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ABSTRACT. Let f,, denote a kernel density estimator of a bounded continuous den-
sity f in the real line. Let ¥ () be a positive continuous function such that || ¥ f?||sc <oo.
Under natural smoothness conditions, necessary and sufficient conditions for the sequence

/# SUD,cR “Il(t)(fn(t)—Efn(t))‘ (properly centered and normalized) to con-
verge in ndistribution to the double exponential law are obtained. The proof is based
on Gaussian approximation and a (new) limit theorem for weighted sup-norms of a sta-
tionary Gaussian process. This extends well known results of Bickel and Rosenblatt to
the case of weighted sup-norms, with the sup taken over the whole line. In addition, all
other possible limit distributions of the above sequence are identified (subject to some

regularity assumptions).
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1. Introduction.

We consider the kernel density estimator f, of an unknown density f in the real line
based on a sample (X1,...,X,) of size n of i.i.d. observations with density f, kernel K
and bandwidth h,, such that h,, — 0 and nh,, — coasn — 0o :

Fult) = — iK(Xh—;t> (1.1)

" nh
=1

Our main goal is to study the convergence in distribution of the (properly centered

and normalized) sequence
ot oo -0 ”
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where ¥ is a positive weight function that might depend on the density f (for instance,
it might be f~# with some 3 > 0). In particular, under some regularity assumptions, we
prove the following main result. Let

S KK (u+ t)du

r(t) = —=
[Ragip
Suppose it satisfies the condition
r(t) =1—C|t|* + o(|t|) (1.3)

for some 0 < a < 2, C' > 0. Define

(H, is a known constant), and set

Ao (u) = /OO o (u/w(y))dy, (1.4)

— 00

where w := Uf/? is normalized so that ||w||s = 1. Let A, denote the solution of the
equation

Ao (Arn) = hy.

Then (subject to the regularity assupmtions outlined in Section 1.1) the condition
Jim ¢ Pr{W(X) > (th|log he)Y2 =0

is necessary and sufficient for the convergence

Pr{/%(x/% H‘I’(~)(fn”;{l|ifn)(')||oo _ An) < x} e o oo

for all x € R. Under simple extra conditions on the bias of f,,, results of this type can be
reformulated as statements about the weighted uniform deviation of the kernel estimator
from the density itself, which can then be used in hypotheses testing and in constructing
confidence bands for unknown densities.

This continues the line of research initiated by Smirnov in the 30s who proved conver-
gence in distribution of the uniform deviations (on a compact interval) of the histogram
from the underlying density to the double exponential law and, more recently, by Bickel
and Rosenblatt (1973) (see also the follow up papers of Konakov and Piterbarg (1984) and
Rio (1994)) who did the same for the kernel density estimators.
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Our approach is based on approximation of the empirical processes related to the
kernel density estimator by Gaussian processes and on reducing the problem to the study
of the asymptotic behavior of weighted suprema

t
sup w (—) E(t
ter T €
of a stationary Gaussian process & as T' — oco. We show that the above suprema, properly
centered and normalized, converge in distribution to the double exponential law. More
precisely, if 7(¢) denote the covariance function of the process £ and it satisfies the condition
(1.3), then defining Ar as the solution of the equation

Ap(Ap) =T71

(with A, defined by (1.4)), we show (subject to some further regularity conditions) that

t —a
Pr{AT (supw(—) ‘é(t)‘ - AT> < :c} —e ¢ asT —ooVreR.
ter T
This result might be of independent interest since it is related to the problem of analyzing
the asymptotics of the probabilities of crossing curves of a certain shape by a stationary
Gaussian process.

Also, based upon the recent results of Giné, Koltchinskii and Zinn (2001) (who studied
convergence rates in probability and a.s. of weighted sup-norms of the deviations of kernel
density estimators from their expectations), we determine all other possible nondegenerate
limit distributions of (1.2) (subject to some regularity conditions).

We introduce some general assumptions used throughout the paper in Section 1.1.
In section 2, we develop the Gaussian approximations needed to reduce the problem to
the Gaussian case. Section 3 studies the asymptotic behaviour of weighted sup-norms
of stationary Gaussian processes. Section 4 contains the main results and their proofs
and also studies which other limit distributions are possible (in addition to the double
exponential). Theorems 6, 7, 8 and 9, in Section 4, particularly Theorem 6, contain the
distributional limit for the deviation of the kernel density estimator and are the main
results of this article. In section 5, we sketch an approach to a version of the main results
that might be used in statistical applications.

1.1. General assumptions. We apologize to the reader for the technical character of
what follows, but it seems reasonable, for easier readability of the paper, to state the
conditions we will be using throughout, thus getting them out of the way. Here and
throughout, K is a kernel, f is a density on R, ¥ is a weight function and h,, are the window
sizes. Here are the assumptions we will be using (different sets on different instances).

(K1) K is a non-negative funciton of bounded variation with support in [—1/2,1/2].
We will also assume in Section 3 that
(K2) the function
[, K () (u+ t)du
T(t) = 2
K113




satisfies that r(t) = 1-C|t|*+o([t|*) ast — 0 for some 0 < o < 2, and supyys.. [7(¢)] <
1 for all € > 0.

We will require in Section 3 that the density f and the weight W satisfy

(F1) By = {f > 0} consists of a finite union of non-trivial disjoint intervals (half lines not
excluded), and f and U are both piecewise monotone on By. Moreover, f is bounded
and Holder continuous of some order o > 0 on By, in particular, lim,—, oo SUp|ys.q f(t) =
0;
and

(F2) the function w = W f/2 satisfies conditions (w1), (w2) and (w3) below, in Section 3.

The set of assumptions (K1), (K2), (F1) and (F2) will be referred to as ‘the addi-
tional hypotheses’, since we will also require a set (or subsets of ) conditions that we already
encountered in Giné, Koltchinskii and Zinn (2001), some of which, although looking some-
what unusual, seem necessary when dealing with weighted sup norms over the whole of R.
We refer to this article for comments on these conditions and for a number of examples
illustrating their necessity. These are

(UH) (D.a)-(D.c), (W.a)-(W.c), (WD.a)s for some 0 < § < 2, (Hy), (Hz) from Giné,
Koltchinskii and Zinn (2001).

We refer to the conditions (UH) as the ‘usual hypotheses’, and they are as follows.

(D.a) fis a bounded density on R? continuous on its positivity set By := {t € R?: f(t) >
0}, which is assumed to be open, and lim,—, o SUP¢|s, f(t) = 0. (This condition is in
fact implied by (F1).)

(D.b) For all 6 > 0 there exist ¢ € (0,00) and hg > 0 such that, for all |y| < hy and all
xer,eryGBf,

2@ < L5 <o)
(D.c) For all r > 0,
: flet+y) |
Fhe AV TP R

z+y€By,ly|<h

(W.a) ¥: By — Ry is a positive continuous function on By-.

(W.b) For all § > 0 there exist ¢ € (0,00) and hy > 0 such that, for all |y| < hy and all
xer,x—i—yer,

V(z +y)

%‘P_é(x) = ")

< ¥ (x).
(W.c) For all r > 0,

v
lim sup M

h=0 , yw(y<n-r,| V(1)
z+y€By,|y|<h

— 1| =

(WD.a)g |fP|lw.co := SUD;cp, |W(t)fP(t)| < oo, where f3 is a positive number.
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(Hy) h¢, t > 1, is monotonically decreasing to 0 and th¢ is a strictly increasing function
diverging to infinity as t — oo, and

(Hs) h{ is regularly varying at infinity with exponent —a for some « € (0,1); in particular
there exist 0 < mp <7y < 1 such that

limsupt™h? =0 and liminft™h{ = co.
o0

t—o00 t—

2. The Gaussian approximation. Let D, = {|t| < a, f(t) > 1/a} C By. Note that
for a large enough D, # () consists of a finite union of non trivial bounded intervals. Let
£(t), t € R, be a stationary centered Gaussian process with covariance function r(t) =
fj;o K(u)K(u+t)du. As we see below, this process has a sample continuous version, and
we will always take such a version.

In this section we show that, under appropriate conditions on A,, — oo, if either of
the two sequences

{an (V190 t0) - E£, 0o, - 4. )}

and

{4 (1) VF@ee/mlo, - 4,)

converges in distribution, so does the other. The method will consist in adapting the
Komlés-Major-Tusnady approximation to general empirical processes, basically as done in
Koltchinskii (1994).

To this end, we begin with the KMT approximation (Komlés, Major, Tusnddy (1975)).
KMT asserts that there exists a probability space with a sequence {¢;} of i.i.d. uniform on
[0, 1] rv’s and a sequence of Brownian motions B,,, such that if a,, () = n=1/2 Sy (I[O,t] (&)—
t) and W, (t) = B, (t) — tB,(1), then

x4+ Clogn
Vn

where C, A and 6 are universal positive constants. Extend the definition of a,, and W,
to measurable sets and integrable functions as usual, and, for a class of functions F, set

|H(9)l5 := sup,e s [H(g)]. Set

Fp = {‘If(t)K(th_ ) te Da}. (2.2)

n

Pr{Han—WnHoo > } <Ae % 0<z<o0, neN, (2.1)

Let F' be the cdf of the density f and further define
Fpni={goF ':geF,},
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where, as usual, F~1(y) := inf{z : F(z) >y}, 0 <y <1, and F~1(0) = F~1(0+). Let V
denote the set of functions on [0, 1] that are 0 at 1 and have total variation bounded by 1.
Then V C ¢o(Z), where

7 .= {I[O,t] :te0,1]}

Therefore
latn = Whlly = [lan — Whl|so-

Now, by (K1) and monotonicity of the maps x — (t — z)/h,, and F~!, we have
Fo C 12l IE]vV,

where || K]y denotes the total variation of K, and therefore, by (2.1), also that

(2.3)

g K C1
Pr{||an _WnHﬁn > ” HDaH HV(I'+ Ogn)} < Ae—@x

NG

for all 0 < x < oo and n € N. Since F~1(£) has law P if £ is uniform on [0, 1], the above
yields:

(2.4)

v K C1
Pr{HVn _GTLan > H HDaH HV(x+ Ogn)} < Ae—@m

vn

for all 0 < z < oo and n € N, where v, is the empirical process based on the i.i.d.(P)
sequence X; = F~1(¢&),

1 n
Vn = %;(5& - P),

and G, (g) :== Wp(go F~1) is a version of the P-Brownian bridge G p, a centered Gaussian
process with the covariance of dx, — P.

Our object, in different notation than above, is to show weak convergence of the

sequence
1
Al —=||Vn — A, 2.5
(lnls, - 4.) (2.5)

where A, is an increasing sequence to be determined below, typically, of the order of
Vv1ogn, and this section’s object is to show that the empirical process can be replaced by
the Gaussian process £(t) in (2.5). We have from (2.4), that, for any L > C,

A, LAY, | K]y log n A
Pr{ \/H”Vn - Gn”fn > \/m < nf(L—C)’

which implies that we can replace v, by Gp =4 G,, in (2.5) as long as

A= of ),

logn

(2.6)
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This is already a Gaussian reduction. In fact, Gp(g) = Bp(g — Epg) = Bp(g) —
(Epg)Bp(1) where Bp is P-Brownian motion, that is, it is a Gaussian process on JF,
such that E(Bp(g)Bp(h)) = Ep(gh) for all g, h € F,, for all n. Since for g € F,,,

/ gdP < b | K1 £ ool ¥ 5,

by change of variables, it follows that

|

A,
Vi (G = B)

which implies that we can replace v, by Bp in (2.5) as long as

5 <Al K1l lloo 121D

A, = o(hy V). (2.7)

We can write Bp on F,, as

Bp(q/(t)K(t};'» :\p(t)/_oo K(th_:

o0

)VFE)AB(s).

where B is standard Brownian motion (which follows easily by checking covariances). The
Brownian motion integral here is sample bounded and sample continuous by e.g. Dudley’s
entropy condition (e.g., de la Pena and Giné (1999), p. 219) as follows. K being of bounded
variation on a compact interval and ¥ bounded, it follows as in Giné, Koltchinskii and
Zinn (2001), pages 15 and 16, that the class of functions

Ky = {\I/(t)K(t—;> Th>0,t€ R}

is a measurable VC (Vapnik-Cervonenkis) type class of functions, so that there exist A
and v (characteristics of the class) such that the covering numbers of the class for the Lo
distance with respect to any probablity mesure @) satisfy the uniform bound

ANV
N(K1,L2(Q), ) < <E> , 0<e<1.
Then, sample boundedness and continuity of {Bp(g) : ¢ € K1} follows from Dudley’s
bound because E(Bp(g1) — Bp(g2))? = ||lg1 — gg||%2(P). Thus, we can take a separable
version of the process above with bounded sample paths.

Finally, we show that we can replace Bp/v/h, in (2.5) by the process Y,, defined as

Yn<W(t)K(%>> - \/Lh_n\lf(t)m/_ZKch_nS)dB(s). (2.8)

Note that, changing variables,

Y, (w)K(t,; ) = vVIm / Z K(,f—n —u)dB(u) = W)Lt/ ha),  (29)
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where £(t) is a stationary centered Gaussian process with covariance function
oo
r(t) = / K(u)K(u+t)du (2.10),
— 00

as in Bickel and Rosenblatt (1973). This process has a separable version with bounded
sample paths by the same argument given for Bp: for instance, for ¢ € [0,1], £(t) =
2Bg(K(t —-)) where @ is the uniform distribution on [-1/2,3/2], so that we can proceed
as above.

To prove the last reduction, first we see that, if
Dyn:={t€Dy:|t—s|>h," forall s D},

then, for any u,, — oo,

Pr{‘ Y, (\If(t)K(t};'))’ o un} —0 (2.11)
and
el [ Be (0K (52)) .0, > 00 =0 (212)

If this holds, assuming A,, — oo, and taking w,, = A,, + /A, — 0o, we have

pr{An( y%hngp (vox ()], —4n) < }
- Pr{An< ‘I%HBP (W(t)K(%))‘ - An) < x} 0, (2.13)

and likewise for the process Y,,, so that we will be able to restrict attention to suprema over
D, instead of D,. To prove (2.11) and (2.12), we notice first that, for n large enough,
D, \ D, is a finite union of at most m < oo intervals of length h,. We only need to
consider one such interval, say [b,b + h,,] C D,. For (2.11), we note that

v (v (7))

by (2.9) and stationarity and sample boundedness of the Gaussian process £(t) on [0, 1].
Then, by the Borell-Tsirel’son-Sudakov inequality, or its simpler Maurey-Pisier form ((3.2)
in Ledoux and Talagrand (1991), page 57),

Pr{ Y, (xl:(t)K(I'))

for u, > M, where 02 = sup, E€*(t) = ||K||3 < oco. This proves the limit (2.11). For
(2.12), K1 being VC type with characteristics A and v, and observing that we can always

D,

¢

< “\IIHOOH\/?HOOE sup |§(t)| =M <
[0,04hr] 0<t<1

> } < ( 2(un — M)? )
Un S expl —
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enlarge Ky to contain zero, which makes the Lo(P)-diameter of the class a little larger,

Dudley’s entropy bound gives
d
n A
<L / \/vlog —de
[b,b+hn] 0 €

B e (v (57))

for a universal constant L, and where

1 NN
& =4 sup E(—Bp(\l/lfK(—))‘ < A9 I I f [ K2 < oo,
S B\ B (YOK (5 120 £ s 1 K3

Thus, the expected values above are uniformly bounded and the Borel-Sudakov-Tsirel’son
inequality then yields the limit (2.12) just as it yielded (2.11).

Finally, we will consider

(7 ) (wox ()

D

/_O; \IJ(t)K(th_ns> (1 - %) VI (5)dB(s)
1

7 P (e (50 (- 7))

To bound the expected value of this norm, we look at the class of functions

G 1= {wm(%) (1 - %) te D}

and observe that it is a uniformly bounded VC type class (polynomial or Euclidean are
different terms for the same; see e.g., Nolan and Pollard (1987), who were first to observe
that the family of translations and dilations of K is VC type if K is of bounded variation).
Uniform boundedness of the class follows because, since K is supported by [—1/2,1/2],
the functions in this class are zero on D¢ and are bounded by 7||V||p, || K||cc on D,, with
7 = sup{|1 — \/f(t)/f(s)| : s,t € Dg,|s —t| < e} for an appropriate £ > 0, which is
finite by condition (D.c). The class G, is measurable because the functions in the class
are jointly measurable in the two variables, and to see it is of VC type we just note that

Gn CH{91+92:91 € K1,92 € K., } where

Koy = {\I/(t) @K(th_n) e Dm}.

1
Vhn

Da,n

Da,n

The class {@(t)wf(t)K(%) :teR,h > 0} is VC for the same reasons K; is, and let

us denote its VC characteristics by A and v; from this it follows trivially that, for all n,
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Ko, is VC with characteristics /aA and v (independent of n) because for any probability
measure () and s,t € Dg p,

VO VFW) o t—ay W)V s o)
EQ( tf(a:)tK(thn )- f(z) “( o >)

< atfg (W) VTR (4

2
s—x
) = vV (= )) .
Since the functions in G,, are each the sum of a function in Ky and a function in K ,,
a simple argument gives that G,, is VC type with characteristics A and v independent of

n (see e.g. Lemma 5.3.4 in de la Pena and Giné (1999)). Now, Dudley’s entropy bound
gives, as above,

dn
E||Bp, < L / Volog(Aje)de
0

for a universal constant L, where d? := 4| Ep f?| g, < 16hnHKH%H\IfH%awf/?(hn), with the

last inequality following by change of variables in two integrations. Here, w \/?() is the

modulus of continuity for v/f. This gives

BPGWﬂK(tif>(1__i%g))

< LU, |l 1]0,) /5B %og

1
Vhn

E

gTL

= E||Bp/v/hn — Y|

D

1
Vhn w\/;(hn)

for all n large enough. If f is Holder «, then /f is Holder /2, and it follows that this

expected value is of the order of
ho/2\[log hn't.

We conclude from the last inequality and (2.13) that we can replace |1, £, /vy in (2.5)
by [[\/f(t)&(t/hn)|lD,, where € is defined in (2.9) and (2.10), if

1
A, = o( 7 ) (2.14)
ha'“+/|log hy,|
To summarize, with the assumption
1 nh 1
A, / oo, hn\OandAn:c»( A “A ) (A1)
he/2\floghyt logn — pl/?

we have proved:
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Theorem 1. Assuming (D.a), (D.c), (F1) except that f and ¥ do not need to be piecewise
monotone, (Al) and ¥ continuous and bounded on By, if for some a > 0 either of the two
sequences

{a, (Vim0 - B, - 4,) | (2.5

and

{4, (1wl - 4,) (2.15)

converges weakly, so does the other, where £(t) is a stationary centered Gaussian process
with covariance function r(t) = f_JFOC: K(u)K(u + t)du.

Remark. Theorem 1 is designed to be used below on theorems for weighted suprema of
fn — Efn over all of R. If we are only interested in sups over [—a,al, a < oo, with the
natural weight 1/+/f, which is what Bickel and Rosenblatt (1973) consider, the following
reformulation, which has the same proof as Theorem 1, might be useful: Suppose that f
satisfies (D.a) and that it is bounded away from zero and Hélder continuous (of some order
a > 0) on [—a,al, and assume K satisfies condition (K.1) and A,, and h,,, n € N, satisfy
(A.1). Then, if either of the two sequences

{0 (Vi 1ut0) = EL OV VT D0 - 40 ) |

and

{an(1eemlian - 4,)

converges weakly, so does the other. Essentially, this is the content of Propositions 2.1
and 2.2 in Bickel and Rosenblatt (1973), but, except for the fact that we do not consider
kernels with unbounded support, they assume far more regularity for both, K and f.

3. Asymptotic distribution of weighted sup-norms of stationary Gaussian pro-
cesses. Our object here is to find the limiting distribution of the sequence (2.15) for
appropriate normalizing and centering constants A,,. The process £(t) in (2.15) is station-
ary with covariance r(t) = [~ K(u)K (u+ t)du. For ease of notation and for generality’s
sake, we replace the factor W(t)f1/2(t) in (2.15) by a factor w(t). We will also assume in
this section, for simplicity, that ||K||2 = 1 (otherwise, K should be renormalized). Note
that if K is a twice continuously differentiable, symmetric, bounded kernel with support
in [—1/2,1/2] and normalized so that ||K|2 = 1, then

1
r(t) =1—Ct* 4+ o(t?) ast — 0, with C = —3 /K(u)K”(u)du > 0,

and r(t) = 0 for |t| > 1;
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in fact, many other kernels satisfy this (e.g., the Epanechnikov normalized so that ||K||s =

1); conceivably, with weaker assumptions on K we may have, for some 0 < o < 2 and
C >0,

r(t) =0 for |t| > 1, r(t) =1 — C[t|* + o(|t|*), for some 0 <« <2,C >0 (3.1)
and
sup |r(t)] < 1 for all € > 0. (3.2)
[t|>e

So, we make this assumption on the process £(¢). By e.g. Albin (1990), p. 117, if £(¢) is a
separable stationary process with covariance r as in (3.1) and (3.2), there exists H, < 0o
(Ho = /7 if a = 2) such that, whenever h satisfies that sup, ;< 7(t) < 1 forall0 < e < h,
we have

2
lim o1~/ e’ /2 Pr{ sup |€(t)| > u} = /] ZcVem,. (3.3)
u—00 0<t<h 4

Let w(t) be a non-negative function such that

(wl) The support W of w consists of a finite number of disjoint closed intervals or half-lines,
w is positive and continuous on its support, piecewise monotone, with ||w||~ = 1 and
such that w(t) — 0 as t — oo.

Let
2 2
U, (u) = \/jcl/o‘Hauwo‘_le_“ 2 4 >0, (3.4)
7T

with ¥, (c0) := 0, and set

Nolw) = [ Wa(ufu(y))dy (3.5)
We also assume
(w2) Ao (ug) < oo for some uy < 00

(then A, (u) < oo for all u > ug). This holds under mild assumptions on w, and if e.g. w
has a unique mode where it is almost flat, then, typically, As(u) will be of the order of a
constant times e~%*/2lwlles — ¢=u*/2 [t A7 be the solution of the equation

1
which exists and is unique for all T" large enough, and A — oo as T — oco. We make an
additional assumption on w(t):

t
(w3) sup wit+r) 1| =0(A7%) as T — oo.
te\Wf?i;qe“W w(t)
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We remark here that, by Lemma 5 below, o(A7?) is equivalent to o(1/log T).
T

The object of this section is to prove:

Theorem 2. Let £(t), t € R, be a separable centered, stationary Gaussian process with
covariance satisfying (3.1) and (3.2). Let w(t) be a non-negative function satisfying (wl)-
(w3), and let Ar be as defined by (3.6). Then,

lim Pr{AT <supw(t/T)]§(t)| — AT> < x} = exp(—e™ ") (3.7)

T —o00 t

for all z € R.

Proof. We will follow the scheme of proof of Theorem 12.3.5 in Leadbetter, Lindgren and
Rootzén (1983) with changes due to the facts that we are multiplying by w(¢) and supping
over the whole line, and that we are considering sup of the absolute value of the process
instead of sup of the process.

2
Step 1. For x fixed, let up = IZiT. Then,

TAy(ur) — e as T — oo. (3.8)

Proof. By the definitions of Ar ((3.6)) and up, it clearly suffices to show that

At +z/t)
tligloT(t) =e ", (3.9)

Let us assume x > 0 as the argument for x < 0 is similar. Set § =1 — 2/«a. We obviously

have 2 2 2 2 2,2
At +x/t) [w(y)Pe? 2w (y) g=w/w(y) g =™ /27w (Y) gy
Aa(t) 7 Jw(y)Pe /2 Wdy ’

so that, since x/w?(y) > =,

(3.10)

Ao (t t
o v O

For any 0 < ¢ < 1 and, given € > 0, for all ¢t large enough, we have that the right hand
side of (3.10) is minorized by

2 2
fw(y)>cw(y)ﬁ€_t /2w () dy

2 2, 9
[w(g)Pe Py < oPe/e —ea’/c).

Hence, (3.9) will follow if we show that the ratio of integrals at the left of the last expression
tends to one for each 0 < ¢ < 1, or what is the same, if

— 12 /92
Suy<e wy)Pe 20 Wdy 0

tliglo f w(y)ﬁe*t2/2w2(y)dy
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For any ¢’ > ¢ and t > ug, this quotient is dominated by

fw(y)ﬁcw(y)ﬁe_t2/2w2(y)dy fw(y)gcw(y)ﬁe_ug/mz(y)d?/ e~ (*—ug)/2c?
Juyse w@)Pe 2Oy T [ w(y)Pem /2t W dy X a2

as t — oo since the first quotient does not depend on ¢t and the second tends to zero. This
completes the proof of the limit (3.8).

Step 2. We can replace in (3.7), the functions w(t/T") by

E k41

wr(t) == wlk/T) for k<t <k+1, kez, [2, 57

Jew (3.11)
and wy(t) = 0 otherwise.

Proof. Set w/.(t) = wr(t) on the support of wp and w.(t) = wr(tr) for t € TW \supp wr.
Then, it is obvious from (w3) that we can replace w(t/T") by w/.(t) in (3.7). Now, we can
further replace w/.(t) by wr(t) because, by (wl), w/(t) # wr(t) only on a finite number
of intervals of length at most 1, and for any such interval, say [aT, k(aT')), where k(aT) is
the smallest integer larger than or equal to a1, we have, by (3.3), that

/ ur
Pr{te[ai‘;%m wh (Bl > ur} < Pr{ﬁ}éﬂ 0> S /T>}
w(k(aT)/T)

as T — oo since, in this case, upr — oo and w(k(aT)/T) — w(a) > 0. The constant ¢ is 1
if h can be taken to be 1 in (3.3), and otherwise, it is the smallest integer larger than the
inverse of the largest h for which (3.3) holds.

xc\I/a( )—>0

Set 7 := e~*. The proof of the theorem will be completed if we show:

Step 3 (main step). With the previous notation and assuming (3.8),

Jim Pr{s%pw<t/T>|g(t)| < uT} — (3.12)

Proof. To complete this step we will follow closely the proof of Theorem 12.3.5 in Lead-
better et al. (1983), on the asymptotic distribution of supy<,<p &(t). We require versions
of several results in their Section 12.2 for sup |£()| (absolute values are not considered
there). For instance, we will use the limit (3.3) instead of their Theorem 12.2.9 (note that
the effect of taking absolute values of the process instead of the process itself consists only
in changing the limit by a factor of 2). Combining the first part of the proof of Theorem
9 in Albin (1990) with the proof of Lemma 12.2.3 of Leadbetter et al. (1983) easily gives
the following: with the assumptions and notation of that lemma, if ¢ = a/ u/

1 ' X
St7a e (€G] > u} — 201 Ha(n,a)
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where the factor of 2 in the limit as u — oo is the sole effect of considering absolute values.
Then, because of this and (3.3), in Lemma 12.2.11 in Leadbetter et al. (1983) we can
replace £ by |£], and obtain, in their notation,

0 <Pr{l¢(jg)| <u, jge I} —Pr{ sup [£(1)] < u} < 2phpa + o(p), (3.13)

where p, =1 — H,(a)/Hy — 0 as a — 0. In our notation, 2u := 2u(u) := ¥, (u). [The
main part of the proof of their Lemma 12.3.3 consists in obtaining the limit of

Pr{ max u(&(jq) —u) —x > —x|£(0) = u+ x/u},

j<0<n

and the first part of the proof of Theorem 9 in Albin (1990) computes the limit of

Pr{ max u(€(ia)] — ) — o > ~al€0)] = u +afu};

7j<0<n

both limits coincide; then one uses this in the decomposition
Pr{ max [¢(ja)| > u} = Pr{u(€(0)] — u) > 0}

+ Pr{u(§(0)] — u) <0, max u((ja)| —w) > 0}

just as in the proof of Lemma 12.3.3 in Leadbetter et al. (1983) to obtain the above limit
for Pr{maxo<;<n |£(jq)| > u}.]
Define

Aar(u) = % S W (u/w(kTY)). (3.14)
k

Since both w and V¥, are piecewise monotone, by standard approximation of integrals of
monotone functions there exists C' such that

|Aa(u) = Aar(u)| < %Sl;p Vo (u/w(y)),

and, since U, is eventually decreasing and 0 < w(y) < 1 on W , we get that for all u large
enough,

’Aa(u) — Aa,T(u)| < =W, (u),

which gives
Tlim TAor(ur) =1 (3.8")

by (3.8), since up — oo and ¥, (up) — 0.

We will use the following notation: for any measurable set A,

My (4) = spur (DI, M(4) = sup (D),
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and for all k € Z and ¢ € (0, 1),

I = I pg1—e)s Iy = Lpgp1—ckt1), J =L UL,

Step 31. limp_, o {Pr{Mw(UIk) < uT} — Pr{Mw(R) < uT}} < 2eT.

Proof. The above difference, which is nonnegative, is dominated by

>ope{,(1) > ur} = 3o Pe{sup ()] > ur fur ()}

tel;

which, by the limit theorem (3.3), is in turn dominated, for all T' large enough (depending
on ¢), by

2e Y Wo (ur/w(k/T)) = 26T Ag r(ur).
k

But this last expression tends to 2e7 by (3.8’).

Step 3o. Let ¢q = gr = a/uzT/a for some a > 0. Then,

i {Pr{wT(qu)lﬁ(qu)l <wu, jqr € UIk} - Pr{Mw(UIk) < UT}} < Tpa,

where p, — 0 as a — 0.

Proof. We will write u for ur and q for gp in proofs. The above difference is non-negative
and is dominated by

Z(Pr{w(k/T)|§(jq)| <u, jg€ I}~ Pr{M(L) < u/w(k;/T)}).
k

Now we can apply inequality (3.13) (the version for absolute values of Lemma 12.2.11 in
Leadbetter et al. (1983)) to get the last expression dominated by

> o (u/w(k/T)) (1 —€)pa + (Vo (1)) < TAar(u)pa — Tpa,
k

where the inequality is valid for all T large enough.

Step 3s.
Pr{|¢(jqr)| < ur/wr(k), jor € Ix, k € Z}

—[IPr{l¢Gar)| < ur/wr(k), jq € I} —0
k
as T' — oo. (Recall the convention ¢/oo = 0.)
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Proof. Using a slight modification of Lemma 11.1.2 in LLR along the lines of Theorem
4.2.1 (a Slepian inequality for tail probabilities), we obtain that the absolute value of the
above difference of probabilities is dominated by

Z—J ) (w (k) +wp(0)u?
22 Z R TSR (v

k#L iqel) quIf —3)9)

where the terms in k = ¢ are zero because the two processes that we are comparing have
the same covariance structure within each block Ij. Since r(t) = 0 for || > 1 (we are
assuming K supported on [—1/2,1/2]), for each k there are at most two ¢ # k such that
the covariance r(s —t), s € Iy, t € Iy, is not zero, namely ¢ = k — 1 and £ = k + 1; so,
for each k there will be only about 2/¢ nonzero summands with index jq € I,. Also, when
k differs from ¢ by 1, by (w3), wr(k)/wr(¢) = w(k/T)/w(¢/T) differs from 1 in o(AL?).
These observations imply that the above sum is smaller than or equal to

1—o(A7?)  u?

_zk:s<§]:<1 V1 TZ (59) { L+ |r(sq)| w?(k/T)]’

as I and I, are at € units apart. Also, since sup,s. |r(f)| := d(¢) := § < 1 the above is
dominated by a quantity that we can compare with T'A, 7(ur), namely, by

2

3 1 .
-7 ?Xp<‘<1 Farm)

1 1

1
< L(;TAOQT(U)—2ulfo‘/2 exp [(— —
q

EEE— 2 = —
5 1+5>u ] = Lto(u) — 0

for some Ls < 00.

Step 34.
lim supy_, ‘ [T, Pr{wr(ar)€(Gar)| < ur, jar € I} — T[T, Pr{M.(Jx)

Proof. Repeating Step 35 for blockwise independent processes gives
0 < [[Pr{wr(io)l§(ig) < u, jq € I} = [[ Pr{Mu(Ix) < u}’ < TPa,
k k

and Step 37 likewise gives

0 < [[Pr{Mu(Tx) <u} — [[Pr{Mu,(Jx) < u} < 27¢

for all u large enough.
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The four sub-steps put together give that

hmsup ‘ Pr{M,(R) <u} — HPr{Mw(Jk) < u}‘ < 27(pa + 2¢),

and letting € and a tend to zero, that this limit is zero. That is, taking Step 2 into account,
lim {Pr{sup w(t/T)|E(t)] < u} — HPr{ sup [€(t)] < U/w(k/T)}] =0. (3.15)
T— o0 t L 0<t<1

By (3.3) and (w2) the series >, Pr{M][0,1) > u/w(k/T)} converges for all u > ug, and
by (3.3) max;, Pr{M[0,1) > u/w(k/T)} — 0 as u — oo (recall ||w|s = 1). Therefore,

ZlogPr{MO 1) <u/w(k/T)} ZPI‘{M[O 1) > u/w(k/T)}.

Again by (3.3),
Pr{M[0,1) > u/w(k/T)} = Wa(u/w(k/T)) + o(Walu/ Juk/T))

uniformly in k£, and therefore

hm HPr{ sup 1E(t)| < u/w(k/T)} =
By (3.15), this concludes the proof of the theorem.
q.e.d.

Remark. A7 in theorem 2 does not need to satisfy equation (3.6), but only the following:

lim TAs(Ar) = 1, (3.6

T—o00
and this follows directly from the proof.

Remark. If we take w(t) = Ij;j<, in Theorem 2, we get
lim Pr{AT<sup E(tT)| — AT> } = exp(—e™"),
T'—oo0 It|<a

where Ar is any function of T' such that

. 1
dim T (A7) = . (3.7)

If we put together this result and the version of Theorem 1 in the remark following it, we
obtain a result which is equivalent to Bickel and Rosenblatt’s for kernels with bounded
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support. It is easy to directly see that Ar =< /logT" so that, taking A,, := A, -1, condition

(A.1) becomes h,, \, 0 and nh,/((logn)*v/loghn ") — oco. The conditions on the kernel
K under which both theorems hold are (K.1) and (K.2). And the conditions on f are
those in the remark following Theorem 1. Under these assumptions, and with the above
definition of A,,, we conclude:

lim Pr{An< nhn || fn = Efn — An) < :z;} —exp(—e?), z€R.
n—oo Kl VF o Nl

4. Kernel density estimators: Convergence in distribution of the uniform
deviations from their means. As we will see below, the results in Giné and Guillou
(2000) and in Giné, Koltchinskii and Zinn (2001) allow us to deal with ||f, — Ef,||pc as
a — 00. So, in order to control the supremum over D, we must show first that we can
replace the supremum over R in Theorem 2 by the sup of the same variables over D,
without changing the centering or the normalization. We set, for a > 0 and u > 0,

Wo={t:[t| <a,w(t) 2a '}, Al (u) = /W Vo (u/w(y))dy, (4.1)

and, in general, for any measurable set D C R,
AP = [ Waufo(w)d, (12)
D

Lemma 3. Let w be a non-negative function continuous on {w > 0} C By, where By
is an open set, such that |w||x = 1, w(t) — 0 as |t| — oo and A,(u) > 0 for some
0 < u < oco. Then, there exists a < oo such that, for any measurable set D satisfying
W, € D C{w > 0} (in particular for W, for b > a),

Ao (u)

lim =1 4.3
Jm (4.3

Proof. By monotonicity of A&D) with respect to D, it suffices to show that the limit (4.3)
holds for D = W, for some a < oco. Since w(y) — 0 as |y| — oo, ||w]e = 1, and w is
continuous on the open set By, there exists an interval I in By such that M := inf,c; w(t) >
1/2 and I C W,, for some a; < oo, and there exists az such that sup,, |- ., w(y) < 1/(2v2).
Taking a = max{ay, az,2}, we have

I CW,and M = %gw(t) > 1/2 > V2 sup w(y). (4.4)
ly|>a

We also have sup, ¢y, w(y) = 1. We show that the limit (4.3) holds for D = W,. Since

No(w) _ Jiwe Ya(u/w(y))dy
AP () Jw, Walu/w(y))dy’
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the lemma will follow if we show that both

fia Ya@/w@y - fiyica, wig<as Yalu/wiy)dy

o Valufw(y)dy T, Walufw(y))dy

as u — 00. Since VU, is eventually decreasing, for all u large enough the second quotient
is dominated by

2aV , (u/w(y)) < 2q2/%e—u’a’/2
[I[a(u/M) = [I|MI=2/ae=u?/2M2
which tends to zero as u — oo by (4.4). As for the first quotient, we have, also for all u
large enough,

Jyiza ¥ <u/w dy u/w y))
T Valu/uly m/ ioa Walu/dr) ¥

2/a—1 U _9 -2

2/a—1 /2 w/\/2)2
- /|y>a—<w e =y I

<
oy )P/t

M V) =0

= {Ce 2]

as u — oo by (4.4).
q.e.d.

This lemma allows us to apply Theorem 2 (and the remark following its proof) to the
restriction of w to D without changing the norming constants A obtained from w via
(3.6) or (3.6”), with the added advantage that the full condition (w3) is not required, but
only its restriction to D. The effect of this is that the end result will apply to the normal
distribution and to many other distributions with thin tails.

Corollary 4. Let £(t) be the Gaussian process of Theorem 2. Let w(t) be a non-negative
function satisfying conditions (w.1) and (w.2) and such that {w > 0} is an open set, and
let a > 0 be as in Lemma 3. Let D be a set consisting of a finite union of closed intervals
or half lines such that W, C D C {w > 0}. Assume further that

t
sup wit+7) _ 1) =o0(A;?) as T — oc. (w3p)
te\f{?l_;qe“D w(t)

and let Ar be as prescribed by (3.6) or (3.6°). Then,

fim Pr{Ar (supu(t/T)|e(t)] - Ar) <o} — e

T—o0

for all x € R.

A7 is not independent of f or ¥, but its order or magnitude is, and we will need this
to complete the proofs of our main results.
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Lemma 5. Under the hypotheses of Lemma 3, if A is defined by (3.6) or (3.6°), then

A
0 < liminf < lim sup T

Ar
T—oo +/logT T—oo logT

Proof. Let I and M be as in the proof of the previous lemma. Then, since, as shown in

the previous proof,
Jiy>a Talu/w(y))dy
U, (u/M)

it follows that for all n large enough,

% = Aaldr) = /Iylga \Ila<%>dy i /|y|>a Wa(%)@

S50 alAr/w(y))dy (AT

. (A M) I < Ba¥a(Ar),

since M < 1 and V¥, is eventually decreasing. So, there is a constant C' independent of T’
such that, for all T" large enough,

_ A2 1
2/a—1

el (=) 2 1
which implies that limsupy[A7/v/1ogT] < oco. The left side of inequality (4.5) follows
trivially from the observation that

% = Ao(A7) > /I‘I’a(%)dy > Ve (%)

This completes the proof of the lemma if we take (3.6) as the definition of A, but it is
clear that the same proof with two obvious formal changes gives the lemma if one only
assumes that Ap satisfies (3.6).

< 00. (4.5)

—0 as u— o

< 2a¥,(Ar) +

q.e.d.

We now prove the distributional limit result for the kernel density estimator. Given
f, ¥, K and {h,} satisfying both the ‘usual hypotheses’ from Giné, Koltchinskii and Zinn
(2001) and the ‘additional hypotheses’ from the Introduction, all the conditions for the
validity of Theorems 1 and 2, hence also of the lemmas from this section and Corollary 4,
are satisfied. Define w := W f1/2, with ¥ normalized so that ||w||s = 1 and, for this w, set

A, = Ahgl,
that is A(A
Ao(A,) = hy, or just lim % =1, (4.6)

where A, is defined by equation (3.5) for this w. We also recall, from the just mentioned
reference, the notation

19/lw,00 := sup [¥(t)g(?)]
tGBf

We then have
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Theorem 6. Assume f, U, K and {h,} satisfy both the ‘usual hypotheses’ for some 0 <
B < 1/2, the ‘additional hypotheses’, and moreover, that either By = R or K(0) = || K|| -
Assume W is normalized so that || ¥ f'/2||,, = 1. Let A,, be defined as in (4.6). Then the

condition
Jim tPr{\I/(X) > \/thy|log ht|} —0, (4.7)

is necessary and sufficient for

. vnhy e
nlLH;O Pr{An< K] | frn — Efallw,co — An) < .CE} =exp{—e "} (4.8)

Proof. We refer to the proof of Theorem 2.1 in Giné, Koltchinskii and Zinn (2001), where
By is partitioned into four subsets, D, and A,,, B,, and C), 4, and where it is proved, under
the ‘usual hypotheses’, that

. nhy, .
lim /71 T sup (U (t)(fn(t) — Ef,(t))| =0 in pr.
n—oo og . teA,,

i () (Fat) — Ef(0)] = £ max ——e)

log % teB, 1<i<n o /nh,|log hy,|

P
lim limsup B, [~ sup [W(t)(fu(t) — Efa(t))] =0
a—00 60 logh—n teCn,a

(see (2.8), (2.10) and (2.20) in the aforementioned reference). Condition (4.7) implies that
lim,, 0o maxy<i<n ¥(X;)/v/nhn|loghy,| = 0 in probability, so that the above expression
for the sup over B,, also tends to zero in probability. By Lemma 5, for all x € R,

A, +x/A,
T <o,
1/log%

and therefore we can replace \/log hn, * by A,, 4+ /A, for all € R in the previous limits.
This substitution gives:

+op(1)

and

lim sup

_ nhy, _

i Pr{ A, (VR0 sup OO0 = A0 - 4,) 2of =0, (49)
. nhy B

i Prda, (VR sup (RO ()~ ELO)] - A) 2} =0 (410

and

lim limsupPr{An< nhy, sup |U(t)(fn(t) — Efn(t))| — An) > :L’} =0 (4.11)

000 p—oo 1Kl2 tec..
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for all z € R. Now, set w := ¥ f/2. Since ||¥f7|o < ¢ < 00, we have
Wo ={t:|t| <a,w(t) >1/a} C Dy ={t:|t| <d, f(t) >1/a’}

where o/ := (ac) 776V a. Hence, there exists ag < oo such that Corollary 4 applies to
D = D, for all a > ag. This and Theorem 1 give that for all a > a¢ and all x € R,

lim Pr{An(\/m sup [U(E)(fu(t) — Efo(t))] — An> < :c} =" (4.12)

n—00 |K||2 tcD,

Now sufficiency of (4.7) follows from (4.9)-(4.12).

Next we prove the necessity of (4.7). Since the limit distribution exp{—e~*} in (4.8)
is continuous, the convergence in (4.8) is uniform in . Then for any ¢ > 1

. vnh,
hmsupPr{ | frn = Efnllw,oo >t
n—00 AnllK |2
Vnhy, A, + A?
< i P n— Efn oo &
= lim Pr{A ( — Efnllw,c0 —An) > An}
n—00 ||K||
= lim (1 —exp{—e~“"}) = 0.

By Montgomery-Smith’s (1993) maximal inequality (e.g., de la Pena and Giné (1999), p
6), the previous limit implies that

' nh, 1 t
i Pr{ e e (X, =)~ RO /b > g5 =0

Then, following the proof of the necessity in Theorem 2.1 in Giné, Koltchinskii and Zinn
(2001), one has

. tlK2 | _
R PT{ A nh, juax W(X) > =5 ¢ =0,
which implies

lim nPr{¥(X) > t|K|2A4,/nh,/30} =0,

n—oo

and (4.7) follows (in view of Lemma 5 and the regular variation of A,,).
q.e.d.

Specially interesting is the case ¥ = || f \|;3/ ? which yields convergence in distribution
for the unweighted sup norm of ||f,, — Efy||5,. In this case it is more efficient to invoke
Theorem 3.3 (actually Proposition 3.2) and Remark 3.5 in Giné and Guillou (2000), to
obtain, under weaker hypotheses, that

lim limsup Pr{An<\/nhn sup |fn(t) — Efp(t)] — An> > x} =0

Aa—X0 p—oco teDSNBy
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for all z € R. Combining the hypotheses under which this limit holds with the hypotheses
for Theorems 1 and 2, we obtain that the following theorem will hold under the following
conditions:

i) Conditions on {hy}:
nh,, log M.,

hn 03 hn ) Y Y
N0, b 00 \loghnl(logn)Q_)OO loglogn_>OO

ii) Conditions on f: f is bounded, Holder continuous and piecewise monotone on By,
which is an open set consisting of the union of a finite number of intervals (or half-
lines), and, for every a > 0,

(1)
=0 .
log T

iii) Conditions on K: the same as in Theorem 7 except that K (0) needs not equal || Koo
when By is not all of R.

sup |1 —
s,t€Dg ‘ f(s)

|s—t|<1/T

Theorem 7. Under the conditions immediately above,

nlijgo PT{An (WHJZ — EfullB; — An> < m} = exp{—e "}, (4.13)
2 fe’e)

where A,, is defined by equation (4.6) with w = (f/||f]le)*/?.

The next two theorems follow directly from results in Giné, Koltchinskii and Zinn
(2001) (see Theorem 2.1, Corollary 2.4 and Theorem 3.1 there).

Let
)\t = )\(t) = \/tht| log ht|

For v > 0 and L > 0, let Z, 1, be a nonnegative random variable with distribution function
Pr{Z,; <t} = exp{—Lt~ Y7}, t > 0.
If L =0, weset Z, 1 :=0.

Theorem 8. Assume f, U, K and {h,} satisfy the ‘usual hypotheses’ for some 0 < 3 <
1/2, a € (0,1), and moreover, that either By = R or K(0) = ||K|loc. Let v := (1 —«)/2.
Then, the sequence of random variables

nhy,
— || fn — Efn , n €N, 4.14
2| log h., | / / ¥ .00 " (4.14)
converges in distribution if and only if the limit
Jim tPr{\I!(X) > )\t} = L €0, +00) (4.15)
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exists. In this case, the limit of the sequence (4.14) is equal in distribution to

<w$) V272w 00)-

Proof. According to Theorem 2.1 in Giné, Koltchinskii and Zinn (2001), the sequence
(4.14) is stochastically bounded iff

limsuptPr{\I!(X) > )\t} < 400, (4.15")

t—o0

and in this case

nhn maxi<;<n \I/(XZ)> ( 1 )
s ||fn— Efn = K|« == K /2 ) +0,(1).
e = Bt = (112 EED N (1512 ) 40001
(4.16)
Of course, this is true under condition (4.15), which also implies that
L 1
Pr{¥(X) > u} = )\—:7(213)) as u — 00.

Since A7! is a regularly varying function (with exponent 1/v), we obtain that for all z > 0

L+o(l) Lz Y7"+40(1
Pr{¥(X) > z\,} = )\_j—(zg\ )) == n+ olt) as n — oo.

This, of course, implies by a standard computation (e.g., Theorem 1.5.1 in Leadbetter,
Lindgren and Rootzén, (1983)) that the sequence

maXj<i<n \I’(XZ)
An

converges in distribution to Z, r, and this together with (4.16) yields the limit of (4.14)
in distribution.

On the other hand, if (4.14) does converge in distribution, then it is stochastically
bounded and (4.15’) holds. This implies the representation (4.16) (by Theorem 2.1 in
Giné, Koltchinskii and Zinn (2001)), which in turn implies the convergence in distribution
of the sequence

maxlgz-gn \I/(XZ)
N VP

where

B = V2| K|l /2 w00/ IIK [l oc-

If G denotes the limit distribution of the last sequence, then we have, for all z > B, = a
continuity point of G,

Pr{ max V(X;) < :U)\n} — G(x) as n — 0.
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For all x > B (continuity points of G) such that G(x) > 0 this gives, again as in Theorem
1.5.1 in Leadbetter, Lindgren and Rootzén (1983), that

nPr{\I/(X) > :U)\n} — —log G(x) =: g(x).

Hence, we have (using simple properties of regularly varying functions) that

g(@) +o(1) _ g(z)z'/7 +o(1)
Pr{\I/(X) > u} = 1 (u/z) = () as u — 00.

This implies that, for some constant L, g(z) = Lz~'/7 and we have

Pr{\I/(X) >N} = L%O(l)

so condition (4.15) holds.
q.e.d.

Theorem 9. Assume f, ¥, K and {h,,} satisfy the ‘usual hypotheses’ for some 0 < 3 < 1,
a € (0,1), and moreover, that either By = R or K(0) = ||K||s. Let di be a strictly
increasing regularly varying function with exponent ~ such that d;/\; — oo and d; > ct”
for some ¢ > 0. The sequence of random variables

nh,

— | fn — Efn , n €N, (4.14)
dn U, 0o
converges in distribution if and only if the limit
lim tPr{\If(X) > dt} = L €0, +00) (4.17)

exists. Moreover, the limit in (4.14°) is || K|| oo Z~,L -

The proof is similar to the previous one and is based on Theorem 3.1 in Giné, Koltchin-
skii and Zinn (2001).

Remark. If d; is a strictly increasing regularly varying function such that either d; = A,
or di/\; — 00, di > ct? for some ¢ > 0, and if condition (4.17) holds, then it’s easy to
see that, up to a linear rescaling, the cases described in Theorems 6, 8 and 9 are the only
cases when the norm ||f, — Ef,||w 0o (properly centered and normalized) converges to a
non-degenerate distribution. The proof follows from a well known result of Khinchin (see
Theorem 1.2.3 in Leadbetter, Lindgren and Rootzén (1983)).

Remark. Theorem 9 covers the asymptotic behavior of the statistic ||(fn — Efn)/vVfllco>
and show how this statistic behaves in a markedly different way from ||(f,—E f.)/Vf]| [—a,a]
(that is, from the case considered by Bickel and Rosenblatt (1973), see also the last remark

26



in Section 3 above). For instance, if f(x) = 1/22, |z| > 1, then Theorem 9 shows that
n"th||(fn — Efn)/VFll=1,)c —a [|[K||2Z2,1 and that, in general, its behavior strongly
depends on f. On the contrary, in the Bickel and Rosenblatt situation, A,, is independent
of f, and in the situation of Theorems 6 and 7, although A, depends on f, its order of
magnitude doesn’t (Lemma 5).

5. Data-dependent normings. The normings A,, in Theorem 6 depend on the unknown
density f, which makes it difficult to use this result directly to develop hypotheses tests
or confidence bands for unknown densities. In this section, we sketch an approach to a
(statistically) more practical version of this result which takes care of this difficulty as well
as of the bias of the kernel density estimator.

First of all, let

wi(t;6) = sup{]f(tl) —F(t)| i tita € (E— bt + 5)}

and

w}?(é) = sup W (t)wy(t; ).
teR

Under the standard assumption [; K(z)dz = 1, we have the following straightforward
bound on the bias of f, :

IEfn = fllw,co < w§ (Bn). (5.1)
In what follows we denote
w = U\/f, W =1y, := U\/f,.

Given a > 0, denote
Wo :={y: |yl <a, dy) >a'}.

Given a sequence a,, — 00, let An be defined as the solution of the equation

A,
/W% v, <m>dy — hy.

Theorem 10. Suppose that all the conditions of Theorem 6 hold (including condition
(4.7)), that [ K(z)dz =1 and that, in addition,

w}’(hn) = o((nhn| log hn|)’1/2> as n — oo. (5.2)
If

a? sup W(t (\/nh | log hy |~ 3/2) (5.3)

[t|<an

for some sequence a,, — oo, then

Tim Pr{A (VHK“ 1fn — Fllw.co —An) < x} = exp{—e~"} (5.4)
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for all x € R, where A,, are as defined above.

Proof. We start with several simple observations. By bound (5.1) on the bias, condition
(5.2) and Theorem 6, we have

nh, —x
dm Pr{a, (VI < o~ 4,) Saf—el-e ) 6

where A,, is any sequence such that

Ay
h;l/ \I/a( )dy—>1asn—>oo. (5.5)
R w(y)
In particular, by Lemma 3, A,, can be choosen as a sequence such that
1 An
h,, U, (—)dy — lasn — oo (5.6)
W, w(y)

for any b, — oo (since then (5.5) also holds). Note that if A, and A, are two sequences
satisfying (5.5) (and, hence, also (5.4)), then

A, "

A——l’zo(An ) as n — oo. (5.7)
On the other hand, if (5.7) holds, then A,, in (5.4) can be replaced by A,, (even if A, is a
sequence of r.v. and (5.7) holds in probability, which will be the case later in the proof).
All this follows easily from the fact that two sequences of r.v. n,, and C,n, + D,, converge
in distribution to the same continuous r.v. (e.g., double exponential) if and only if C}, — 1
and D,, — 0 as n — oo.

Next we show that under condition (5.3)

T % - 1' N OP(\ loglh,n’>' (5.8)
Indeed, we have
w Vi) = V1)
_ Fav) = FW)
TS VT (Vi W)
o POV - 0)

yEW,, U2(y) f(y)
fo — fH%O _ A, (5.9)

<aj, sup \I’(y)‘
|y|§an
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Quite similarly, we get

sup Iwugi - 1' <A, (5.10)

Theorem 6 and Lemma 5 imply that

and this together with condition (5.3) implies that

1
An —Op(m). (511)

Now (5.8) follows from (5.9)—(5.11). Note that (5.8) implies the existence of a sequence

en — 0 such that
1
= o( gl (512)

M—l‘Zan}HOasnﬁoo. (5.13)

w(y)

b1, =0 (502

nhy,

and

Pr{ sup
yGW@nUﬁQn

To complete the proof, we observe that, on the event

w0

b= { S Jw)

yEW@nuﬁQn

we have R
(1= e)wly) < iy) < (1 +2)w(y) for all y € W, UTW,,,

which, in turn, yields the inclusion
Wa, (1) C Wa,, CWa, (14e,)-

Thus, we have (on the same event F)

J.

an(l—en)

~

V(T WS [, ¥l =t

an

< /W Vo e G

Defining now A, and A, respectively as the solutions of the equations

An
/Wan(lan) Yo (w(y)>dy =
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and

+
o

an (1+en)

we conclude from (5.14) (using the monotonicity of the corresponding functions) that on
the event F A
A (1—e,) <A, <AF(1+¢,). (5.15)

According to the observations made at the beginning of the proof, (5.4) holds with A,
replaced by A} or by A, which implies that (by (5.7))
A

A, 1| =0(4,?)

and

’A—Z - 1‘ =0(A;?) as n — oo.
Since, by Lemma 5, A,, is of the order |log h,|'/2, it follows from (5.12), (5.13) and (5.15)
that

~

An
1 1’ = 0,(A;?) as n — .

~

This implies that A,, can be replaced by A,, in (5.4), which completes the proof.
q.e.d.

Theorem 10 is not completely sastisfactory in the sense that the weight ¥ itself depends
on f, so that, in the end, f has only been partially replaced by f,. However this theorem
is part of the solution. To illustrate this point we will specify a distribution free result for
the simplest case, namely, the case ¥ =constant, which corresponds to Theorem 7.

Corollary 11. Suppose that the conditions of Theorem 7 hold, that By = R and that
Jg K(x)dx = 1. Assume further that

wi(hn) = 0<(nhn| log hn|)*1/2>

and let a,, — oo be such that

a2 = 0<\/nhn] 1oghn\_3/2>.

Let

W= Wp = fn/anH

and let A,, be the sequence of random variables defined by the relation

A,
/Wan Yo <wn(y)>dy =l
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where W, = {y: |y| < an, W,(y) > a,}. Then we have both,

Jim. PT{A (WW — fllos = f_ln) < SC} = exp{—e""}

and

Jim PT{A (WWR — Efnlloec — An) < 23} =exp{—e "}

for all z € R.

Proof. The proof is just like that of Theorem 10 once we show that

w(y) ' ( 1 ) )
sup —=~ —1|=o0p : (5.8")
YyEW,,, UW,,, w(y) HOg hn|
In this case we have
ap [ 20 1| |
yew., |w(y) yeWa, | /[ falloo f ()

[/ lloo

[ falloe vews,

F 1M%_1‘.

Using (5.4) for ¥ = 1/||f||(1>é2 and proceeding as in the previous proof, we have that on
Wa,,,

D | @S, (LY
() VI Faly) + V() [log fuy|
Moreover, again by (5.4), we have both, that \/[ fulloo/v/[| fllcc — 1 and that

\Lf"w_l <Mzop( [log )
[ frll oo =l falles nhy,

Hence,

1
sup |—= — 1| = 0p< )
yeW.,, | w(Y) | 1og fon, |

Likewise, we get that

1
sup |—= — 1| = 0p< )
yeWw., | 0(Y) | log A |

q.e.d.
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