EXPONENTIAL AND MOMENT INEQUALITIES
FOR U-STATISTICS

EVARIST GINE*, RAFAL LATALAT AND JOEL ZINN

ABSTRACT A Bernstein-type exponential inequality for (generalized)
canonical U-statistics of order 2 is obtained and the Rosenthal and Hoff-
mann-Jgrgensen inequalities for sums of independent random variables are
extended to (generalized) U-statistics of any order whose kernels are either
nonnegative or canonical.

1. Introduction

Exponential inequalities, such as Bernstein’s and Prohorov’s, and moment
inequalities, such as Rosenthal’s and Hoffmann-Jgrgensen’s, are among the
most basic tools for the analysis of sums of independent random variables.
Our object here consists in developing analogues of such inequalities for
generalized U-statistics, in particular, for U-statistics and for multilinear
forms in independent random variables.

Hoffmann-Jgrgensen type moment inequalities for canonical (that is,
completely degenerate) U-statistics of any order m were first considered
by Giné and Zinn (1992), and their version for U-statistics with nonneg-
ative kernels turned out to be useful for obtaining best possible necessary
integrability conditions in limit theorems for U-statistics. (By Khinchin’s
inequality it is irrelevant whether one considers canonical or nonnegative
kernels in moment inequalities, at least if multiplicative constants are not
at issue). Klass and Nowicki (1997) also obtained moment inequalities for
nonnegative generalized U-statistics, but only for order m = 2, and their
decomposition of the moments is more complete than that in Giné and
Zinn (1992). Ibragimov and Sharakhmetov (1998, 1999) recently obtained
analogues of Rosenthal’s inequality for nonnegative and for canonical U-
statistics. The moment inequalities we present in the first part of this arti-
cle, valid for canonical and for nonnegative generalized U-statistics of any
order m, when specialized to m = 2, represent the same level of moment
decomposition as the Klass-Nowicki inequalities, coincide with theirs for
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2 Inequalities for U-statistics

powers p > 1 (except for constants) and are expressed in terms of dif-
ferent, simpler quantities for powers p < 1. Proposition 2.1 below, which
constitutes the first step towards more elaborate bounds such as those in
Theorem 2.3 below, has also been obtained, up to constants, by Ibragimov
and Sharakhmetov. Our proofs consist of simple iterations of the classical
moment inequalities for sums of independent random variables.

The moment inequalities in the first part of this article do imply expo-
nential bounds for canonical U-statistics of any order and with bounded
kernels which are sharper than those in Arcones and Giné (1993); however,
they are not of the best kind as they do not exhibit Gaussian behavior for
part of the tail, which they should in view of the tail behavior of Gaussian
chaos.

In the second part of this article we improve the moment inequalities
from the first part in the case of generalized canonical U-statistics of order
2, and for moments of order p > 2 (Theorem 3.2). The bounds not only
involve moments but also the Ly operator norm of the matrix of kernels.
Then we show how these improved moment inequalities imply what we
believe is the correct analogue (up to constants) of Bernstein’s exponen-
tial inequality for generalized canonical U-statistics of order 2 (Theorem
3.3). This exponential inequality, which does exhibit Gaussian behavior for
small values of ¢, is strong enough to imply the law of the iterated loga-
rithm for canonical U-statistics under conditions which are also necessary.
The main new ingredient in this part of the paper is Talagrand’s (1996)
exponential bound for empirical processes, which gives a Rosenthal-Pinelis
type inequality for moments of empirical processes (Proposition 3.1) basic
for the derivation of the moment inequality for U-statistics of order 2.

Because of the decoupling results of de la Pena and Montgomery-Smith
(1995), we can work with decoupled U-statistics, and this allows us to
proceed by conditioning and iteration.

2. Moment inequalities

We consider estimation of moments of generalized decoupled U -statistics,
defined as

1 m
(21) Z hil,...,im(Xi(l)a"'aXi(m))v

1<iy, o im<n

where the random variables Xi(]) 1 <i<n,1 <75 <m, m<n, are inde-
pendent (not necessarily with the same distribution) and take values in a
measurable space (S,S), and h;, ;. are real valued measurable functions
on S™. For short, this sum is denoted by >, h;.

Given J C {1,...,m} (J = 0 is not excluded), and i = (i1,...,%m) €
{1,...,n}™ we set iy to be the point of {1,...,n}”l obtained from i by
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deleting the coordinates in the places not in J (e.g., if i = (3,4,2,1) then
if13y = (3,2)). Also, >, indicates sum over 1 < i; < n, j € J (for
instance, if m = 4 and J = {1, 3}, then

Zh = Z hzl,zg,zg,m = Z h11712,13714(Xz(11 s Xz(f)))

if1,3) 1<i1,i3<n

By convention, ), a = a.

Likewise, while F will denote expected value with respect to all the
variables, F; will denote expected value only with respect to the variables
Xi(]) with j € J and i € {1,...,n}. By convention, Eya = a.

Rosenthal’s inequality is easiest to extend to U-statistics because it in-
volves only moments of sums (as opposed to moments of maxima and quan-
tiles for Hoffmann-Jgrgensen’s inequality). So, we will first obtain analogues
of Rosenthal’s inequality, and then we will transform these inequalities into
analogues of Hoffmann-Jgrgensen’s by first showing that some moments of
sums can be replaced by moments of maxima, and then, that the lowest
moment can in fact be replaced by a quantile. We will illustrate this three-
steps procedure first in the case of nonnegative kernels and moments of
order p > 1. Then we will see that this also solves, via Khinchin’s inequal-
ity, the case of canonical kernels and moments of order p > 2. Finally,
we will consider the case of moments of order p < 1 for positive kernels
and p < 2 for canonical, cases in which the inequalities are less neat, but
still useful. We will pay some attention to the behavior of the constants as
p — oo in these inequalities since such behavior translates into (exponen-
tial) integrability properties.

2.1. Nonnegative kernels, moments of order p > 1. For nonnegative inde-
pendent random variables &;, we have the following two improvements of
Rosenthal’s inequalities, valid for p > 1:

1) Latala’s, 1997:

(R1) (Zg) (2¢)P max[ PN B, eP(ZE@)] p>1,

(see Pinelis (1994) for the corresponding inequality when the random vari-
ables are centered);
2) Johnson, Schechtman and Zinn’s, 1985:

w0 oS < (it melE e (£50)] oo

where K is a universal constant. See Utev (1985) and Figiel, Hitczenko,
Johnson, Schechtman and Zinn (1997) for more precise inequalities of the
same type.

And for general p > 0, we have the following improved Hoffmann-Jgrgensen
inequality, that follows from Kwapieri and Woyczynski (1992) and which
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can be obtained as in the proof of Theorem 1.2.3 in de la Penia and Giné
(1999):
3)

(H) EHZ&

where

P
< 9p=2 . 9(p=1)V0 (p+ 1)p+1 [tg + EFmax ||£l||p], p>0,

Zel>ep=3]

and where we write norm for absolute value in order to include not only
independent nonnnegative real random variables, but also independent non-
negative random functions &; taking values in certain ‘rearrangement invari-
ant spaces’ such as Ls(Q, %, 1), 0 < s < oo, with ||£]] := (f |§|sdu)1/(sw)7
or £ (Ls). Note that, by Markov,

,,,) 1/r

to < 247 (EH Zfz

ty 1= inf[t >0: Pr{

so that, (H) becomes:
4) for 0 <r <p < o0,

| S 6] <2 aem0ve. oy [2”” (EH Z&I!T)p

(H,) | Bmax II&”]

/r

Inequalities (H) and (H,) hold for spaces of functions which are quasi-
normed measurable linear spaces whose quasinorm || - || has the property
that ||z]] < ||y|| whenever 0 <z < y.

In the following proposition we extend inequalities (R;) and (Rg) by
means of an easy induction.

Proposition 2.1. Let m € N, p > 1, and, for alli € {1,...,n}™, let h;
be a nonnegative function of m variables whose p-th power is integrable for
the law of X; = (X, ..., X\"™). Then,

i1 0

max [Z E(3 EJchi)p] . E(; )’

ije

(2.2) <@y Y {pumZEJ(ZE‘,Chi)p}

Jg{l,...,m} iJC.

and also, there exists a universal constant K < oo such that
p p \"* p
2.9/ E( hi) < K™ E ( E chi> .
e) B(Sn) <k (i) e [ E(Ts
i 17 1jc

Proof. The proof of (2.2’) with sum over the subsets J instead of maximum
differs from that of (2.2) only in the starting point ((Rs) instead of (R1));
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then, replacing sum by maximum simply increases the constant by a factor
of 2™. The left side inequality in (2.2) follows by Holder since p > 1.
Consider the right hand side inequality. For m = 1 this is just inequality
(R;1) and we can proceed by induction. Suppose the result holds for m — 1.
By applying the induction hypothesis to

E(Z m) = EnBp_mon { > (Zhl)r

101,..., m—1} Tm

we only have to consider the generic term in the decomposition (2.2) for
the new kernels (sz hi> with the Xi(m) variables fixed. In other words,

letting Jp,—1 be any subset of {1,...,m — 1} and J¢_; its complement
with respect to {1,...,m — 1}, we must estimate

o Z Ej. (Z Eje (Zh))p

1j5¢ Tm
m—1

=S EJmlEm(Z (Ean »> hi)>p'

iy im ije

m—1 m—1

Rosenthal’s inequality (R1) applied to the kernels Eje | ZiJC h; with

m—1

the variables in J,,_; fixed, gives

Em<z (EJ Y h)) < (2&)?[( > EmEJ:‘n,_lhi>p

Tm 'LJC innith_l
p
+ pp Z E., (E]Tcn Z h,) .
G ije

m—1

Upon integrating each term with respect to £,
we then obtain

P
£ 3 e (X #n(S0)
e im
e’)? {Z EJmfl( Z Ean,flL’{m}hi)p

L iye  Um}

L Z EJm_lu{m}<EJ;_l Z hi)p].
ie

L —10{m}

and summing over iy

m—1)

Multiplying by (2¢?)(™~DPpl/m-1l this is the sum of two terms of the form
(2¢)mPplIP >, By (ZiJC Ejyeh;)’ (for J = Jy_y and for J = J,,_1U{m}),
proving the proposition. ]
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This proposition solves the problem of estimating, up to constants, the
moments of a decoupled U-statistic by ‘computable’ expressions. For in-
stance, if the functions h; are all equal and if the variables Xi(j ) are iid.,
then the typical term at the right of (2.1) just becomes n!/I*PI*| B;(E.h)P,
a ‘mixed moment’ of h. For m = 2 the right hand side of inequality (2.2)

is just:
B(Sy (X)) < e[ (5 By x)’
inj i
+p Z Ey (Z Esh; (XZ-(I)7 X;Q)))p
i 7

+2 3B (Y By (x(, x))

J
(2.27) S, Bl (0 X)),

We have been careful with the dependence on p of the constants because
it is of some interest to obtain constants of the best order as p — oo. In
fact, (2.2’) exhibits constants of the best order as can be seen by taking the
product of two independent copies of the example in Johnson, Schechtman
and Zinn (1985), Proposition 2.9.

Next we replace the external sums of expected values at the right side
of the above inequalities by expectations of maxima without significantly
altering the order of the multiplicative constants. If & are independent
nonnegative random variables, then,

(2.3)

%[58 % ZE&”I&N;O] < Emax& <68+ ZE{Z’-’I&»O, 0<p<oo,
where
(2.4) Jo = inf [t >0:Y Pr{¢ >t} < 1}

(Giné and Zinn (1983); see also de la Pefia and Giné (1999), page 22). The
left hand side of (2.3) gives that, for 0 < r < p and &; independent,

(25) D ElGI < 2Bmax|&[ + 2(2 E|§i|r) (E max \§i|p)(pfr)/p

(e.g., de la Pefia and Giné (1999), page 48). This inequality, applied with
r=1<p, yields

(26)  p™ D BIGI < 2(1+ p®) max {papEmaxMilﬂ > E|sz-|)p}

for all a > 0. There are similar inequalities for other values of r; r = 1 is
adequate for & > 0, but » = 2 is better for centered variables. If we use
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inequality (2.6) in (2.2”), iteratively for the last term, we obtain that, for a
universal constant K (easy but cumbersome to compute), h; ; >0, p > 1,

E(Z hw)p < KP(2¢%)Ppt {(Z Ehm‘)p +pPE4 mzax(z E2hi,j>
4,J 2% J

p
(27) +ppE2 mjax(z Elhi,j) +p2pEHil’E;X hﬁ1:| .

p

Inequality (2.7) was obtained, up to constants, by Klass and Nowicki (1997)
(it is their inequality (4.14)). Our proof is different, and it is contained in
the proof of the next corollary, which extends inequality (2.7) to any m.

Corollary 2.2. Under the same hypotheses as in Proposition 2.1, there
exist universal constants K,, such that

s B (S pe)'] < B(Sm)’
=t ige i
(2.8) < Kk Z [p‘]pEJ max (Z Eje hi)p] ,
ije

JC{1,...;m}

and

, P p mp P
(2.8) E(Z hi> < KP, (@) Jggl?}.{,m} E; I’I}?X(Z EJchi) .
i ije
Proof. The left side of (2.8) follows by Hélder. Inequality (2.8’) has a proof
similar to that of the right hand side of (2.8), and therefore we only prove
the latter. We will prove it by induction over m simultaneously with the
inequality

(2.9) p™mP E En} < f(fn g {pl']lpEJ max( E EJchi)p:|.
. 1y .
i 1je

JC{L,... ,m}

Let us first note that the inequalities (??) for 1,... ,m — 1 together with
(2.2) imply (2.8). It is therefore enough to show that if (2.8) and (??) hold
for 1,...,m —1 then (??) is satisfied for m. We will follow the notation of
the proof of Proposition 2.1. Inequality (2.9) for m = 1 is just (2.6), and
(2.8) for m = 1 is (H;) (which also follows from (R;) and (2.6)). By the
induction assumptions we have

(210) PP B =pPY Enp™mr " By B
i

im i1, ,m-1}

P
S m—1

y Z [p(Jm1|+1)pEJm1Em Z Jnax ( Z EJ,‘;L_lhi)p:| .
— iy

Jm-1C{1,... . m—1} m=l e

m—1
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Now, by (2.6), for any J,,—1 C {1,...,m — 1} we have

p

l{‘
Jm—1

P
<2(1+p) [p(JmlHl)PEJm \Ufm} , Mmax (Z Eje | i)

L —10{m}

(2.11) + plImalr; (ZE max > Eje iﬂ'

Tm—1 .
im 1j¢
m—1

To estimate the last term we note that

p‘Jm—llpEJ (ZE max Z Eje . i)P

T hije
Im 1

p
(2.12) <ptlPpg; (Z Egs_umyhi)
p
< K\me N Z p| |pEJ max( Z E(J"Lil\‘])uj:;’/_lu{m}hi> ,
JCIm— 1(Jm71\J)Uan71u{m,}

where in the last line we use the induction assumption (2.8) for |J,,—1| < m.
Finally (?7), (??) and (??) imply (??) and complete the proof. o

Remark. The proof of Proposition 2.6 below will use a version of Corollary
2.2 for nonnegative random functions taking values in L,.. The inequality
is as follows: for p > 1 there exists Ky, , , < oo such that

(2.8") EHZ hi”p < Kmpr Jg?f?.}.{,m} [EJ max (EJp

Soul)']

ije

The proof is similar to the previous ones and is omited: one takes (H,) as
the starting point of the induction.

Finally we come to the third step, which will extend Hoffmann-Jgrgen-
sen’s inequality (H) for p > 1. If we want to use the inequalities from
Corollary 2.2 to obtain boundedness of moments from stochastic bounded-
ness of a sequence of U-statistics, we need to replace the term corresponding
to J = () by the p-th power of a quantile of >, h;. For this we use Paley-
Zygmund’s inequality (e.g., Kahane (1968) or de la Pefia and Giné (1999)):
if A is a nonnegative random variable and 0 < r < p < oo, then, for all
0< A<,

b

A . p/(p—r)
(2.13) Pr{A > /\||A||T} > [(1 —\) |”A” }
p
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where ||All, = (E|A|") Y7 for 0 < r < 0. Consider for instance inequality
(2.8). It has the form
EAP < B+ KEP (EAP, p>1,
with A = 3", h;. Then, either B > KP (EA)P, in which case we have
EAP < 2B, or B < KP (EA)?, in which case we have EA? < 2K? (EA)?
and we can apply Paley-Zygmund’s (2.13) with A = 1/2 and r = 1. It gives
1
9(p+1)/(p=1) P/ (P=1)

Pr{A > %EA} >

Hence, if we define

1
) =i >0: <
(2.14) to=inflt 2 0:Pr{A> 1} < 2<p+1)/<p—1>Kf,{(p*”]’

we obtain FA < 2ty. So, in either case,
EAP < 2B+ 2'TPKP b,
Also, by Markov’s inequality,

L th < EAP.
2(p+1)/(p—1) B/ (P~ 1)

‘We then have:
Theorem 2.3. Under the hypotheses of Proposition 2.1, there exist a

universal constants K, < oo such that, if to is as defined by (2.14) for
A=3".hi, then

1 P
—tp\/max[ max |:E] max( EJchi) ]
(4Km)p/(p*1) 0 JCA{1,....m} i ”ZC

JA#D

< r{sny
(2.15) §(4Km)P{21+Ptg+ 3 {pJPEJI%?x(ZEJChi)p]}.

JC{1,.im} e

A similar inequality with different constants can be obtained from (2.8’).
This is the most elaborate form we will give to our bounds for h > 0 and
p> 1.

The right hand side of (2.15) for m = 2 becomes, disregarding constants,

E(Z hm)p < C’maX[El m?X(Z E2hi7j)p7 Es mjax(z E1h¢7j)pa
i.j J i

(2.15") EHZ;%X hfyj, tg} )
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So, we get the p-th moment of the double sum controlled by moments of
partial maxima of conditional expectations plus a quantile. The Giné-Zinn
(1992) inequality (for m = 2),

E(Z hm)p < C'max [E mlaX(Z hm)p’tg] , p>1,
] J

is slightly weaker in appearance than (2.15’) (actually, we only published
the result for canonical U-statistics, but we applied it as well to nonnegative
variables, for which the proof is the same: see, e.g., Giné and Zhang (1996)).
For applications of this inequality in the asymptotic theory of U-statistics
see Giné and Zhang (1996), Giné, Kwapieri, Latata and Zinn (1999) and de
la Pena and Giné (1999).

Remark. The constants in the definition of #; in (2.15) depend on p,
hence, so does ty. This is not the case when m = 1 (as a consequence of
the improved Hoffmann-Jgrgensen’s inequality of Kwapien and Woyczynski
-see, de la Pefia and Giné (1999) p. 11-). But in most applications it does
not matter whether the definition of the quantile depends on p.

2.2. Canonical kernels, moments or order p > 2. If ¢; are centered and inde-
pendent and p > 2, then, by convexity and the Khinchin-Bonami inequality
(e.g., de la Pefia and Giné, 1999, p. 113), we have

27PE(Z§2)I]/2 27pE’ZEi§¢p < E’Zfz

(2.16) ZPE’ Zsigi ! < 2°(p- 1)p/2E(Z 51-2)])/2’

where g; are independent identically distributed Rademacher random vari-
ables, independent from {;}. Suppose h; is canonical for the variables

p

IN

IN

{Xi(j )} given in the previous subsection, that is, suppose
(2.17)
Ejh(Xi(ll),...,Xi(;n)) =0as. forallj=1,....m, 1 <iy,... 5, <n.

Let 5§j ) be an independent Rademacher array independent of {XZ-(j )}7 and
set

_ W )

Ej e

im

Then, recursive application of inequality (2.16) gives
p/2 P
Q*WPE(Z h?) < Z*mT’E’ S ah| < E‘ S

/2
QmpE‘Zsihip < 2mp(pf1)mp/2E(Zh?)p .

This inequality reduces estimation of moments of canonical U-statistics to
estimation of moments of nonnegative ones (and conversely), at least if
constants are not an issue. Combined with Proposition 2.1, it gives the

p

A

(2.18)

IN
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analogue of Rosenthal’s inequality for centered variables and p > 2, and
if we apply it in conjunction with Corollary 2.2, we obtain the following
inequality:

L xm
is p-integrable and Ejhi(Xi(ll), e Xi(:n”)) =0a.s. forallj=1,...,m, then

Proposition 2.4. If, forp > 2 and alli€ {1,...,n}™, hi(X-(l)

S {EJ Hf?x(z EJChiQ)p/Q] < E( Z hl”
1jc i
(2.19) < KP, Z |:p(m+|J|)p/2EJ H}?X(Z EJchiz)p/Q]

JC{1,...,m} ije

for universal constant K,, < co.
And, applying Paley-Zygmund with r = 2, we finally have:

Theorem 2.5. Let h; be as in Proposition 2.4, and let p > 2. Then, there
exist universal constants K, < oo such that, if to is defined as

] 3\»/(p—2) 1
to = inf |:t Z 0: PI'{’ Zhl = t} S (Z) (2],’{710711977110/2)1/(1’2):|7

then

1
(4KmpM/2)p/(p—2)

p/2
5V max {2’”” max |:EJ max (Z Eje h?) }
JC{1,...,m} 1

J#0

ije

p

(2.20) < E‘ Zhi
< 2KP (me/z)ptp + Z |:p(’m+|J|)p/2EJ max (Z chh?)pm} .
< m b a 1

JC{1,....m} ige
J#0

If, instead of inequality (2.2), we wish to obtain an analogue of inequality
(2.27), that is, if we want to replace the constants at the right hand side
of (2.19) by (Kp/logp)™P, then we cannot use Khinchin’s inequality and
must proceed directly with an induction as in Proposition 2.1 with the fol-
lowing change: we must consider the variables ZiJC ) h; as taking values in

Lo(JE,_1) and apply inequality (1.5) in Kwapien and Szulga (1991), which
gives Rosenthal’s inequality with best constants for centered independent
random variables in Banach spaces. We skip the details.

2.3. Nonnegative kernels, moments of order p < 1. It seems impossible
to obtain inequalities as simple as in the previous section for this case.
However, one can still obtain inequalities that may become useful when
combined with Paley-Zygmund. Here is an analogue of Corollary 2.2 for
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h > 0 and p < 1. The method of proof is inefficient regarding constants
as Hoffmann-Jgrgensen is applied twice at each step. Hence, constants will
not be specified.

Proposition 2.6. Let 0 <7 < p <1, m < co and assume that the kernels
hi > 0 have integrable p-th powers. Then

e [ () )] < ()

,,,,,
ije

(2.21) < Krpm Jcinax , l:EJ max(EJv (Z hi ) )p/r] ;

~~~~~
ije

where K., m depends only on the parameters r, p, m

Note that all the terms in this bound represent a reduction in the number
of sums except for the term corresponding to J = (), which consists of a
power of the r-th moment of a U-statistic of order m. We will deal later
with this term by means of the Paley-Zygmund argument.

Proof. The inequality at the left side of (2.21) follows from Hélder. In-
equality (H,) is just the right hand side of inequality (2.21) for m = 1 and
we can proceed by induction. We still use the notation from Proposition
2.1. By the induction hypothesis we have

(2.22) (Zh) = EmEp... m 1}( Z Zh)

,m—1} im

i
<Kipm-1t >, By, E, max {EJC (Z Zh) r .

iy
Im-1C{1,... m—1} m—1 l]“7

Let us fix J,,—1 C {1,... — 1} and note that, for fixed (X( YicJ
have

we

m—17

max By, (Z >ot) o= X

im Tm

i, i 1°(L"). Therefore by (H,),
which still holds in this space (as the norm, restricted to nonnegative vec-
tors, is monotone increasing), we have

for suitably chosen independent r.v.’s h;

p/r

J
m—1
tm

F1P/T
E; _ En max [EJC (Z Zh) r :EJ,HEmHZﬁim
ije | im ;
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Dp/r]

r\ p/T
=Cp, {EJ"Llu{m}i max (EJTC"71< Z hi> )

J, U{m
m—1Y{m} iy
m—1

T\ p/T
(2.23) +E,. (Em o Effnfl( > Zhi) ) }
" e ) im

< CprEy,_, {Em max [, |17+ (B 3 B,

Now, to estimate the last term, we note that

By, {Em max Eye ('Z Zh”

Wm—1

p/T

(2.24) <Ej; , |:Ejfnlu{m} (Z hi)r:|

< Kpjri,dom|

p/T

< Y BB e X )]

JCIm—1 L 1\JUJE, _ U{m}

which follows by the version of Corollary 2.2 for L™ ((2.8”) for p/r > 1).
Now (??), (??) and (??) complete the induction step. o

To deal with the term corresponding to J = ) in Proposition 2.6 we
apply Paley-Zygmund as above, but now with r < p replacing 1 < p. The
conclusion is:

Theorem 2.7. There is a constant K, p, , such that for 0 <r < p <1,
m < oo, and hy > 0 with integrable p-th powers, we have

(2r+1 Kr,pl,m)l/(p—r) oV Z {E‘] H%?X (EJC (Z hi) T)”/T]

JC{1,.m} e
J#0

(2.25) gE(Zhi)p
: 2K"”””{2p/”g e X (e (En))"] }

JC{1,...;m} fre
J£0

where

(2p+1 K’r‘,p,m)_ 1/(1?-?“)} )

DN | =

to = inf[t : Pr{Zhi > t} <
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Hence, the p-th moment of a U-statistic of order m can be estimated
by partial moments of maxima (or sums) of conditional moments of U-
statistics of lower order plus the p-power of a quantile of the original U-
statistic.

2.4. Canonical kernels and moments of order 1 < p < 2, or kernels h
separately symmetric in each of the coordinates and 0 < p < 1 . The
canonical case reduces to the positive case by means of inequality (2.18),
as before. The convexity part of inequality (2.18) fails for p < 1, but in this
case, if h is symmetric separately in each of the coordinates, we can still
randomize by products of independent Rademacher variables and recursive
application of Khinchin’s inequality still reduces this case to nonnegative h.
We leave the resulting statements to the reader in order to avoid repetition.

2.5. Regular (undecoupled) general U-statistics. If hi(x) = hjos(x0s) for any
permutation s of {1,...,m} and h; = 0 if i has repeated indices, and if the
sequences {XZ-(] )i = 1,...,n} are independent copies of each other, then
the decoupling inequalities of de la Pena and Montgomery-Smith (1995),
together with the decoupling inequality for maxima in Hitczenko (1988)
in combination with the previous inequalities give moment inequalities for
the generalized U-statistics

Zhil,...,im (Xi1" o ’Xim)

where {X;} is a sequence of independent random variables, at the cost of
vastly increasing the numerical constants (see e.g. Giné and Zinn (1992) for
a similar application of the decoupling inequalities). We omit the resulting
statements.

2.6. Comparison with previous results. We have already noted, below the
statement of Theorem 2.3, that the inequalities there are better than the
Hoffmann-Jgrgensen type inequalities for U-statistics in Giné and Zinn
(1992) in that they represent a decomposition into simpler quantities. Also,
as mentioned in the Introduction, Ibrahimov and Sharakhmetov (1998,
1999) obtained, except for constants, Proposition 2.1 and its analogue for
canonical kernels for m = 2 and announced the result for general m; the
final results in the present article for p > 1 in the nonnegative case (The-
orem 2.3) and for p > 2 in the canonical case (Theorem 2.5), replacing
some sums by maxima and lower moments by quantiles, seem to be more
useful. As mentioned above, Corollary 2.2 restricted to m = 2 recovers in-
equalities (4.14) in Klass and Nowicki (1997). The inequalities in the last
mentioned article for nonnegative kernels, p < 1 and m = 2 (the noncon-
vex case, inequalities (4.13) there) are different from our inequalities in
Theorem 2.7 for m = 2, although they represent a similar level of decom-
position of the p-th moment of the U-statistic. Basically, the difference is
that they use inverses of truncated conditional moments whereas we use
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inverses of tail probabilites together with partial moments. This can be
better seen by comparing Hoffmann-Jgrgensen, which is Theorem 2.7 for
m = 1, with their inequality for m = 1. The result of Klass and Nowicki
(1997) can be described as the iteration of an inequality that follows from
Hoffmann-Jgrgensen, Paley-Zygmund ((2.13)) and (2.3), as follows. Given
&,1=1,...,n, nonnegative, define vy as

(2.26) vozsup{vZO:ZE<%/\l) 21}

or, what is the same, vg is the largest number satisfying
(2.27) vo =Y E(& Awo).
Then, the inequality in question is:

Corollary 2.8. (Klass and Nowicki, 1997, Cor. 2.7) Let &, 1 = 1,...,n,
be independent nonnegative random variables. Then, for all p > 0,

(2.28) B(3 &) ~ Bmaxel +of,

Proof. Since

D> E(&Ad0) =Y E&ile,<s, + 00 »_ Pr{& > do} > bo,

it follows that dy < vg. Therefore, if p < 1, inequality (2.3) and the defini-
tion of vy give

B(36) < (X B nw) + 3 BT, < of + 25 maxel.
J

And if p > 1, Hoffmann-Jgrgensen ((H)) and the previous inequality (with
p=1) give

E(Z@)p < (EZfz’>p+EmaX§f < vb + Emax£P.

For the reverse inequality, if p > 1,

vp = (Z E(& A U0)>p < E(Z&)p.

And if p < 1, following the proof of Lemma 2.2 in Klass and Nowicki (1997),
we first observe that Paley-Zygmund and the first part of this proof give
that for some universal constant C,

2
. | v E(E > (& /\Uo)> 1 2

’ {Z&/\UO> 2} - 4E(Z(fi/\vo)>2 4E<Z(&W1}0))2

C v} C

4 Emax(&; A vg)? + 02 8’

Y
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therefore,

B(Y6) 2 B(X @ nw)

p
E [(Z(& A UO)>pIZ(f1;/\vg)>'uo/2:| > %g—g

Y

a
P
In fact, if we bound tg by t; < 2F (Z(&/\to)) and apply the above proof

to the variables &; A tg, Hoffmann-Jorgensen gives the following seemingly
weaker inequality: letting 0y be the parameter vy for the smaller variables
fi A to (note ’LNJ() < ’UQ), then

(2.22') B(3 &)p ~ Emaxe? + L.

3. Improved moment inequalities and exponential
inequalities for m = 2

The right hand side of inequality (2.19) for m = 1 is just

(3.1) E'Z@ : < Kpmax[ppEm:emxff,pp/2 (ZE{?)Z)/2], p>2,

where &; are independent mean zero random variables. These inequalities
were first obtained by Pinelis (1994). Part of their interest lie on the fact
that they are basically equivalent to Bernstein’s inequality up to constants.
Here is how (3.1) (for all p > 2) implies Bernstein’s inequality up to con-
stants. Assume ||&; || < A < oo for all i, and set C? = " F¢2. Then, (3.1)

has the form
By«

P
< Kpmax[ppAp, pp/ch], p>2.

Let

o T \2
r= e (7o)
for any x for which p > 2. Then, by Markov’s inequality, (3.1) gives, for
these values of z,

Pe{| ¢
Hence,

(3.2) Pr{ 3 KZA A (KiO)Q}

for all > 0. Similarly, from the iteration (2.19) of the inequalities (3.1) we
can obtain exponential inequalities for generalized decoupled U-statistics

KIDPAY < omp if pP AP > pP/2CP

T

> x} <
Kppp/sz S P

- otherwise.
T

> 33} < eZe7P = ¢? exp{—
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of any order. However, the inequalities we obtain, while better than the
existing ones, are not of the best kind, as we will see below. We illustrate
this comment by considering the case m = 2. In this case, inequality (2.19)
is as follows:

E|Y his "
4,J

p/2
3.3 30/2 By ma Eih? ) p?PE max |h; -P}
(33) P B (3B ) B

p/2 p/2
< KP max[pP (Z Ehz%j) ,p?’p/?El max (Z Ethz,j) )
i,j J

For bounded canonical kernels h; ; we define

(3.4) A= max bl ., CF =3 B,
]

]

1 2
B* = m@XM ZElhzZ,j(Xi( )7y)HOO, Z Ezh?,j(xvxj(‘ ))HOO] .
i J
Then, we can proceed as in the deduction of (3.2) from (3.1), and easily
obtain from (3.3) that there is a universal constant K such that

35 o] R o < kew{ - L[ 2. (5)7.(5) 7]}

This inequality also holds for regular canonical U-statistics by the decou-
pling inequalities of de la Pefia and Montgomery-Smith (1995).

Inequality (3.5) is better than the Bernstein type inequality in Arcones
and Giné (1993) as it is better for z < n?A and the probability is zero for
x > n?A. Inequality (3.5) is suboptimal for small values of z, for which
the exponent should be a constant times —xz2, just as for chaos variables of
order 2 (see Hanson and Wright (1971), Ledoux and Talagrand (1991) and
Latala (1999)). This suggests that inequality (2.9) is not of the best kind,
and can be improved.

Next we improve the Rosenthal type inequality (2.9) for m = 2 (that
is, (3.3)) and deduce from it an exponential inequality for canonical U-
statistics of order two which does detect the Gaussian portion of the tail
probability.

First we show how Talagrand’s (1996) extension of Prohorov’s inequality
to empirical processes, actually in Massart’s (1999) version, produces an
improved Rosenthal’s inequality for empirical processes. Then, we will use
this inequality to estimate the terms resulting from conditionally applying
inequality (3.1) to the U-statistic.

To describe Massart’s version of Talagrand’s inequality we must establish
the setting and define some parameters. Let Z; be independent random
variables with values in some measurable space (T, 7)), let F be a countable
class of measurable real functions on 7', and define

= i 0'2: i 2, = X i .
S.f;gng(Zl), iggZE(f(Z)) a:=ma ;gng(Z)Hoo
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Then,
(3.6) Pr{S| > 2E|S|+ oV8zx + 34.5ax} <e™®

for all z > 0. It follows easily from inequality (3.6) that
(3.7) EISP < K?|(BIS|) +p"/%0" + pPa? |

for some universal constant K < oo and all p > 1, in fact, inequality (3.7)
for all p large enough and inequality (3.6) for all z > 0 are equivalent up
to constants. (We do not plan to keep track of constants in the derivation
below and, therefore, we refrain from specifying a value for K in (3.7).)

Proposition 3.1. Let {Z;} be as above, let F be a countable class of func-
tions such that Ef*(Z;) < oo and Ef(Z;) = 0 for all i. Then, in the
notation from the previous paragraph,

(3.8)  E[S|” < KP|(E|S|)” + p*/*0” + p’ E max sup \f(zi)ﬂ
v feF

for all p > 1, where K is a universal constant.
Proof. Set I := sup;cz|f| and MP? := 8- 3P Emax; |F(Z;)[P. Since the
variables f(Z;) are centered, we can randomize by independent Rademacher

variables €; independent of the Z variables (at the price of increasing the
value of the constant K). Set S := sup; | > eif(Z;)]. Then,

15| < Sl}P | Zgif(Zi)IF(Zi)gM| + Sl;p } Zgif(zi)IF(Zi)>M| =81+ Sa,

and notice that, since ES? < 2PT1E|S|P (e.g., Lemmas 1.2.6 and 1.4.3 in
de la Pena and Giné, 1999), inequality (3.7) gives

ES} < KP[(BIS|)" + /20" + p" M|
To estimate ESY we apply the original Hoffmann-Jgrgensen inequality
(from e.g., Ledoux and Talagrand (1991), (6.9) in page 156) to get
ESY <2.37(th + Emax F(Z;)"),

where t( is any number such that Pr{Ss >t} < (8-37)~!. But the choice
of M implies that we can take ty = 0 because

Pr{s, > 0} = Pr{max F(Z) > ) < -

proving the proposition. ]

In what follows we will assume, just as above, that the kernels h; ;,
1,7 < n, are completely degenerate and define

(3.9) D =(hij)rerz = sup{EZhi,j<X£”,X}”)fi(Xi(”)gj(X;”)

4,3
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' E 2 xMy <1 B 2(x@y <1
EY X)) SLEY gi(X;Y) <1y
% J

Theorem 3.2. There exists a universal constant K < oo such that, if h; ;
are bounded canonical kernels of two variables for the independent random

variables Xi(l),Xj@), i.j=1,....,n, n € N, then

E’ S hiy(x®, x@)

1<ij<n

P /2
| <Kp[pp/2(thzj>p + 2Pl ) B o

.3

p/2 p/2
(3.10) +p3p/2{E1mzax<Xj:E2hij> +E2mjax(zi:E1hij> ]

+p* Emax |y s I”]

for all p > 2.

Inequality (3.10) is strictly better than the right hand side inequality in
(2.9) for m = 2, that is, than (3.3).

Proof. Inequality (3.1) applied conditionally on the variables X Z-(l)

gives
(3.11)
» 27P/2 P
E’th SKpEl<pp/2 {ZE&(Z}“J) } +ppEZZ‘Zhi,j )
i,j 7 7 J (

To bound the first summand at the right hand side of (3.11) we first notice
that

1/2

[XJ: By (Z hi,j)Q]

= sup |:ZE2 Zhhj(Xz(l),Xj@))fj(X](Q)) . Eijz(X]@)) § 1:|,
% 7 j

J

where in fact, the sup is taken only over a countable subset of mean zero
vector functions (fi,..., fr) dense in the unit ball of L2(£(X£2))) X e X
1/2
LQ(E(X,(LZ))) for the seminorm |(f;) <n| = (Z Eij(Xj(-z))) . [To see this,
first apply duality in ¢5 and then in LQ(L(X](»Q))) for each j.] So we can
apply (3.8) to Z; = (hij)i_y with £(Z;) = B2 3, hij (XY, X)) (X)),
In this case, the right hand side terms in (3.8) can be estimated as follows.
The first term:

(BIS)P < BIs = B Y B (Shey) | = B X 02, = 2
J 7 1,
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For the second we see that, since, by the previous duality argument,
B (B S iy (X0, X £(X2)) < 1h) 2 = D?
B (B2 Y ha (XY X HXG)) < (hig)l[Fa e = D,
i J

it follows that o < D. The third term:

Emaxsup | f(Z)F = Eymax swp [B2 3 by (X0, X2 1,(x2)]
tf LEY <1 5

§E1m?X sup [(E22h127j>1/2<EZf]‘2>1/2:|P
J

EY <1 j
p/2
= F m?x (Eg Z hz?,j) .
J
Thus, inequality (3.8) gives
p/2
(3.12) p2 B(S Ba(Y his)?)
j i
p/2
< K?[p2CP 4+ D 4 p* 2 max (B2 O 02,) .
J

To estimate the second summand at the right hand side of (3.11), we apply
(3.1) once more and obtain

(3.13)  pPE:Y El‘E hi.s
J 7
SKP |:p3p/2E2 E (E Elh’?’j>p/2+p2pE E ‘hi’j|p:|.
7 7

]

p

Thus, to complete the proof of the theorem it suffices to replace the sum in
j and the sum in 4, j respectively by maxima in j and in 4,5 on the terms
at the right hand side of this inequality. But this is an easy exercise of
application of inequality (2.6). For completeness sake, here it is. Applying
(2.6) with & = 3 and p/2 instead of p, the first term at the right of (3.13)
bounds as:

P S (3 Bk j)m
7 i

143p/2 3 p 3p/2 2 p/2
< 2130/2(1 4 (p/2) )[(2) Ezm?x(zi:Elhw)

o

which produces the conversion of the sum into a maximum without in-
creasing the order of the multiplicative constant in front of C?. The second
term in (3.13) requires two steps. First, we apply (2.6) for p/2 and o = 4,
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conditionally on {Xi(l)}:
(3.14) pE Y |hiy|”
,J

<P 028 S| (5) P ot + (S i)
p J

We apply (2.6) with respect to Ey, for p/2 and a = 0, to the second term
at the right hand side of (3.14) and we obtain the bound

/2
227H5(1 + (p/2)") [El maX(Z E2hz2,j>p + C”] ,
J

which is in terms of some of the quantities appearing at the right hand side
of (3.10) and with coefficients of lower order. As for the first term at the
right of (3.14), we apply (2.6) with respect to F1, again for p/2 and o = 4,
and get it bounded by

p/2
2214 (/2" () Bl + B (3 Bromcn, ).
i

Here the first term coincides with the last one in (3.10), and the second is
dominated by

sl (Sa)]

Applying inequality (R;) with respect to Fs this is in turn dominated by

K? (g)”/QEz > (Z Elhij)p/2 + KPCP,

J

and the first summand has alredy been handled above (first term at the
right of (3.13)). Collecting terms we obtain inequality (3.10). m

Theorem 3.2 implies the following moment inequality and exponential
bound for bounded kernels.

Theorem 3.3. There exist universal constants K < oo and L < oo such

that, if h; ; are bounded canonical kernels of two variables for the indepen-
dent random variables Xi(l)7 XJ(?), .j=1,...,n, and if A, B, C, D are as

defined in (3.4) and (3.9), then

(3.15)
E‘ > hi,j(Xi(l),XJ@))‘p < K? [pp/20p +pPDP + p*2 B +p2pA”]

1<i,5<n
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for all p > 2 and, equivalently,

Pr{ 3 hi,j(Xi(l),X]@))‘ > x}
,7<n
1 ) LE2 T IE2/3 LEI/Z
(316) S LeXp{zmln(E,E,W,m)}
for all x > 0.

The moment inequality is immediate from Theorem 3.2 and the equiv-
alence with the exponential inequality follows just like (3.2) follows from
(3.1) in one direction, and, in the other, by integration of tail probabilities.

Next we comment on the exponential inequality. For comparison pur-
poses, let hi)j(Xi(l),X](-Z)) = gig;Tij With g;, g; independent standard nor-
mal. In this case,

Cc? = foj and D = sup{Zuivjxiyj : Zu? < 1,211]2- < 1}
,J 0,J

and the Gaussian chaos inequalities of Hanson and Wright (1971) and
Latala (1999) yield the existence of universal constants 0 < k < K < o0

such that
PI‘{ Z hi,j
4,7

Pr{’ 3 hi,j‘ > K(Ca'/* + D)} > kne .
]

> K(C’ar;l/2 + Dm)} <e”

and

By the central limit theorem for canonical U-statistics, this implies that the
coefficients of x? and x in (3.16) are correct (except for K). It is natural
to have terms in smaller powers of z in (3.16) e.g., by comparison with
Bernstein’s inequality for sums of independent random variables. In fact,
the term in 2'/2 cannot be avoided, at least up to logarithmic factors. To see
this, consider the product V' of two independent centered Poisson variables
X(")Yj(") where

with parameter 1, which is the limit in law of V,, = Zi,jin i
Xz-(n) and Yj(") are centered Bernoulli random variables with parameter
p = 1/n; then, for large x, the tail probabilities of V are of the order
of exp (—z'/?logx), and therefore, so are those of V,, for large n. Also,
note that the term in z2/3 in the exponent corresponds, up to logarithmic
factors, to the tail probabilities of the product of two independent random
variables, one normal and the other centered Poisson.

If X,Y, XV, X® are iid., hi; = h for all i,j and h is completely
degenerate, then the parameters defined by (3.4) and (3.8) become:

A= ||hllss, B> =n(|Eyh*(z,Y )| + [|Exh*(X,y)||lx), C* =n*Eh?
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and
D = nsup{ ER(X,Y)f(X)g(Y): Ef*(X)<1,Eg*(Y) <1}
= n||h||L2'—>L27

where ||h||L,—1, is the norm of the operator of Lo(L£(X)) with kernel h.
Then, inequalities (3.15) and (3.16) become:

Corollary 3.4. Under the above assumptions, there exist universal con-
stants K < oo, L < oo such that, for alln € N and p > 2,

1 2),[P
B 30 wx M X)) < K2 [p 2 (B2 4 0,

,7<n
(3.17) + P22 (| By b2 o + | Exch o) + 9?7 2]
and
2
(1) (2) 1 . T
Pr{‘ ”Z<nh(X1 X )‘ > ZU} < Kexp [_E mln(m,
T 72/3 21/2
(3.18) n||hl ’ 9 9 1/3° 172 )|
La—Lz [n(||Eyh?|lso + | Exh?|lo)] " lIllse

Inequality (3.18) provides an analogue of Bernstein’s inequality for de-
generate U-statistics of order 2: note that inequalities (3.15), (3.16), (3.17)
and (3.18) can all be ‘undecoupled’ using the result of de la Penia and
Montgomery-Smith’s (1995). It should also be noted that this exponential
inequality for canonical U-statistics is strong enough to imply the suffi-
ciency part of the law of the iterated logarithm for these objects: this can
be seen by applying it to the kernels h,, in Steps 7 and 8 of the proof of
Theorem 3.1 in Giné, Kwapien, Latata and Zinn (1999) (and using some
of the computations there for the parameters C' to D). Neither inequality
(3.5) nor any of the previously published inequalities for U-statistics can
do this.

Acknowledgement. We thank Stanislaw Kwapieni for several useful con-
versations.

References

ARCONES, M. AND GINE, E. (1993). Limit theorems for U-processes. Ann.
Probab. 21 1494-1542.

DE LA PENA, V. AND GINE, E. (1999). Decoupling: From Dependence to
Independence. Springer-Verlag, New York.

DE LA PENA, V. AND MONTGOMERY—SMITH, S. (1995). Decoupling in-

equalities for the tail probabilities of multivariate U-statistics. Ann. Probab.
23 806-816.



24 Inequalities for U-statistics

FicieL, T.; HITCZENKO, P.; JOHNSON, W.B.; SCHECHTMAN, G.; AND
ZINN, J. (1997). Extremal properties of Rademacher functions with appli-
cations to the Khintchine and Rosenthal inequalities. Trans. Amer. Math.
Soc. 349 997-1027.

GINE, E.; KWAPIEN, S.; LATALA, R.; AND ZINN, J. (1999). The LIL for
canonical U-statistics of order two. To appear.

GINE, E. AND ZHANG, C.-H. (1996). On integrability in the LIL for de-
generate U-statistics. J. Theoret. Probab 9 385-412.

GINE, E. AND ZINN, J. (1983). Central limit theorems and weak laws of

large numbers in certain Banach spaces. Zeits. Wahrsch. v. Geb. 62 323-
354.

GINE, E. AND ZINN, J. (1992). On Hoffmann-Jgrgensen’s inequality for
U-processes. Probability in Banach Spaces 8 80-91. Birkh&user, Boston.

HansoN, D. L. AND WRIGHT, F. T. (1971). A bound on tail probabilities
for quadratic forms in independent random variables. Ann. Math. Statist.
42 52-61.

HiTrczeENKO, P. (1988). Comparison of moments for tangent sequences of
random variables. Probab. Th. Rel. Fields 78 223-230.

JounsoN, W. B.; SCHECHTMAN, G.; AND ZINN, J. (1985). Best con-

stants in moment inequalities for linear combinations of independent and
exchangeable random variables. Ann. Probab. 13 234-253.

IBRAGIMOV, R. AND SHARAKHMETOV, SH. (1998). Exact bounds on the
moments of symmetric statistics. In: Abstracts of the 7-th Vilnius Confer-
ence on Probability Theory and Mathematical Statistics/ 22nd European
Meeting of Statisticians, pp. 243-244. Vilnius.

IBRAGIMOV, R. AND SHARAKHMETOV, SH. (1999). Analogues of Khint-
chine, Marcinkiewicz-Zygmund and Rosenthal inequalities for symmetric
statistics. Scand. J. Statist. 26 621-623.

KAHANE, J.-P. (1968). Some Random Series of Functions. Heath, Lexing-
ton, Massachusetts.

Krass, M. AND Nowickl, K. (1997). Order of magnitude bounds for
expectations of Ay functions of nonnegative random bilinear forms and
generalized U-statistics. Ann. Probab. 25 1471-1501.

KWAPIEN, S. AND SZULGA, J. (1991). Hypercontraction methods in mo-

ment inequalities for series of independent random variables in normed
spaces. Ann. Probab. 19 369-379.

KWAPIEN, S. AND WoOYCzYNsKkI, W. (1992). Random Series and Stochas-
tic Integrals: Single and Multiple. Birkh&user, Boston.

LATALA, R. (1997). Estimation of moments of sums of independent random
variables. Ann. Probab. 25 1502-1513.

Latata, R. (1999). Tails and moment estimates for some type of chaos.
Studia Math. 135 39-53.

LATALA, R. AND ZINN, J. (1999). Necessary and sufficient conditions for
the strong law of large numbers for U-statistics. Ann. Probab., to appear.



Giné, Latala and Zinn 25

LEDOUX, M. AND TALAGRAND, M. (1991). Probability in Banach Spaces:
Isoperimetry and Processes. Springer, New York.

MASSART, P. (1999). About the constants in Talagrand’s concentration
inequalities for empirical processes. Ann. Probab., to appear.

PINELIs, 1. (1994). Optimum bounds for the distributions of martingales
in Banach spaces. Ann. Probab. 22 1679-1706.

TALAGRAND, M. (1996). New concentration inequalities in product spaces.
Invent. Math. 126 505-563.

UTEv, S. A. (1985). Extremal problems in moment inequalities. In: Limit
Theorems in Probability Theory, Trudy Inst. Math., Novosibirsk, 56-75 (in
Russian).

Evarist Giné Rafat Latala

Department of Mathematics Institute of Mathematics

and Department of Statistics Warsaw University

University of Connecticut Banacha 2

Storrs, CT 06269 02-097 Warszawa,

USA Poland

gine@Quconnvm.uconn.edu rlatala@mimuw.edu.pl
Joel Zinn

Department of Mathematics
Texas A&M University
College Station, TX 77843

jzinn@math.tamu.edu



