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1 Introduction

We shall study uniform in bandwidth consistency and central limit theorems [clt] for estimators
of integral functionals of the density function. Here are some motivating examples.

10 = [ () an 7o) - -

R

o(F(2)) f'(2)dz and Ty (F) / (F@)de. (1)

R
Note that the functional T3 (F) is a special case of T (F'). The functionals T} (F') and T3 (F)
appear in plug-in data driven bandwidth selection procedures in density estimation (refer to Hall
& Marron (1987) and the references therein) and the functional 75 (F') arises as part of the
variance in nonparametric location and regression estimation based on linear rank statistics (refer
especially to Jureckova (1969)).

We shall consider the following general class of integral functionals of the density:

T(F) = /Rgo(x, F(z), FY(z),..., F"(x))dF (z), (2)
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where F is a cumulative distribution function on R with r > 1 derivatives F™. At first sight, the
first two examples in (1) are not of the form 7' (F'), however, under smoothness, after integrating

by parts we can write

Ty (F) = —/Rf(z)(x) f(x)dx and Ty (F) = /Ra’(F(x))fQ(:v)d:L’.

Levit (1978), following Dmitriev et al. (1974), considers estimators of integral functionals of the
form (1) by plugging in kernel density estimators for the F™ in T'(F) and proves asymptotic
normality as well as local asymptotic minimaxity with respect to power loss functions. Given
that estimators of this type have optimality properties, it should be of interest to obtain their
asymptotic normality uniformly in the bandwidth of the kernel estimators used to estimate the
F()_ This would permit the insertion of bandwidth estimators into these kernel estimators and
still have asymptotic normality of the resulting estimator of T'(F"). This is the main goal of this
article. We shall discuss in the next section what we mean by a uniform in bandwidth clt and its
importance in the use of adaptive bandwidth estimators.

We shall then apply the general result (or its proof) to several examples from the literature (Bickel
& Ritov (1988) -that we simplify along the lines of Giné & Nickl (2007b)-, Hall & Marron (1987),
Griibel (1994), Cheng & Serfling (1981)). We shall also propose a practical criterion to adaptively
choose the bandwidth. The main new ingredients relative to the work of these authors are the
use of moment bounds for U-processes derived in Giné & Mason (2007a,b) and, for almost sure
results, an exponential bound of Major (2006). For the reader’s convenience, we collect the Giné
& Mason (2007a,b) results in an Appendix

The estimation of integral functionals of a density, such as (2) or (1) is a subject of much current
research. Aside from their practical value, these functionals are of theoretical interest in that they
are tractable non linear functionals which have different behaviors according to the smoothness

of the density. Aside from kernel based estimators such as those of Levit, Hall and Marron,
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Bickel and Ritov, etc., estimators based on Ly expansions and projections, which satisfy the same
optimality properties as those of Bickel & Ritov, have been considered by Birgé & Massart (1995),
and Laurent (1997, 2005), among others. Estimators of this type are not treated in this article.
In Section 2 we shall establish a uniform in bandwidth central limit theorem for the class of
estimators of (2). We will also indicate how to obtain laws of the iterated logarithm uniform in
bandwidth for this estimator. In Sections 3 and 4 we shall consider several examples. Finally, in
Section 5, we shall propose and study a way to adaptively choose bandwidths based on the results
of Section 2.

Standard definitions and results from modern empirical process theory will be used freely. Unless

otherwise indicated, these can be found in van der Vaart & Wellner (1996).

2 Uniform in bandwidth clt for the Levit estimator

We shall study the uniform in bandwidth behavior of estimators of T'(F') of the form (Levit (1978)):

Z‘P X, Fi(X3) Fnlzl @(Xi>7“‘=F7§2,.,i(Xi))= (3)
where h = (hy,...,h,), h; > 0, is a vector of bandwidths, X, X, X, ..., are i.i.d. F and for
1> 1andn > 2,

1 _
1<i#j<n

with Kéfl)(a:) =1{z>0},and for 1 <m <,

1 1 Xi— X
FSZ)Z(XJ: T7m Z K(ml( . >,z':1,...,n,

n —
1<i#j<n

where K\ = K,, is an Lq kernel, m—1 times differentiable with K, (m—1) (x) = % satisfying

/RKm (u) du = 1. (4)



We note that the results below (Theorems 1 and 2) also apply if we change the estimator T,,(h)
a bit: a) of course the kernels K,, do not have to be different; b) F, ;(X;) could be replaced by
the cumulative distribution function of the kernel density estimator based on the sample with
X, deleted; then, since this cdf and the empirical cdf are asymptotically equivalent under the
conditions of the theorems below (e.g., Bickel & Ritov (2003), p. 1036), they would also hold
with this choice of F),;; ¢) finally, we remark that we take ‘delete one’ observation estimators
for FTETZ)Z<X1) because they are natural in that they have more simply expressed expected values

and lead to U-statistics rather than to V-statistics, but the bias introduced if we did not delete

the observation X; from Fsmh)l(Xl) would make no difference whatsoever (due to Condition VIII
below).
From now on, to unburden our notation a bit, we shall write, forn > 2 and i =1,...,n,
F,(X;) = Fp; (X;) and F(X;) = FUY(X,) for 1 <m < re
Define the sequence of processes in N = A,y A), 0<a< A\, <b<oo,form=1,...,r by
v (T) =/ {Tn(i> ®h,) — T(F)} , (5)

where {h,} is a sequence of vectors h,, = (hy4, ..., h.,) With positive coordinates converging to
zero and

_

A ®@h, = Mhig, .o, Ahey).
To ease the notation we shall write h = h,,, hy,, = hyp, m = 1,...,r, and even h = h,,,, if no

confusion is possible.

We will show, under suitable regularity conditions, that there exist i.i.d. mean zero and finite

variance random variables Y7, Ys, ..., such that
() 55
Un - = i
(A=

4

sup = 0p (1) (6)

Nelab]”




and

= o (v/Ioglogn) as.

sup
-
A €la,b]”

w(X) -2

(7)

Statements (6) and (7) imply that uniformly in N e [a,b]" the estimators T, n(T ® h,,) based on

H
the bandwidth vectors A ® h,, converge in distribution to a normal random variable or almost

surely to T (F') at the law of the iterated logarithm rate.

Towards defining the random variables Y7, Y5, ..., let
p(a) = pla, Fz), FY (@), ... FO(x))

and, subject to smoothness assumptions, set for m =0,...,r,

0

Pm (2) 1= W@(fﬂ,yo,ylv s Yr) |(y07y1 ,,,,, yr)=(F (@), FO(x),..F) (x))"

.....

Let
§(Xi) = p(Xi) — Ep(X) = o(X;) = T(F),
o (Xi) = : wo (y) f(y) dy — /RF () o (y) f (v) dy
and, form=1,...,r, let
X (0) = s (om0 £ () =~ yoo o (1) f () d,

where j—yoog (y) = g (y), and set for i > 1,

En (X3) = (1) {xtm (X3) — Exm (X)}.
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For a given kernel K, s > 0 and non-negative measurable function H, let G, i (H) denote the
class of all measurable real valued functions g on R for which there is a positive constant M (g)

such that for all A > 0 sufficiently small and for all z € R,

\%/Rg(u)f((“";“) du—g(2)

The following two propositions show that the classes G x are not empty.

< h*Mg (g) H (z) .

Proposition 1 (Motivated by Proposition 1 of Levit (1978) ) Assume that K is integrable, has

compact support, and for some integer s > 1 and 0 < o < 1,

/K(u)du-l, /ukK(u)dU—Ofork—l,...,s. (11)
R R

and let H be a non-negative measurable function. Then there is a constant Cx > 0 such that, for
every s times continuously differentiable function g satisfying that, for some ho > 0, Ly > 0 and
every v € R,

sup |h|™® ‘g(s) (x+h)— g(s) (:U)| =: L H(x), (12)
[h|<ho

one has, for all 0 < h < hg and every x € R,

\%/ngm(x;“) du— g (x)

Proof. Choose any 0 < h < hy. By a change of variable and then Taylor’s theorem and (11)

i [o@ () a0

/R/O1 (1— € ¢g) (2 — ehv) v*deK (v) dv

< WHCx L H (). (13)

/R {g(z — ) — g(2)} K (v) do

)

hS
(s —1)!

which since K has compact support is for some ¢ > 0,

hS
(s —=1)!

c 1
/ / (1—€)°" g (2 — ¢hw) dév* K (v) dv
—cJO




By (11) and (12) this last quantity is

h*toL,H ¢ [t B . »
< (5_—"1),@)//0 (1—€)° 7 evde o] |K (v)| dvLy =: h*t*Cy H(x).

q.e.d.

For integers s > 1, let G, denote the class of all measurable real valued functions g on R such that

g is s times continuously differentiable and [, [¢**) (u) |du < oco.

Proposition 2 (Devroye & Gyorfi (1985) Lemma 22, p 122) Assume that K is symmetric about

0 and for some integer s > 1,

/K(u)du:l, /ukK(u)du:Oforkzl,...,s—l, when s > 2, and /|u|S|K(u)|du<oo.
R R R

(14)
Then for some constant My > 0, for all h > 0 and g € G
1 _

sup —/g(u)K (x u) du — g (z)| < hSMK/ ‘g(s)(u)‘du.

z€eR h R h R
Proposition 2 shows that G; C G, (H), with H := 1, whenever K satisfies (14).
Here are the assumptions that we need for our main result.
Condition I. For each m =1,...,r, f™ 1 is bounded.
Condition II. For some 0 < a < 1, and each m = 1,...,r, f™ Yisin Gy, 10 1k, (H), where H

is a non-negative measurable function satisfying FH? (X) < oo, which may depend on f(™~1.

Condition III. Uniformly in = € supp(f), the function ¢ (z,yo, v1,- ., ¥.) and its partial deriva-
tives p/dy;, i = 0,...,r, satisfy a global Lipschitz condition with respect to the variables

Yo, - - - ¥r on a bounded open convex subset D of R™*! containing the closure of the range

{(F(x),f(x),f(l) (z),...,fr=Y (z)) :z € R}.
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Condition IV. The functions ¢,,, m =0,1,...,r, as defined in (8) are bounded on supp(f).

Condition V. For each m = 1, ..., r, the function y,, defined in (9) is Lipschitz of order 0 < g < 1

and
/ l? | K ()] s < 0. (15)
R
Condition VI. The kernels K,(nmfl), m=1,...,r, are in Ly(R) and of bounded variation in R.

Condition VII. For m=1,...,r,all h > 0 and x € R,

him/RK&m—n (9” ; y) Fy)dy = %/RK,” (%) SO (y) dy (16)

and with ¢, as (8),

/me (v) himK&m” (y - x) fy)dy = (=)™ /Rxm (v) %Km (?) dy.  (17)

(These two identities will hold whenever K, is smooth and has bounded support.)

Condition VIIL. With 0 < o < 1 as in Condition II, for m = 1,...,7, /nhZ ' /1og (1/hp ) —
oo and /nhZ Tt — 0.

Theorem 1 Under conditions Conditions I-VIII, for all 0 < a < b < oo, (6) holds. Moreover,
if 0 <Var(Y) < oo, where Y is defined as in (10), then the processes {I/n (T) N € la, b]’"}

converge in law in L ([a,b]") (in the sense of Hoffmann-Jorgensen) to the constant Gaussian

process G <T> = G where G is N (0,Var (Y1)), that is,

\/E{Tn(/\ ® h,) —T(F)} —a N (0, Var (Y1) (18)

N
uniformly in X\ € [a,b]".

Proof. Set

1 n
S = =3 " o(X;, F(X,), FOX), ..., FO(X)) 5
n nHw( ,F(XG), FU(XG), 0 FT(XG)) 5



Next set

where for any 1 < m <r, h > 0and a < X <0,

_ 1 n{Xi—y
kY (Xi, A) = E (F™) X, /K<m DI s d
and although they do not depend on A or h, we set
kY (X0 Ah) = B (F(X0)|X0) = F(X,) and F, (X)) = F, (X))

Finally denote

( ) Z Zwm Z{Fé”ii (X;) — kY (Xi,)\mhm)}.

Notice that: 1) S5V is the naive estimator of Tn(T(X)hn) if F' is known, and that Sﬁl)(y) —T(F) =
LS~ E(X;), which is part of £ " | V;; 2) 57(12)(7) is the linear term in the Taylor expansion of
the summands of T,,( e h,,) about the corresponding ones of S5”; and 3) 57(12)(;)) = ST(L?’)(T) +
ST(L4)(Y) decomposes S¢2 into two intermediate steps.

We will show that

AV =T, =S =59, AP = 5% and 1Y = 5 — Z D> &n(X0)

=1 m=0

are small, which will give the theorem since, obviously, by the definition of Y;,
T,(N ®h,) — T(F) - —ZY D (X) +982 (X) +98 (X)) (19)
In order to handle 7y, first we remark that Condition III implies that for some constant C' > 0
o (r,y+8) = o (r,y) = Ap(r,y)| < ClAI, (20)
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for all z € supp(f) and all y and y + A in D, where ¢ (z,y) is the gradient of the mapping
y — ¢ (z,y). In order to make use of Condition III, we must make sure that the y and y + A

variables of interest are in D. Towards this aim we will show that
(1) (r) . Y T
{(Fn(Xi),lehl(Xi),...,Fn’Arhr(Xi)> i=1,...,n, X €[a,b] } c D, (21)
with probability tending to 1 as n — oo, and that
) (0) . (r—1) ) Ci BV r
F(X5), k7 (Xi, \Mh)), o k) (X, b)) ci=1,000,n, A € [a,b] ¢ C D, (22)

for all n large enough.
For the second inclusion (22), we just note that, by Conditions VII and II, for 1 < m < r, we get

for some constant C' > 0 and all h,,, small enough,

max Ssup ‘k,(fz"b_l)(Xi,)\mhm)—F(m)(Xi)}

1isn <), <b

i [ (S ) 1wy = £
R

~ LA N, A
2r+a—1 .
< OVRRE ™ max {H (X;) [V} (23)

Next EH? (X) < oo implies

max {H (X;) /v/n} — 0, a.s. (24)

1<i<n

Now (23) and (24) when combined with Condition VIII gives

max sup |k:7(nm_1)(X,~, Ambim) — F(m)(XZ-)‘ — 0 a.s.

1<i<n a<Am <b
Towards proving the first inclusion (21), we first notice that ||F,(z) — F(2)|l.c — 0 a.s. by
Glivenko-Cantelli, which takes care of the first coordinate. To handle the remaining coordinates

it will be helpful to introduce the following kernel estimator: set for 1 <m <r, h > 0 and x € R,
_ 1 < r— X
@) === Y K (—=), i=1
fn,h (ZL‘) nhm p m ( h ) )y b y ey 1T,
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Our aim is to apply Theorem 8 in Giné & Mason (2007a) (see Theorem 1A in the Appendix).

First we note that, as shown by Nolan & Pollard (1987), the class of functions
(K V(c(x =) :c>0,2 € R} (25)

is of VC type (or VC for short) and uniformly bounded by Condition VI (refer to the Appendix

for the definition of VC type.) Next observe that

—xX\\?
sup E [ KD (= < A | fllso K013,
z€ER /\mhm

which gives (note that we assume f is bounded and K e Ly(R))

- X
(m—1) T < —. 2
sup Var (Km < IV < Ch,, o*,

a<A<b,xeR m

for some constant 1 < C' < oo. So, no* > nhy, > v/nhi; =" >> log 7= by Condition VIIT. Hence,

that theorem for £ = 1 gives that there exist (', Cy < oo, independent of n and m, such that

Flm—1) —-m (m—1) (L — X) log (C2/hm)
E — (A, EK,’ < Cyy| —————.
Ao [T (7) = ) (5 )| =g

Note that this sup is measurable because, the map (z,y,h) — K,Sq,m_l)((x — y)/h) being jointly
measurable, the measurability arguments in Pollard (1984), Appendix C (permissible classes), do
apply. This observation applies to other uncountable suprema below, and will not be repeated.
Since for each 1 <i <mn and h > 0,

K (0)] _ <
(n—1)hm = (n—1)hm

1
< ——sup (26)

Fa (X = B (X)) < —
n — 1 zer

max
1<i<n

Fon @) +

for some C < oo, we get, for some C" < o0,

E (max sup

1=ism g <a<b

F (X)) — kDX, Ahm>)) < C\/log(1/h)] (nh2m=1) = o(1)

by Condition VIII. This when combined with (21) and the observation above about the first

coordinate proves the first inclusion (21).
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Step 1. We will estimate sup~ el %(L) (/\ ) ‘ When inclusion (21) holds, by convexity of D,

we can apply Condition III and Taylor’s theorem (see (20)) to get that for some M; > 0

sup |y (7)‘ = sup
Nelap)” Nelab)”

T(X @h,) = S (V) =52 (X) ‘

=M {Z Sup Z ( EV (X) = F(m)(Xi)>2 + %Zl (Fn(Xi) = F (Xz'))Q} . (27)

a< <p N -

First by Kolmogorov-Smirnov,

LS (R — OO < IR~ I = 0, (£ ). (28)

Next, for m = 1,...,r, the trivial inequality (a + b)* < 2a2 + 2b? yields

Z sup li(ﬂg?ﬂm(XO—Fm) Z) <22(5 +22(5n2, (29)
m=1%% i=1

where
n

m 1 m . 2
57 = sup > (FI, (X0) = KD (Xi, M)

a<A<p N ©
="= i=1

and
n

0 = sup lZ(k(m (X, M) — FO(X))°

a<A<b M -

It follows from Conditions II and VII that
5% = O (b, [ +*72) Z H? (X;) = O (Jh,[["2%72) | ass. (30)

Y is of bounded variation, the class of functions (25) is of

Regarding 5n ") as noted above, if K"~
VC type and uniformly bounded; therefore, Corollary 1 in Giné & Mason (2007b) (see Theorem

1A in the Appendix) applies. In that theorem, take & = 1, notice that, since

B (K5 (0 = X) M)’ < Ml F K51,

m
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we can take o = Chy,” for some C' < 0o, and then that, by Condition VIII, nh,, > Llog(1/hy,)

(eventually, for any L < co). Hence, via the bound (26), it gives for 1 < m < r that

B < B su (F(m) () — k=D (2, A ))2
n,dl = p 1, \m m ) m

a<A<bzeR

hm log(1/h,y,) < log(l/hm)‘

31
= MNahy)?m(n—1) = % ph2-1 (31)
Putting everything together we get from (27), (28), (29), (30) and (31) that
su (1) <T>‘ =0, (|ha]****7?) + O, [ max log (1/hm) (32)
K’e[apbr o e EAREGECR

Step 2. It follows from an application of the Cauchy-Schwarz inequality, (31) and Condition IV

that

sap 12 (XY < 2303062000 300 = 0, (Il ) (33
m=1

Nelab)” m=1 i=1
—_
Step 3. In order to treat %({O’) (A) we must introduce some additional terms. Consider for any

1<m<randa<\<b,

S () = = D7 o (X0 { FIL (X)) = KD (X Mo}

TR G G R s

Set

¥Pm (y) 1 (m—1) y—r (m—1)
K —k M) ¢

Now for 1 < m <rand a < \ < b,

1
SN =~ Y Lna (X, X;).



By the Hoeffding decomposition (see the Appendix for a description of the Hoeffding decomposi-

tion) we can write

In particular,

miLna (X) = [ 220 {Wf i (%) — kD (. Ahm)}f(y) dy.

In view of (17) we obtain

1 1 - X; -1t 1 - X;
§/Rsom (v) (Ahm)mK&m‘” (ymm )f(y) dy = %/Rxm () 37 Kom (yAhm )dy7

so that

2 (- 1 y— X 1 y—X
O Lyy) = — 5 Kk i\ - _ pK dy.
(1) Up? (miLm,) n /Rxm W) {/\hm m ( N o\ T Y

=1

We have then that for m=1,...,r,

2 1
(5t = 36 (30

where for h > 0

% Z {Wman (Xi) = Ewm an (Xz)}' )

o )= [ 00 ) = xn (O} o (1) o

With this notation

2 IS
(5t = 36 ()

For each 1 < m < r introduce the class of functions W,,, = {wm (-) : 0 < h < b} (there is no loss

sup
a<A<b

of generality in assuming ||| < 1). Tt is readily checked that each class W, is of VC type: in
fact, W,, is uniformly bounded and its covering numbers N(W,,, || - ||, €) are at most of the order
c/e”. To see this, just note that, by a change of variables and Condition V, for h, ' > 0 and for

all v € R,

o) = im0 = | [ (o4 0) = o+ 0l Kot

< A= P [ Kol
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for some A < oo, and that, similarly, |wp,(z)] < AR [ |u|?|K,,(w)|du, proving boundedness and

the VC property for W,,,. Moreover, in particular, for each a < A < b and h > 0,

2
E (W (X))2 < A*p?P </ |u|6 | K (w)] du) < 00. (34)
R
We can now apply Theorem 1A to get that for some constants A; and As and for m=1,...,r,
EA, (m) = Aih? \/log (Ay/hy) /1 (35)

Next, to estimate U7§2) (meLm ), m = 1,...,r and a < XA < b, we will apply Theorem 1A once
more. Since

7o (K& (2, Ahy) — KD (y, M) = 0,

m

this theorem applies if the class of functions of x and vy,

{om (@) KG (c(z =) + em@) KD (cly — ) 1 ¢ > 0}

is uniformly bounded and of VC type. But this follows because ¢,, is bounded, the class
(K8 D(e(x —y)) : ¢ > 0} is VC-subgraph assuming K5 is of bounded variation by the
arguments in Nolan & Pollard (1987), and then so is {gpm(:p)Kr(nm_l)(c(x —vy)) :c >0} by eg.,
Lemma 2.6.18, (vi), in van der Vaart & Wellner (1996), and from the fact that, as a simple com-
putation on covering numbers shows, if two classes F and G are VC type, then so is the class

{f+g:f€F,geg}. So, wecan apply Theorem 1A to the class of functions

{0m(@) K5V ((@ = y) /M) = Sm () K ((y — ) /M) 2 a < X <0}

with £ = 2. By boundedness of the functions ¢,,, as in Step 1, we can take ¢ to be a constant

times h%Q, and Theorem 1A then gives that, form=1,...,r,
log (1/h) log (1/h)
(2) - 2o\ m) ) Do\ m)
oA U5 malna)| = O ( ) =\ S ) (36)
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We now treat the case m = 0,

n

Sio = = Do (Xo) {Fa(X) = F (X))

n_lszo DAT{Xi = X; > 0} = F (X))}

i=1 j#i

Set for m = 0,

Lo (z,y) =

{I{z—y>0}—-F(z)

<P02(93) {I{y—2z>0}-F(y)}.

wo ()
2

Now by the Hoeffding decomposition,

We see that

vo (y)
2

Lo (X)) = / (I{y— X >0}~ F(y)} f (v)dy,

which gives

(i) (m1Lo) = Z & (X (37)

Since ¢ is bounded on supp(f) (Condition IV), LO(X 1, X2) is square integrable and therefore we

have
1
oiPmta) =0, (1) (38)
Noting that
N r
SO (X) = S0+ 32 80, ). (30)
m=1
we get from (35), (36), (37) and (38) that
1 log (1/hy, log (1/hy, 1
Sup ”Yés) (T)‘ =0, | — + max L—/lﬂ) + max hﬁ M ) (40)
YE[a,b]T n 1<m<r nh:n 1<m<r n
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Combining (32), (33) and (40) with Condition VIII, we conclude that

W(7) LS

sup
YG[a,b]T

log (1/h, o
0, (\/ﬁ||hn||4T+2a_2)+Op<max g ( / )) +0, (\/ﬁ”hnHQ—i- 1)

1<m<r /nh2r—1

1 log (1/hum.n) P B
+0, (\/—ﬁ> +0, (1217355 —\/ﬁh%_%ﬂ +0, max P/ 108 (1/ P ) | = 0, (1),

which finishes the proof of (6).

In fact we have shown that

sup

_ - 0; (1) )
A €la,b]”

vy, (7) —n 12 ZYi
i=1

meaning convergence to zero in outer probability (that is, the random quantities at the left hand

side are dominated by random variables that converge to zero in probability). If EY? < oo, this in
particular implies by general principles on convergence in law of bounded processes in the sense of
Hoffmann-Jgrgensen (e.g., Corollary 5.1.3 in de la Pena & Giné (1999) together with the triangle
inequality for the dual bounded Lipschitz norm), that v, —, G, in £ ([a,b]"), thus completing

the proof of the theorem. q.e.d.

The above theorem has the following consequence that may be useful for bandwidth selection.

The proof is standard and is omitted.
Corollary 1. Under the conditions of Theorem 1, if Yn are random vectors satisfying the
condition that min (A, 1,..., A\ny) and max (A1, ..., Ayr) are tight in (0,00), then v, (Tn> —q

G.

In order to prove (7), we still use the decomposition (19) of Theorem 1; then, to estimate the
a.s. size of its different components we block as usual and, instead of using moment bounds for

the expectation of empirical and U-processes, we use the maximal inequality in Theorem 4, Giné

17



& Mason(2007b) in combination with Major’s (2006) exponential bound (Theorem 5 in Giné &
Mason(2007b)) and the moment bound in Corollary 1 of the same reference (see Theorem 1A in
the Appendix), just as was done in subsection 3.2.3 of the same article. The conclusion is:

Theorem 2. Assume Conditions I-VII and (instead of Condition VIII) that, for 1 < m < r,

Rmpn 1 0 as n — 0o, that there exists ¢ < 0o such that hy,, < chy, o, and

log(1/hm.n)/loglogn — oo, +/nloglog nh2’" 1/ 1og(1/hpp) — 0, \/ﬁhfr’;fgo‘_l/\/log logn — 0

as n — oo. Then, (7) holds and therefore, if 0 < Var(Y;) < oo, by the law of the iterated

logarithm for Yi,

hmsup _n sup
2loglogn clab]"

A compact LIL also holds when 0 < Var(Y;) < oo, but we refrain from formulating it (see e.g.

T,(X ®h,) — T(F)) — /Var(ty) a.s

Giné & Mason (2007b) for a compact LIL in a similar setting).

3 Functionals of the form 0 = [ ¢(f(z))dx

Griibel (1994) considers estimation of integral functionals of the form:

0= [ot

and shows that his estimators are consistent at rate n~1/2

and asymptotically normal, using

empirical process methods. Under suitable assumptions his Theorem 2.2 says that

Vi (0, = 0) —a /Var (¢ (f (X)) g, (41)

where ¢ is standard normal and

b= [ 0 (Funnta) e (42)
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with

Fonlz) = n—lhif( (x _hXJ). (43)

At first glance it does not look like we can handle his setup. Here are the assumptions that Griibel

(1994) needs to conclude the central limit theorem (41).
1. Assumptions on K: The kernel K is a symmetric density function with support in [—1, 1].
2. Assumptions on f: The density f is bounded with derivative f’, which satisfies that for some
0 >0,

[f'@+y) = (@) <lH (z), |yl <6, z€R, (44)
where H is an integrable function. (It appears that he also needs H to be square integrable.)
3. Assumptions on ¢: The function ¢ is a continuous function defined on [0, co) with a continuous
and bounded second derivative on (0, c0) such that ¢ (0) = 0 and the integral 6 exists.
4. Assumptions on h,: As n — oo, \/nh, — oo and \/nh? — 0.
To obtain a uniform in bandwidth version of Theorem 2.2 of Griibel (1994) we need to slightly
strengthen his assumptions.

A. In addition to the kernel K being a symmetric density function with support [—1, 1], assume
that K is of bounded variation.

B. Assume that f has a bounded derivative f’ that fulfills (44) for some 6 > 0 and some H
satisfying FH? (X) < oo; in particular, f is bounded. [Trivially, H square integrable and f
bounded imply FH? (X) < co. Moreover H integrable implies that f’ is bounded. (This is shown

below in Remark 2.)]

C. Let ¢ be a continuous function defined on the interval I = (—¢, D) for some £ > 0 and D > 0,
where [ contains the closure of the image of f. We assume that ¢ has second derivative on [

which is Lipschitz and ¢ (0) = ¢’ (0) = 0.
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D. As n — oo, \/nh,/log(1/h,) — oo and /nh% — 0.
The conditions in C' imply that the integral 6 exists. We shall be applying Theorem 1 to the

function of the three variables x, yo and v,

o (,y0,y) = 1{y €I} o (y) [y,

with the natural convention ¢(0)/0 := 0. Notice that the requirement that ¢’ (0) = 0 is not
a real restriction, since otherwise we can replace ¢ (y) by ¢o (y) = ¢ (y) — ¢’ (0)y. For this ¢y,
0 — ¢ (0) = [p¢o (f (x))dx. So, after getting an estimate of § — ¢ (0) based on ¢y we just add

¢’ (0) to it to obtain an estimate of 6.

Formally ¢ is a function of the three variables z,y, and y, however it is clearly constant in the

first two. Therefore we can simplify our notation by writing

U(y) = p(r,90,Y).

The estimator of # corresponding to this function given by (3) is

() = 3" W(fanal(X0), (45)

where

o 1 1 $'—'A%
o) =y YK (T52),

1<j<n,j#i

which may be considered a modification of Griibel’s 6,,. Then, Theorem 1 gives:

Theorem 3. Under the assumptions A-D, and with Y; = ¢'(f(X;)) — E¢' (f(X3)), ¢ € N, for any

0<a<b< oo,

V/n sup

a<A<b

Moreover, if 0 < Var(¢'(X)) < oo, then

0, (\hy) — EB,(\hy,) — %iy — 0,(1).

=1

Vit (BaNhw) = BB, (M) ) —a /Var(@ (X)) g
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uniformly in X € [a,b] in the sense of Theorem 1.

Proof. By Theorem 1, it suffices to verify Conditions I-VIII from Section 2. Clearly Condition I

holds with » = 1 and by Proposition 1, Condition II does too with s = o = 1.

To verify Condition III, first note that the assumptions that ¢ (0) = ¢’ (0) = 0 and ¢ has a second

derivative on I which is Lipschitz imply that for some C' > 0,

17

¢ (y)—¢" (0)| < Clyl,

&' (y) — 6" (0)y[1{y € I} < Oy
and
6 (y) —27'¢" (0)y*[1{y € I} < ClyP”.
From (47) and (48) we get that for y € [

d —1 4/ -2 =14
W)= ly'¢' (y) —y 20 (y)] < 270" (0)] + 2Cly]
and from (46), (47) and (48) we get that for y € [

d2 1 " 2
0| = [ ) - 207 )+ 2 )] < 5
This implies that Condition III is satisfied.

Next observe that by (49) for some C" > 0

¢/

lp1 (2)] = '%gp (3:, F(x), Jals) (x))‘ — J(ff(;f)) _ ¢Jg((;)))‘ <,
which yields Condition IV.

For Condition V, note that, since

(46)

(47)

(48)

(49)

(50)



we have

@) = (@) r(0) = (F ) - 2F D,
hence

Thus, since f and f” are bounded and (46) and (49) hold, we get for some L > 0 that |dx;/dz| < L,
which gives Condition V with g = 1.

Condition VII holds trivially and Conditions VI and VIII by assumption.

We get after a little calculation that Y7 = ¢/'(f(X1)) — E¢'(f(X)). Moreover, as long as ¢’ is not
constant on I, our assumptions imply that 0 < Var (¢/(f(X))) < oc.

In conclusion, Theorem 1 applies and gives Theorem 3. q.e.d.

Similarly, Theorem 2 gives a LIL for 6, (\h,) uniform in A. We omit the routine statement and
derivation.

Remark 1. The results in this paper are not applicable to estimation of the negative entropy
7(f) = Jg f(x)log(f(x))dx, when f is not bounded away from 0 on its support. Assuming a
smooth enough density, Eggermont & LaRiccia (1999), using entirely different methods, estab-
lished best asymptotic normality and a law of the iterated logarithm for the kernel density function

estimator

") = [ Funle)togFopta) de 65
where z}/‘;,h is defined as in (43) with K(u) = 27 texp(—|u|), u € R, is the double exponential
kernel.

Remark 2. To compare our conditions with those of Griibel (1994) (and also with those of Bickel

& Ritov (1988), that we consider below), it is interesting to remark the following fact (see also
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Lemma 1 in the last mentioned article): Suppose f and H are measurable real valued functions,

both defined on R, that H is integrable, and that for some § > 0 for all z € R,

[f(x+y) = f(2)] <[y|H(z) (52)

whenever |y| <. Then, f is bounded. The proof is as follows. Since f is continuous it is bounded

by some M on [—d,d]. Since H is Lebesgue integrable, there exists a double sequence of numbers

{&.},2 . such that &, € (”7‘5, ("21)5} and 6> _ H () < oo. Choose any = € R. Without loss

of generality we can assume that = > §. Now for some &, n > 0, = € (§,-1,&,]. We get

[f @) < 1f () = F (&) + [ (o) [ = [f (€ = (&n — ) = [ (&) + | (%) |

<Uf (&= (& —2) = F &+ D 1F (&) = f (&)l +1f &),

k=1

which by (52) and & € [=9,0]is <>~ H (&) + M.

Other similar functionals that fall within the framework of Section 2 have been considered in
the literature. For instance, Cheng & Serfling (1981) considered T'(f) = [ ¢(x ) f?(z)dz
Obviously, Theorems 1 and 2 apply and give a CLT and a LIL uniform in bandwidth for 7'(f).
Besides the Griibel example, the only other example that we shall consider will be the integrated

squares of derivatives of a density.

4  The functionals T'(F) = [, ( ) dzr.

If f is smooth enough, e.g., if the derivatives f*) exist and lim £ (z) = 0 as 2 — 400, 0 < s < 2k,

then, by integration by parts,

T(F) = / (fO(@)) dw = (~1)* / F9(2) f (2)d, (53)
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which falls within the general scheme considered above. In this case, the function ¢ is

O, o, - -5 Yarpr) = (—1) Yok (54)

and the estimators T,,(h) corresponding to this function are

— 1) p2k+1
n(n—1)h e h

Actually, these estimators were proposed by Hall & Marron (1987), who computed their variance
and bias under different smoothness assumptions on f and K. Direct application of Theorem 1
turns out to be too crude in this case because the fact that the function ¢ is linear (instead of
simply Lipschitz) implies that %(3) =0 in (19) and allows for a better estimation of the bias than
in the proof of Theorem 1, Step 2. Following the proof of this theorem with a modification in
Step 2, we do obtain a central limit theorem for 7,,(Ah,) — T'(F) which, in view of a result of
Bickel & Ritov (1988), is essentially best possible. The result we obtain generalizes to derivatives
of the density and to uniformity in bandwidth a result of Giné & Nickl (2007b) who show, in
particular, that, in order to achieve the bias improvement of Bickel & Ritov (1988) over Hall &
Marron (1987) for the estimation of the integral of the square of a density, it is not necessary to
combine two estimators. We treat the bias as in Giné & Nickl (2007b), by applying a Fourier
analytic lemma from Giné & Nickl (2007a) and this allows for weakest smoothness conditions on
f (see the comment below Theorem 4). The variance part can be treated in a number of ways,
in particular as a consequence of results in Giné & Mason (2007a) or in Du & Schick (2007).
However, it seems more appropriate in this article to demonstrate how the proof of Theorem 1,
with some variations, specializes to the present particular case.

Here is how the general scheme of Section 2 applies and what we get. In the notation of previous

sections, for ¢ as in (54), and with r = 2k 4 1, we have:

om(x) =0 for m=0,1,...,2k, @as1(x) = (=1,
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Em(X:) =0, for m=1,...,2k, &y (X;) = (=D*fE(X;) - T(F)=£(X;),

Yi = €(X0) + & (Xi) = 2(=1)* [fP9(X,) — BFED(X))] . (56)

This gives %(11)()\) = 0, as mentioned above, and also

- X

@y = 25 [ en (Aiy _ LN pen(x
0 =13 g [ K (Tt - 2 £,

To(M) — T(F) — = 3 ¥ = 3 20(0) = 42(0) + 18 ().

i=1 i=2
Note that E’y,(LS)()\) = 0, so that the bias is contained in %(Lz)()\). A close look at Step 3 in the
proof of Theorem 1 shows that if Conditions V with 8 = «, VI and VII hold, || f|lc < oo and

nh, >> logh,!, then statements (35) and (36) hold for m = 2k + 1 (for other values of m

everything vanishes), and we conclude

[log h:1 log h!
3) -0 o n O n
aSSI/l\I;b |% (A)‘ ? <hn n > g (nhiﬂl/2 ' 57)

Instead of proceeding as in Step 2, we consider separately Eyg)(/\) = ET,(F,\h,) — T(F) (the

bias) and then estimate E sup,<y<; ')/T(LQ)()\) — E%(LQ)()\)‘ by means of Theorem 1A. Proceeding by

analogy with the proof of (35), we obtain, for this sup (recall that we take § = «),
o, [loghy!
sup |77 (A) = By (V)] = 0, (hn\/ —> : (58)
a<A<b n
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For the bias, assume that K satisfies condition (11) with s = 2k, that f@* € L (R) for some p

and that for |h| < hg (ho > 0) and all z,
‘f(%)(m +h) — f(%)(x)} < |h|“H(x) with /H2(m)dx <00, [|H|loo < 0. (59)
R

Then, by Lemma 12 in Giné & Nickl (2007a) and the comment after its proof, with f(x) = f(—=),
we have fF) x fF) ¢ C?*(R), assuming 2« is not an integer, and f%) x f@*) ¢ C22=9(R) for
any 0 > 0 if 2« is an integer. (Or, applying the simpler Lemma 1 in Giné & Nickl (2007b),
f@R)  f2R) ¢ C20=9(R) for any § > 0.) Here, * denotes convolution, and C%, the Banach space
of continuous functions with {3} > 0 continuous derivatives and with the derivative of order {3}
Lipschitz of order 5 — {3}, where {3} denotes the largest integer strictly smaller than 3. This
allows us to deal with the bias in a way similar to Giné & Nickl (2007b), proof of Theorem 1:

setting f(z) = f(—x), we get, for 0 < a < 1/2,

[ [ (552 st snte - [ 10 s

B ‘/ / K(u) (f(z = M) = f(@) {2 (z)dudz

| [

'/ / Ku )\hu (f (& — OAhu) — f(%)@)) FO) (2)dudzx

9(3231 / K (u)u® [(F) 5 f2) (OXhu) — (F2) 5 f2)(0)] du

2k
(9/2\;3' (/‘K(u)uQ<k+a)|dU) |6‘)\h|2a,

where 0 < ¢ < 1. Moreover, we can replace 2a by 1 —0 if « = 1/2 and by 1 if @ > 1/2, to conclude

[EvD (V)] =

1
(Ahy, 2R+

f(% (z — O hw) fOR) (2)dudz

sup [E92(\)] = 0 () (60)

a<A<b
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where for any ¢ > 0,
d=aif0<a<1/2, d =a—-d0ifa=1/2and o' =1/2if a > 1/2. (61)

Bickel & Ritov (1988), Lemma 1, show that condition (59) implies that f and its first 2k derivatives
are uniformly bounded, in particular then, that f**) is Lipschitz of order «, that is, condition
(59) implies the part of Condition V corresponding to x,,. Then, (57), (58) and (60), yield the

following theorem.
Theorem 4. Let k>0, let H € Ly(R), ||H||oo < 00, let 1/4 < a <1 and let o be given by (61).

Assume

a’) f has 2k derivatives, f**) € Ly(R), and there is hy > 0 such that
|fE (@ +h) — fEO(2)| < |h|*H () (62)

for all x € R and all |h| < hy.

b’) K is a 2k times differentiable symmetric kernel of bounded support that satisfies condition (11)
with s = 2k, and such that K®*) is of bounded variation.

&) /rhd? [ log hot = oo and /nh2+2e — 0.

Let T,, be as in (55) and Y; as in (56). Then, the conclusion of Theorem 1 holds, that is,

Vn sup

a<A<b

1 n
7,00 = [ (19 (a)da = Y| =0 (63)
R i=1
in probability, in particular, the processes /n (6,(Ahy) — [o(f®)*(z)dz), X € [a,b], converge in
law in (*®[a,b] to the constant process G, where G is N (0, Var(2f**)(X7))).

The smoothness assumption o > 1/4 is the weakest for which efficient estimation of the functionals
considered in this section is possible (e.g., Bickel & Ritov (1988), Theorem 2(ii)).

Again, we omit the LIL for this simplified Bickel-Ritov estimator.
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5 A suggested practical choice of bandwidths

We assume that each estimator for 1 < m < r,
mxy -+ b m-1) (Xi = Xj\ . _
Fn’h(Xz)_n—lh%;Km T ,'L—l,...7m,

has its own bandwidth A, := h, . Ideally we would choose h,, := Iy, n, 1 < m < r, that satisfies

Condition VIII from Section 2 and minimizes
E(Ty(ha,... hy) —T(F))?,

where T),(hy,...,h,) = T,(h) is as in (3). However, except in special simple cases, (see Hall &

Marron (1987)) this is not feasible. Here is a practical solution. Notice that
E (T,(h) = T(F))’

2
= 2
< 2F (Tn<h> — Y (X, F(XG), FO(X,), . FO) <Xz->>> T+ ZVarg (X),
n
i=1
which assuming that the function ¢ (z,vo, v1,...,¥,) satisfies a global Lipschitz condition with

respect to the variables o, ..., y,, is for some constant A > 0,
T . 9 9
<A|E(F,(X) - F(X)*+)_E (Fé’hfn (X,) — Fm™ (Xl)) + =Varg (X).
m=1
We see from this inequality that a reasonable choice of hq, ..., h, would be one that minimizes

E(F™ (X)) - F (X))
n,hm( 1) ( 1)

for each 1 < m < r. Now with h = h,,,

B (F o) - Fx) = B (Var (F(0)1x0)) + B (B (R 00)1x) - Fm )

We will show that subject to regularity conditions we get that

E (Var (F,g?g(xl)m)) ~ L2 < /R (K™D (4))2du /R 2 () dx) = n T2 (F)
(64)
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and
E(Euﬁ?OQ»&)—FWNXQY
2542 1 s+1 ? m—+s 2 . p2(s+1
,wh+(G:TﬁAu+K%mMOuéﬁ()@ﬁfmmxﬁh(+m%wu% (65)

where s is to be chosen. Thus we see that

n

E (F(m)(X ) . F(m)(X ))2 ~ n—lh—2m+1c + h2(s+1)0 (f)
h 1 1 1,m 2,m,s .

2
Hence an approximate minimum of F <F7§mh) (X)) — Fm(X 1)) is obtained by choosing i to min-

imize n = th=2m 10y, + B2V C, L (f), giving

. (2m — 1)Cl,m (f) 2(m+1s)+1 1 2(m4}s)+1
h__(2(8+J)C&mw(f)> (5) ' (66)

In particular, by setting s + m = 2r — 1 we get that

1 (2m —1)Cym (f) 1 _.%n
h41‘2@+n@mgnﬁ‘”ﬁ‘ (67)

This choice of h = h,,, satisfies Condition VIII for o > 1/2 and each 1 < m < r. The unknown

constants C ,, (f) and Cas (f) can be estimated consistently using the estimators that we have
just developed.

Here are some conditions that imply (64) and (65):

Proposition 4. Let s € N. If a) f is m+s times continuously differentiable, b) f, f1), ... f0m+s)
are bounded, and c) the kernel K is integrable, has compact support, satisfies condition (11) and

has m — 1 continuous deriwatives. Then conditions (64) and (65) for this s are satisfied.

In what follows we sketch the proof of Proposition 4. First we shall state a little lemma that will

be helpful in our derivations.

Lemma 1 Let 7 be an almost everywhere differentiable function on R with derivative 7" such that

k

T(SC+€>_T('T)_7_/<$) f(x)dz =0 (68)

3

lim
e—0 R
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for k> 1. Then for any finite measure x on R? with compact support

/Rz (T - Tfé)h_ o)y <w)) ki (du, dg)

for the same k for which (68) holds.

k
;llii% . fz)de =0 (69)

After normalizing the measure here, this lemma follows directly from Jensen’s inequality and the

Lebesgue dominated convergence theorem.

Proposition 5 Assume that K is integrable, has compact support and satisfies (11) for some
integer s > 1. Then, for every s times continuously differentiable function ¢ such that g

satisfies (68) for some k > 1 with almost everywhere existing derivative g+ in Ly(f), we have
1 T—y
: —(s+1) - v d .
! /R h/Rg(y)K( h )dy 7(2)

= ((s_—li—)l)' /RuerlK(u)du /R‘g(sﬂ) (x)‘kf(a:) dz.

Proof Choose k > 1. As in the proof of Proposition 1 by a change of variable and then Taylor’s

Ll [swr (552 tr-s
— %/}R /R/Ol (1—6)""¢¥ (z — Ehu) v’ deK (u) du

Introducing the finite measure x with compact support in R? and total mass 1/ (s(s + 1)),

k

f(x)dx

theorem and (11)
k

f(z)dx

k

f(z)dx. (70)

K (dg, du) = (1= &) €K (u) dédu,

we see that the last integral is

e

/R /0 1 [(ms) (- g_hf:?u— e (x)) e <x>] i (d6. du)

+ - (51+ 5 ( /R uS“K(u)du) gty () kf (z) d.
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Applying Lemma 1 we get (70). qg.e.d.
Here is another easy lemma that will be good enough for our purposes.

Lemma 2 Let p be a measurable real-valued function on R such that
lim [ |p(z +¢) = p(2)| f(z)dz =0 (71)
E— R

Then, for any function H in Li(R) and with with compact support,

h—0

lim /R/R lp(z —uh) — p(x)| H (u) f (x) dudz = 0. (72)

Towards verifying (64), note that the hypotheses in Proposition 4 imply that K, satisfies Condition

2
VII, has compact support and (K&m_l)) € Ly (R). We get that

Var <FT(LTZ)(X1>|X1> S (hgim /]R (Kr(nm_l))Q (%) I (y)dy

n—1

1 (X - ?
(o [ (F) s wan) )
which by Condition VII is

- (h% [y (B s (5 [ g (F0) 5w dy)2> |

Since the density f satisfies (71) by hypotheses a) and b) in Proposition 4, we get that, by Lemma

2
2 with H = (K,Si”‘”) and p =

%E/R (KGD)° (th_ y) f(y)dy = /R/R (KD (w)* f (& — uh) duf (z) dz

N ( /R (K ()2 /R £2 () dm) L as b\ 0.

Moreover, by boundedness of £~ clearly,

/R (%/RK’” (x 7 y) 7 () dy)zf (x) dz = O(1).
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Therefore we readily see that (64) holds.
Finally, note that (65) follows directly from Proposition 5 with K = K,,,, g = f™ ™V and k = 2,

thus completing the proof of Proposition 4.

6 Conclusion

We have presented an approach based on the notion of a local U-statistic to establish the uniform
in bandwidth asymptotic normality of a large class of estimators of integral functionals of the
density function. This class includes those that arise in plug-in data driven bandwidth selection
procedures in density estimation and appear as part of the variance in nonparametric location
and regression estimators based on linear rank statistics. We also worked out in detail a couple
of examples and suggested a potentially practical bandwidth selection procedure. We expect that
our methods will prove to have many more applications.
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Appendix

We shall record here some definitions and results that are needed in the statements and proofs of
our results. Let P be a probability measure on a measure space (S,S). We say that a class of
measurable P-square integrable functions F defined on (5, S) is VC-type (or VC for short) with
respect to an envelope F' (meaning a measurable function F' such that |f| < F for all f € F) if

the covering number N (F, L2(Q), €), defined as the smallest number of Ls(Q) open balls of radius
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€ required to cover JF, satisfies

AlF o\

NF (@) 9) < )« 0<e< 2o, (73)

3

for some A, v > 0, for every probability measure @) on S for which F' € Ly(Q). If (73) holds for
F, then we say that the VC class F admits the characteristics A and v. (VC is for Vapnik and

Cervonenkis. Nolan & Pollard (1987) use the term Euclidean for VC type.)

We introduce the following notation and facts. Let X, X, i € N, be i.i.d. random variables taking

values in a measurable space (S, S). For a kernel L of k variables we set

UM (L) Xi,oo Xi) (74)

ielk
where i = (i1,...,4,) and I" = {(i1,...,0y) : 1 <i; <n,i; #i; if j#k}. Assume now that
L is a function of m variables, symmetric in its entries. Then, for 1 < k < m, the Hoeffding

projections with respect to P are defined as
mL(21, .. 2) = (64 — P) X - -+ X (04, — P) x P™7*(L) (75)

and moL = FL(Xy,...,X,,). The Hoeffding decomposition states the following:

U™(L) - FL = Z( ) UM (mL). (76)

Assuming that L is in Ly(P™), this is an orthogonal decomposition and E (7L | Xo,..., X;) =0
for k > 1, that is, the kernels 7L are canonical for P. Also, m, k > 1, are nested projections in

LY and in L?, that is, myom = m, if k < ¢, and F(m,L)> < E(L — EL)> < EL*.

Moment bounds
For any functional ¥ defined on a class of functions F set ||W(f)||r = sup ez |¥(f)]. We record

the following moment bounds of Giné & Mason (2007a,b) for |]U7(Lk) (7 )] 7, when F is of VC type.
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Theorem 1A. (Theorem 8 of Giné & Mason (2007a) and Corollary 1 of Giné & Mason (2007b))

Let F be a collection of measurable functions S™ +— R symmetric in their entries and with

absolute values bounded by M < oo, and let P be any probability measure on (S,S) (with X;

i.i.d. P). Assume F is VC with respect to the envelope F' = M, with characteristics A and v,

that without loss of generality we take so that A > €™ and v > 1. Then there exist constants

Dy := Di(m, A,v, M) and Dy = Dy(m, A v, M) such that,

k)2
(B2 o), ]") " < Do [mg (ATM)] Ck=0L....m d=12,

AM
o

2

assuming no® > Dylog (22 | where o® is any number satisfying ||P™ f?||r < 0® < M*.
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