} §Pr{ sup \vn |z, y] — vnla, bl 25}

|z —al<6,|ly—b[<6

+ Pr{|b, —b| >0} + Pr{|a, —a| > d},
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the equicontinuity condition and condition (L) give, upon taking limits first as n — oo and
then as 6 — 0,

\/ﬁ/b" d(F, — F) = vo[a,b] + op(1).
Given 0 < 6 < 69 and M, n € N, such that M,, — oo and M, /\/n — 0, set 7, :=
sup{|f(b) — f(c)| : |b—¢| < (§ + M,,)/\/n}, which tends to zero by uniform continuity of

f on K. Then, on the event where |v,,(ha) — /n(b, —b)| < 6 and |v,(h2)| < M, we have

bn bn
\/ﬁ/b dF — f(b)vn(he)| < \/ﬁ/b |f () = f(b)ldx + [V/n(bn — b) — vi(h2)| f(D)

< \/ﬁ|bn - b|Tn + ‘\/ﬁ(bn - b) - Vn(hZ)‘f(b)v

and this bound tends to zero in probability. So, for any € > 0,

pr{ >€}

< Pr {\/ﬁlbn - b|Tn + |\/ﬁ(bn - b) - Vn(h2)|f(b) > 6}

N0 / " AF — f(b)vn(hy)

+ Pr {|vy(h2) — Vn(b, — b)| > 8} + Pr{|v,(h2)| > My} — 0,

proving
bn
Vit [ dF = (i) + on(1).
b
A similar proof gives

/i / " dF = — f(a)vn () + 0p(1).

Collecting terms we obtain (4.2). To prove (4.3) we write

bn b
\/ﬁ[/ achn—/a:dF

and then proceed as in the proof of (4.2) (we note that the asymptotic equicontinuity

by, a by,
:\/ﬁ/ xd(Fn—F)—F\/ﬁ/ ach—f—\/ﬁ/ xdF
An an b

condition also holds for the empirical process indexed by the class of functions z 1. (),
lc —a| < 6o, |d—0b|] < dp, also by Theorem 3.7.2 and Corollary 6.3.17 in Dudley (1999)).
q.e.d.
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Theorem 4.1. Assume (D.1), (D.2) and (L), and set

b
1 g2(x) — L”LF@)Q g1(x), = €R,

o= J; dF(t) (fj dF(t))

with g1 and g9 as defined in Lemma 3.1. Let 0,, be the trimmed mean based on a,, and by,

and let 0 be its population counterpart, as defined in Section 2. Then,

Vn(0, —0) — \/Varp(g) Z

in distribution, where Z is standard normal.

Proof. By (D.2), fab dF > 0 and, with probability tending to 1 by (4.2), f;" dF, > 0. We

then have
ff" zdF, b 2dF ()
Vi, )= v |1
fan dF, [, dF
( I°ar ) Vi ([)dF [ wdF, — [ dF, [} wdF)
- bci 2
Jir ar, (2 ar)
= (1) x (1)
By (4.2),
b
" dF, b b
fa”b —1| = bl / an—/dF — 0 in pr.
[, dF [, dF |Jan a
Hence also
b
dF
{a — 1| — 0 in pr.,
fa: dF,
that is,

And, also by Lemma 4.1,

(I1) = vn(g) +op(1).
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Now the theorem follows because, by the central limit theorem, v,,(g9) — /Varr(g) Z in

distribution. q.e.d.

Next we establish the asymptotic normality of the Winsorized means &,.

Lemma 4.2. Under (D.1) and (L), we have both,

by S T oo (X
ﬁ( >ic1 Lb,00) (X)

n

(1= F0)) = i (b + 1= FO) = b7 0)02) + 00 (1)

and

i (an > it I —00,a,)(Xi)

- — aF(a)> = vy (al(—oo,0) + [F(a) + af(a)lh1) + op(1)

Proof. If we write

n

/i (bn > it Db, ,00) (X3) (1 — F(b))> = v/n(b, — b) /boo ar,

n

b
+ by, (byy, 00) + \/ﬁb/ dF
bn

and

an

- aF(a)) = vn(a, — a)/ dF,

— 00

i (an Dt I(—o0,a,) (Xi)

n

+ avy (=00, ayn) + \/ﬁa/ dF,

and then apply the Glivenko-Cantelli theorem together with (L) to the first term at the
right hand side of each of these two identities, asymptotic equicontinuity of the empirical

process to the second, and (D.1) and (L) to the third, the result follows. q.e.d.
Theorem 4.2. Assume (D.1), (D.2) and (L), and set

w(z) 1= 2[qp)(T) + 0L (,00)(7) + al(— o 0)(x) + (1 = F (b)) ho(z) + F(a)hi(z), =€ R.
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Let &,, be the Winsorized mean based on a,, and b,, and let £ be its population counterpart,

as defined in Section 2. Then,

V(& —§) — v/ Varp(w) Z

in distribution, where Z is standard normal.

Proof. Since

\/ﬁ(gn - 5) = \/H

bn b
/ xan—/ zdF

n

+\/ﬁ[an/a" an—aF(a)] +\/ﬁ[bn/:an—b(1_F(b)) ’

—0

the result follows from Lemmas 4.1 and 4.2 together with the central limit theorem.q.e.d.

With somewhat different assumptions, namely, that a and b are Hadamard differen-
tiable tangentially to the distribution functions with non-vanishing densities at a(P) and
b(P), and that a, (), b, () are differentiable at zero, Theorems 4.1 and 4.2 may be deduced
by the delta method together with Proposition 2.2 (see, e.g., van der Vaart and Wellner
(1996)). This was the approach taken by Kim (1992) for metrically trimmed means, as-
suming much more regularity than is needed with our approach, which, moreover, is more
direct and elementary. This comment applies as well to the remaining results in this section

and the next.

4.2. Hampel’s trimmed and Winsorized means. To apply the results from the previous
section to Hampel’s trimmed mean, it suffices to check that a,, = pu,, —cs, and b,, = p,+csy,
where p,, ans s, are respectively the sample median and the sample MAD and ¢ > 0 is a
fixed constant, satisfy condition (L) for appropriate functions hy and hy. This will be a
consequence of the following lemma, which may have some independent interest.
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Lemma 4.3. Assuming the c.d.f. F has a continuous derivative f on an open set con-

taining u, p+ s and p — s, and that f(u) > 0 and f(u+ s) + f(u —s) > 0, we have:

(4.5) fn — [L &.8., S, — S a.s.,

(4.6) Vn(pm — p) = —

1
m’/n(—oo,u] +op(1)

and

1

Pt s+ 7 s
L flpts)—flu—s) )
(47) ) Fat o) 1 Al ) oo Hor@)

Vin(sn —s) = -

)I/n[,UJ—S,,u—I—S]

Proof. Tt is well known that p,, — p a.s. and that the sequence {\/n(u, — p)} is stochas-
tically bounded, in fact, asymptotically normal with mean zero and variance (2f(u)) 2
(e.g., Pollard (1984), p. 7 and 53). Next we prove (4.6) by adapting an argument from
Pollard (1984), page 98 (which we basically repeat because it is also used in the proof of
(4.7)). The existence and continuity of f near p and the convergence of p, to p (in pr.

suffices) then give

and
1
Fo(pn) = 3 +0(1/n) as.
(note that the sample points in a neighborhood of p, hence eventually of p,, are all
different with probability 1). Then, by subtracting, the stochastic boundedness of the
sequence {v/n(pu, —pn)} give

V(Ey = F)(pn) = =vn(pn — 1) (f (1) + 0p(1)) + 0op(1) = =v/n(pn — p) f(1) + op(1).
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Continuity of f, and the asymptotic equicontinuity condition for the processes v/n(F, —
F)(y) = vp(—00,y], —00 < y < oo, (e.g., results cited above from Dudley(1999)), give,

just as in (4.4),

(4.8) lim lim sup Pr sup luplz,y]| > e p =0 forall e >0,
—0 n—oo | I,y:‘OS(Sm‘fy<‘5,5
rz—a|<o,|ly—a|<

for a = p, u+ s, 0 — s. Then, (4.8) together with the fact that u, — g — 0 in probability

(actually, a.s.) finally give

V(F, — F)(p) = —v/n(pn — p) f(1) + op(1),

which is (4.6). (To see that v/n(F,, — F)(u,) = vVn(F, — F)(u) + op(1) just consider that

for all e > 0 and 6 > 0,

PI‘{|Vn(—OO7/J,n) - Vn(_ooau)| > 6} SPI‘{ sup |Vn(—OO,I) - Vn(—OO,M)| > 6}
|z —p|<é

+ Pr{|pn — p| >0}

and apply (4.8) and that p, — u.)

Next we prove the second part of (4.5) and (4.7). If §, is the median of the set

| X1 — ul, ..., | X, — p|, by the definition of s,, we have
[sn = 8| < |sn = Sl + [8n — 8| < [ — pl + |50 = s,

and, s being the median of Y = |X — pu| and §,, its empirical counterpart, it follows that

2

§n, — s a.s. and that /n(8,, —s) is asymptotically centered normal with variance (2g(s)) ™=,

where

(4.9) g(z) = f(p+2)+ f(p—x), x>0,
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is the density of | X — ul, for z > 0 in a neighborhood of s. So,
(4.10) sp—s—0 as. and /n(s, —s)=O0p(1).

In particular, the limits (4.5) hold. Then, using (4.10) and letting F' be the cdf of | X — p
and F), be the empirical cdf for the data | X — pnls- -+, | X — pinl, arguing as in the first

part of the proof of (4.6) (but now comparing F,(s,) with F,.(s,)), we get

(4.11) (sn — 8) = — \/E(F"g@)F)@") +op(1).

Next, using (4.8) and (4.10),

VI(Ey = F)(30) = Vi (Paltin = s ftn + 0] = Pl = s, 1+ 0]
= Un|ln — Sn, fin + Sn] + ﬁ(P[Nn — Sny fin + Sn] — Pl — Sp, o+ 3n]>

= valp = s, p+ 8]+ (f(p+5) = flu—s))vVnlpn — 1) +op(1).

Now, (4.7) follows from this, (4.6), (4.11) and g(s) # 0. q.e.d.

Remark. The asymptotic normality of y/n(s, — s) was obtained by Hall and Welsh
(1985), and Falk (1997) gave the asymptotic joint distribution of /n(u, — i, 8, — ), from
where he deduced, in particular, that in the symmetric case u,, and s, are asymptotically
independent. Of course Lemma 4.1 provides another, shorter, proof of Falk’s result: by
the bivariate central limit theorem, this lemma readily implies that the limiting joint

distribution of \/n(u, — u, s, — s) is centered normal with covariance

) "t fu—s " @t + Fu—s)

Covp {_I(OW] Ilp—s puts] (f(p+s) = f(u =) (—cop } |

which is Falk’s result. Then, one immediately sees that the off-diagonal terms of this
covariance matrix, in the case when F' is the distribution of a probability law symmetric
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about p, are zero because E(I(_oo ylju—suts)) = 1/4 = E(I(—oou)) E(I[u—s,uts) and

flu—s)=f(p+s).

Lemma 4.3 shows that condition (L) is satisfied for a = p — ¢s, a, = p, — csp,

b= p+cs and b, = p, + cs,, with

(4.12)
= ¢ flu+s) = flp—1s)
R R e e e T e e
and
(4.13)
__ N c ~ fluts) = flu—s)
ha Flp) T(—oo,p] Fu+s)+ flu—s9) {I[u—s,ws} o) I(—oo,u]] )

So, Theorem 4.1, and likewise Theorem 4.2, give the following:

Theorem 4.3. (Asymptotic normality of Hampel’s trimmed and winsorized means.) Let
F' be a distribution function with median p and MAD s, and let ¢ be a positive constant.
Assume F' has a continuous density on an open set containing p, ft+ S, it — s, o+ ¢s and
p — cs, and that f(u) >0, f(u+s)+ f(u—1s)>0and f(u+cs)+ f(u—cs) > 0. a) Let
0,, n € N, be Hampel’s trimmed mean corresponding to the constant ¢ and let 6 be its

population counterpart. With hy and he defined by (4.12) and (4.13), set
xl[u—cs,p—i—cs](x) + bf(b)hg(l‘) - a’f(a)hl(x)

g(z) = e
([ P ©) T-copren @) + FBhal@) = @ (@)
(e ar)’

Then,

Vn(0, —0) — /Varr(g9)Z,
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in distribution, where Z is standard normal. b) Let &,, n € N, be Hampel’s Winsorized
mean corresponding to ¢ and let £ be its population counterpart. With hy and ho defined
by (4.12) and (4.13), set

w() = 2l jy—cs pres) () + (1 + €8) (ptes,00) (€) + (1 = €8) ] (—00 p—cs) (2)

+ (1= P+ cs))ha(w) + F( — cs)hi ().
Then,

Vit(Gn — &) — Varp(w)Z,

in distribution, where Z is standard normal.

The expressions for g and w are quite complicated. They simplify if F' is the c.d.f. of

a symmetric distribution (meaning F'(x) + F(—x) =1 for all x). in this case

B 1 2¢sf(cs)
g(‘r) - W (II[—cs,cs} (JJ) - WI(—OO,O} (1‘)),

and

“, csf(es)\2  4desf(es) [
Va9 =1 fcsldF) ([ e+ (SfGP) + 25" [ war).

And (also in the symmetric case),

2F (—cs
W(T) = T cs,c6) (T) + €81 (cs,00) (T) — €ST(_o0,—cs) — %I(—oo,())

and

vert) = [ atarsstercen + (Gt ) - S [ s 20

—CS

Suppose F' is symmetric and f(x) is continuous and bounded, and decreasing on
[0,00). Then, if we let g. and w. be the functions g and w in the above two theorems
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corresponding to the tuning parameter ¢, we see that both, Varg. and Varw,. tend to 1 as
¢ — oo and tend to 1/(4£2(0)) as ¢ — 0. In particular, it is possible to choose, within the
family of Hampel trimmed (Winsorized) means, estimators of the center of symmetry of
F with breakdown point 1/2 and with asymptotic efficiency with respect to the mean as
good as one wishes. The Hampel means are always more asymptotically efficient than the

median but if ¢ is chosen too small they become almost as ‘asymptotically inefficient’.

4.3. Box plot trimmed and Winsorized means. For any 0 < o < 1 let Q = F~*(a) and
assume F' has a non-vanishing continuous density f in a neighborhood of (). Then, as with
the median,

\/E(Qn - Q) = - Vn(—OO, Q] + OP(l)-

1
Q)
Therefore, assuming that f exists and is strictly positive and continuous on an open set

containing ()1 and )3, we obtain

\/H(Rn - R) =V (ﬁj(—oo,Ql] — @h—oo,@ﬂ) + Op(l)

For the Box plot trimmed mean we use a,, = Q1 —cR,, and b,, = @y, 3+ cR,, (see Section

2), so that, in this case,

Vil(tn — @) = V1 [Qu1 — cRo — (Q1 — ¢R)] = v(h1) + 0p(1)

where
(4.14) hy = T belotg 1
| FT @) T T R@e) T @y e
and
(4.15) Vb, —b) = Vn[Qns + cR, — (Qs + cR)] = vy (hg)
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where

1 1 1

2= T A

f(@g)f(—oo,Qs} —c mj(—OQQs] - mf<—oo,c211 +op(1).

So, the results of subsection 4.1 imply the asymptotic normality of the box plot trimmed
mean. Computations simplify in the symmetric case since then we have ff xdF = 0

Q1 =—Q3,b=(2c+1)Q3 and a = —b. Here is the result.

Theorem 4.4. Assume that F' has a continuous density on an open set containing ()1,
Q3, Q1 — cR and Q3 + cR for some constant ¢ > 0, and that f(Q1) # 0, f(Qs) # 0 and
f(@Q1 — cR) + f(Qs + cR) # 0. Let 0,, be the box plot trimmed mean corresponding to c,
and let 0 be its population counterpart. Then, \/n(0,, —0) — oZ converges in distribution
to a normal random variable with variance equal to the variance of the random variable
g9(X), g defined as in Theorem 4.1 with hy and hy given respectively by (4.14) and (4.15).

If F' is the c.d.f of a symmetric distribution, then the variance of the normal limit is

> 1 b, b FB)\> 8 f(b) [5 wdF(x)
7T RFO) 1P </_bx dF(e) + (f(Qs)) " F(Qs) |

with b = (2¢ + 1)Qs.

Likewise, the box plot Winsorized mean is also asymptotically normal, and in the

symmetric case (with the same assumptions as in Theorem 4.8) the variance of the normal

limit of \/n(&, — &) is

= [ 2?dF(x)+ 20°F(-b) +

2 /b N F2(—b) 4F(—b)f53wdF(ﬂc)+4bF2(—b)
b 212(Qs) f(Qs3) f(Qs)
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5. Bootstrap. The variances of the normal limits of \/n(6,, —0) and /n(&, —&) are rather
complicated and, even worse, depend on f. So, the results of Section 4 cannot be used to
obtain asymptotic confidence intervals for 6 or for £&. The bootstrap provides a way out
of this difficulty. One can always bootstrap without replacement and with a resampling
sample size m,, — oo with m,,/n — 0 (Politis and Romano (1994)). However, as we prove
in this section, depending on the properties of the estimators a,, and b,,, Efron’s bootstrap
with resampling size m,, = n may also be valid. We show in addition that this is the case
for the Hampel and the box plot means. We present a justification of this, in all details, for
Hampel’s trimmed mean, and state without proofs the corresponding results for Hampel’s

Winsorized mean and the box plot means.

We recall that the n-th bootstrap sample beyl, ..., X? is obtained by sampling

n
with replacement n times from the original sample X7, ..., X,,. We denote F?, P’ and 12
respectively the empirical c.d.f., the empirical measure and the empirical process based on
the n-th bootstrap sample sample: PS(A) =n=1>" (SX”bL’i(A), Fb(z) = P?(—o0, 2] and
Vn = v/n(P? — P,). The bootstrap median, u, is the median of the bootstrap sample,
and the bootstrap MAD, s!,, is the median of the set of points | X% | —pb|,..., [X] | —pb].
Finally, we denote by Pr, = Pr,(w) the conditional probability given the sample X1, ..., X,
(its dependence on w will not be displayed unless absolutely necessary). Also, £ will

denote conditional law given the sample. The symbol op, (1) will mean the following:

Upn(XP X2 Xy,...,X,) is op, (1) a.s. if a.s. Prp{|U,| > €} — 0 for every £ > 0.

n,1»<“*n,n»

We briefly list the extra key ingredients needed in the proofs that follow. Since the class

of functions F = {I[a,b](:c), I—ooa)(x), 2lfqp)(2) : —00 <1 <a<b<ex < oo} is uniform
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P-Donsker (or, equivalently, uniformly pregaussian) (see Giné (1997), Example 2.5.2), we

have (Giné (1997), Theorem 2.6.1, page 139)

(5.1) lim sup lUn(g9) —vn(h)| =0 as.

n—0o0 g,heF
Ep(gfh)2<1/(log log n)2

Also, by the Giné-Zinn bootstrap central limit theorem (e.g., Giné (1997), Theorem 2.3.2),
(5.2) I/Z —rb Gp in Eoo(}") a.s.

where — ,» denotes convergence in law conditionally on the sample and Gp is a centered
Gaussian process indexed by F with covariance P(gh) — P(g)P(h). Moreover, by the

asymptotic equicontinuity associated to a limit theorem in /. (F), we also have

(5.3) gin%) lim sup Pry, sup  [vi(g) —v2(h)| >ep =0 foralle >0, as.
" Ep{éij;?ga

Also (Bickel and Freedman (1981), see also Giné (1997)) the median and the quantiles

bootstrap a.s., that is,

LO(Vnpy, = pn)) = N(0,1/(4f% (1)), L°(Vn(@n1 — Qua)) — N(0,3/(16f*(Q1)))

(5.4) LO(V(@5, 5~ Qns)) — N(0,3/(16f%(Q3))) as.
weakly a.s., assuming f is continuous and non-vanishing at p for the first limit, at ¢ for
the second and at )3 for the third.

Even though we could do with less, we will assume

. as a density f on R, the set = > 1S open an 1s continuous on .
D.3) Ph densi R, th By 0} 1 d fi i By

Then we have the following general theorem for randomly trimmed and Winsorized
means, asserting that if the a,, and b,, bootstrap, so do the corresponding means:
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5.1. Theorem. Assume (D.2), (D.3), (L), a,b € By, a,, — a a.s. and b, — b a.s. Assume

also that a’ and b2, defined respectively as a’, = a(F?) and b%, = b(F?), satisfy
(Lb) Ve, — an) = Vi (k) + op, (1), V(b — by) = vh(ha) + o, (1) s
Then, if 6 is the bootstrap trimmed mean,

b_ Soiy XD iLae ey (XD )

0y, D :
Z¢:1 I[az,bg](XrbL,i)

n €N,

and 0, 0, g and Z are as in Theorem 4.1, we have

V(02 —0,) — o \/Varp(9)Z a.s.

Moreover, if &,, ¢ and w are as in Theorem 4.2, and w?® is the bootstrap counterpart of

w,, (defined in analogy with 6% ), we also have

Vn(el —€,) = /Varp(w)Z a.s.

Proof. (Sketch) We only prove the result for trimmed means, as the proof for winsorized
means is not different, aside from formalities. The proof follows the steps of the proofs of

Lemma 4.1 and Theorem 4.1. The main point consists in proving the representations

by,
\/ﬂ/ d(F? — F,) = v2[a,b] + op,(1) a.s.,
aj,

bl:L an
\/ﬁ/b dF, = f(b)v2(hs) + op,(1) a.s. and \/ﬁ/b dF, = —f(a)v2(h1) + op,(1) as.,

b b
as well as similar representations for y/n ffb” zd(Ft—F,), v/n [, bb” xdF, and /n faab" dF,, as
they give bootstrap versions of (4.2) and (4.3), which in turn can be used to complete the
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proof of the theorem just as in the proof of Theorem 4.1, but now invoking the bootstrap

CLT instead of the regular CLT.

Let Q1 be the subset of Q of probability one where (Lb) holds, a,, — a, b, — b, and
(5.3) hold. Then, for any w € € fixed, a’ is close in Pry(w) probability to a,, which is
in turn close to a, and likewise for b2, and therefore we can use the bootstrap asymptotic
equicontinuity (5.3) to get the three representations above (in the same way as we used

the asymptotic equicontinuity of v, in the proof of Lemma 4.1). q.e.d.

Next we will apply Theorem 5.1 to show that Hampel’s means bootrap a.s. By The-

orem 5.1, this reduces to obtaining representations for /n(u’ — u,) and /n(s? — s,) in

b

» (i.e., the bootstrap analogue of Lemma 4.3).

terms of the bootstrap empirical process v

Here is the representation for the bootstrap median.

Lemma 5.1. If (D.3) holds and p € By, then,

b = — 1 Ub —o0 (0] a.s
\/ﬁ(:u’n_ru’n) - f(u) n( HU’] + Pb(l) s

Proof. The sample points X; are all different a.s. by the assumption on f. Also by the
assumption on f, if a and b are near p, then e%(a,b) := (P(a,b])? > c|b — a|? for some
¢ > 0, hence, by (5.1),

b

(5.5) sup dvy,
la—b|<1/logn
la—p|<1/logmn,|b—pn|<1/logn

— 0 a.s.,

a

and, by (5.3), we have that, almost surely,

(5.6) im lim sup Pr, sup  |v8(a,b]| > 6} —0

1
6—0 n a,b:Pla,b]<d
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for all ¢ > 0. Let Q1 C 2 be a set of probability one where i) all the X; are different, ii)
U — 1, 1i1) \/(p2 — ) converges in law conditionally on the sample, iv) the limit (5.5)
holds, and v) the limit (5.6) holds. If m,, ; denotes the number of terms from the bootstrap
sample X»Z,h . ,Xfw equal to X;, then m,, ; is Binomial(n,1/n), and therefore, by a well

known inequality for binomial probabilities, for all k < n,
Pry, {1I£la<x My i > k} < nPry{mn1 >k} < nle/k)F,

which tends to zero for instance for k = [logn]. That is, on 1, the conditional probability

that F? has a jump of size larger than n~'logn tends to zero, which implies

logn

1
FP(ub) = 3 +0 ( ) with Pr, — probability tending to 1.

(This statement holds a.s., more concretely, it holds for each w € Q; this will also be true,

without further mention, for the identities in this proof that follow.) Also,

Falb) = 5+ 0 (3 )+ (Fulu) = Fulia)

so that, subtracting this identity fromt he previous one and multiplying by /n,
Mb :U/b
v (—oo,pb] = —/ dv, —/n dF + op, (1)
n Hn
(note that a,, — 0 trivially implies a,, = op,(1)). Now, since ul — ju,, = Op,(1/y/n), (5.5)

gives

my,
/ an = OPb(l)

n

Since, moreover, by consistency and bootstrap consistency of the median,

i [ dF = Rt — ) (F) + o (1) + o(1),

Hn
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we obtain

b

" AF 4 op, (1) = — F)VA(E — ) + op, ().

VA (oo, u) =~ [

tn
On the other hand, by the bootstrap of the median, the fact that u, — p and the condi-

tional asymptotic equicontinuity (5.6) of the bootstrap empirical process, we have that

Vz(_oonu?z] - V72<_OOMLL] + OPb<1)'

The last two identities prove the lemma. q.e.d.

To get a similar representation for the bootstrapped MAD, we need an intermediate

result. Recall that s, is the median of the set of points | X1 — upl, ..., |Xn — pnl; we
define now 8%, as the median of the set of points [ X2 | — pil,...,| X}, — pin|, whereas the
bootstrap MAD, b, is the median of | X} | — pb|,...,[X] , — pb .

Lemma 5.2. If (D.3) holds and p, i+, jp—s € By, then, the sequence {\/ﬁ((éfl — sn)}zozl

converges in conditional distribution given the sample, almost surely.

Note that if u,, were replaced by p in the definitions of s,, and 82, this lemma would
follow from the bootstrap of the median for | X — pu|. We cannot, however, do this directly
because p, — g is not o(1/y/n). On the other hand, we can prove Lemma 5.2 by a
straightforward adaptation of the proof of the bootstrap of the median in Giné (1997) pp.
141-142, keeping in mind that 1) s,, — s a.s., 2) almost surely, there are no three equal
terms among | X1 — |, - . ., | X — 4| for any n (this is so because, given that all the X; are
different, if three terms are equal here then, for some i, j, k, (X; + X;)/2 = (X, + X3)/2 =
My, which implies X; = X;) and 3) one must apply (5.1), (5.2) and (5.3) to the empirical
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process indexed by the class of sets {z : |z — b] < a}, b € R, a > 0, instead of to the

classical empirical process. We skip the details.

Lemma 5.3. If (D.3) holds and p, 1+ s, pt — s € By, then,

b _ oy — _ 1 I )
\/ﬁ(sn n) f(,u+3)+f(ﬂ_8) n[u s+ ]
L flpts)—flp=>s) b(_xo 0 a.s

T Flat o) 5 fla—s) m(TooH Hon(l) as.

Proof. Since
|sz — sp| < |sz - §?1| + |§I;L —sp| < |M$L — Ml + |§$z — Snl,

it follows from the bootstrap of the median and from Lemma 5.1 that

(5.7) s2 — s, =op,(1) and /n(s? —s,) =O0p,(1) as.
Let now H,, be the c.d.f. of [ X1 — ppl,...,| X, — pn| and let H) be the c.d.f. of | X5 | —
phl, ... |Xh,, — ph|. Since all the X; are different a.s., by an argument just before the

statement of the lemma, H,, has jumps of size at most 2/n a.s., and then, by the argument
below (5.6) in the proof of Lemma 5.1, H® has jumps of size most of the order of n="logn

with bootstrap probability tending to 1 a.s., so that we have

ab(st) = % +0 <1Oi”> and H,(s2) = % +0 (1) + (Ho(s2) = Hy(5n)

with Prj,-probability tending to 1 a.s. Also, (5.3) and (5.7) imply

Jn [ /M o d(F, — F) — /u T E, P

n_sl;L

=op, (1) as.

n—S8n

and therefore we get

+op,(1) as.

6.8 V() — Ha(sh) = v [ / e / " ar

n_SEL

n—S8n

28



By the hypothesis on F' and since p,, — p and s,, — s a.s. and 5% — s, — 0 in Prp a.s.,

this gives

Vi (F5(s5) = Ha(sh)) = V(s = sa) (F(u+ 5) + [ (1= 5)) +0p, (1) as

On the other hand, for the same reasons plus the conditional asymptotic equicontinuity of
the bootstrap empirical process ((5.3) or (5.6)), the left hand side of (5.8) becomes
\/ﬁ(ﬁﬁ — H,)(sp) = ﬁ(Pg[N?@ — 80, 1, + 80] = Polpn — 50, pin + 52])

= VAl — st b+ b1+ /R (Palih = bty + 5h] = Palpn = b pin + 55

Hn sy, pntsy,
/ d(F, — F) — / d(F, — F)
w w

b _gb
n " Sn

= vplp—s,pu+ ]+ vn

nfsl;l

fr sy, pontsy,
/ dF - / dF
J 75% ,Ufnfslfl

n

= vplp— s+ ]+ (f(r+5) = [ = 9)Vnuy, — pa) +op,(1) as.

The lemma follows from the last three displays and Lemma 5.1. q.e.d.

+Vn

In particular, this lemma shows that the MAD bootstraps a.s.

As a consequence of Theorem 5.1, Lemma 5.1 and Lemma 5.3 give the bootstrap
central limit theorem for the Hampel’s sample trimmed and Winsorized means. Here are

the precise statements:

Theorem 5.2. (Bootstrap of Hampel’s trimmed and Winsorized means.) Let F' be a
c.d.f. satisfying condition (D.3) and such that p, jt+s, pt— s, pr+cs and p — cs are in By
for some constant ¢ > 0. Let 6,, be Hampel’s trimmed mean corresponding to the constant

c and let 0° be its bootstrapped version,

n b b

g o 2mizt Xl —cot it rest] (X )

n n b )
2 izt Lt —esty b est) (X i)
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for each n € N. Then,

V(02 —6,) — v \/Varp(9)Z a.s.

where g and Z are as in Theorem 4.3. Also, if &, is Hampel’s Winsorized mean for some
c > 0 and €% is it bootstrap counterpart, then, almost surely, \/n(£ — &,) converges in

conditional law given the sample to \/Varp(w)Z, where w and Z are as in Theorem 4.3.

Clearly, similar arguments prove that the bootstrap works as well for the box plot
trimmed and Winsorized means. We skip the proofs since they are so similar to the proof

of Theorem 5.2.

Theorem 5.3. Let F' be a c.d.f. satisfying condition (D.3) and such that the density f
is positive at 1, Q3, Q1 — cR and Q3+ cR for some ¢ > 0. Let 6,, and &, be the box plot
trimmed and Winsorized means corresponding to the constant c respectively, and let 6°
and €8 be their bootstrap counterparts. Then, almost surely, the conditional distributions
given the sample of \/n(0% — 0,)) and /n(&L — &,) respectively converge to the limiting

distributions of \/n(0,, — 0) and \/n(&, — &).
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