d int
(2) (15 pts) Solve the equation d_?i _ fli y

method of separation of variable. Express y explicitly as a function of ¢.

subject to y(0) = 1 using the

Answer: Separating y from ¢, we have

/(1+y) dy:/sintdt,

2

y+%:—cost+0.

By using the initial condition, C' = 5/2. Hence

which simplifies to

2
%+y+(cost—5/2):o.

To express y explicitly as a function of ¢, we solve this quadratic equation

and obtain
y=—14++v6—2cost.

It is necessary to use the positive sign in the quadratic formula because we
need y(0) = 1.
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Math 2410 Exam 1 March, 4, 2008

(1) Consider the equation % = f(y), where the graph z = f(y) is given in the figure below
fe z=F1q)

7R
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(a) (5 pts) What are the equilibrium (steady state) solutions for the above equation?
The egulibaun sildims ace %= =2, 0,3, which ax the
AP {,S O"F ‘P‘ R

(b) (6 pts) Draw the phase lines for the equation. Indicate which equilibrium selution is

stable. e o =3 o ME\E»Q‘QL

wm —2 o unstedlo

0

-2
(c) (4 pts) Whaﬁ happens as t — oo if the initial condition is y(0) = 1/27
L\)\M\ a,{i) Y= u-;-: ) ‘Fmﬂ g ?Kw thﬁ 5 {-lr\a solohon %(E’) —= 0
Go + 200 . ‘



(4) (15 pts) Given the system

dx

-~ —_9
dt y7
dy o,

7 =z +vy

with initial condition z(0) = 1 and y(0) = —2. Write down the general for-
mula for the Euler’s method. Use it with a step size At = 0.5 to approximate
y(0.5). What is this approximate value?

Answer: Let t; = iAt, + = 0,1,2,..., 7 = (i), 7, = (‘?) be the

approximate solution to Z(¢;). Then Euler’s method amounts to
Zz'+1 :Zi—i_At(XZ?—G—Y; >
-2

ae(2)o(14)- ()

Hence y(0.5) = Y; = —2.5.

with ZO = < 1 ) Then



{3) Consider the equation .
Eé?_i_ = y(y® ~ 9) —
(a) (9 pts) Draw the bifurcation diagram. (If necessary, use your graphing caleulator.) |
(b) (5 pts) Put arrow directions in representative phase lines to indicate the stability of
the steady state solutions.
(e) {6 pts) At what value of p will bifurcation occur. Explain

Tt e \)ﬂo&, /‘k:“-“ 8,{32»“‘3): g {30 c:].,g)'

/J\
' a po= Ly t-3)
l¢5 !
/SN s
3 B I
T

ek %: 392"‘6" , W e "}S*::D fhin j::‘j;E‘

Whar Jﬂﬁ’ /‘t B3-P= —(F .
When 35’5 , /u-r 633,

TLQ o i e vt da o bk o the bifucatim Aiaga, )
g (

N ot nilt I A R Bt Lath pm BT o
3 / /4\'-*/ GS »
th v ‘)L’(’\M‘Cc&h}w oCCurs | Lﬁcm
i tha warber of «ahw'ii‘fmbm
'EE .‘6\'§ /J\ colubhians ‘j@m&b o s
N E “B> . V"JMQO ook /l'\
/
/‘ -3
—5 {




(5) (20 pts) Find the general solution to the equation

dy_

_3 215'
o yte

Use either the method of undetermined coefficients or the method of inte-
grating factor.

Answer: We will use the method of undetermined coefficients. First consider
the homogeneous equation y;, — 3y, = 0, which has the general solution
yn = Ce3t for any constant C'.

Next assume a particular solution to the non-homogeneous equation be
of the form y, = Ae*. By putting it into the equation, we have

2Ae% = 3Ae% + e .

This simplifies to A = —1 so that y, = —e*.
General solution of the non-homogeneous equation is then

y=yn+y,=Ce’ =

(6) (15 pts) Find the general solution of

y' =2y +5y=0.

t is a solution provided o? — 2a +5 = 0.

1420t _

Answer: It is known that y = e
This quadratic equation has roots & = 1 & 2i. In other words, e
e'{cos 2t 4+ isin 2t} is a solution. The general solution will be

y = C1e’ cos 2t + Coe’ sin 2t .



