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Abstract

The notion of an Lij—norm density estimator process indexed by a class of kernels is
introduced. Then a functional central limit theorem and a Glivenko—Cantelli theorem are
established for this process. While assembling the necessary machinery to prove these
results, a body of Poissonization techniques and restricted chaining methods is developed,
which is useful for studying weak convergence of general processes indexed by a class of
functions. This should be of independent interest. None of the theorems impose any
condition at all on the underlying Lebesgue density f. Also, somewhat unexpectedly, the
distribution of the limiting Gaussian process does not depend on f.
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1 Introduction: The Li—norm density estimator process.

Let X, X, Xs, ..., be a sequence of independent and identically distributed random variables
in R with common Lebesgue density f. Further let {h,}%, be a sequence of positive constants
such that as n — oo, h,, — 0 and nh,, — o0o. The classical kernel estimator is defined as

fok(z) = nhnZK< W ), r €R,
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where K is a kernel with compact support satisfying

K(u)du = 1. 1.1
| K (w)du (1)
For notational convenience we will usually assume

K(u) =0 for |z| > 1/2. (1.2)

Since Lebesgue density functions by definition sit in L; (R, B, A), where A denotes Lebesgue
measure, Devroye and Gyorfi have long advocated that the natural distance to measure the
error in estimation between a density function f and its estimator f, i is the L;—norm of their
difference,

T(K) 3= [l = fll = [ () = f()] da (13)

In their book, Devroye and Gyorfi (1985), they posed the challenging problem of finding the
asymptotic distribution of || f, x — fl]1-

M. Csorgé and Horvéath (1988) were the first to prove a central limit theorem for || f,, x — f||,,
the L,-norm distance, p > 1. Their proof relied on the Mason and van Zwet (1987) refinement
of the KMT inequality. Horvath (1991) introduced a Poissonization technique into the study of
central limit theorems for ||f,, x — f]|,- The M. Csorgé and Horvath (1988) and Horvath (1991)
results required numerous regularity conditions.

Later Beirlant and Mason (1995) developed a general method, based on a somewhat different
Poissonization, coupled with Fourier inversion, for deriving the asymptotic normality of the L,
norm of empirical functionals. Mason (see Theorem 8.9 in Eggermont and LaRiccia (2000)) has
recently applied their method to the special case of the L;—norm of the kernel density estimator
to prove that whenever h, — 0 and \/nh, — oo, and K satisfies (1.2) and || K ||« < oo, then

én(K) = \/E{an,K - Efn,K||1 —F an,K - Efn,K||1}

converges in distribution to a normal random variable with mean zero and variance

o*(1) = 1K1 [ Cov (|1 = 2071 + (1) 25

where, here and elsewhere in this paper, Z; and Z, are independent standard normal random
variables and

3 |Z2‘> dt)

L KK (u+ H)du
- K]

(Throughout this paper Z will always denote a standard normal random variable.) As a by
product of our work here we will extend this result by showing that &,(K’) remains asymptoti-
cally 0(K)Z when ||K||s < 0o is replaced by || K|[3 < .

It is natural to consider &, (K) as a process indexed by a class K of square integrable functions
on R satisfying (1.2) and, in light of the asymptotic normality result, conjecture that, under

p(t) : , teR.
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suitable assumptions on the class I, the sequence of processes {¢,(K) : K € K}~ converges
weakly to a mean zero Gaussian process {{(K) : K € K} with covariance function defined for
K 1, KQ < IC by

|) di

(K1, 1) = |l ol [ Cov (1= 020Ky, Koy 023+ g, K 1) 2

and
fR K1 (U)KQ(U + t)du

[ K1 ]|2]| K]

Notice that o(K, K) = 0?(K) and p(K, K, t) = p(t). Clearly, p(t) is a continuous function of ¢
and p(0) = 1, and it is known that Cov (|¢1|,|¢2]) > 0 for any two dimensional normal vector
(¢1,¢2) (see Remark 1.4 in Karlin and Rinott (1981)). Therefore o%(K) > 0, that is, the process
{{(K) : K € K} is never degenerate, unless = {0}. Note also that this process does not
depend on the density f.

We will use the notation for p > 0,

p(Ky, Ky, t) =

,teR.

1/p
0,(1, 3) - (/ Ky (2 )|de)

Our main result is as follows:

Theorem 1.1. Let K be a class of measurable functions, each satisfying (1.2), uniformly
bounded by a positive constant k and such that

/Oo log N (K, 0s,¢€) de < 0. (1.4)
0

If hy, — 0 and \/nh, — oo, then the sequence of processes {,(K) : K € K}~ | converges weakly
in £°(KC) to a mean zero Gaussian process {£(K) : K € K} with covariance function o(K;, Ks).

See van der Vaart and Wellner (1996) or de la Penia and Giné (1999) for the definition
of weak convergence of processes, the covering numbers N(KC, 05, ¢) and the related packing
numbers D(IC, 0, ¢) (that we will use below).

Note that if Theorem 1.1 holds for a separable class of kernels /C, then, in particular, by the
continuous mapping theorem,

sup [&,(K)| = sup [£(K),
Kek KekK

for all densities f, where the distribution of the right hand random variable is distribution free,
meaning that its distribution is independent of f. Moreover, the same is true for any other
continuous functional on £*°(K).

The following example shows that condition (1.4) is satisfied by quite large classes of kernels.



Example 1.1. Let I be a uniformly bounded class of measurable functions, which are zero off
the interval [—1/2,1/2]. Write

[—1/2,1/2] = U2, 1,
where I;, i = 1,...,m, are disjoint intervals. Let J; denote the interior of I;. Assume that each
K € K is differentiable on J;, i = 1,...,m, with derivative K’ satisfying

[!K’(x) — K'(y)|
|z —yl°

<D,

sup sup |K'|(z) < D and sup sup
zeJ; KeK zyed; KeEK

where D > 0 and 0 < ¢ < 1 are constants depending on K. In this case one can apply Theorem
7.1.1 of Dudley (1984) to show that for some constant D; > 0

log N(K,ds,¢) < Dye” /(49

which implies (1.4).
Example 1.2. Here is another class of functions that satisfies (1.4). Let K be a fixed bounded
function, which is equal to zero off the interval [—1/2,1/2]. Assume that K is of bounded
variation. The class

K={K(\:\>1},

which consists of functions that are equal to zero on [—1/2,1/2]¢, satisfies
N(K,0,¢) < [C%e 2] +1

for ¢ < C, and therefore, condition (1.4). The constant C' can be taken to be C? = M(2M —
flﬁz(Kl + K5)(x)dx) where M = ||K || and K; and K, are the minimal increasing functions

such that K = K; — Ky. (To see this just note that 9y (K (-\), K(-u)) < (C|A™ — pfl|)1/2 and
then make an easy estimate of the covering numbers of [1, 00) for this distance.)

Example 1.3. Often the optimal choice of h, is of the form A~'n~Y° where A > 0 is a
smoothing parameter to be estimated from the data. Consider now &,(K)), with h, = n~'/5,
as a process indexed by the class of kernels

[K\(-) = MK (-\) : A > 0}

Suppose one could establish that this process, restricted to any compact interval |a, b] C (0, 00),
converges weakly to a mean zero Gaussian process {(K)) continuous in A. Then if A, is a
sequence of data driven smoothing parameter estimators, which converges in probability to
some fixed value g, one could conclude that £,(K,) converges in distribution to the normal
random variable £(K,). For a thorough discussion of smoothing parameter estimators, which
have this property, consult Berlinet and Devroye (1994) and the references therein. It is easy
to see, building on Example 1.2, that if K is a bounded kernel of bounded variation vanishing
off a compact set, and if 0 < a < b < oo, then the class of kernels

K={\K(-\):\E[a,b]}
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satisfies condition (1.4).

Concerning the previous example, we should remark that if
K={\K(\):X€[a,0)} (1.5)

with @ > 0, then the finite dimensional distributions of the sequence of processes {,(K) :
K € K} satisfy the central limit theorem for all densities, but the processes themselves do
not converge in law in ¢>°(K) for any densities (the limiting Gaussian process £(K) fails to be
sample bounded). This is shown in Example 6.1 below.

The tools that we develop to prove Theorem 1.1 permit us to extend asymptotic normality
of &,(K) to kernels satisfying || K|z < oc.

Theorem 1.2. Assume K satisfies (1.2) and ||K||2 < co. If h, — 0 and \/nh, — oo, then as
n — oo,

gn(K) —w §(K) =4 U(K>Z (1'6)

and

Var &,(K) — 0*(K). (1.7)

Notice that, somewhat remarkably, neither in Theorem 1.1 nor in Theorem 1.2 did we impose
any assumption on the Lebesgue density f. Also we did not require that K satisfy (1.1).

Of course one may ask when Ef,, (z) can be replaced by f(x) in &,(K) in (1.6). An obvious
sufficient condition is that

Vollf = Efoklli — 0, as n — oc. (1.8)

However (1.8) need not always hold. For instance, when K(x) = I (x € [-1/2,1/2]) and X is
a Uniform (0, 1) random variable, then

Vihy

Vallf = Efuscll = Y2,

which implies that (1.8) is not satisfied under the condition for asymptotic normality /nh,, —
00, asn — 0. One set of sufficient conditions for (1.8) is the following: In addition to the
assumptions that K satisfies (1.1), (1.2) and || K]z < oo, assume that K(x) = K(—x) for all
x € R. Also assume that the density f is twice continuously differentiable on R with first and
second derivatives f’ and f”, respectively, where [g |f"(z)| dz < co. Arguing exactly as in the
proofs of Lemmas 3 and 4 in Chapter 5 of Devroye and Gyorfi (1985) we get that

nh?
Villf = Bl < V2% [ a2k do [ |7'()] da:

Thus /nh? — 0 and /nh, — 0o, as n — oo, imply both (1.8) and asymptotic normality.
(Note that Devroye and Gyorfi (1985) assume that K > 0 in their lemmas. Also see Lemma
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22 of Devroye and Gyorfi (1985) for a generalization of their Lemma 4.) A similar comment
applies for the replacement of Ef,, (z) by f(x) in Theorem 1.1.

The results just described are further evidence of the extreme difference between the sup
norm and the L;—norm of the discrepancy between the kernel density estimator and its mean
(or the density). The central limit theorem for the L., norm does not hold, not even for a
single kernel, whereas, one has central limit theorems for the L;—norm, even uniform over large
classes of kernels.

Devroye and Gyorfi (1985), Chapter 3, Theorem 1, prove the law of large numbers for
Jn(K) (defined in (1.3)), with K € L. Just as with the central limit theorem, we may ask for
conditions under which this law of large numbers holds uniformly in K € K for all densities f.
This turns out to be a much easier problem than the central limit theorem, at least this is the
case for the following Glivenko—Cantelli result:

Theorem 1.3. Let K be a relatively compact subset of Li(R,B,\) satisfying (1.1) for all
K e K. If h, — 0 and nh,, — oo, then

lim E* sup J,(K) = 0. (1.9)

oo KeK

The following notation is used in this statement and will be used thoughout: if X is a not
necessarily measurable random function, X* denotes its measurable envelope, and we set £*X =
EX* (see van der Vaart and Wellner (1996) for calculus with non—measurable functions).

Theorem 1.3 implies that the law of large numbers for J,(K) holds uniformly over many
classes of kernels. However, we will see in Example 7.1 that this is not so for the class of kernels
(1.5).

The bulk of this paper is devoted to the proof of Theorem 1.1. The proof consists of two
main steps. We must prove that the finite dimensional distributions [f.d.] of the processes
{¢&.(K) : K € K}, converge in law to the corresponding f.d. distributions of {{(K) : K € K}
and then we must also show that these processes are uniformly tight, that is, that they satisfy
the asymptotic equicontinuity condition

lim lim sup Pr{ sup 160 (K1) — &n(K2)| > 5} =0 (1.10)
0—0 n—oo 82(K1,K2)<6, K1,K2€K

(see either van der Vaart and Wellner (1996) or de la Pena and Giné (1999)). In fact we
will prove a result stronger than tightness, namely, that the increments of the process satisfy
a uniform exponential integrability condition. After establishing some necessary preliminary
results in Sections 2, 3 and 4, tightness will be proved in Section 5 and f.d. convergence in
Section 6, where the proof of Theorem 1.2 is also given. In the process of proving Theorem
1.1, we will develop a body of Poissonization techniques and restricted chaining methods useful
for studying weak convergence of general processes indexed by a class of functions. These are
detailed in Sections 2 and 4, and should be of independent interest. The Glivenko—Cantelli
theorem is proved in Section 7.



2 Poissonization techniques.

One of the main ingredients in the proof of the central limit theorem for the sequence of
processes {&,(K) : K € K}>°, is Poissonization of the empirical process, the reason being that,
as is well known, if 7 is a Poisson random variable independent of the i.i.d. sequence X;, i € N,
Xo =0, and if Ay, k € N, are disjoint measurable sets, then the processes >/ I[(X; € Ay)dx,,
k = 1,2,..., are independent. The following lemma is basic for the tightness part of the
proof. It comes from Einmahl (1987) and Deheuvels and Mason (1992) (also see Einmahl and
Mason (1997)), and we give it here in an abstract form suitable for our purposes. Here is some
convenient notation. We say that a set D is a (commutative) semigroup if it has a commutative
and associative operation, in our case sum, with a zero element. If D is equipped with a o-
algebra D for which the sum, +: (D x D, D ® D) — (D, D), is measurable, then we say the
(D, D) is a measurable semigroup.

Lemma 2.1. Let (D, D) be a measurable semigroup; let Xo = 0 € D and let X;, i € N, be
independent identically distributed D-valued random variables; for any given n € N, let n be

a Poisson random variable with mean n independent of the sequence {X;}; and let B € D be
such that Pr{X, € B} <1/2. Then,

Pr{i[(Xi € B)X; EC} §2Pr{2n:[(Xi € B)X; EC} (2.1)

=0 i=0

for all C' € D. In particular, if H : D — R is non-negative and D-measurable, then

EH (fj I(X; € B)Xi> <2EH <§n: I(X; € B)XZ) (2.2)

i=0 =0

Proof. Set pp = Pr{X; € B} and pge =1 —pp. Let 7, =0€ R, Yy =0¢€ D and let 3, Y},
i € N, be independent random variables such that Pr{r; = 1} = 1 —Pr{r, = 0} = Pr{X, € B}
and Y; =4 (X1|X; € B) for all ¢ > 1. It is easy to see that

I(Xl € B)Xl =4 T1Y].

Therefore, if np is Poisson with mean npg independent of the variables 7; and Y;, i = 1,2,.. .,
it follows that

n 7 0B

Z[<Xi € B)X; =4 ZTz'Y} =d ZYL

=0 i=0 i=0
where the last identity is classical. We can assume 1 = np + nge, where np and ng. are
independent Poisson respectively with parameters npg and npge, independent of the other
variables. We then have:

Pr{i[(Xi € B)X; € C} = Pr{znjrm € C}

=0 i=1



= I(0€ C)Pr{Zn —O} +ZPT{Z7—1‘Y; € C,Zﬂ' _k}
i=1 i=1

=1 =1
n k
= Z ( . )p%p%Z'“Pr{ZK‘ € C}
=0

(npp)* (npp)"* :
];) klek (n — k)len—k Pr {ZYl €C

1 n
B Pr{n_n}zpr{zyECHB—k}Pr{nB =n—k}

=0

maxo<i<n Pr{npe =n — k} B
== P Y,eC
Pr{n =n} ' ; ©

_ Pr{npe = [npp-]} r ! . .
= R p— P {gI(XleB)XleC}.

nn

IN

Now, Stirling’s formula, n! = (n/e)"v/2mn e’/™ for some 0 < § < 1/12, gives that Pr{ng. =
[nppe|}/ Pr{n =n} <2if pge > 1/2 and n > 5; direct computation shows that this inequality
is also true for 1 < n < 4, proving the first inequality in the lemma. The second inequality
follows from the first by the usual integration by parts formula for expected values. O

Remark 2.1. We will apply the preceding lemma for the semigroup D generated by the point
masses, D = {0,>1",d,, : n € N,z; € S}, where (5,8) is a measurable space, with the o-
algebra D generated by the functions f, g(x1,...,2,) = >0 I(z; € B)d,,, n € N, BCS. It
is easy to see that for any measurable function A : S +— R, the map p — [ hdp is D-measurable
(just note that f, p{u € D, [hdp <t} = {(z1,...,2,) : X I(z; € B)h(x;) < t} is a measurable
set of S™). Our functions H will have the general form

) — b(x) d:v} ,

H (i I(X, € B)&Xi> - exp{ ‘/ Zn‘;

1=1
where A is a Borel set and B is the h/2-neighborhood of A. H can be shown to be D measurable
by approximation of K by Riemann integrable functions.

— ¢(x)

We will need to estimate moments of Poissonized sums in both parts of the proof of the
central limit theorem. The following lemma extends to Poissonized sums the sharpest bounds
for moments of sums of independent random variables. Before stating it, we will recall the
Johnson—Schechtman—Zinn improvement on Rosenthal’s inequality: if & are independent cen-
tered random variables, then, for every p > 2 and n € N,

(2.3)

n p/Q n
(z ng) S Bl
=1

i=1




(obtained by symmetrization of the inequality in Theorem 4.1 from Johnson, Schechtman and
Zinn, 1985). This bound has a version for sums of independent non—negative random variables
(;, namely: for every p > 1 and n € N,

logp

(Johnson, Schechtman and Zinn (1985), Theorem 2.5).

Lemma 2.2. Ifr > 2 and F is a continuous function of two real variables, non—decreasing in
each of them separately, and such that the inequality

> &
i=1

holds for alln € N and all sequences of independent, identically distributed and centered random
variables &,&1, &, . . ., then the inequality

E r < F (nE¢ nE"), (2.5)

T

< F(AECAE|), (2.6)

n

> G = AEC

=0

E

holds for any A > 0, any sequence of independent identically distributed random variables
¢,C1,Ca, - .., a Poisson random variable n with mean X independent of the variables {(;}52,, and

G =0.

Proof. The distribution of .7 ,{; — AE( is infinitely divisible, in fact, for any N € N, we
can write

Ui N A
ZQ‘ — AEC = Z <wz’ - —EC> )
i=0 i=1 N

where w,wq,ws, ..., (dependent on N) are i.i.d. with
N
w =4 ZQ, nny =q Pois(A/N),
i=0

and ny independent of (i,(s,.... Clearly, Fw; = %EC Applying inequality (2.5) to the
sequence {w;}, we get
) e

r T

n

> G = AEC

=0

E =F

A

o)

=1

\ 2

<F (NE (w — —EQ) ,NE
N

The first argument of F' in this inequality is just

)\ 2
NE (w - NE() = \EC2.



Regarding the second argument, we have

P o |J P .
Elw—-—=FE( = ZE ZQ——EC Pr{ny = j}
N =0 |i=0 N
. r . r—1
A I J A J A
< 5 <X ||+ im B S| gied | peian =5

Taking into account inequality (2.4) applied to {|¢;|} and that Pr{ny = j} = e VN (\/N)’ /5!,

we obtain that ;

limsup N E

N—o0

<ABC[".

A
——F
wNC

Now (2.6) follows by combining these estimates with inequality (2.7). O

Inequality (2.4) together with the previous lemma gives the following extension of Rosen-
thal’s inequality to Poissonized sums:

Lemma 2.3. If, for each n € N, (,(1,(o, ..., Cn, ..., are independent identically distributed
random variables, (o = 0, and n is a Poisson random variable with mean A > 0 and independent
of the variables {(;}52,, then, for every p > 2,

n

’ 15p \" p/
;Ci - )\EC| < <logi)> max [(AE@) 2 : )\E|<|p] . (2.8)

E

Moreover, specializing to ( = 1, we have for every p > 2,
15p \"
Eln—=\P< <p> max |:)\p/27 )\} : (2.9)
log p

establishing f.d. convergence. Here is the basic result that we will apply in order to ‘de-
Poissonize’ in the process of establishing f.d. convergence.

Lemma 2.4. (Beirlant and Mason (1995)) Let Ny, and Ny, be independent Poisson random
variables with Ny, being Poisson (n(l1 — «)) and Na,, being Poisson (na) where o € (0,1).
Denote N,, = Ny, + Ny, and set

Ni,—n(l—a) and V, — Ny, — no
Vn Vn
Let {S,}22, be a sequence of random variables such that

(i) for each n > 1, the random vector (S,,U,) is independent of V,,,
(1) for some 02 < 0,

U, =

(S, Upn) —w (06Z1,V1 —aZy), as n — 0.
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Then, for all x,
Pr{S, <z |N,=n}—Pr{cZ, <z}.

We provide a proof here for the convenience of the reader. It is somewhat different than the
original one given by Beirlant and Mason (1995).
Proof. Consider the characteristic function

On(t,u) = FEexp(itS, + iulN,)

Z ¢"* B (exp(itS,)|N, = k) Pr(N, = k).

JFrom this we see by Fourier inversion that the conditional characteristic function of S,,, given
N, =n, is

1 T
Unlt) = B (exp(it,) [Ny = n) = 5t [ e, (tu)du

Applying Stirling’s formula, we obtain as n — oo
21 Pr(N, = n) = 2me "n" "' /(n — 1)! ~ (21/n)"/2, (2.10)
which, after changing variables from u to v/+/n and using assumption (i), gives

m/n
Galt) = 2m) 21+ 0(1) [ Bexp(itS, + iU, B exp(ivVy)dv.

—m/n

We shall deduce our proof from this expression for the conditional characteristic function v, (t),
after we have collected some facts about the asymptotic behavior of the components in 1, (t).
First, by assumption (ii)

E exp(itS, + wulU,) — ¢(t,v), (2.11)

where
o(t,v) = exp (—(021?2 +(1— a)v2)/2) :
Next, the proof of Theorem 3 on pages 490-91 of Feller (1966), Volume II, shows that as n — oo

m/n
/ |E exp(ivV,) — exp(—av?/2)|dv + exp(—av?/2)dv — 0,
R fof> /7

which implies that

m/n
/ |E exp(itS, + iul,) (E exp(ivV,) — exp(—av2/2)) |dv — 0. (2.12)

m TL
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Now by putting (2.11) and (2.12) together with the Lebesgue dominated convergence theorem,
we get

Un(t) — \/% /R¢(t,v) exp(—av?®/2)dv = exp(—o?t?/2).
O

Remark 2.2. Note that the version of Lemma 2.4 given in Beirlant and Mason (1995) is a bit
more general. It allows the limiting bivariate normal random variable in (ii) to have non—zero
correlation. However, the version given above suffices for our needs. Lemma 2.4 is not original
to Beirlant and Mason. A preliminary version was proved by Beirlant, Gyorfi and Lugosi (1994).
A similar partial inversion is used by Holst (1979). The idea of partial inversion, itself, goes
back at least to Bartlett (1938).

Remark 2.3. Lemma 2.4 can be generalized to distributions other than the Poisson. In
particular, let X;, X5, ..., be i.i.d. integer valued random variables with mean 1 and variance
1 and set for any 0 < a < 1,

[nal

Nn = ZXza NQ,n = ZXz and Nl,n = Nn - NQ,n7

i=1 =1

then by using Theorem 3 on page 490 of Feller (1966) one can repeat the proof of Lemma 2.4
to show that it remains true with these definitions of N,,, N, and Nj,,.

3 Moments of the increments of the L;—norm kernel den-
sity estimator process.

This section contains a crucial estimate for the increments of the Li-norm kernel density estima-
tor process. Then, tightness will follow by a slight modification of a standard metric entropy ar-
gument. Given a density f on R, let Ny = Ny(f) < oo be such that sup,cn fi(;fjl)hn flz)dx <1/2
for all n > Ny. Such an N exists by absolute continuity if h,, — 0 as n — 0o, which we assume
throughout.

Proposition 3.1. Let K;, i = 1,2, be two bounded kernels satisfying (1.2) and such that

O (K1, Kz) > 2 (3.1)

= 12

for some p >0 and n > Ny. Set k = max(||Ki|oo, || K2|loc) and C1 := Ci(k, p) = sup,,o(1 +
(2K/p)™=2)Y/™  Then,

ol S o E ()

for all t > 0.
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Proof. Let X, Xy, X{, X2, X}, ..., beiid. random variables. Given two bounded, integrable
kernels K1, K5, and n > Ny we set, for z € R,

hnl\/ﬁ i {Kl (Xih; x) — B <Xh; x>}’

hn/1 ; {K2 (Xih: x) - b (Xh; x>}

and Ag(x) = 0. Further, for n > 1, we let 1, be a Poisson random variable with mean n,
independent of X7, Xs,..., and set

Ay (x) =

I

2u) = [ (F) e (5)
v e (T ) e (57)]
Then,
64(F) — Eu(K2) = [ (An(a) — BA,(x) do, (33)

and we define, for convenience,

E.(K1) = &,(2) = [ (Au(2) = EA,, (1)) da. (3.4)

Let A/ (z) be defined as A, (x) using the X, X}, ..., variables, and let E’ denote integration
with respect to the variables X| only. Then, for A € R,

Eexp{Méa(K1) — &/(F2)|} = Eexp {)\ M_{ (A, (z) — BA,(2)) d;v’}

< exp {)\ ’/R (EA,(z) — EA,, (2)) dz }Eexp {)\ ’En(Kl) - En(K2)‘}7

}
|

and, by Jensen,

exp {)\ ‘/R (EA,(x) — EA,, (z)) dz

} = exp {/\ ‘/R (E'Al(z) — EA,, (2)) dx
< F'exp {/\ ‘/R (Al (x) — EA,,, (x)) dz
= Bexp {A|6, (K1) - &, (Ka)|}.

Hence,
Eexp{NE (K1) — &)} < (Bexp (A, (1) — &,(15)|})’

< Bexp {2\ [¢, (K1) — &,(K)|} - (3.5)
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Let Z,, s =1,...,6, be a partition of the integers Z such that:

i) if i # j € Z, then |i — j| > 2, and

i) for every s = 1,...,6, Yier. Pr{X € ((i — 1/2)hn, (i + 3/2)hn]} < 1/2,
and set

As = Uier, (thy, (1 + Dhy,], s=1,...,6,
and
Bs = Uiez, ((1 — 1/2)hp, (i +3/2)hy,], s=1,...,6.
Then, condition (ii) becomes Pr{X € B} < 1/2. Note that the sets A partition R and that if
x € As and X £B; then K ((X —x)/h,) = 0. (To see that such a partition exists for n > N,
take first Z) = {2n : n € N}, then the corresponding extended set Bj, coincides with R; by
further decomposing Z) into three parts if necessary, we get three sets Z;, s = 1,2,3, whose
union is Z), and whose corresponding By satisfy Pr{X € B;} < 1/2; the same can be done with
Z; = {2n+1:n € N}.) Then, we have
6

€0 (K1) — Z

and, by Holder’s inequality,

(3.6)

J, (Bule) = BA, (@))ds|.

_ 1/6
Eexp {2)[€,(K1) — &,(Ka)|} < H (Eexp{uAV — EA,, (2))dz }) . (3.7)
Let us fix s. Since for every measurable function g,

/AS g (Zn;K (Xih; x)) da = /Asg (é[(xi € BK (Xh: x)) d

(if the integrals exist), it follows from the properties of B that we can apply Lemma 2.1 (see
also Remark 2.1 below its proof) to conclude

Eexp {12/\ '-/As (A (z) — EA,, (2)) dx

< 2Fexp {12)\ ’/A (A, (x) — EA,, () dx

} (3.8)

b

Since the intervals building up Bj are disjoint, it follows from the properties of the Poissonized
process that the random variables 6 ,,, 7 € Z,, defined as

—/(]+1 e _EA, (2))d, (3.9)

are independent. Therefore, since el*l < e* 4+ =2,
Eexp {12>\ ‘ /A (A, () — EA,, (x)) de } (3.10)
< [ Eexp{12X6;,} + [[ Eexp{—12X¢;,}

jEIS jEIs
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for any A > 0. To estimate the right hand side of (3.10), we will obtain bounds on E|d,,|™ for
m > 2 (note that E¢;, = 0).

Let A}~ be an independent copy of A, . By Jensen’s inequality and the generalized
Minkowski inequality (e.g., Folland (1999), page 194),

m (G+1hn " G+ Dhn myl/m "
E|6jn" < E /jh (A, (2) = A () da| < /jh (B|ay,(2) - &) @)]") dx] .
Now,

B|A,, () = A, (2)]" < 27 B|A,, (2)]"
2m X -z n X, —x X —xz\|"
= (Vaha)™ ZKl( >_"EK1< Iy >_§K2( >_"EK2< Iy >|
m n X. — 1 X —n\|"
<—= __EN (K, - K : —nE(K, - K
which by Lemma 2.3 is
30m \" X —z\\"/?
E(K, — K 2( )) 3.11
(hnlogm> [( (F1 = o) ho, 30
1 X —z\ ™
+nm/2—1E‘(K1_K2)( n )’ ]
Thus, by Jensen,
B < (S T L e g (XY ) 3.12
[95n]™ < log m /jhn h_ 2)” ( hy, > * (3.12)
(J+1)h X —x m
+nm/2 /] ’ KZ)( o )‘ dx]'

It follows from these estimates, from FJ;, = 0 and from Stirling’s formula, that

0o 9 m G+1)hn 1 X — m/2
Eexp{£12)0;,} < 1+ (7 0€A> K/J —E(K, —K2)2< ; x) dm)
J n

=5 \ logm jhn n
1 Gt 1 X —ay\"
¥ /jhn h—nE‘(Kl—K2)< - ) dx].

Then, plugging this estimate into (3.10) and using the elementary inequality

[T+ ) <exp (Z xz) , r; € R,

15



we obtain

exp {12)\ ‘/As (A, (z) — EA,, (z))dx }

< 2exp{z i (720@>\>m [(/j(ﬂl)hn hinE(Kl Ky (Xh—:c> dx>m/2

JELs m=2 lOgm hn n
/a1 /jh ok ‘(Kl — I) ( - )‘ d:v] } (3.13)

Now, by change of variables,

(+1)hn 1 . m/2
ST B - ) (X *) do
j hn, h

JE€Ls hn n

m/2
G+ 1 X —
< (Z / B — o) < = x) dx)

(e f o (%))

n n

m/2

- </R(K1—K2)2(x)dx> = 0y' (K1, K3).

We now restrict to n such that 9(K, K3) > p/n'/2. For these n, we similarly have

1 G+Dhn 1 X —z\|"
— —B|(K, - K
nm/2-1 Z/Jh P, ‘( ' 2)< B )

J€Ls

1
dr < ———0" (K1, K3)

= pm/2-1"m

(2k)m—2
nm/2—1

26\ "2 -
? Oy (K, Ks).

05 (K1, K3)

IN

Then, combining these estimates with (3.13), we obtain

b< 2eXp{§: (7206)\01(/{,@(32(](1’K2)>m}'

logm

FE exp {12)\ ‘/As (A, (x) — EA,, () dx

m=2

Setting
t

A=
12C1(k, p)02 (K1, K>)
in this inequality, and combining it with inequalities (3.7) and (3.5) we obtain (3.2). O

It is not clear that inequality (3.2) exhibits the best integrability for |, (K1) — &, (Ks)|, but
this seems to be the best order of exponential integrability we can get using Poissonization.
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Let ¥ be a Young modulus, that is, a convex increasing unbounded function ¥ : [0, 00) —
0, 00) satisfying W(0) = 0. For a random variable X its Lg-Orlicz norm is defined to be

X
|]X||q,:inf{c>0:E\I/ <u> Sl}.
c

@ﬂ@::agw (3.14)

is a Young modulus. Moreover, it is easy to see that for every m > 1 there exists ¢,, < oo such
that the inequality || X||;, < ¢ || X ||, holds for any random variable X. Proposition 3.1 implies
the following bound for the Wy—norm of &,(K7) — &,(K3), which will be needed to establish the
tightness part of the proof of Theorem 1.1.

The function

Corollary 3.1. Under the hypotheses of Theorem 1.1, there exists a constant C(k,p) < oo
such that, for all n > N,

160 (K1) — En(K2) v, < C(k, p)02(Ky, Ka). (3.15)

Proof. Let ty be such that > 7°_,(60ety/logm)™ = log(3/2). Then, inequality (3.2) yields
(3.15) with C(k, p) = Cy(k, p)/to. O

The next moment bound will be useful for proving Theorem 1.2.

Proposition 3.2. Let K;, i = 1,2, be two square integrable kernels satisfying (1.2). Then, for
some universal constant C' > 0 and for all n > Ny,

E (&(K1) — &u(K2))” < CO3 (K, Ko).

Proof. We keep the same notation as in the proof of Proposition 3.1. Observe that from
(3.3) and (3.4) we get

amn_amg+AEm%@—Ammm,

which by arguing as in the proof of (3.5) gives

_ _ 2
E (&.(K)) — &u(F2))* < 4B (§,(K)) — €,(K2)) . (3.16)
Next, as in (3.11) but replacing Lemma 2.3 by direct computation, we obtain

, 2 4 o (X —x
E(Ann(x) —Ann(x)) < h_%E(Kl — K») < I ),

17



which gives

(j+1)hn 1 X — T
2 < / — — K,)? ( ) : :
B, <4 [ B K (S ) de (3.17)
Thus from (3.6), Lemma 2.1 and using independence we get
_ _ 2 6 2
E (1) ~§,(2)) <6 E ([ (Aula) - B, (@))do ) (3.18)
s=1 s

< 12213 (/AS(Ann(x) _EA,, (x))dx>2

6
=12 Eaj?,n,

s=1j€eT;

which by (3.17) is

X —=z

< 48/ hiE(K1 _K,)? < ) dz =: %83([(1, K>). (3.19)
R Ny

n

Inequalities (3.16) and (3.19) prove the proposition. O

4 Tightness of general processes.

The standard theorems on tightness of processes using metric entropy (or, equivalently, packing
numbers) apply to processes {&,(K) : K € K} that satisfy inequalities such as (3.15) for all
Ky, Ky € K, whereas in our case such an inequality holds only for K; and K5 not too close
in the d, pseudometric, namely, satisfying inequality (3.1). The observation we will make in
order to deal with this problem applies to any of several entropy bounds for moments or for
Orlicz norms in the literature (among them, for instance, the oldest one, valid only for Orlicz
norms of exponential type, as e.g. in de la Penia and Giné (1999), Theorems 5.1.4, 5.1.5; or
the ones coming from Pisier’s improvement on chaining as e.g. Theorem 2.2.4 in van der Vaart
and Wellner (1996), or its modification for any moduli based on Pisier’s maximal inequality, as
indicated in the notes on page 269 of van der Vaart and Wellner, loc. cit.). Here we will only
consider the bound for exponential moduli as it is the one we use.

We say that a Young modulus is of exponential type if the following two conditions are
satisfied:
U (ay) Ui(a?)

I d limsup — ) < o0,
oy U ()0 (y) O M P gy <

Note that W, satisfies these conditions (as Ui (z) = log(2z + 1)).
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Proposition 4.1. Let ¥ be a Young modulus of exponential type, let (T,d) be a totally bounded
pseudometric space and let {X,; : t € T} be a stochastic process indexed by T, with the property
that there exist C' < oo and 0 < v < diam(7T") such that

whenever v < d(s,t) < diam(T"). Then, there exists a constant L depending only on ¥ such

that, for any v < 0 < diam(7T")

*

<2
v

*

sup | X, — X
d(s,t)<d

sup | X, — Xy
d(s,t)<v/2

L / ; VDT, d,e))de  (4.2)

14

Proof.  Let T, be a maximal subset of T" satisfying d(s,t) > ~ for s # t € T,. Then,
Card(T,) = D(T,d,~). If s,t € T and d(s,t) < 6, let s, and t, be points in T, such that
d(s,sy) < and d(t,t,) < -, which exist by the maximality property of T,. Then, d(s,,t,) <
0 + 2v < 36. Since

|Xs - th é ’Xs - Xs,y| + |Xt - Xt.y‘ + |)(s,Y - Xt,y|7

we obtain

* *

sup | X, — X
d(s,t)<o

<2
3\

sup X, — X

d(s,t)<vy

+
v

max | X; — X

d(s,t)<38s,t€T~

(4.3)

)4

Now, the process X restricted to the finite set 7', satisfies inequality (4.1) for all s,t € T’,, and
therefore we can apply to the restriction to 7', of X,;/C the entropy bound in Theorem 5.1.4 of
de la Pena and Giné (1999) (see also (5.1.10) there) to the effect that

max | X; — Xy|/C

d(s,t)<38s,t€T

30 9
<L[TwT (DT, d ) de 3L [ (DT d,e) de, (4.4)
N 0 0

where L is a constant that depends only on W. Now we note that D(7,,d,e) < D(T,d,¢) for
all € > 0 and that, moreover, D(7T,d,e) = Card(T,,) = D(T,d,~) for all ¢ <. Hence,

) ) )
/0 U1 (D(T,, d, ) de < U~ (D(T,d, 7))+/ UL (D(T, d, 2)) de < 3//2 UL (D(T, d, 2)) de,

and this, in combination with the previous inequalities (4.3) and (4.4), gives the proposition.
|

Proposition 4.1 constitutes an example of restricted or stopped chaining. Giné and Zinn
(1984) use restricted chaining with v = n=/4 at stage n, whereas for the processes we have in
mind we will use v = pn~'/2, p arbitrary.
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5 Proof of the tightness part of Theorem 1.1.

The following corollary of the above lemmas and propositions obviously implies the asymptotic
equicontinuity (or tightness) of the sequence of processes {{,(K) : K € K} from Theorem 1.1.
Recall the definition of Ny given at the beginning of Section 6.

Theorem 5.1. [f the class of kernels K is bounded by a constant k, satisfies (1.2) and the
entropy condition

/ log N(IC, 05, €)de < 0, (5.1)
0
then i

lim sup sup 160 (K1) — & (KD)| =0, (5.2)

0=0n>Ny || 82(K1,K2)<6, K1,K2€K o,

Proof. Corollary 3.1 and Proposition 4.1 give that, for n > N,
sup 160 (K1) — &Ko)
Bg(Kl,Kz)S5, Ki,Koe W,

*

<2 sup €0 (K1) — §n(KD)

92(K1,K2)<p/(2n'/?), K1,K2€K

—|—C(p,/f)L/O(S\I!l1(D(K,82,5))d6. (5.3)

vy

The entropy hypothesis (5.1) on K readily implies that the second term at the right hand side
of this inequality tends to zero as 6 — 0. As for the first term, we note that, for all n € N and
K, and K, satisfying 0,(K1, K3) < p/(2n'/?), we have

6(K) = &) < Vi [ (@) = frsca(a) = Bl (2) = oo do
V[ B s () = Fra(2) = B [fuse (@) = frs (o)) d

1/2
wi [ V1) = Kol dir < 4/ (6, K)
< 2p.

IN

Therefore, the first term at the right hand side of inequality (5.3) is dominated by W;(2p) =
2p/log 3. Hence, letting first ¢ tend to zero and then p go to zero in (5.3) we obtain the limit
(5.2). O

So, the tightness part of the proof of Theorem 1.1 is completed, and, on the way, we
have also shown that the increments of the processes {£,(K)} enjoy some uniform exponential
integrability.
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6 Proof of the finite dimensional convergence part of
Theorem 1.1 and proof of Theorem 1.2.

The next theorem gives convergence of the finite dimensional distributions in Theorem 1.1. Its
proof will be divided into several lemmas.

Theorem 6.1. For any Lebesgue density f, any sequence of positive constants {h,} -, satisfy-
ing h, — 0 and \/nh, — oo, as n — oo, and any finite collection K := { Ky, Ks, ..., K,,} C K,
m > 1, the random vector &,(K) = (&,(K1),...,&(Ky)) € R™ converges in distribution to
a mean zero m-variate normal distribution having the covariance matriz with entries a;s =
o(K, Ky), l,s=1,...,m. Moreover, for all1 <1l,s <m,

Tim Cov(§u(K0), &u(K.)) = Tim n Cov(l|fus, = Efuscllss [fuse, = Efuc ) = o(Ki K.
(6.1)
In particular, for all 1 < s < m,
Timn 0 Var (| fu, — B ) = 02(K,). (6.2)

The following lemma on convolutions will be crucial for our proof.

Lemma 6.1. Suppose that H is a finite class of uniformly bounded real valued functions H,
which are equal to zero off a compact interval. Then, for any H € 'H,

|f* Hp(z) — J(H) f(2)] =0, as h \, 0, for almost all z € R, (6.3)

where

and

f*Hp(z):= h_l/Rf(:U)H (z;x) dz.

Moreover, for all 0 < e < 1, there exist M,v > 0 and a Borel set C' of finite Lebesque measure
A(C) such that

CC|[-M+v,M —v|, (6.4)
/x|>M f(z)dx =a >0, (6.5)
| i@ >1-¢ (6.6)
f is bounded, continuous and bounded away from zero on C, (6.7)
and, uniformly in H € H,
sup |f* Hy(z) — J(H) f(2)| = 0, as h "\, 0. (6.8)

zeC
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Proof. First (6.3) follows from Theorem 3 in Chapter 2 of Devroye and Gyorfi (1985). Using
the continuity of our measure, we may find an interval [—M, M] and a number v > 0 so that

“= |z|>M f(x) do = g

and
€

/x|>M,, fx)de = 1

The rest of the proof is inferred from Lusin’s theorem followed by Egorov’s theorem (see Dudley
(1989), Theorems 7.5.1 and 7.5.2). By Lusin’s theorem we can find a Borel set F' such that f
is continuous on F' and

/Ff(x) dr > 1—¢/4.

Clearly we can extract a compact subset D of R such that f is bounded, continuous and
bounded away from zero on D N F, and

/Dme(:v) de >1—¢/2.

Finally, using (6.3), coupled with Egorov’s theorem, we can find a Borel subset C' of [—M +
v, M —v] N DN F such that, (6.4) and (6.7) are satisfied and (6.8) holds uniformly in H € H.
O

In the proof of Theorem 6.1 we shall apply Lemma 6.1 with
Ho=Ho =" {K, KK} (6.9)

The proof consists of three basic steps. First we "truncate”, then we ”Poissonize” and finally
we ”de-Poissonize”. Our next lemma provides the truncation step.

Lemma 6.2. Whenever h,, — 0 and nh,, — oo we have that for any Borel subset B of R,
any K € K and any sequence of functions a, € L1(R, B, \),

lim sup £ (\/ﬁ /B (1 foic () — an(@)] — Bl fox() — an(@)]} da;)2 < 4R /B @) da,

where k = || K|, -
Proof. Applying the theorem in Pinelis (1994), we get

B (v [ {1u(@) ~ anl@)| ~ Bl (z) ~ onf@)]) d)

2

1 X —z
<4E/WK< N ) 1
< (hn [ )| o (6.10)
1 X —z
<4kl 2y [ K (5)
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< 4/@-211;1/ Pr{X €[z — hn/2,7 + hn/2]} dz.
B

B! /BPr (X €[t — hn/2, 2+ hn/2]} do

S/Bf(:v) dx+/R\h,;1Pr (X € [v— ha/2,2 + ha/2)} — f(2)| da.

By a special case of Theorem 1 in Chapter 2 of Devroye and Gyorfi (1985),
/ 1 Pr X € o — ha/2,2 + ha/2)} — f(2)] dz — 0
R

as n — 00, which completes the proof of Lemma 6.2. O

We shall apply Lemma 6.2 in the case where a,(z) = Ef,, x(x). Note that in this situation
we could get the same bound with 16 instead of 4 applying Theorem 2.1 of de Acosta (1981).
Also see Devroye (1991), who obtains the bound (6.10) with a,(z) = f(z).

Next we shall ”Poissonize”. Let n be a Poisson (n) random variable, i.e. a Poisson random
variable with mean n, independent of X, X;, X5, ..., and set

1 U Xz—I
fn,K(x).:n—%ile( - ) K €K,

where the empty sum is defined to be zero. Notice that

Ef,x(x) = Efux(z) = h'EK <Xh; x) , (6.11)
k. (K, ) :=nVar (f, x(z)) = h,*EK* (Xh; x) (6.12)

and
nVar (fox(2)) = h2EK? (Xh_n x) _ {hnlEK (Xh; x)} . (6.13)

Choose any Borel set C' with A\(C') < oo, satisfying (6.7) and (6.8) with H = H,. Clearly for
any such set C),

o Vv (o) = Vo ()
_ Vo (f < EKp,)?
N mEE}IIPGK m =0 (\/}Tn> : (6.14)

We shall require the following fact that follows from Theorem 1 of Sweeting (1977).

Fact 6.1. Let (w,(, &), (w1,¢1,61), (w2, (2, &2), ..., be a sequence of i.i.d. random vectors such
that each component has variance 1, mean 0 and finite absolute moments of the third order. Fur-
ther, let (Z1, Zy, Z3) be tri-variate normal with mean vector 0, Var(Z,) =Var(Z,) =Var(Z3) = 1,
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and with covariance operator coinciding with that of (w,(,&). Then there exist universal positive
constants Ay, Ag, A3 and Ay such that

Z?:l Cz . Al 3
D Wi ) 21 Gi . A 3 3
‘E NG o E|Z,Z,|| < ﬁ(Eywy + E|¢*) (6.16)

and

D Wi |2 G Az 3 3
E = = <—=(F E ) 6.17
o[ EEe (R < S (Bop + i) (617
The next lemma shows that the centering part of &,(K) is asymptotically equivalent to its

Poissonized counterpart. Recall that Z denotes a standard normal random variable.

Lemma 6.3. Whenever h, — 0, \/nh,, — oo and C satisfies (6.7) and (6.8) with H = H,, we
have, for all K € K,

tim [ {ﬁm foxc(®) = Efsc(@)] — E|Z]y/nVar ( f,,,K(x))} dr =0 (6.18)

n—oo

and

lim [ {\/ﬁ Elfusc(@) = Efosc(@)] — B|Z]\/nVar ( me(x))} dx = 0. (6.19)

n—oo

Proof. Let 1, denote a Poisson random variable with mean 1, independent of X7, X, ...,

and set
Xh; x)] /\/EK2 (Xh; x) . (6.20)

Now VarV,,(z) = 1 and for some constant A > 0 independent of Y,, and x

i = |3 K (55 e

Jj<m

3

h*? E|K (5%

E‘Yn(.f)’?’ <A ‘ ( hn )3/2‘
(ot BEC (352))

Using (6.8) and the fact that our assumption on f implies that for some 6 > 0, f(z) > ¢ for all

x € C, we get that for all large enough n uniformly in z € C' for some constant By > 0,

sup E|Y,,(x)]* < h;Y/2B,. (6.21)
zeC

Let YV(z),..., Y, (z) be ii.d. Y, (z). Clearly

Jrreke () v
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Therefore by (6.15) of Fact 6.1,

E - F A
zeC \/th EK2 (Xh_;x) n zec
Now by (6.21), in combination with (6.23) and
X —
sup \/hEQEKQ ( x) = sup \/n Var(f, x(x)) = O(h,'/?), (6.24)
zeC h, e

we get then that

\ /. WE‘M@ — Efn ()| - E|Z|y/n Var <fn,K<a:>>} do

of)

1
—0 ,
nh?

:0(\/7%%+\/h7).

Similarly one obtains by Fact 6.1

’/c {ﬁ E| foic(@) = Efuc(@)] = E| Z|y/n Var <fn,K<x>>} dx

which by (6.14) implies

‘/C {\/ﬁE\an(x) — Efux(x)] — E|Z|\/nVar (an(x))} du

O
Lemma 6.4. Whenever h,, — 0, nh, — oo and C has finite Lebesgue measure A\(C'), we
have
Ic(x + hpt) converges in measure to Io(z) =1 on C x [—1,1] (6.25)
and
f(x + hyt) Ic(x + hut) converges in measure to f(x) on C' x [—1,1], (6.26)

as functions of x and t.

Proof. Notice that

// Ic(x+hnt)dtdx:// h=t o (y) dy do.

Now by Theorem 3 in Chapter 2 of Devroye and Gyorfi (1985), applied to K(x) = I;_11)(x)
and f(z) = Ic(x), for almost every x

1 x+hnp

2 ) hy 1o(y) dy — Io(z).
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Thus by the dominated convergence theorem

m+hn
/ / h o (y) dy de — 2 M(O),
which in others words says

M@, t) € O x [~1,1] : 1 — Io(z + hot) # 0}

1
—2\(C) — /C /_1 Io(z + hot)dtdz — 0.

yielding (6.25).
To prove (6.26) just note that, by continuity of f on C,

(f(x + hut) — f(x) Io(x + hyt) — 0
for all (z,t) € C' x [—1,1], and that, by (6.25),
f(@) ez + hat) = Io(x)) — 0
in measure on C' x [—1,1]. O

Set, for K, Ky, K, € IC,

0ulC. K1 o) = B T ([ Al (@) = Bfuc. (@) = Bl (@) = Bfasc ()} do) . (627

s=1,2

02(C,K) := 0,(C, K, K)

= 8 (Vi [ 1fusc@) = ()|~ Blhyx(o) ~ Bfs@)l}dr) (6.28)

and

— /Cf(a:) de =Pr{X e C}. (6.29)

Lemma 6.5. Whenever h,, — 0, nh, — oo and C satisfies (6.7) and (6.8) with H = Hy, we
have, for K;, K e K, l,s=1,...,m,

nh_)nolo on(C, K}, Ks) = P(C) o(K), Ky). (6.30)
In particular, for K € K,
lim 03(C, K) = P(C) 0*(K). (6.31)

Proof. Without loss of generality we shall only consider the case [ = 1, s = 2. Notice that
whenever |z — y| > h,,, the random variables |f, k, (x) — E f, i, ()| and | f;) k,(¥) — E fox,(y)]
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are independent. This follows from the fact that they are functions of independent increments
of a Poisson process with intensity nf. Therefore

ou(Co K1 ) =1 [ [ Bl fya (@) = B, @] | e (4) = B (9)]} d dy

‘"/ / (B frie2 (@) = Efoicy @) E| fiea () = B froiey ()]} dae dy

:/C/CIOJJ_?A < hn> COV(lTK1 |TK2 )\/]{7 K17 KQ, )d.ﬁ(]d’y

Now let Z; and Z, be independent standard normal random variables and set

(2(@). Zuw)) = (V1= (030 0)* 21+ i) 22, ).

with
pr(@,y) = BT (2) T, (y).

By an application of Fact 6.1, keeping (6.12), (6.7), (6.8), (6.18), (6.21) and (6.22) in mind, we
see that

o C. K Ka) = [ [ Il = o] < hu) Cov (1Zu@)]. 1 Za(w)) b 1Eulle | Kellay/ () £ (9) dardy

+O<// Ix—y\<h)d$dyhm ()>7

which by the change of variables y = x + th,, and using the fact that A\(C') < oo, equals
7. (C, K) + o(1),

1
— (1) drdt,
/C,[lg(w ) dx
with

gn(,1) := To(@)Io(@ + thy) Cov (|Z,(2)], | Za(w + tha)|) | Killa [|Kal|2 /£ (2) (2 + thy).

Also observe that

where

1 [ (52) 6 (5 )

pr(x,x +thy,) = :
\/h EK? (X22) b ERG (32 + 1)

Applying (6.3) of Lemma 6.1, with H(u) = Ky(u) Ky(u +t), we get for each ¢, as n — oo, for
almost every = € C,

hE [Kl (Xh;x) K> (Xh;m +t)] — (@) [ Kalw) Ka(u+1)du
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Moveover, we get with H(u) = K?(u) and H(u) = K2(u + t), respectively, for almost every
x € C, both

X —z
o,

X —z

B (S0) = f@) R and b ERE (S0 ) - @) |1l

n

Thus for each t and almost every z € C, as n — oo,
p:;(.’ll',.ﬁﬂ + thn) - p<Kla KQat)>

and

Cov (|Zn(2)], | Zn(x + thy)|) — Cov (‘\/1 — p? (Ko, Ko, 1) Zy + p(K1, Ko, t) Zs

7’Z2’)

Combining these observations with Lemma 6.4, we readily conclude that g,(x,t) converges in
measure on C' x [—1,1] to

Io () |[Ki|2 || 2|2 Cov <‘\/1 — p*(Ky, Ko, 1) Z1 + p(Ky, Ko, t) Zo

\22]) £(@).

Since f is bounded on C, the function g, (z,t) is for all n > 1 uniformly bounded on C' x [—1, 1].
Thus we get by the Lebesgue bounded convergence theorem, as n — oo,

1
R(C.K) = PO Kall2 1Kl ||| Cov (|1 = p2(K1 Ko, 021+ pli, K1) 22

,|Zg|) dt,

which, since p(K7, Ky, t) = 0 whenever |t| > 1, equals P(C) o(K;, Ky). O

Suppose that our set C' satisfies Lemma 6.1 with H = Hy. Let M, v, a be the numbers from
(6.4) and (6.6). Let, for K € K,

Ay () =V {|fox(@) = Efox(@)| = E|fyx(2) = Efon(2)|}-
We shall prove the asymptotic normality of the random vector
An(K) = (/ Al @) do, ., [ A () d:v) .
c c
It suffices to prove it for any linear combination of the form
i [ AR @) e+ [ AR (@) da,
c c
where 1, ..., pun € R, without loss of generality, satisfy

] 4 | = 1.
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Assume that n is so large that h, < v and h, < M/2. Define m,, = [M/h,], hi = M/m,,
where [z] denotes the integer part of z. Clearly, we have M/(2h,) < m, < M/h,. Hence,

ho < h% < 2Ry (6.32)

Set for any integer ¢
M I () A() de
B 071«(07 H? ) 7

where

Ap(@) = pa AZ (@) - A o A (),

0121(07N7K) := Var (,U/I /CAqffl(x> dr+-- -+ :U’m/CAnKm(x) dx) = Z Hifhs Un<C> KlaKs>'

l,s=1

By Lemma 6.5, we have
lim o3 (C, 1, K Z fupts 0 (Ko, K). (6.33)
l,s=1

Therefore we can from now on assume without loss of generality that

m

P(C) Y upso(K, K) > 0. (6.34)

l,s=1

Lemma 6.6. Whenever h, — 0, nh, — oo and C satisfies Lemma 6.1 with H = Hy, there
exists a constant By > 0 such that, uniformly in i and for all n sufficiently large,

Elai|* < BiRY2. (6.35)
Proof. Notice that
0-73L(07 M, K) E|ai,n|3
< [ o) Io(v) Ie(=) BI1A@) Auly) Au(2)] dody dz,

where I;,, = [ih}, (i + 1)h})3.
Clearly,
E|An(2) An(y) An(2)] < E{|An(@)] + | An(y)] + [An(2)]}°

which by repeated applications of Jensen’s inequality is for some constant D,, > 0,

< Dot S (Elfoiy (@) = E fuiy (@) + Bl 0) = Efuscy 0 + Elfurcy(2) = Efue, ().

Jj=1
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Notice that by Lemma 2.3 we get, for any 1 < 7 < m and w € C,

n3/2E|fn,Kj (w) — Efuk, (w)[?

45 \° 1 X —w\\]*? 1 X —w
< E(K? ( )) E K;? ( )
= <10g3> max{[h? ( T E\ ’
which by Lemma 6.1 with the choice of ‘H = Hj is for some constant B > 0, uniformly in
1 <j7<m,weC and all n > ng, with ng large enough,

1 1
<5 i )

Thus uniformly in z,y,2z € C and all n > nyg

1 1
B 180 (0) A0 8] < 3BD0 | .

which implies that uniformly in ¢

/1 Io(@) o) Le(2) B|Au(w) Au(y) A(2)] derdy d

N
This last bound is for some By > 0, uniformly in n, less than or equal to Byh3/2. Now, (6.35)
follows from (6.33) and (6.34). O

h
< 6mBD,, [hfﬂ + —”] .

Our goal now is to set things up to apply Lemma 2.4. Define

’mil i, (6.36)
Un:%{ZI(XjE [—M, M]) —n Pr{X € [—M,M]}} (6.37)
and
1 n
Vn:ﬁ{zll(){jgé[—M,M])—nPr{Xgé[—M,M]}}. (6.38)

Clearly (S,,U,) is independent of V,,. Recall that we have C' C [-M + v, M — v] and h,, < v.
Observe that
Var(S,) = 1 and Var(U,) =1 — «, (6.39)

where 1 > a = Pr{X ¢ [-M, M]} > 0.
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Lemma 6.7. Whenever h, — 0, nh,, — oo and C satisfies Lemma 6.1 with H = Hg, there
exists a constant By > 0 such that, for all n sufficiently large,

By
J— \/ﬁhn .

| Cov(Sy, Up)

(6.40)

Proof. Notice that

oo Co ) Cov(5,. )] = | Cov (3 i [ o)~ B (o)l U, )|

Therefore it suffices to show that there exists a constant Bz such that for any K € K, for all n
sufficiently large

‘Cov (ﬁ/c i (%) — Efosec(2)|da,U )

\/_h (6.41)

Now for any z € C

‘ Cov (\/ﬁ!fn,K(«T) — Efn k()] U")‘

VWMUKTM@hPi&MNWWkaMM,

which by (6.17) in Fact 6.1 and Lemma 2.3 is

N
P[—M, M]

_3

SNG E|Y,(x)]* +

] kn(K, x).

Notice that by Lemma 6.1 we get for some B, > 0 for all large enough n

sup \/kn (K, z) < h;l/QB4,

zeC

which, when combined with (6.21), completes the proof of (6.41). This, in turn, by (6.33) and
(6.34) gives (6.40). O

Hence by (6.39) and (6.40), as n — oo,

Var (A1 S, + AaU,) — A2+ A3(1 — a). (6.42)

The proof of the next lemma uses a version of the central limit theorem for 1-dependent
random variables, which we state here for the reader’s convenience.

Fact 6.2. (Shergin (1979), Corollary 2) Let {X;, : i =1,...,k,,n > 1} denote a triangular
array of mean zero 1-dependent random variables such that for all n > 1
(i) Var (ngl Xi,kn) — 1 asn — oo, and
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(i) for some 2 < s <3, X5 E|X;4.]° — 0 as n — oo.
Then

kn
Z X’L’,kn —w Z

i=1

Lemma 6.8. Whenever h, — 0, \/nh, — oo and C' satisfies Lemma 6.1 with H = Hy, we

have

(Sna Un) —w (Z17 \% 1— OéZ2)
as n — oQ.

Proof. We will show that for any A\; and Ay, as n — oo,

)\1571 + )\QUn —w )\121 + )\2\/ 1-— OéZQ.
Set

{Zn: (X; € [ihy, (i +1)hr]) —n Pr{X € [ih;, (i + 1)h;]}}

S\

and
Yim = MO + AoUj .

Now by Jensen’s inequality
Elyin® <4 [IMPE |0inl + Nl E Jusal]

By Lemma 6.6,

mp—1
Z Elag)* < 2mnBlh§/2 — 0.

t=—1mn

Set

By Lemma 2.3 there is a universal constant A such that

mnp—1 mp—1

Z E |ui,n|3 S An_3/2 Z ((npi,n)S/Q + npz,n)

t=—1mn i=—Mn

: -1/2
< A_mngli%)fnn_l (, /Din + 1 ) — 0.
Combining (6.46)—(6.48), we obtain

mp—1

Z E‘yLn‘S — O

I=—Mn
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Moreover, note that the sequence y; ,,, —m, <1i < m, — 1, is 1-dependent and, by (6.42),

mp—1
ar ( > yi,n) — AT+ A3 (1 - a).

i=—Mpy

Thus we can apply Fact 6.2 to infer that, as n — oo,

Since ,
Z Yin = >\15n + /\ZUna

we can conclude (6.43) by the Cramér-Wold device (e.g. Billingsley (1968)). O

Set

L.(C) = (O 0K ZMS/ {|ans Efn,Ks($)| - E|fn,Ks($) - Eans(x)H dr. (6.49)

Lemma 6.9. Whenever h, — 0, \/nh,, — oo and C' satisfies Lemma 6.1 with H = Hy, we
have

Lo (C) = Z. (6.50)
as n — oQ.

Proof. Recall the notation in (6.36). Note that
S = (0 K Zus A @) = B @) = Blfy . (@) = Efuc, (@]} do
and, conditioned on n = n,
S = (C K Z b [ A (@) = B, (@] = Blfyi. (2) = B, (@)]} do.

Next by Lemma 6.8, we can apply Lemma 2.4 to .S,, and conclude that

L >~ e [ AV &) = Efog(@)] = EVfy i (0) = Bfu (@)} dr = 2

Assertion (6.50) now follows from Lemma 6.3. O
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Completion of the proofs of Theorem 1.1 and Theorem 6.1. To finish the proof, we obtain
by a straightforward application of Lemma 6.1 with H = H, a sequence of Borel sets {C},., ,
each with finite Lebesgue measure such that for each k£ > 1, both (6.7) and (6.8) hold and

lim [ f(x)dz =0. (6.51)

n—o0 Jce
Notice that for each £ > 1, by Lemma 6.9, as n — oo,
Ln(Ck) = Z,
and by (6.33),
lim o7 (Cy, 1, K) = P(Cy) Z s 0 (K, K).

l,s=1
Further, by Lemma 6.2,

s (VA3 i [ (o)~ Efu (o >r—E|fn,Ks<x>—Efn,Ks<x>\}dxf

n—oo
2
<4 max KR [, f(@)do

Now by (6.51), combined with a standard argument (see Theorem 4.2 of Billingsley (1968)), we
conclude, as n — oo,

1= Ellfax, = Efax.ln

\/ﬁ Z Hs {an,Kg - Efn,KS
s=1

l,s=1

\l Z His O Kl, )Z (652)

This provides the needed weak convergence by the Cramér—Wold device. Finally, by Theorem
2.3 of Pinelis (1990), we have, for all r > 2, K € K,

E‘\/ﬁ {an,K - Efn,KHl - E”fn,K - Efn,Kul}’ < 21+r/2r<1 _'_T/Q) HKHg < 00,

which permits us to infer the relation

nh_{glo Var <i,us§n( s) Z pups o (K, Ky) (6.53)

s=1 l,s=1

from (6.52) (see Theorem 6.4 of Billingsley (1968)). Taking into account that

1 1
COV(fn(Kl)7€n<Ks)> = Zvar (én(Kl) + £n<Ks>> o Zvar <£n(Kl) - €n<KS)> )
we derive (6.1) from (6.53). This completes the proof of Theorem 6.1. Now Theorem 1.1 follows

from Theorem 5.1 and Theorem 6.1 by well know facts on the weak convergence of processes
(e.g., Theorem 5.1.2 in de la Pena and Giné (1999).) O
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The following example shows that not all classes of bounded kernels satisfy Theorem 1.1.

Example 6.1. Let K = {K; := {I(_1/0201/20)) : £ € N}. We will prove that the sequence
of processes {&,(K;) : ¢ € N}°, does not converge weakly in ¢*°(IN). Note that the finite
dimensional distributions do converge by Theorem 6.1, hence, if these processes converge then
the limiting process is the Gaussian process {(Ky),¢ € N, prescribed by Theorem 1.1, and
then, in particular, this process must be sample continuous with respect to its intrinsic Lo-
distance. Therefore, it is enough to prove that £ is not sample continuous. In fact, we show
that £ is not even sample bounded. For this, by Sudakov’s minorization (e.g., Ledoux and
Talagrand (1991), pp. 79-81), it suffices to see that N([0, 00), ds, ) = oo for some € > 0, where
d3(0,s) = E(£(Ky) — £(K,))?. Tt readily follows from the definition of 0?(K) that

o2(K,) 2/1 Cov (‘,/1 (= w2z (1—u)Z

independently of ¢ € N. As indicated in the Introduction, o?(K,) > 0. Moreover, for s > ¢,

= (oo (T B
+2/¢;7:5Z_TCOVJ [([ \[)—u 7y + (\f f)—u

So, d3(¢,s) = 20%(K,) — 20(K,, K,) = f(s/f). If we show that f(u) — 20%(K;) as u — oo,
then there will exist a large enough integer A such that dy(A*, A™) > o(K;) > 0 for all
1 <k <m < oo, and therefore, N ([0, 00), ds,0(K;)/2) = co. And this is indeed the case: it is
easy to show that lims .., o(K;, Ks) = 0 by a straightforward computation based on the fact
that

: \ZQD du < 0o

Z2 7|ZQ| du.

2
lim Cov (|xZ1 + Zs, | Zs]) = lim E | Za2|(|xZy + Zo| — x| Z1])] + lim — (x —VaZ+4 1)

T—00 7T

, 207, Zs| Zo| + | Zo|?
= lim F
T—00 ’.TZ1+Z2| —|—ZZ'|Zl|
YAV,
g4 2| Zs| —0,

| Z1|

which is justified by dominated convergence.

6.1 Proof of Theorem 1.2.

Choose any constant M > 0 and set Ky (x) = K(z)I (|K(z)] < M). Since Kj; is bounded,
&,(Kyy) is asymptotically normal with variance o(K);). Applying Proposition 3.2, we get

E (&(K) — &(Ka))? < CO3 (K, K),
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and clearly
05 (Ky, K) — 0, as M — oo.

Moreover it can be easily checked that |[K||z < oo implies 0?(K) < oo. Thus we readily
conclude that

0*(Ky) — 0*(K) as M — oo, Var £,(K) — 0*(K) as n — oo

and
En(K) —y o(K)Z as n — oc.

7 Proof of Theorem 1.3.

Replacing Ef,, k(z) by f(x) in Theorem 1.3 is much easier than in Theorems 1.1 and 1.2. For
any integrable kernel K and n € N, set

K) = [ V(@) = Bfule)lda.

So, we will prove Theorem 1.3 and the following proposition together:

Proposition 7.1. Let K be a relatively compact subset of L1(R, B, X). If h,, — 0 and nh,, — oo,
then
lim E* sup D, (K) = 0. (7.1)

oo Kek

Proof of Theorem 1.3 and Proposition 7.1. Theorem 1, Chapter 3 in Devroye and Gyorfi
(1985) shows that

lim J,(K)=0 inpr. and lim D,(K)=0 in pr. (7.2)

n—oo n—oo

for all K € Ly (f K =1 is not needed for the second limit). Now,

DuK) = o R (F) e (57)

< o D G e f e (5)

= 2/\Ku|du,
R

dx

dz
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and

TJ(K) = Anhn2K< - )—f(x) dr
<
< [Rnh;fc( - )dm+1

< / K (u)|du + 1,
R

by change of variables. Since supgcx [g |5 (u)|du < oo by relative compactness, the random
variables in (7.2) are dominated by a constant and, by (7.2), the bounded convergence theorem

then gives
lim EJ,(K)=0 and lim ED,(K)=0. (7.3)

n—oo

A computation similar to the ones above gives that, for all K, K’ € L,
() = (K] < [ (@) = o)l do < 01(K, K) (7.4)

and
1D, (K) — Do(K')| < 2/ K (x (2)|dz = 20, (K, K). (7.5)

Since K is relatively compact in Ly, it is totally bounded in L;. Given € > 0, let T, be a
maximal subset of K satisfying that if K, K’ € T, and K # K’ then 0,(K, K’) > €. Then,
Card T, = D(KC,01,¢) < oo by total boundedness. We then have, by (7.4) and (7.5),

E*sup J,(K) < FEmaxJ,(K)+E" sup | T (K1) — Jn(K)|
Kekk KeTe: Ki,Kq€K, 81(K1,K2)§€
< D(K,01,e)max EJ,(K) +¢
KeT.

and

E*sup D, (K) < D(K, 0y, ¢) max ED,(K)+ 2¢

Kek

Now both, Theorem 1.3 and Proposition 7.1 follow from (7.3) and the finiteness of D(IKC, 0y, ¢)
for all € > 0, by first letting n tend to infinity and then ¢ tend to zero in these inequalities. O

Note that, in contrast with Theorems 1.1 and 1.2, the kernels K € K in Thereom 1.3 and
in Proposition 7.1 need not be compactly supported.

Remark 7.1. A subset K of Li(R, B, \) is relatively compact if and only if

(1) supex fe | (@) < o0

(i1) imas— oo SUPgerc Ji—nrarpe [ K (2)|dz = 0, and

(iii) limy o supgex Jr | K(z +y) — K(z)|dz = 0.
(e.g., Dunford and Schwartz (1966), page 298.) In particular, if IC satisfies conditions (i) and
(i), and moreover supjcisup,, |K(z) — K(y)|/|lz — y| < Clo —y|® for some C' < oo and
B € (0,1), then K satisfies Theorem 1.3 and Proposition 7.1.
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Remark 7.2. Suppose

(sup Jn(K)> — 0 in pr. (7.6)
Kek

where in addition we are assuming h, — 0, nh, — oo and [g K(z)dx =1 for all K € K. Let
{e;} be a Rademacher sequence independent of the sequence {X;}. Then,

sup [ |K(x)|dz < oo, (7.7)
Kek /R
B ek ( ) de — 0, 78
oo o 2o (S )| o= ()
and
E* sup J,(K) — 0. (7.9)
Kek

To see this, we first note that by a comparison theorem of Montgomery-Smith (1993) (see e.g.
de la Pena and Giné (1999), Corollary 1.1.6 and Remarks 1.1.7 and 1.1.8, page 7), if (7.6) holds,

then
(s [ (5 () = ms)

n =1
But the term in f(z) tends to zero in probability because ».7 , &;/n — 0, so that we have

(KE,C/ nhn;€Z ( hnx)

Then, by Lévy’s inequality,

max [ su K
1§i§n<Ke%/‘nh ( o, )

but, by change of variables, this implies (7.7). Now, (7.8) and (7.9) follow from this last
observation and (7.10) and (7.6) respectively, both by Hoffmann-Jgrgensen’s inequality (e.g.
de la Pena and Giné (1999), Theorem 1.2.3 and Remarks 1.2.4 and 1.2.9). A similar remark
applies to the processes D,,.

dx) — 0 in pr.

dx) — 0 in pr. (7.10)

dx) — 0 in pr., (7.11)

Example 7.1. Let
K = {Ke = L1 102001/ (20)) EGN}

be the class of kernels from Example 6.1 (and from (1.5)). We will show that none of the
sequences

{Sup Jn(K)}OO and {supDn(K)}oo

Kek nel Kek nel
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converge in probability. By the previous remark, it suffices to show that the sequence

1 - Xi—x
2, 5,
does not tend to zero. Given X;(w), ..., X, (w), we choose ¢ so that the intervals [; := (X;(w) —
hin/(20), X;(w)+h,/(20)),i=1,...,n, are disjoint which we can do, for any given n, for almost

every w. Then,

dr, n €N,

" Xi(w) —x i Xi(w) —x
K| ——— || d >/ Ko | ——— )| d
/Rizla e( I, ) t= ur_L I Z.Zzlg Z( I, v
_ Z/ S ek Xi(w) —= do
j=1"1i li=1 ha

n X (w) —
_ Z/ K, (73«2) x) dz = nh,.
j=1"1i n

Therefore, for all n > 1

1
sup der >1 a.s.,

KeK nhn R

i=1 h”

which contradicts (7.8).
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