Math 210Q Name: SOLUTIONS
Practice Exam 2

Directions: Show all of your work and clearly indicate your answers. Correct answers with
no work may not receive credit.

1. Find all second partial derivatives of the function f(x,y) = ze™%.

fq;(ll?,y) =e % fy(:)s,y) = Qe %
feal(T,9) =0 Jon(,y) = dae™
foy(,y) = =27 Fyela,y) = —2¢7%

2. Find the gradient of the function f(x,vy,z) = 2%2e®V¥ at the point P = (0,4, 3). Find the
maximum rate of change of f at P. In which direction does it occur?

2
Vi(z,y,2) =< Jyz’e"™v?, %ew Y 22"V >
Y

V/(0,4,3) =< 18,0,6 >
Maximum is |V f(0,4,3)| = V182 + 62 = v/360 in direction of < 18,0,6 > .

3. Let g(x,y) = 24/ — y?* and let P = (1,5). Find the directional derivative of g at the
given point in the direction of the vector v =< 4,1 >. Find the maximum rate of change of
g at P. In which direction does it occur?

1
Vyg(x,y) = <ﬁ’ —2y> ,s0 Vg(1,5) =<1, =10 >.

4, 10
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The maximum is

IVg(1,5)] = V101

in the direction of < 1,—10 >.

4. Find the equation of the tangent plane to the surface z = e (sin(y) + cos(y)) at the point
where x = 0 and y = 7/2.

e—1= )@ =-0)+(-1)(y-3)



5. Find the equation of the tangent plane to the surface sin(xyz) = z + 2y + 3z at the point
(2,-1,0).
Let F(x,y,z) = x + 2y + 3z — sin(xyz). Then the equation will be

I(x—2)+2(y+1)+5(z—0)=0.

6. Find the points on the sphere 22 + y? 4+ 22 = 1 where the tangent plane is parallel to the
plane 2z +y — 3z = 2.

The planes are parallel if the normal vectors are parallel. At any given point (z, yo, 20), &
vector normal to the plane tangent to the sphere is the gradient of F(z,y,z) = 22 +y?*+2%—1
at (Jfo,yo, Z(]), that is

< 2x0, 2Yo, 229 > .

The vector normal to the given plane is < 2,1, —3 >. These normal vectors are parallel if
2370 = QK, 2’y0 = K, 220 = —BK,

for some constant K. The only (xg, yo, 20) that satisfy these equations and lie on the sphere
are

( 2 1 - 3 ) and (_ 2 - 1 3 )
V14 /14 V14 V14 V14 V14)
that is, when K = :t2/\/ﬂ.

7. Find the linear approximation of the function f(x,y, z) = yf% at the point (0,1,1) and
use it to estimate the number %.
For (z,y, z) near (0,1, 1), we have

1 1
Then
f(0.0Q, 1.01, 0.97) ~ 0.52.

Using a calculator, I got the estimate 0.5202454564.

8. Suppose that f(z,y,z) = /Y + %, where o = t3 — 4t, y = e %, 2 = t> — 4. Use the

Chain Rule to find %

d_f_ 2

i~ (- 5) (0 -0+ (55) (-2 )+ (5) ()



9. Suppose that w = 2%y + zy?, where z = u® 4+ v, y = u — v?. Use the Chain Rule to find
ow ow

wy = 22y + y?)(2u) + (2? + 2zy)(1)
w, = 22y +y°)(1) + (2* + 22y) (—2v)

10. Suppose u(zx,y) = e* sin(ay), where a is a constant. Show that f is harmonic, that is,
Pu  Pu
AL )
ox?  Oy?
Uy = ae® sin(ay)

u, = ae cos(ay)
Uzy = a®e™ sin(ay)

Uy, = —a*e™ sin(ay)

So

Upy + Uy = a’e™ sin(ay) — a*e™ sin(ay) = 0.

11. If 2 = y + f(2? — y?), where f is differentiable, show that
% +x % =z
Y or oy

2 = f'(a* —y*) - (22)

2y =1+ f'(a® —y?) - (—2y)
So

Yzg + X2y = 2xyf’(x2 — yz) +x— 2$yf'(I2 - yz) =Z.

12. Find all the critical points of the function f(z,y) = z3 — 6xy + 8y>. Use the Second
Derivatives Test to classify them as maxima, minima or saddle points.
The critical points are (0,0) and (1,1/2).

D(0,0) = (0)(0) — (=6)* = —36 < 0 (saddle point),

D(1,1/2) = (6)(24) — (—6)* = 108 > 0 (local minimum).



13. Find all the critical points of the function f(z,y) = (z*+y)e?. Use the Second Derivatives
Test to classify them as maxima, minima or saddle points.
The only critical point is (0, —1).

D(0,—-1) = (Z) (é) —(0)* = % >0,

so the point (0, —1) is a local minimum.

14. Find the points on the surface 22> = zy + 1 that are closest to the origin
The distance from a point (z,y, z) to the origin is given by d = /2% + y? + 22. Since
this point must be on the surface, we have 22 = xy + 1, so the distance is given by

d= /22 +y2+ay+1.
To minimize this, we will minimize the thing under the radical (the radicand),
fr,y) =2* +y* +xy + 1.

This has only one critical point, (0,0), and a quick check shows this is a local minimum.
Since there is no boundary to check, this must be our absolute minimum. Therefore, the
point on the surface closest to the origin is (0,0, 1).

15. If the length of the diagonal of a rectangular box must be L, what is the largest possible
volume?

Let the sides have lengths x, ¥y, z. Then the length of the diagonal is L = /2% + y? + 22.
This is FIXED, you are not trying to maximize this quantity. What you are trying to
maximize is the volume V = zyz. You could solve for z and plug that value into V' to get a
function of two variables,

Vi(z,y) = vy\/ L* — 22 — y?,

and then maximize this in the usual way. What I like to do, is use implicit differentiation.
3
Either way, the answer you get is <L/ \/§> .



16. Find the absolute maximum and minimum values of f on the set D, where f(x,y) = zy?
and D = {(z,y) : 2> + y* < 3}.

The first derivatives are f.(x,y) = y* and f,(z,y) = 2zy. These are both zero when
y = 0, regardless of x. It follows that the critical points of f on D are all points of the
form (z,0), where 22 < 3. Since we are looking for absolute maxima and minima, the type
of these critical points is irrelevant (which is handy since the second derivatives test fails in
this case), so we need only evaluate f at these points. For any x, f(z,0) = 0.

Now it remains to check the boundary. On the boundary of D, we have 22 4 3% = 3, so
y? = 3 — 2. Plug this into f to get a function of z:

g(z) = f(z,y(2)) = 2(3 — %) = 3z —2”.

We wish to find the maximum and minimum values of this function, so we find the critical
points:
g (z) =3 — 3%

This is zero when x = +1. Plugging this into g, we get g(1) = 2 and g(—1) = —2. These
are the maximum and minimum values, respectively.

We didn’t need to know what kind of critical points the points (z,0) were, and the second
derivatives test wouldn’t have identified them anyway. To satisfy our curiosity, we look at a
graph of the function:




17. Suppose f is a differentiable function of x and y, and g(u,v) = f(ue®,u? + cosv), Use
the table of values to calculate g,(1,0) and g,(1,0).

| W~
DO| [
ol oo|g*

(1,0)
(1,2)

W |

Y

To do this problem, we treat f as a function of z and y, where x = ue” and y = u?+cosv.
Then we use the chain rule:

af o of o
_0fox  Of oy

gu(%U) = %% a_yﬁu = fx(xvy) e+ fy(fay) - 2u,

and
_ofon 0loy : i,

Now we evaluate when v = 1 and v = 0. But when v = 1 and v = 0, we have z = 1 and
y = 2, by the formulas above. Therefore,

QU(1>0) = fr(1>2) : (1) + fy(1>2) 2= 12;

and
9o(1,0) = fo(1,2) - 1+ £,(1,2) - (0) = 2.

18. Find all of the points (x,y) where the maximum rate of change of the function
f(x,y) = 2% +y*> + 2 — y + 32 is in the same direction as the vector v =< 1,1 >.

At any point (z,y), the maximum rate of change is in the direction of the gradient vector
at that point V f(z,y, z). Calculate the gradient at (x,y):

Vf(z,y,2) =<3 +1,2y—1>.

We want to find the values of x and y so that this vector is in the same direction as v. Size
doesn’t matter, so we want
Vilx,y,z)=kv

for some constant k. Therefore,
<322 4+1,2y—1>=<k,k>.
It follows that
327 +1=2y—1,
SO

3 5
= — 1.
Y 2x+

So, to answer the question, all points on the parabola y = %x2 + 1.



