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Abstract

It is shown that 0′′ is sufficient to compute a nontrivial self-embedding
of any infinite computable tree. Furthermore, we show that there ex-
ists a tree for which 0′′ is necessary to compute such an embedding.
We prove that every infinite computable tree must have either a com-
putable infinite chain or an infinite Π0

1 antichain, and that this is the
best result possible. A corollary is that WKL0 is too weak to prove
that every binary branching tree has an infinite chain or an infinite
antichain.

1 Introduction

We explore here some issues in the realm of computable trees. In
particular we look at work done by Downey, Miller and Lempp [] on
the effectiveness of the Dushnik-Miller theorem and Herrmann[1] on
chains and antichains in computable partial orders.

The Dushnik-Miller theorem, a theorem of classical mathematics,
states that every linear order has a nontrivial self-embedding. Downey
et al. prove that there exist computable linear orders with no com-
putable self-embeddings. In fact a Turing complete c.e. set can be
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encoded into a linear order so that any nontrivial self-ebbedding com-
putes 0′. We investigate the same questions as they apply to nontrivial
self-embeddings of countable trees rather than linear orders.

There are many ways to define the term tree. For our purposes
a tree will be a partial order � on a subset of N with a minimum
element (denoted λ) and such that every set of the form {m : m � n}
is finite. Trees of this sort are classically isomorphic to a subtree of
ω<ω. Computable trees are trees whose order relation is computable.
Note that the domain of a tree is computable as a consequence be-
cause the domain is just {n : λ � n}. Also note that while every
computable tree is isomorphic to a subtree of ω<ω, it is not neces-
sarily computably isomorphic to such a subtree. This can be seen by
observing the fact that the successor relation of a computable tree is
not necessarily computable, while the successor relation of any subtree
of ω<ω is computable.

There are also two natural ways to define the term nontrivial. For
linear orders a self-embedding is not the identity map if and only
if it is not surjective. For trees this is clearly not the case as it is
easy to come up with a surjective, non-identity map of (for example)
ω<ω. We could therefore define the term nontrivial in two different
ways. For our purposes we choose nontrivial to mean not surjective.
We also define a self-embedding to be weakly nontrivial if it is not the
identity map. We will primarily concern ourselves with nontrivial self-
embeddings and prove results for weakly nontrivial self-embeddings
only to present the sharpest possible results.

The basic result we prove in Section 2. That is that every infinite
computable tree has a self embedding computable from 0′′. (A simple
but unstated consequence of the proof is the analogue for trees of the
Dushnik-Miller theorem.) The proof describes three different types of
trees - those with an ω-node; those with no ω-node but with an isolated
path; and those with neither of the previous but which embed 2<ω

(an ω-node is an element of the tree with infinitely many immediate
successors). We show that for the first two categories 0′ is sufficient to
compute a self-embedding and for the third category we use 0′′. This
categorisation of trees proves to be useful throughout the paper. The
rest of the subsection is devoted to showing that these are the best
possible results. That is we construct trees of types 1 and 2 such that
any nontrivial self-embedding of one of these trees computes 0′ and
a tree of type 3 all of whose nontrivial self-embeddings compute 0′′.
With these results we completely answer all basic questions analogous
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to the Downey Lempp Miller result.
We then turn our attention to a related question. Is the property of

having no computable self-embedding a property of the isomorphism
type of the tree? That is, does there exist a computable tree T such
that no tree S classically isomorphic to T has a computable nontrivial
self-embedding? We answer in the affirmative for all three types of
tree. These second set of results are somewhat less complete than
the first set. We do not not prove for example that there is a type
1 tree such that any classically isomorphic tree has the property that
any nontrivial self-embedding computes 0′. There is further work to
be done here and we make some observations on this at the end of
section 2.

In Section 3 we establish some other computability results for com-
putable trees. In particular we examine a theorem by Herrmann on
partial orders in the special case where the partial order is a tree.
Herrmann in [1] shows that every infinite partial order has either an
infinite ∆0

2 chain or an infinite Π0
1 antichain. We show a better result

can be obtained if trees rather than general partial orders are consid-
ered. As a consequence for reverse mathematics it is shown that the
system WKL0 is not strong enough to prove that every infinite binary
branching tree has either an infinite chain or an infinite antichain.

2 Definitions

Definition 2.1. A tree is a partial order � on a subset of N with a
least element and such that for all n {m : m � n} is finite and linearly
ordered by �. The domain of � will be denoted T and elements of T
will be referred to as nodes. The �-least element of T will be called
the root and will be denoted λ.

We will be concerned in this paper with computable trees. That is
trees for which the set {〈n,m〉 : n � m} is computable. The symbols
�, � and ≺ are as usual.

Definition 2.2. Let T be a tree.

• T (i) := {n : n � i} — the successor tree of i with the inherited
order.

• Ts := {n ∈ T : n 6 s} with the inherited order.

• S(m,n) ≡ m is a successor of n ≡ ∀k[m � k � n =⇒ k = m]
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• The branching function of T br : T → N ∪ {∞} is the function
that takes each node of T to the number of its successors.

• If n ∈ T and λ = n0 � n1 � · · · � nm = n where S(ni+1, ni) for
all i, then m is the height of n, denoted ht(n). The height of a
tree, ht(T ), is the supremum of the height of its nodes.

• A branching node is a node with more than one successor.

• A leaf is a node with no successors.

• i is an ω-node if {n : S(n, i)} is infinite

• i is an infinite node if T (i) is infinite

• i is a maximal infinite node if i is an infinite node and for all j

j � i =⇒ T (j) is finite.

Note that every maximal infinite node is an ω-node, each of
whose successor trees is finite.

• A path through n ∈ T is an infinite sequence 〈xi〉 of elements
of T such that x0 = λ, S(xi+1, xi) for all i and such that n = xj
for some j. A path X is isolated if there is an n ∈ T such that
X is the only path through n.

• An embedding from T to T ′ is an order-preserving injection. The
notation T ↪→ T ′ indicates such an embedding exists. There are
two possible ways to conceive of an embedding’s being nontrivial.
We say a self embedding ϕ from T to T is nontrivial if it is not
surjective. We say ϕ is weakly nontrivial if it is not the identity
map.

Lemma 2.3. Every tree T embeds into 2<ω and the embedding is
computable in 0′.

Proof. Given an arbitrary n ∈ T we will compute the image of n as
follows. 0′ computes the successor relation of T (which is explicitly
Π0

1) so we can use 0′ to compute the sequence

λ = n0 ≺ n1 ≺ · · · ≺ nk = n,

where S(ni+1, ni) for all i. The image of n will then be

1n0 ∗ 0 ∗ 1n1 ∗ 0 ∗ . . . 1nk ∗ 0.

(where 1m denotes the string of m ones). It is straightforward to
confirm that this gives an embedding.
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Lemma 2.4. If T is an infinite tree and it has no maximal infinite
node then it has a path.

Proof. Suppose T is an infinite tree and has no maximal infinite node.
If T has no ω-node then it is finitely branching and has a path by
König’s Lemma. So it must have an ω-node n0, and a successor n1 of
n0 such that T (n1) is infinite (otherwise n0 would be a maximal infinite
node). If T (n1) has a path then so does T and we are done. So T (n1)
must have an ω-node n2 which has a successor n3 such that T (n3) is
infinite. Iterating in this way gives us a path n0 ≺ n1 ≺ n2 ≺ . . . .

Theorem 2.5. Every infinite computable tree has a nontrivial self
embedding computable in 0′′.

Proof. The proof will be in cases. The first two cases need only 0′.
Case 1: T has a maximal infinite node n. Let n0 < n1 < . . . be

the successors of n (computable from 0′). Kruskal’s theorem gives us
a k such that

∀m > k∃∞s > m T (nm) ↪→ T (ns).

Fix this k. We will define a 0′-computable embedding ϕ such that
∀m ϕ(m) 6= m if and only if m � nl for some l > k. Furthermore, for
all l > k, ϕ(nl) = nj for some j > l.

To define ϕ, fix j > k and suppose that ϕ(ni) has been defined for
all i < j. Use 0′ to find an s and t such that

1. nt > max{ϕ(ni) : i < j},
2. Ts(nj) embeds into Ts(nt),
3. ∀s′ > s Ts′(nj) = Ts(nj).
Such an s and t exist as n is a maximal infinite node and hence

T (ni) is finite for each i. We then extend ϕ to include the embedding
of Ts(nj) into Ts(nt).

Case 2: T has no maximal infinite node and an isolated path X.
Fix i ∈ T such that there is only one infinite path extending i. By

Lemma 2.4 if j � i is any node on X there is exactly one successor
of j, say j′, such that T (j′) is infinite, viz the successor that is on X.
Therefore the only possible ω-nodes extending i lie on X. But now if
m � i is an ω-node, all but one of its successor trees are finite and we
are essentially in case 1 (if {nl : l ∈ ω} are the successor nodes of m,
and k is as in case 1, we take k′ such that T (nl) is finite for all l > k′

and then use max{k, k′} instead of k in case 1). So we can assume
that there are no ω-nodes above i.
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But now we can compute X using 0′. Suppose X is known up to
the node x � i. Using 0′ we find an s such that every successor of x
is on the tree Ts(x). That is, we find an s such that

∀n � x∃m ∈ Ts(x) m 6= x and n � m.

Such an s much exist as T (x) is finitely branching by our assump-
tion above. Now search for a successor x′ of x and a t such that

∀v > t [v � x =⇒ v � x′].

Such an x′ and t must exist as x has exactly one path through it. So
x′ lies on the path X which is thus computable using iteration from
0′.

Now consider the sequence i = x0 ≺ x1 ≺ x2 ≺ . . . such that for all
i, xi is on the path X and S(xi+1, xi). We now can apply Kruskal’s
theorem to the sequence of finite trees T (xi) r T (xi+1) and use an
argument similar to case 1.

Case 3: T has no maximal infinite node and no isolated path.
We use 0′′ to embed 2<ω into T and then we use 0′ to embed T

into 2<ω as per Lemma 2.3. We define an embedding ϕ : 2<ω → T by
recursion.

Let m be a successor to λ such that T (m) is infinite. T (m) must
then have no maximal infinite node and no isolated path. Let ϕ(∅) =
m. Now let σ ∈ 2<ω and suppose inductively that for all τ, τ ′ ⊆ σ,
τ ⊆ τ ′ if and only if ϕ(τ) � ϕ(τ ′). Let ϕ(σ) = n and assume also for
the induction that T (n) is infinite. Using 0′′ find two incomparable
extensions of n, say n0 and n1 such that T (n0) and T (n1) are both
infinite. T has no isolated paths or maximal infinite nodes, so these
nodes must exist. Set ϕ(σ ∗ 0) = n0 and ϕ(σ ∗ 1) = n1. It is easy to
check that the inductive assumptions hold for σ∗0 and σ∗1, T (n0) and
T(n1). As λ is not in the range of φ, the embedding is nontrivial.

In cases 1 and 2 we may not need 0′ to compute a self-embedding.
An examination of the proofs of these cases will show that the self-
embeddings can be computed if one knows the branching function and
the successor relation of T . This is not the situation in case 3 because
both the branching function and the successor relation are computable
from 0′ while there are trees as in case 3 any of whose self-embeddings
compute 0′′, as Theorem 2.14 makes clear.

We now show that in these cases the results are the best possible.
First that in cases 1 and 2 there is a tree satisfying the respective
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case all of whose nontrivial self embeddings compute 0′. Finally we
show that there is a tree satisfying Case 3 all of whose nontrivial self
embeddings compute 0′′.

Theorem 2.6. There is a tree T with a maximal infinite node, such
that any weakly nontrivial self embedding computes 0′.

Proof. We describe the tree before explicitly constructing it. 0 will be
the root of T and the set of successors of 0 will be the set of positive
even numbers, E+. Each subtree T (n) with n ∈ E+ is a tree with no
branching nodes. We construct a sequence of positive even numbers
2 = m0 < m1 < m2 < . . . which along with T will have the following
properties:

I. For all i ∈ N and p, q ∈ E+, if mi 6 p < q < mi+1 then
ht(T (p)) > ht(T (q));

II. If K =
⋃∞
s=0Ks is a computable enumeration of a complete

c.e. set, then for all i K[i] = Kmi [i].

These two properties are sufficient to guarantee that any non-
trivial embedding computes K. Let ϕ be any such embedding. As
ϕ is weakly nontrivial, there must be an n ∈ N such that ϕ(n) 6= n.
Fix any such n. For allm > 0 let bmc be the unique element of E+ such
that m ∈ T (bmc). We define an increasing function ψ, computable
from ϕ as follows:

ψ(0) = bnc

ψ(s + 1) = bϕk(n)c where k = k(s + 1) is the least natural number
such that bϕk(n)c > ψ(s).

We prove by induction that ψ(s) > ms for all s ∈ N. We will then
have by II above that K[i] = Kψ(i)[i] and hence that ψ >T K. But
ϕ >T ψ and therefore ϕ >T K.

The base of the induction is ψ(0) = bnc > 2 = m0. Now suppose
that ψ(s) > ms. Let j be such that mj 6 ψ(s) < mj+1. Thus j > s
as 〈ms〉 is an increasing sequence. But if j > s, then we are done as
ψ is increasing. So we can assume that ms 6 ψ(s) < ms+1.

Property I above ensures that for all l if ψ(s) < l < ms+1, then
T (ψ(s)) 6↪→ T (l). Therefore, for all t > k = k(s),

bϕt(n)c > ψ(s) =⇒ bϕt(n)c > ms+1.

But k(s+ 1) > k(s) and so in particular ψ(s+ 1) > ms+1 as required.
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It remains to give the construction of such a T satisfying I and
II. We build it in stages. At stage s we build T s and T will be⋃
s T

s. T 0 will consist of all the even nodes as above as well as an
infinite/coinfinite computable set of odd numbered nodes arranged so
that for all e ∈ E+ ht(T (e)) = e.

We use a movable marker argument to create the sequence 〈mi〉.
As we do this we also ensure that I. and II. are satisfied. We describe
a uniformly computable sequence 〈mi,s〉 with the properties

i. ∀i mi,0 = 2i,
ii. ∀i, s mi,s < mi+1,s,
iii. ∀i, s mi,s 6 mi,s+1,
iv. ∀i limsmi,s exists.

For each i mi is defined to be be limsmi,s. We enumerate K one
element at a time. Suppose s is a stage at which i ∈ Ks+1 rKs and
let k > i be the smallest number such that mk,s > s+ 1. Then we set

mj,s+1 =

{
mj,s if j < i

mk+t,s if j = i+ t, (t ∈ N).

At the same time it is necessary to adjust the subtrees T s(e) with
e ∈ E+ . We leave all successor trees unchanged except perhaps those
T s(e) with mi−1,s 6 e < mk,s = mi,s+1 (if i = 0 take mi−1 = 2). To
the subtrees T (e) with mi−1,s 6 e < mi,s+1, we add the minimum
number of nodes to the top of each subtree, retaining the property
that there are no branching nodes and ensuring that property I is
preserved.

The argument that the tree T and the sequence 〈mi〉 have the
required properties is now just the typical movable marker argument,
made explicit in the following lemmas.

Lemma 2.7. For every j limsmj,s exists.

Proof. Let s be such that Ks[j] = K[j]. Then for all t > s, if i ∈
Ks+1 rKs, then i > j, and so for all t > s mj,t = mj,t+1.

Lemma 2.8. Every successor tree T (e) with e ∈ E+ is finite.

Proof. Fix e ∈ E+. Let i be such that mi > e. T s+1(e) 6= T s(e) only
if s is a stage such that mi,s 6= mi,s+1. So if t is a stage such that
mi,t = mi, which exists by the previous lemma, then T u(e) = T (e) for
all u > t. As only a finite number of nodes are added at any stage,
T (e) is finite.
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Lemma 2.9. T has properties I. and II. above.

Proof. The fact that T has property I follows immediately from the
fact that the property is explicitly retained at each stage in the con-
struction and the previous two lemmas.

II. Fix any j ∈ N. If s is the the largest stage at which i ∈
Ks+1 rKs for some i 6 j, then as per the construction:

mj = mj,s+1 > mi,s+1 = mk,s > s+ 1,

where k is as in the construction above. But Ks+1[j] = K[j] by our
choice of s so Kmj [j] = K[j].

This establishes the result.

Notice that in the the previous construction the successor relation
(S) is computable but the branching function (br) is not. This latter
fact is because the set of leaves of T (that is, the set {n : br(n) = 0}) is
not computable. In fact, because the self-embedding can be computed
from br⊕ S, it must be that br ≡T 0′.

This is not an essential part of the construction and it is easy to
reverse the situation and build a tree isomorphic to the one in the
theorem whose branching function is computable but whose successor
relation computes 0′. To do this, instead of adding nodes to the top
of each subtree, simply add the same number of nodes immediately
above the root of each subtree.

Lemma 2.10. If T is a tree ordering on N such that

a) T is finitely branching

b) ∀m,n m � n =⇒ m > n

c) ∀n n � the immediate predecessor of n+ 1

then T has exactly one infinite path X. Furthermore, for all n ∈ N
X(n) = max{m : ht(m) 6 n}.

Proof. Let kn = max{m : ht(m) 6 n} which exists by a). For any
fixed n we will show by induction that l � kn for all l > kn. Thus
for any n kn is an infinite node and has an extension of height n. So
by b) it is of height n and the only infinite node of height n, and
k0, k1, k2, . . . is the only path through T .

Fix n ∈ N. For the base of the induction, we have trivially that
kn � kn. Suppose then that l > kn and l � kn. We show that
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l + 1 � kn. Let p be the immediate predecessor of l + 1. By c) l � p
and hence p is comparable to kn. So either p � kn in which case
l+ 1 � kn and we are done, or p ≺ kn in which case ht(l+ 1) 6 n (as
ht(kn) 6 n) contradicting the fact that kn = max{m : ht(m) 6 n} as
l + 1 > l > kn.

Theorem 2.11. There is a computable tree T with an isolated path
and no maximal infinite node such that any nontrivial self-embedding
computes 0′.

Proof. We construct T to have exactly one infinite path X such that
degT (X) > 0′. This will prove sufficient to establish the theorem.

〈T,�〉 will be built computably in stages denoted 〈Ts,�s〉 with
Ts = {0, 1, 2, . . . s} and �s=� ∩

(
Ts×Ts

)
for all s. T will be

⋃
s Ts = N

and � will be
⋃
s �s. At each stage s we designate an element ns

of Ts to be the immediate predecessor of s + 1 and �s+1 is defined
to be the transitive closure of �s ∪{(ns, s + 1)}. Note that in any
tree constructed like this � will be a subset of 6 and from this it is
straightforward to see that T will be computable.

Let �0= {(0, 0)} and at stage s let

ns =

{
max{m � s : Ks+1[ht(m)] = Ks[ht(m)]} if this is exists,
0 otherwise.

Lemma 2.12. T has exactly one infinite path X which computes K.

Proof. Conditions b) and c) of Lemma 2.10 are satisfied immediately
by the construction of T . To see that a) is satisfied we show that
∀m ∈ N ∃s ∈ N ∀p > s ht(p) > m. Fix m ∈ N. Let s be such that
Ks[m] = K[m]. Let t > s. Then we have Kt+1[m] = Kt[m] and
ht(nt) > m. But for all such t, t+ 1 � nt so ht(t+ 1) > ht(nt) > m.

To prove that X >T K we show that for all n, KX(n)[n] = K[n].
Suppose not. Let s > X(n) be maximum such that Ks+1[n] 6= Ks[n].
Then s+1 � ns and ns ≺ X(n). But then by Lemma 2.10, the unique
path through T must pass through s+1 and not X(n). Contradiction.

Lemma 2.13. Any nontrivial self embedding ϕ of T computes K.

Proof. Let ϕ be as in the lemma and m some node on X such that
ϕ(m) 6= m (that such a node exists is a consequence of there being
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no nontrivial self-embeddings of finite trees). ϕ(m) must also lie on
X as T has only one infinite path. By induction one sees that for
all n ϕn(m) � X(n). But then ϕn(m) > X(n) and so for all n
Kϕn(m)[n] = KX(n)[n] = K[n]. Therefore ϕ >T K.

The result can be improved slightly by replacing nontrivial with
weakly nontrivial in 2.11. To show this we construct T ′ from T . T ′ will
have, like T , a single isolated path X ′ that computes K. T ′ will be
modified however to ensure that any weakly nontrivial self-embeddimg
must move a node on X ′.

We say a node n on T is just off X if n is not on X but the
immediate predecessor is on X. Any weakly nontrivial self-embedding
of T that fixes every node on X must be weakly nontrivial on some
finite tree T (n) with n just off X. Any finite tree can be properly
extended to a finite tree that has no weakly nontrivial self embedding
by adding nodes extending the leaves so that no two leaves have the
same height. This is what we do to ensure that T (n) has no nontrivial
self embedding. Extensions may be added at different stages in the
construction but we ensure that each leaf is extended only a finite
amount.

We first repeat the construction of T using only the even numbers
- adding node 2(s + 1) as the immediate successor to 2ns at stage s.
For all n X ′(n) = 2X(n.) We now describe the placement of every
odd number on T ′.

We begin with T ′
0 = T0. As before at stage s we determine 2ns and

place 2(s + 1) as its immediate successor. At stage s we also find all
leaves extending 2ns except 2(s + 1) (if the leaves are even they will
be numerically less than 2(s+1), and we keep track of how many odd
nodes we have added by any stage so we can determine these leaves
computably). We properly extend all such leaves with successive odd
numbers so that any two distinct leaves have different heights. T ′

s+1

is this extension of Ts+1. We need only show now that every leaf on
T is extended only finitely and that all the odd numbers are used.

As per Lemma 2.10 X ′(n) will be the numerically greatest even
number of height less than or equal to n. X ′(n) is added to T ′ at stage
s = X ′(n)/2 and for all t > s, 2nt � X ′(n). So no more extensions
will be added to the leaves above any node just off X whose height is
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less than or equal to n. So each leaf is extended finitely only a finite
number of times.

To see that all the odd numbers are used we merely need to note
that there are infinitely many nodes just off X ′ (otherwise X ′ would
be computable) and that we have decreed that each leaf extending
such a node must be properly extended.

Theorem 2.14. There is an infinite computable binary branching tree
S such that S has no isolated paths and such that if δ : S → S is a
nontrivial self-embedding, then 0′′ 6T δ.

Before proving Theorem 2.14, we outline the main steps of the
proof. We begin by giving a particular computable approximation
to 0′′ which is conducive to our coding methods. Next, we define a
c.e. subtree T ⊆ 2<ω such that 0′′ is coded into the branching levels
of T . (T ⊆ 2<ω is a tree in this context if it is closed under initial
segments. By a c.e. subtree T ⊆ 2<ω we mean that T is a c.e. set of
elements of 2<ω which forms a tree under the relation ⊆.) We say n
is a branching level of T if there is a string σ ∈ T such that |σ| = n
and both T (σ ∗ 0) and T (σ ∗ 1) are infinite. We use this c.e. subtree T
of 2<ω because it makes the notation easier when proving properties
of T such that where the branching levels occur and the fact that T
has no isolated paths.

We show that from any nontrivial self-embedding of T we can
compute a function dominating the branching levels and that any such
function computes 0′′. Finally, we show how to define a computable
tree S ∼= T for which the successor relation is computable. Because
the branching levels of T are invariant under isomorphisms, we have
0′′ coded into the branching levels of S. From any nontrivial self-
embedding of S, we can decode 0′′ as long as we can determine the
height of each node in S. However, since the successor relation is
computable in S, we can effectively determine the height of any node.

We begin by developing our computable approximation to 0′′. Fix
a uniformly c.e. sequence of c.e. setsAn for n ∈ N such that {n |An is finite } ≡T
0′′. Without loss of generality, we assume that in the uniform enu-
meration of the An sequence, exactly one set gets an element at each
stage. Let f(n) = the least s such that the setss among A0, . . . , An
which are finite have been completely enumerated by stage s.

Lemma 2.15. 0′′ 6T f ⊕ 0′.

12



Proof. To determine whether n ∈ 0′′, ask 0′ whether An gets an ele-
ment after stage f(n). The answer to this question is no if and only
if n ∈ 0′′.

We want to define a computable approximation f(n, s) to the func-
tion f(n) so that f(n) = lim infs f(n, s) and various other properties
hold. To define f(n, s), proceed as follows. If the sets A0, . . . , An are
all empty at stage s, then set f(n, s) = 0. If at least one of these sets
is nonempty but none of them receives a new element at stage s, then
let f(n, s) = t where t < s is the last stage at which one of these sets
received an element.

If we are not in one of these two cases, then at stage s, exactly one
set among A0, . . . , An gets a new element. Let in,s 6 n be such that
Ain,s gets a new element at stage s and let tn,s < s be the last stage at
which Ain,s received an element. (If s is the first stage at which Ain,s

gets an element, then set tn,s = 0.) Let

In,s = {j 6 n |Aj has received an element since tn,s}.

In,s represents our current guess at which sets among A0, . . . , An are
infinite. Let f(n, s) = t where t < s is the greatest stage such that
there exists a j 6 n for which j 6∈ In,s and Aj gets an element at stage
t. (If the sets Aj for j 6∈ In,s are all empty or if In,s = {0, 1, . . . , n},
then set f(n, s) = 0.) That is, to calculate f(n, s) we look at the sets
Aj for j 6 n which we currently think are not infinite and take the last
stage at which one of these sets received a new element. The function
f(n, s) is a total computable function.

Lemma 2.16. The function f(n, s) satisfies the following properties.

1. f(n) = lim infs f(n, s).

2. For every k > f(n), there is a stage sk such that for all t > sk
either f(n, t) = f(n) or f(n, t) > k.

Proof. Fix n and break into two cases. If A0, . . . , An are all finite,
then let u be the last stage at which any of these sets gets an element.
Because f(n, s) = u for all s > u, we have both Property 1 and 2 in
this case.

Otherwise, there is at least one set among A0, . . . , An which is
infinite. Let I be the set of all i 6 n such that Ai is infinite and let
u0 = f(n) be the last stage such that some Aj with j 6 n and j 6∈ I
receives an element. Let u1 > u0 be a stage such that each Ai with
i ∈ I has received at least one element between stages u0 and u1.
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Consider any stage s > u1 and split into two cases. First, if none of
the sets Ai for i 6 n receives an element at stage s, then f(n, s) > u0

since I 6= ∅ and each Ai for i ∈ I received an element after stage
u0. Second, if one of the Ai sets for i ∈ I does receive an element at
stage s, then tn,s > u0 since each such set receives an element between
stages u0 and u1. Furthermore, In,s ⊆ I since none of the sets Aj for
j 6∈ I receives an element after stage u0.

If In,s = I, then f(n, s) = u0 = f(n). If In,s ( I, then f(n, s) > u0

since there is an Ai for which i ∈ I \ In,s and this Ai received an
element after stage u0. Therefore, for all s > u1, f(n, s) > u0 = f(n).

Define a sequence of stages v0 < v1 < v2 < · · · such that u1 < v0
and at each stage vk, In,vk

= I. (We can define such a sequence
because each Ai with i ∈ I is infinite. Therefore, for any stage vk,
there is a next greatest stage vk+1 at which some Ai, i ∈ I receives
an element and every other Aj with j ∈ I has received an element
since the last time Ai received an element.) Since In,vk

= I, we have
f(n, vk) = u0 = f(0). Therefore, we have established Property 1.

One the other hand, we can extend our sequence of stages u0 <
u1 < u2 < · · · so that each Ai, i ∈ I, receives an element between
stages uk and uk+1. Consider any s > uk+1. If none of the sets Ai,
i ∈ I, receive an element at s, then f(n, s) > uk since I 6= ∅ and
each Ai, i ∈ I, has received an element since uk. If some Ai, i ∈ I,
does receive an element at stage s, then either In,s = I (in which case
f(n, s) = u0 = f(n)) or In,s ( I (in which case f(n, s) > uk since
Ain,s has received an element since stage uk). Therefore, we have
established Property 2.

We define a computable function g(n, s) from f(n, s) that has one
further property. Fix s and we define g(n, s) by induction on n. Let
g(0, s) = f(0, s). Assume g(i, t) has been defined for all i 6 n and
t 6 s. Let kn,s be the number of stages t < s for which g(i, t) = g(i, s)
for all i 6 n and let mn,s = the maximum value of g(i, s) for i 6 n.
Let ln,s = kn,s +mn,s. Define g(n+ 1, s) = f(n+ 1, ln,s).

Lemma 2.17. The function g(n, s) satisfies the following properties.

1. f(n) = lim infs g(n, s).

2. For every k > f(n), there is a stage sk such that for all t > sk
either g(n, t) = f(n) or g(n, t) > k.

3. For every n, there are infinitely many stages s at which g(i, s) =
f(i) for all i 6 n.
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Proof. We proceed by induction on n. By Lemma 2.16, these proper-
ties hold for n = 0. Assume these properties hold for i 6 n and we
prove them for g(n+1, s). Applying Property 3 to n, let u0 < u1 < · · ·
list all the stages at which g(i, s) = f(i) for all i 6 n. Let M = the
maximum of f(i) for i 6 n. At each stage uk, we have mn,uk

= M and
kn,uk

= k, so by definition g(n+ 1, uk) = f(n+ 1,M + k). Therefore,
as k →∞, g(n+1, uk) takes on all the values of f(n+1, t) for t > M .

Let t > M be a stage for which f(n+1, t) = f(n+1). (By Property
2 of Lemma 2.16 there are infinitely many such stages.) Let k = t−M .
At stage uk, we have g(i, uk) = f(i) for all i 6 n by definition of uk
and we have g(n+ 1, uk) = f(n+ 1,M + k) = f(n+ 1, t) = f(n+ 1).
Therefore, Property 3 of this lemma holds for n+ 1.

For any a ∈ N, let sa > ua be a stage such that for every s > sa
and every i 6 n, either g(i, s) = f(i) or g(i, s) > a. (The existence of
sa follows from Property 2 of this lemma applied inductively to i 6 n.)
Consider any s > sa. By definition, ln,s = kn,s +mn,s. We claim that
ln,s > a. There are two cases to consider. First, suppose g(i, s) = f(i)
for all i 6 n. In this case, mn,s = M and because sa > ua, there have
been at least a many stages t < s for which g(i, t) = g(i, s) = f(i) for
all i 6 n. Therefore, kn,s > a, so ln,s > a. Second, suppose that for
some i 6 n we have g(i, s) 6= f(i). By the choice of sa, g(i, s) > a,
so mn,s > a and ln,s > a. Therefore, in either case ln,s > a and so
g(n+ 1, s) = f(n+ 1, t) for some t > a.

The previous paragraph established that for all a, there is a stage
sa such that for all s > sa, there is a t > a for which g(n + 1, s) =
f(n + 1, t). Combining this fact with Property 2 of Lemma 2.16 and
with the fact that g(n+ 1, uk) = f(n+ 1) for all uk yields Properties
1 and 2 of this lemma.

We now put together the last two pieces of our approximating
function. Let h(n) = the least stage s for which Ks � n + 1 = K �
n + 1. (K = {e |ϕe(e) halts} denotes the usual halting set for the
partial computable functions.) Because h(n) is a ∆0

2 function, it has
a computable approximation h(n, s) such that lims h(n, s) = h(n).
Finally, let a(n, s) be the computable function defined by a(n, s) =
max{g(n, s), h(n, s)}.

Lemma 2.18. The computable function a(n, s) satisfies the following
properties.

1. a(n) = lim infs a(n, s) exists and for all n, a(n) > f(n), h(n).
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2. For all n and for every k > a(n), there is a stage sk such that
for all t > sk, either a(n, t) = a(n) or a(n, t) > k.

3. For every n, there are infinitely many stages s at which a(i, s) =
a(i) for all i 6 n.

4. For any function b which dominates a, 0′′ 6T b.

Proof. Properties 1 through 3 follow from Lemma 2.17 and the fact
that h(n) = lims h(n, s). Property 4 follows from the fact that if b
dominates a, then b dominates both h and f . The fact that b dom-
inates h gives 0′ 6T b. Combining this fact with Lemma 2.15 gives
0′′ 6T b.

We next define a c.e. subtree T ⊆ 2<ω such that the branching
levels of T dominate the function a(n). We begin with some notation.
For any s, any n 6 s and any string σ ∈ 2<ω with |σ| = n + 1, we
define

τσn,s = 0a(0,s) ∗ σ(0) ∗ 0a(1,s) ∗ σ(1) ∗ · · · ∗ 0a(n,s) ∗ σ(n).

For any n and any string σ ∈ 2<ω such that |σ| = n+ 1, we let

τσn = 0a(0) ∗ σ(0) ∗ 0a(1) ∗ σ(1) ∗ · · · ∗ 0a(n) ∗ σ(n).

For any nonempty string α ∈ 2<ω, let α′ denote the string obtained
by removing the last element of α. Notice that

(τσn,s)
′ = 0a(0,s) ∗ σ(0) ∗ 0a(1,s) ∗ σ(1) ∗ · · · ∗ 0a(n,s)

is a string of length n+
∑n

i=0 a(i, s) and that (τσn )′ is a string of length
n+

∑n
i=0 a(i).

The subtree T ⊆ 2<ω is enumerated in stages as a sequence of finite
trees T0 ⊆ T1 ⊆ T2 ⊆ · · · . Set T0 = ∅. To define Ts+1, consider each
string σ ∈ 2<ω which has length s+1. Let ασ be the lexicographically
least element of 2<ω which extends τσs,s and which is not in Ts. Add
ασ and all of its initial segments to Ts. Ts+1 is the tree formed by
adding these strings when σ ranges over all elements of 2<ω of length
s+ 1. Our desired tree is T =

⋃
s Ts.

Lemma 2.19. For each n and each σ ∈ 2<ω of length n+1, the node
(τσn )′ is a branching node of T .
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Proof. Let u0 < u1 < · · · be the stages such that a(i, uk) = a(i) for
all i 6 n. For each such stage, (τσn )′ = (τσn,uk

)′, so both Tuk
((τσn )′ ∗ 0)

and Tuk
((τσn )′∗1) gain extra elements at stage uk+1. Therefore, these

trees are infinite and (τσn )′ is a branching node in T .

Lemma 2.20. If ξ is a branching node of T , then there is an n such
that |ξ| = n+

∑n
i=0 a(i).

Proof. Suppose ξ ∈ T is such that there is an n such that

n+
n∑
i=0

a(i) < |ξ| < n+ 1 +
n+1∑
i=0

a(i). (1)

By Lemma 2.18, let u be a stage such that for all s > u and all
i 6 n+ 1, either a(i, s) = a(i) or a(i, s) > |ξ|. Fix any stage s > u.

We claim that there is a j 6 n such that

j +
j∑
i=0

a(i, s) < |ξ| < j + 1 +
j+1∑
i=0

a(i, s). (2)

The proof of the claim breaks into two cases. If a(i, s) = a(i) for all
i 6 n, then the claim with j = n follows from Equation 1. Otherwise,
let j < n be the least number such that a(j + 1, s) 6= a(j + 1). In this
case,

j +
j∑
i=0

a(i, s) = j +
j∑
i=0

a(i) < n+
n∑
i=0

a(i) < |ξ|.

Because a(j+ 1, s) > |ξ|, we have j+ 1 +
∑j+1

i=0 a(i, s) > |ξ| and hence
Equation 2 holds in this case as well.

By Equation 2, at stage s there is a unique σ ∈ 2<ω with length j+1
such that τσj,s ⊆ ξ. Furthermore, for a ∈ {0, 1} we have ξ ( (τσ∗aj+1,s)

′.
That is,

0a(0,s)∗σ(0)∗· · ·∗0a(j,s)∗σ(j) ⊂ ξ ( 0a(0,s)∗σ(0)∗· · ·∗0a(j,s)∗σ(j)∗0a(j+1,s).

It follows that at stage s+1, Ts(ξ ∗0) gets a new element but Ts(ξ ∗1)
does not. Because this property holds for any s > u, T (ξ∗1) = Tu(ξ∗1)
is finite, so ξ is not a branching node of T .

To finish the proof, we need to show that if ξ ∈ T and |ξ| < a(0),
then ξ is not a branching node. The proof of this fact is similar (but
simpler) than the argument above and we leave it to the reader to
verify.
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From Lemmas 2.19 and 2.20, we obtain the following fact.

Lemma 2.21. The nth branching level of T is given by the formula
b(n) = n+

∑n
i=0 a(i).

Lemma 2.22. If T (ξ) is infinite, then ξ ⊆ τσn for some n and σ with
|σ| = n+ 1.

Proof. Suppose that ξ 6⊆ τσn for any n and σ. We show that T (ξ) is
finite. First, notice that ξ must contain at least one value of 1 or else
ξ ⊆ τσn for sufficiently large n by choosing σ to contain all zeros.

Second, notice that if ξ does not have 0a(0) as an initial segment,
then this property follows trivially. That is, fix a stage u such that
for all s > u, a(0, s) > a(0). At any stage s > u, we add nodes only
above strings τσs,s and each string τσs,s begin with 0a(0,s). Because this
string is not an initial segment of ξ, Ts(ξ) does not get a new element
at stage s+ 1. Therefore, Tu(ξ) = T (ξ) and hence T (ξ) is finite.

It remains to consider the case when 0a(0) is an initial segment of
ξ and ξ contains at least one value of 1. Let j be the largest value
such that there is are strings α (with |α| = n+ 1) and µ such that

ξ = 0a(0) ∗ α(0) ∗ · · · ∗ 0a(j) ∗ α(j) ∗ µ.

Fix such j, α and µ. Because ξ 6⊆ τσn for any n and σ, the string µ
must contain at least one value of 1. Write µ = µ0 ∗ 1 ∗ µ1 where µ0

is such that µ0(k) = 0 for all k < |µ0|. Because j is chosen maximal,
|µ0| < a(j + 1).

Let u be a stage such that for all s > u and for all i 6 j + 1,
a(i, s) = a(i) or a(i, s) > |ξ|. The lemma follows from the claim that
Tu(ξ) = T (ξ). To prove this claim, fix any s > u and we show that
Ts(ξ) does not gain a new element at stage s + 1. We split into two
cases. First, suppose that for all i 6 j, a(i, s) = a(i). The only
way for Ts(ξ) to gain a new element at stage s + 1 is if there is a
string σ of length s + 1 such that ξ ⊆ τσs,s. Because a(i, s) = a(i) for
i 6 j, this string σ must satisfy σ(i) = α(i) for all i 6 j. It follows
that 0a(0) ∗ α(0) ∗ · · · ∗ 0a(j) ∗ α(j) ∗ 0a(j+1,s) is an initial segment of
τσs,s. However, regardless of whether a(j+1, s) = a(j) or not, we have
|µ0| < a(j+1, s). Hence the string 0a(0)∗α(0)∗· · ·∗0a(j)∗α(j)∗0a(j+1,s)

is not an initial segment of ξ. Therefore, Ts(ξ) does not get a new
element in this case.

The other case is when there is an i < j for which a(i, s) 6= a(i).
Let k denote the least such i. The argument is similar. Ts(ξ) can
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gain a new element only if there is a σ such that ξ ⊆ τσs,s. Because
a(i, s) = a(i) for all i < k, we have σ(i) = α(i) for i < k and hence
0a(0) ∗ α(0) ∗ · · · ∗ 0a(k−1) ∗ α(k − 1) ∗ 0a(k,s) is an initial segment of
τσs,s. Because a(k, s) > |ξ|, this string is not an initial segment of ξ
and hence Ts(ξ) does not get a new element in this case.

Lemma 2.23. The tree T has no isolated paths.

Proof. This lemma follows immediately from Lemmas 2.22 and 2.19.

Lemma 2.24. If δ : T → T is a nontrivial self-embedding, then there
is a string ξ such that |δ(ξ)| > |ξ|.

Proof. Suppose there is no such string ξ. Because |ξ| 6 |δ(ξ)| for any
self-embedding δ, it follows that for each n, δ restricted to the strings
of length n in T is a permutation. Therefore δ is onto and hence is
not nontrivial.

Lemma 2.25. If δ : T → T is a nontrivial self-embedding then there
is a k ∈ N and a node ξ such that ξ ( δk(ξ).

Proof. By Lemma 2.24, let µ0 be a node such that |µ0| < |δ(µ0)|. If
µ0 ⊆ δ(µ0) then µ0 ( δ(µ0) and we can let ξ = µ0 and k = 1 to verify
the lemma. Otherwise, assume that µ0 6⊆ δ(µ0). Let µ1 be such that
|µ1| = |µ0| and µ1 ⊆ δ(µ0). Notice that µ1 6= µ0 and δ(µ0) 6= µ0.

We proceed by induction. Assume that n > 1 and we have defined
a sequence of pairwise distinct nodes µ0, µ1, . . . , µn such that |µi| =
|µ0| for all i 6 n and µi+1 ⊆ δ(µi) and µi 6= δ(µi) for all i < n. (The
last two sentences of the previous paragraph establishes the required
properties when n = 1.)

We claim that in this situation, µn 6= δ(µn). Suppose that µn =
δ(µn). Because |µn| = |µn−1| and µn 6= µn−1, µn and µn−1 are in-
comparable nodes. However, δ(µn) = µn ⊆ δ(µn−1). Therefore δ(µn)
and δ(µn−1) are comparable contradicting the fact that δ is a self-
embedding.

Next, we let µn+1 be such that |µn+1| = |µ0| and µn+1 ⊆ δ(µn).
We claim that if µn+1 = µi for some i 6 n, then the conclusion of the
lemma is true. Otherwise we add µn+1 to the list above and continue
by induction. Because there are only finitely many nodes at level |µ0|,
we must eventually find an n such that µn+1 = µi for some i 6 n.
Hence, the lemma follows from the claim in this paragraph.
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Suppose that µn+1 = µi for some i 6 n and let l > 1 be such that
i = (n + 1) − l. In this situation we have µi = µn+1 ⊆ δl(µi). We
claim that µi 6= δl(µi) (and hence we have established the lemma with
ξ = µi and k = l). We break into three cases.

First, if i = 0, then we have µ0 ⊆ δl(µ0). But, |µ0| < |δ(µ0)|
implies |µ0| < |δl(µ0)| so we have µ0 ( δl(µ0) as required.

Second, if l = 1, we have µi ⊆ δ(µi). Because i 6 n, we know
µi 6= δ(µi), so µi ( δ(µi) as required.

Third, we consider the case when i > 0 and l > 1. For a contra-
diction, assume that µi = δl(µi). We have µi = µn+1 ⊆ δ(µn) and
µi ⊆ δ(µi−1). By our induction hypothesis, µn and µi−1 are incompa-
rable nodes. Furthermore, we have

µi = µn+1 ⊆ δ(µn) ⊆ δ2(µn−1) ⊆ · · · ⊆ δl(µi) = µi.

Therefore, δ(µn) = µi so δ(µn) and δ(µi−1) are comparable nodes,
violating the fact that δ is a self-embedding.

For any nontrivial self-embedding δ : T → T , we can fix k and
ξ as in Lemma 2.25 and let γ = δk : T → T . γ is a nontrivial self-
embedding of T such that ξ ( γ(ξ) ( γ2(ξ) ( · · · . It will also be
useful to consider the nontrivial self-embedding ι : T → T given by
ι = γ2. Notice that both ι and γ are obtained from δ by finitely many
parameters.

Lemma 2.26. Let δ be any nontrivial self-embedding δ : T → T and
let γ and ι be defined from δ as above. There are nodes α and β0 such
that α ( β0 ( ι(α) and β0 is a branching node.

Proof. Fix ξ as in the paragraph before this lemma. Because ξ, γ(ξ), γ2(ξ), . . .
traces out a path in T and because T has no isolated paths, there must
be a k > 1 and a branching node β0 such that γk(ξ) ⊆ β0 ( γk+1(ξ).
Let α = γk−1(ξ). Because α = γk−1(ξ) ( γk(ξ) ⊆ β0, we have α ( β0.
Because ι = γ2, we have β0 ( γk+1(ξ) = γ2(γk−1(ξ)) = ι(α).

Lemma 2.27. Let ι : T → T be a nontrivial self-embedding such that
there are nodes α and β0 such that α ( β0 ( ι(α) and β0 is a branching
node. Then there is a branching node β1 such that ι(α) ( β1 ( ι2(α).

Proof. Fix α and β0. Because α ( β0 ( ι(α), we have

α ( β0 ( ι(α) ( ι(β0) ( ι(β0 ∗ 0)
α ( β0 ( ι(α) ( ι(β0) ( ι(β0 ∗ 1).
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Let β1 be the infimum of ι(β0 ∗ 0) and ι(β0 ∗ 1). Because these two
nodes are incomparable, β1 is strictly contained in both of them. From
the offset containments above, it is clear than β0 ( ι(α) ( β1. Let
i0 ∈ {0, 1} be such that β0 ∗ i0 ⊆ ι(α). Because ι(β0 ∗ i0) ⊆ ι2(α) and
β1 ( ι(β0 ∗ i0) we have β1 ( ι2(α).

Lemma 2.28. Let δ : T → T be any nontrivial self-embedding. There
is a nontrivial self-embedding ι : T → T defined from finitely many
parameters in T and a node α such that the sequence c(n) = |ιn+1(α)|
dominates the branching level function b(n) of T (see Lemma 2.21).
(We define ι0(α) = α.)

Proof. Define ι from δ as above and let α and β0 be as in Lemma 2.27.
Applying Lemma 2.27 inductively, we obtain a sequence of branching
node β0 ( β1 ( β2 ( · · · such that ιn(α) ( βn ( ιn+1(α). Therefore,
there are at least n many branching levels below |ιn+1(α)|.

To prove Theorem 2.14, we need to transform the c.e. subtree
T ⊆ 2<ω into a computable tree S. This transformation is easily done
in a general setting.

Lemma 2.29. For any c.e. subtree T̂ ⊆ 2<ω, there is a computable
tree Ŝ such that Ŝ ∼= T̂ . Furthermore, we can assume that the succes-
sor relation is computable in Ŝ.

Proof. If T̂ is finite, this lemma follows trivially. Assume T̂ is infinite
and T̂ is the range of the total computable 1-1 function ϕe. Let Ŝ have
domain N and let 6Ŝ be defined by n 6Ŝ m⇔ ϕe(n) ⊆ ϕe(m). Then
ϕe is an isomorphism from (Ŝ,6Ŝ) to (T̂ ,⊆) as required. Furthermore,
m is a successor of n in Ŝ if and only if ϕe(m)′ = ϕe(n).

We now present the proof of Theorem 2.14. Let T be the c.e. sub-
tree of 2<ω we have constructed and let S ∼= T be the computable
tree with a computable successor relation given by Lemma 2.29. Let
b denote the branching level function for S (which is the same as
the branching level function for T since S ∼= T ). By Lemma 2.21, b
dominates a and hence by Lemma 2.18, 0′′ 6T b. Fix any nontriv-
ial self-embeddng δ : S → S. By Lemma 2.28, there is a nontrivial
self-embedding ι : S → S (defined from finitely many parameters in
S) and a node α such that the function c(n) = |ιn+1(α)| dominates b
(and hence by Lemma 2.18, 0′′ 6T c). Because we only need finitely
many parameters to obtain ι from δ, we have ι 6T δ. Furthermore,
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because the successor function is computable in S, we can determine
the height of any node in S. Therefore, 0′′ 6T c 6T ι 6T δ as required.
�

2.1 Coding into isomorphism types

We now turn our attention to a related problem in computable tree
theory. Consider the following: because the property of T used to
encode 0′′ in the proof of Theorem 2.14 (namely the branching levels)
is invariant under isomorphism, we get the following result.

Theorem 2.30. There is a computable tree S such that for any Ŝ ∼=
S and any nontrivial self-embedding δ : Ŝ → Ŝ, 0′′ 6T 0′ ⊕ δ. In
particular, Ŝ does not have any ∆0

2 nontrivial self-embeddings and Ŝ
does not have any nontrivial self-embeddings which are strictly between
0′ and 0′′.

Proof. Fix a computable tree S ∼= T where T is the c.e. subtree
T ⊆ 2<ω constructed above. Fix any Ŝ ∼= S and any nontrivial self-
embedding δ of Ŝ. Let ι and c be the functions given by Lemma 2.28
for Ŝ and δ. The only change from the proof of Theorem 2.14 is that
we do not know that the successor relation in Ŝ is computable. How-
ever, since 0′ ⊕ δ can compute both ι and the successor relation in Ŝ,
we have 0′′ 6T c 6T 0′ ⊕ δ.

We can also ask these types of questions for the previous results.
For example, as we saw from Theorem 2.6 there is a tree T with a
maximal infinite node with the property that T has no computable
self-embedding. However it is not clear from the theorem whether
this was a property of the specific tree ordering of N, or of the isomor-
phism type of T . That is, the question arises whether there is another
computable tree T ′, classically isomorphic to T , such that T ′ has a
computable nontrivial self-embedding. We answer this now.

Theorem 2.31. There is a computable tree with a maximal infinite
node such that no classically isomorphic computable tree has a com-
putable nontrivial self-embedding.

Proof. If T is a tree, a component of T is a tree of the form T (n)
where n is an immediate successor of the root of T . We construct a
tree T that will have a single ω-node at its root. We describe the tree
by constructing the infinite sequence 〈Ti〉 of components of T . T ti will
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be the ith component enumerated by stage t. We will suppress the
superscript t when it is implied. Each Ti will be of height 2 or 3 and
will have finitely many components, each of which will be one of the
following four types:

•
AA

•
}}

•

•

•
AA

•
}}

•

•
AA

• •
}}

•

•
PPPPP •
AA

•
}}

•

nnnnn
•

Type A. Type B. Type C. Type D.

Let 〈φe〉e and 〈fe〉e be two effective enumerations of the partial
computable functions. We satisfy all requirements of the form:

R〈e,i〉 ≡ φe does not enumerate a computable tree isomorphic to T

or fi is not a non-trivial computable self-embedding of φe.

By Posner’s Lemma [], it suffices to satisfy all requirements of the
formRe = R〈e,e〉. We ensure while we are satisfying these requirements
that for all m < n

||Tm|| < ||Tn||, (3)

Tm has strictly fewer type D components than Tn. (4)

To satisfy the requirements we use an infinite injury argument.
We follow the exposition in [?] Chapter XIV. The basic module below
will be used to satisfy a general requirement Re. There are countably
many copies of the basic module indexed by the set {0, 1, 2, 3}<ω which
is ordered lexicographically (to the left of means lexicographically less
than). A module with index α will be working to satisfy R|α|. We
say a basic module is active at stage s if it is attempting to satisfy
its requirement. Parameters and internal states of modules (whether
active or not) will be constant unless explicitly changed during the
construction. For all n 6 s there is exactly one active module α with
|α| = n. No modules with |α| > s will be active at stage s, and if
module α is active and β ⊆ α, then module β is also active. We
determine below exactly which modules are active at stage s.

Basic Module:
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To ensure that T is infinite and of the required form (that is, its
components all have components of type A, B, C or D satisfying (3)
and (4)), during the construction we keep extending T as follows:

I. At each stage we add one component to T all of whose com-
ponents are of type D. Furthermore we ensure that this new compo-
nent has more type D components than any other existing component.
Components are indexed in the order they are added so that T satisfies
(3) and (4);

II. At stages in the construction when we extend T, we immedi-
ately add the minimum number of new components of type D to the
components of T to ensure that (3) and (4) continue to hold.

We enumerate the tree φe in stages and require that at all stages
it can be extended to a tree of the required form. If at any stage this
is not true, Re is automatically satisfied. Similarly, if fe ever ceases
to be extendible to an order-preserving self-embedding of φe, then Re
is immediately satisfied.

Step 0. A parameter α ∈ {0, 1, 2, 3}ω, the index of the module,
is used in the module. s is the stage of the overall construction.
k = k(α, s) is input to the module and its value is computed by the
overall construction.

Values i = i(α, s), j = j(α, s) and l = l(α, s) are calculated during
the operation of the module. i and j are are initially set to be -1
and l to be ∞. These values may change during the operation of the
module.

Step 1. As the tree φe (where e = |α|) is being enumerated, we
search for a component Sα of φe such that

1. ||Ssα|| > k,
(where as before, Ssα is the enumeration of Sα by stage s),

2. ||Ssα|| < l(α, s) where l(α, s) is defined recursively by: l(∅, s) =
∞, and if α 6= ∅,

l(α, s) = min
β(α

({||T si(β,s)|| : β ∗ 〈0〉 ⊆ α} ∪ {||T sj(β,s)|| : β ∗ 1 ⊆ α}).

If i(β, s) (or j(β, s)) is still in its initial value of -1, then we take
||T si(β,s)|| (||T sj(β,s)||) to be ∞. We also adopt the convention that the
minimum of the empty set is ∞.

The definition of l(α, t) is designed to help manage the conflicts
between requirements. The idea (which will be made exact later)
behind the definition of l(α, s) is if α is working under the assumption
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that lims ||T si(β,s)|| = ∞ (or lims ||T sj(β,s)|| = ∞), then it waits for a
stage that ||Ssα|| < ||T si(β,s)|| (||T sj(β,s)||).

3. fe is defined on all of Ssα (and respects the tree ordering on φe),
and fe[Ssα] ∩ Ssα = ∅.

Each Tn has at least two nodes of height 2 and we wait for a stage
when this is also true of of Sα. We can then identify the root node of
Sα and of φe. Let Vα be the component of φe that contains fe[Sα]. If
at any stage t in the computation fe ceases to be an order-preserving
embedding from Stα to V t

α, the module goes into a waiting state until
this is (possibly) remedied by the growth of Vα. If it is never remedied,
the requirement will be satisfied.

Step 2. We wait for a stage s in the enumeration of T such that
T has a component T si such that Ssα ' T si . We set i(α, s) = i. If no
such stage exists, Re is automatically satisfied.

If at some later stage t Stα ceases to be isomorphic to T ti(α,t) (be-
cause one or both of them has grown), then we return to step 2 to
find a new Ti for Sα.

Step 3. If T si does not have exactly one type A component, extend
T si so that it does and return to step 2. Suppose now that T si does
have exactly one type A component. This type A component is the
designated component of T si . The root of the designated component
is the designated node of T si . The corresponding node and component
of Ssα are its designated node and component. If ν is the designated
node of Ssα, then fe(ν) and V s

α (fe(ν)) are the designated node and
component of V s

α .
Step 4. Wait until there is a stage t and a component T tj such that

V t
α ' T tj and ||T tj ||+ 3 < l(α, t),

We then set j(α, t) = j. Notice that I and II above ensure that
i < j for all non-initial values of i and j. If at a later stage t′ V t′

α

ceases to be isomorphic to T t
′
j (while St

′
α remains isomorphic to T t

′
i ),

then we return to Step 4 to search for a new Tj .
Step 5. If T tj has no type A components, go to Step 6. Otherwise

mimimally extend T tj so that it has no type A components, and go to
step 4.

Step 6. (The diagonalisation step.) The designated node of Vα
will be a root node of a type B or C component. If type B (type C)
enlarge Ti so that its designated component is type C (type B). As
described before, if now Sα 6' Ti, return to step 2.�
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We use a tree of strategies to coordinate the execution of the basic
modules and to ensure that all requirements are satisfied. We define
δs that will control which modules are active. For all s |δs| = s and is
the longest active node. α is active at stage s if and only if α ⊆ δs.
Define

δ0 = λ.

If n 6 |δs|, and α ⊆ δs is of length n, then

δs+1(n) =


0 if T si(α,s) 6= T s+1

i(α,s+1) and i(α, s) 6= −1

1 if T si(α,s) = T s+1
i(α,s+1), T

s
j(α,s) 6= T s+1

j(α,s+1) and i(α, s) 6= −1

2 if T si(α,s) = T s+1
i(α,s+1), T

s
j(α,s) = T s+1

j(α,s+1) and i(α, s) 6= −1

3 if i(α, s) = −1.

The true path, f ∈ {0, 1, 2, 3}ω, is defined by f(n) = lim inft>n δt(n).
If γ′ ⊇ γ∗0, then γ′ is working under the assumption that limt ||T ti(γ,t)|| =

∞ and limt ||T tj(γ,t)|| = ∞. If γ′ ⊇ γ ∗1, then module γ′ is working un-
der the assumption that limt ||T ti(γ,t)|| <∞ and limt ||T tj(γ,t)|| = ∞. If
γ′ ⊇ γ∗2, then γ′ is working under the assumption that limt ||T ti(γ,t)|| <
∞ and limt ||T tj(γ,t)|| < ∞. If γ′ ⊇ γ ∗ 3, then γ is working under the
assumption that Sγ does not exist or is not isomorphic to any Ti. It is
now straightforward to see that the true path is the union of all true
assumptions.

Let κs be the greatest number used in the construction by stage
s. At the first stage s that a module becomes active we set k(α, s)
to be κs + 5 · 2s. At each stage s, and for every index α 6⊇ δs that is
lexicographically to the right of δs, we initialise module α. That is,
we set k(α, s) to be κs + 5 · 2s, l(α, s) to be ∞, and i(α, s) and j(α, s)
to be -1. If at any stage in the future module α becomes active, we
start it at step 1.

Notice that if γ is to the left of the true path, then it is active only
finitely often; that if γ is on the true path then is is active infinitely
often; and that γ is to the right of the true path if and only if it is
initialised infinitely often.

Analysis of the algorithm:

We first prove that T has the form described above. The only
nontrivial part is to show that T has no infinite components.
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Lemma 2.32. T has no infinite components.

Proof. Suppose for a contradiction that n is least such that ||Tn||
is infinite. As Tn is of finite height, it must have infinitely many
components. In the construction, components are added to Tn only
by II above and in step 3. But as every Tm with m < n is finite, II
will add only finitely many components to Tn during the construction.
So step 3 adds infinitely many (type A) components to Tn.

Let t be a stage by when all Tm with m < n have stopped grow-
ing. The basic module ensures that any type A component of Tn gets
extended to a type B or C component before another component is
added to Tn. This can only happen in step 5 or step 6.

We divide into two cases:

Case 1. There are only finitely many stages such that Tn is ex-
tended by a module in step 5.

Let s > t be a stage such that Tn is not extended by any module
in step 5 at any stage after s. Let α be any module that extends a
type A component of Tn at stage u > s. The claim is that after stage
u α can never again act to extend Tn. To see that this is enough to
establish case 1, consider all γ of length less than or equal to u. These
are the only modules that potentially have been active by stage u. By
the claim, each such γ can at most once act to extend Tn in step 6.
But at most four nodes are added to Tn for each module that extends
Tn in step 6 - three in step 5 and one in step 6. Therefore, all the
modules of length less than or equal to u can add in total at most
4 · 2u nodes to Tn.

Modules of length strictly greater than u can become active only
after stage u. Let β be the first such module to act to extend Tn at
stage u′ > u. Then

k(β, u′) = κu′ + 5 · 2u′ > ||T un ||+ 4 · 2u > ||T u′n ||.

And so β cannot affect Tn.
Thus only finitely many modules (those with indices of length less

than or equal to u) can affect Tn can affect Tn and these only finitely
often each. Hence Tn is finite, contradiction.

We just now need to establish the claim. Once α acts to extend
Tn at stage u, the basic module returns to step 2 and searches for a Ti
to be isomorphic to Sα. If it never finds such a Ti, then α can never
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act to increase Tn again. To find a Ti, Sα must grow because by this
stage all the components with index less than n are fixed.

But Sα cannot increase to become isomorphic to T u+1
n as, if it did,

then the designated component of Vα would embed both a type B and
type C module. φe would then not be of the required form, and the
module would never exit step 1.

Hence Sα must increase to become isomorphic to some Tp with
p > n. Suppose this happens at stage v > u. Thus Svα ' T vp . Thus
at stage v Svα must have more type D components than T un . But the
number of type D components of T tn cannot change at any later stage
as Tm is unchanging by stage t for all m < n (the number of type D
components of a component can change only if a smaller component
grows). Hence Sα must always have more type D components than
Tn after stage v, and α can never again affect Tn.

Case 2. There are infinitely many stages such that Tn is extended
by a module in step 5.

First we make the observation, useful later, that for any γ, ||T si(γ,s)||
and ||T sj(γ,s)|| are both increasing in s (because they are equal to ||Ssγ ||
and ||V s

γ ||, which are both increasing with respect to s).
As before, let t be a stage by when all Tm with m < n have stopped

growing. Let γ and t′ be any module and stage such that γ extends
a type A component of Tn at stage t′ > t. Thus j(γ, t′) = n, and
i(γ, t′) = m for some m < n. As Tm is finite, there are only finitely
many such modules γ (any module γ that becomes active for the first
time after stage t′ must choose ||Sγ || > k > ||Tm||). Thus there is a
module γ such that i(γ, u) = m for infinitely many u and consequently
i(γ, u) = m for all sufficiently large u.

Let β be such a module and s > t a stage where β extends Tn in
step 5. Let α be the module that next extends Tn by adding a type
A component at stage s′ > s. Notice that Tn does not grow between
stages s and s′.

Module β is active infinitely often, so it cannot be to the left of
the true path. But if β were to the right of the true path, it would
get initialised infinitely often and so eventually, i(β, t′) > m, for all t′

sufficiently large, contradicting the assumption on β. So β must be
on the true path. Take β to be the longest such index.

As β is on the true path, we can assume that s is large enough so
that after stage s no module strictly to the left of β is active. Hence α
is not to the left of β. If α 6⊇ β and were strictly to the right of β, then
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α would have been initialised as soon as β acted and could no longer
affect Tn. It is clear that α 6= β as limt i(β, t) < n = lim inft i(α, t). So
α ) β or β ) α.

Suppose β ) α. So α is also on the true path. We can take s
to be large enough so that i(α, u) 6= −1 for all u > s. We can also
assume that s is large enough so that, for all γ ⊆ β, if γ extends
Tn only finitely often, then γ never extends Tn after stage s. So
we can assume α extends Tn infinitely often. Therefore, as α is on
the true path, β ⊇ α ∗ 0. β extends Tn at stage s, and this can
only happen if ||T sj(β,s)|| + 1 < ||T si(α,s)|| (as ||T sj(β,s)|| + 3 < l(β, s) 6
min{||T si(γ,s)|| : γ ∗ 0 ⊆ β}). As α is the first module to extend Tn
after stage s, and β added exactly one node to Tn at stage s, we must
have ||T s′i(α,s′)|| = ||T sj(β,s)||+1. But then, using the observation at the
beginning of the proof,

||T s′i(α,s′)|| = ||T sj(β,s)||+ 1 < ||T si(α,s)|| 6 ||T s′i(α,s′)||,

contradiction.
Suppose β ( α. There are now four cases:
1. α ⊇ β ∗ 0. β ∗ 0 is to the left of the true path (as limt ||T ti(β,t)|| <

∞) and so we can assume that s is so large that β ∗ 0 is never active
at any stage t > s. Hence α is never active at any stage t > s,
contradiction.

2. α ⊇ β ∗ 1. Let

B = {γ ⊆ α : infinitely often γ extends a type A component of Tn}.

β is then the longest element of B. As above, α adds a component to
Tn at stage s′. Suppose β′ is the next element of B to extend Tn, say
at stage s′′ > s′. As β is on the true path, so are all γ ∈ B, and hence
α ) γ ∗ 1 for all γ ∈ B. So

||T s′′j(β′,s′′)|| > ||T s′j(β′,s′)||
by the initial observation in the proof

> l(α, s′)
> ||T s′i(α,s′)||+ 3
= ||T s′+1

n ||
as three nodes are added by α to Tn at stage s′

= ||T s′′n ||
as Tn is unchanged between stages s′ + 1 and s′′

= ||T s′′j(β′,s′′)||,
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contradiction.
3. α ⊇ β ∗ 2. At stage s, β ∗ 1 is active, so α is initialised. Hence

||T s′i(α,s′)|| > k(α, s+ 1) > ||T s+1
n || = ||T s′n || = ||T s′i(α,s′)||, contradiction.

4. α ⊇ β ∗ 3. Finally, i(β, t) 6= −1 for any t > s, as β acts to
increase Tn at stage s. So no nodes extending β ∗ 3 are active after
this time, contradiction

Lemma 2.33. All requirements are satisfied.

Proof. Suppose not and let Re be the least requirement that is not
satisfied. Thus fe : φe → φe is a nontrivial self-embedding and φ ' T .
Let α be the module on the true path of length e. So α is active
infinitely often and initialised only finitely often. Let s be a stage
such that α is never initialised after stage s. Thus k(α, t) = k(α, s)
for all t > s. Let k = k(α, s)

Recall that if α = ∅ or α(m) 6∈ {0, 1} for all m < |α|, then l(α, s) =
∞. Suppose now that β ( α is such that β∗0 ⊆ α. As α is on the true
path, it is active infinitely often and so there are infinitely many stages
t such that T t+1

i(β,t+1) 6= T ti(β,t). Thus limt ||T ti(β,t)|| = ∞ for all β such
that β∗0 ⊆ α. By a similar argument, limt ||T tj(β,t)|| = ∞ for all β such
that β ∗ 1 ⊆ α. Therefore limt l(α, t) = ∞. So we can assume that s is
large enough so that there are distinct components of φe,s, namely Ssα
and V s

α , such that k < ||Ssα|| < l(α, s) and ||V s
α ||+3 < l(α, s) and such

that fe takes Stα into V t
α for all t > s. As fe really is a self-embedding

of φe, fe must send limt S
t
α into limt V

t
α, and both of these components

of φe are finite. Let Sα = limt S
t
α and Vα = limt V

t
α, and suppose that

s is large enough that Ssα = Sα and V s
α = Vα.

The above shows that there is at least one component of φe that
is available to be chosen as Sα in step 1 of the module. This choice
will never be changed as α is never initialised after stage s. Hence the
first choice α makes after it has been initialised for the last time, will
be its final choice for Sα. α will then move into step 2 of the module
and never return to step 1.

As φe ' T , there must be an i and a j > i such that Ti ' Sα and
Tj ' Vα. During the operation of the module, if at any stage t > s,
T ti(α,t) 6' Stα = Sα, the module will return to step 1 and search for
a new Ti. As no two distinct components of T are isomorphic, this
process will continue until a stage t > s is arrived at such that for all
t′ > t, i(α, t′) = i and Sα = St

′
α ' T t

′

i(α,t′) = Ti.

30



We assume that s is large enough so that the above is true for s.
Thus α never returns to step 2 after stage s. So α eventually leaves
step 2 for the last time and moves to step 3, say at stage s′ > s.
Ti = T s

′
i and so Ti must have a unique type A component (or else one

is added and T s
′
i 6= Ti). Thus the module moves into step 4.

By an argument similar to above, there is a stage s′′ > s′ such that
j(α, s′′) = j, and so the module eventually moves into step 5. As Tj
has ceased growing by stage s′′, it must have no type A components
and the module moves into step 6.

At step 6 the module adds a node to Ti, contradicting the fact that
Ti has stopped growing. Thus Re is satisfied.

The proof of Theorem 2.31 can be simply adapted to give a proof
of the following.

Theorem 2.34. There is a computable, binary branching tree S with
exactly one infinite path such that no computable tree classically iso-
morphic to S has a computable nontrivial self-embedding.

Proof. Let 〈T,�T 〉 be the tree constructed in Theorem 2.31, 〈Ti〉 its
sequence of components, and λT its root. Also let λi denote the root
of component Ti. Let A = {ai : i ∈ N} be a set of distinct elements
disjoint from T . We define the tree 〈S,�S〉 as follows:

1. S = (T r {λT }) ∪A
2. ∀x, y ∈ S x �T y =⇒ x �S y
3. ∀i ∈ N ai+1 and λi are immediate successors of ai.

It is straightforward to see that there is a unique tree S satisfying
1, 2 and 3 and that S has exactly the one infinite path a0a1a2 . . . .

Also notice that any nontrivial self-embedding δ of S computes a
nontrivial self embedding of T , and hence by Theorem 2.31, δ must
be noncomputable.

To see this, as a0a1a2 . . . is the only infinite path in S, δ must take
this path strictly into itself. Let k be least such that δ(ak) 6= ak. Then
for all i > k there exists a unique j such that δ(ai) = aj � ai and δ
embeds Ti into Tj .

But then δ induces a nontrivial self-embedding δ′ of T given by

1. δ′(λT ) = λT

2. for all x ∈ T r {λT } δ′(x) = δ(x).
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To prove the theorem, let 〈U,�U 〉 be any computable tree classi-
cally isomorphic to S. We show that any nontrivial self-embedding
δ of U computes a nontrivial self-embedding of a computable tree
classically isomorphic to T . Hence by Theorem 2.31, δ >T 0.

As U is isomorphic to S, it too has exactly one infinite path. Let
b0b1b2 . . . be that path and let B = {bi : i ∈ N}. We first claim that
B is computable. It is c.e. because x ∈ B if and only if there exists a
chain of height 4 above x (recall all the components of T have heights
at most 3). And it is co-c.e. because x 6∈ B if and only if there exists
a b ∈ B such that b and x are incomparable.

So we can build a computable tree 〈V,�V 〉 isomorphic to T as
follows. Let V = (U rB) ∪ {ρ}, where ρ is a new element which will
serve as the root of V . For all x, y ∈ V define x �V y if and only if
x = ρ or x �U y. As B is computable, so is �V , and it is easy to see
that V is isomorphic to T

Now from δ we can now compute a nontrivial self-embedding δ′ of
V . Let δ′(ρ) = ρ and for all x ∈ U r B let δ′(x) = δ(x). δ′ is clearly
computable from δ and hence δ >T 0.

Theorem 2.35. There is a computable finitely branching tree T with
no isolated path or maximal infinite node such that for any computable
tree S classically isomorphic to T , if ϕ is a nontrivial self- embedding
of S, then 0′ 6>T ϕ.

Proof. This follows easily from Theorem ??. Take T to be the tree
in that theorem. If S were a computable tree classically isomorphic
to T and φ a nontrivial self embedding. Then φ computes a function
that dominates brlS using the argument from Theorem ??. As T is
isomorphic to S, φ also computes a function that dominates brlT .
Therefore φ computes a function that computes 0′′.

These results leave open some questions. Is it possible to code 0′

into the construction of Theorem 2.31 to build a tree with the prop-
erty that any nontrivial self-embedding of an isomorphic computable
tree compute 0′. A similar question could be asked about the con-
struction used to prove Theorem 2.30: is there a way to code 0′′ into
the isomorphism type of a type 3 tree?

One interesting difference between theorems 2.31 and 2.30 is the
latter proves result about all trees isomorphic to a given computable
tree whole the former only considers computable trees isomorphic to a
given computable tree. This is a consequence of the different types of
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construction used. Theorem 2.30 encodes 0′′ into the branching levels
of a tree - and so information is preserved by any isomorphic tree -
computable or not (relative to its successor relation). Theorem 2.31
uses a standard diagonalisation method against computable trees to
eliminate the possibility that our tree is isomorphic to a computable
tree with a computable nontrivial self-embedding. It has nothing to
say about non-computable trees

3 Chains and antichains in trees

One simple application of Ramsey’s Theorem for pairs with two colors
is that any infinite partial order must have either an infinite chain or
an infinite antichain. Herrmann [1] examined the effective content of
this result and proved the following theorem.

Theorem 3.1 (Herrmann [1]). If P is an infinite computable par-
tial order, then P has either an infinite ∆0

2 chain or an infinite Π0
1

antichain. In addition, there is an infinite computable partial order
which has no infinite Σ0

1 chains or antichains.

In this section, we consider this result in the context of trees rather
than general partial orders and we show that for trees these results
can be improved by exactly one quantifier.

Theorem 3.2. Let T be an infinite computable tree. T has either an
infinite computable chain or an infinite Π0

1 antichain.

Proof. If T has infinitely many leaves, then the set of leaves is an
infinite Π0

1 antichain. Otherwise, T must have a node x such that
T (x) is infinite and contains no leaves. In this case, let x0 = x and
xi+1 be the 6N least element of T which satisfies xi ≺ xi+1. The
sequence x0, x1, . . . gives an infinite computable chain.

Theorem 3.3. There is an infinite binary branching computable tree
such that T has no infinite c.e. chains or antichains.

Proof. We build (T,�) to meet the following requirements.

R2e : We is not an infinite chain
R2e+1 : We is not an infinite antichain

We build T in stages beginning with T0 = {λ}. Throughout the
construction, we maintain the property that each node x is either
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currently a leaf or else has exactly two immediate successors. Each
requirement Ri keeps a parameter ri such that any node x added to T
by a lower priority requirement after ri is defined satisfies ri � x. For
uniformity of notation, we set r−1 = λ. If a strategy is initialized, then
all of its parameters become undefined. Any parameter not explicitly
redefined or undefined by initialization retains its current value. If a
requirement ends the current stage, then it initializes all lower priority
requirements. The action for R2e at stage s is as follows.

1. If s is the first stage at which R2e is eligible to act or if R2e has
been initialized since it was last eligible to act, let a be such that
r2e−1 � a and a is a leaf in Ts. Add new nodes b and c to Ts as
immediate successors of a. Set r2e = b and end the stage.

2. If r2e is defined butR2e has not succeeded yet, then check whether
there is a node x ∈ Ts such that r2e � x and x ∈ We,s. If not,
then let R2e+1 act. If so, then let z denote the immediate prede-
cessor of x. Since z is not a leaf, it has two immediate successors.
Let y denote the successor of z which is not equal to x. Redefine
r2e = y and end the stage. We say that R2e has succeeded.

3. If R2e has succeeded, then let R2e+1 act.

The action for R2e+1 at stage s is as follows.

1. If s is the first stage at which R2e+1 is eligible to act or if R2e+1

has been initialized since it was last eligible to act, define r2e+1 =
r2e. End the stage.

2. If r2e+1 is defined andR2e+1 has not succeeded yet, check whether
there is a node x ∈ Ts such that r2e+1 � x and x ∈ We. If not,
then let R2e+2 act. If so, then redefine r2e+1 = x and end the
stage. We say R2e+1 succeeds.

3. If R2e+1 has succeeded, then let R2e+2 act.

This argument is finite injury so each parameter reaches a limit.
Because nodes are added to T only in Step 1 of the R2e action, T has
the property that at each stage, each node is either currently a leaf or
has exactly two successors.

To see that R2e is met, let s be the least stage such that R2e is
never initialized after stage s. The parameter r2e is defined at stage
s and can only change values after stage s if R2e changes the value in
Step 2 of its action.

There are two cases to consider. First, if there is a stage t > s
and a node x ∈ Tt such that r2e � x and x ∈ We,s. In this case,
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r2e is redefined so that r2e is incompatible with x. Because r2e is not
changed again and because no strategy of higher priority than R2e

adds elements to T after stage t, there are only finitely many elements
in T which are not above this final value of r2e. Therefore, x cannot
be part of an infinite chain and R2e is met.

The second case is when there is no such stage t and node x. In
this case, r2e has reached its limit at stage s and every node added
to T after stage s is added above r2e. Because there are only finitely
many nodes in T which are not above r2e, there cannot be an infinite
chain which is disjoint from T (r2e). Therefore, R2e is met.

The argument that R2e+1 is met is quite similar. Let s be the least
stage such that R2e+1 is never initialized after s and let r2e+1 denote
the value of the parameter at stage s. If there is no node x ∈We such
that r2e+1 � x, then R2e+1 never changes the value of r2e+1 and there
are only finitely many nodes of T which are not above r2e+1. Any
infinite antichain must intersect T (r2e+1), so R2e+1 is met.

If there is a node x ∈ We such that r2e+1 � x, then let x be the
first such node seen by R2e+1 after stage s. At this point, r2e+1 is
redefined to be equal to x, so there are only finitely many nodes in T
which are not comparable to x. Hence, no set containing x can be an
infinite antichain. Therefore, R2e+1 is won.

Theorem 3.4. Let L be any low set. There is an infinite binary
branching computable tree T such that T has no infinite chains or
antichains computable from L.

Proof. We need to meet the following requirements.

R2e : ϕLe is not an infinite chain

R2e+1 : ϕLe is not an infinite antichain

As in the proof of Theorem 3.3, we build T in stages and main-
tain the property that each node x is either currently a leaf or else
has exactly two immediate successors. Each requirement Ri keeps a
parameter ri as before. The main change in this construction is that
the value of ri can change more than once (but still only finitely often)
after the last time Ri is initialized. As before, whenever a requirement
ends a stage, it initializes all lower priority requirements.

R2e keeps three parameters: r2e, r̂2e and x2e. The r2e parameter
is used as before to force lower priority requirements to work above
r2e. The r̂2e parameter is used to store an “old value” of r2e in case
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our approximations to computations from L change and we need to
revert back to an earlier situation and wait for reconvergence. The
x2e parameter will be explained when it appears in the construction
below.

When R2e first acts or if R2e has been initialized since its last
action, it lets a be a node such that r2e−1 � a and a is currently
a leaf. It adds two new nodes b and c as immediate successors of a
in T , defines r̂2e = r2e = b and ends the stage. At future stages s,
R2e requires lower priority strategies to work above r2e and it tries to
decide whether ∃x∃t (r2e � x ∧ ϕLe,t(x) = 1). This predicate is ΣL

1 , so
it is computable from L′ and hence from 0′ (since L is low). Fix the
∆0

2 predicate P (e, k) defined by

P (e, k) ⇔ ∃x∃t (k � x ∧ ϕLe,t(x) = 1).

Let P (e, k, s) be a computable approximation such that P (e, k) =
lims P (e, k, s).

At stage s, R2e checks whether P (e, r̂2e, s) = 1. (Notice that r̂2e =
r2e at this point, so R2e is really checking whether P (e, r2e, s) = 1.) If
not, then R2e has no need to diagonalize and it lets R2e+1 act. If so,
then R2e wants to find the 6N least witness x which appears to satisfy
this existential statement. We define a second ∆0

2 predicate Q(x, u)
by

Q(x, u) ⇔ ∀t(t > u→ ϕLe,t(x) = 1)

and fix a computable approximation Q(x, u, s) such that Q(x, u) =
limsQ(x, u, s). (The predicate Q(x, u) is computable from L′, so it
is ∆0

2 because L is low.) R2e looks for the 6N least x such that
r̂2e = r2e � x and Q(x, s, s). If there is no such x then R2e lets R2e+1

act and waits to check again at the next stage. Eventually, it must
find an x and s for which Q(x, s, s). (Of course, if P (e, r̂2e, s) changes
from value 1 to value 0 while R2e is waiting for such an x, it ends the
stage and returns to waiting for P (e, r̂2e, s) to have value 1.)

When R2e finds such an x, it defines its third parameter x2e = x.
Let z be the immediate predecessor of x2e and let y be the successor z
which is not equal to x2e. R2e sets r2e = y but leaves the value of r̂2e
unchanged. That is, r̂2e retains the “old value” of r2e. R2e ends the
stage (and hence initializes the lower priority strategies so that they
will work above the new value of r2e in the future).

If P (e, r̂2e) really holds and x2e really is a correct witness for this
existential statement, then we have successfully diagonalized. How-
ever, it is possible that either P (e, r̂2e) does not hold or that x2e is not
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a correct witness. Therefore, at each future stage s, R2e continues to
check whether P (e, r̂2e, s) = 1. If this value every changes to 0, then
R2e redefines r2e to have value r2e = r̂2e, cancels its parameter x2e,
ends the stage and returns to waiting for P (e, r̂2e, s) = 1. If P (e, r̂2e, s)
retains its value of 1, then R2e checks whether Q(x2e, s, s) still gives
the value 1. If so, then R2e continues to believe it has correctly diag-
onalized and lets R2e+1 act. If Q(x2e, s, s) = 0 at some future stage s
(while P (e, r̂2e, s) = 1), then R2e cancels the parameter x2e, redefines
r2e to have value r2e = r̂2e, ends the stage and returns to looking for
the 6N least x such that Q(x, s, s) = 1.

To understand why this strategy eventually succeeds, let u be a
stage such that R2e is never initialized after u. At stage u, R2e defines
r2e and r̂2e and it will never change the value of r̂2e again. (The entire
construction is finite injury so there is such a stage.) Because P (e, r̂2e)
is a ∆0

2 predicate, there is a t > u such that for all s > t, P (e, r̂2e, s)
is either constantly 0 or constantly 1.

If P (e, r̂2e, s) is eventually constantly 0, then r2e will eventually be
set permanently equal to r̂2e. From this stage on, all nodes added to T
are above r̂2e. Because P (e, r̂2e) does not hold, ϕLe does not place any
elements from T (r̂2e) into its chain. Because there are only finitely
many elements of T outside of T (r̂2e), ϕLe cannot compute an infinite
chain and R2e is met.

If P (e, r̂2e, s) is eventually constantly 1, then there is an x such
that r̂2e � x and x is a witness to the existential statement P (e, r̂2e).
Because Q(x, u, s) is a ∆0

2 predicate and we look for the 6N least
witness x, R2e eventually defines x2e such that Q(x2e, s, s) has reached
its limit of 1. Both r2e and x2e have reached their limits at this stage.
After this stage, all elements added to T are above r2e and hence are
incomparable with x2e. Because ϕLe (x2e) = 1, ϕLe cannot compute an
infinite chain in T so R2e is met.

In either case, notice that r̂2e and r2e reach limits and that x2e

either reaches a limit or there is a stage after which it is never defined.
Therefore, R2e only initializes lower priority strategies finitely often.

The strategy to meet requirement R2e+1 is similar. R2e+1 also
keeps three parameters r2e+1, r̂2e+1 and x2e+1. When it first acts (or
after it has been initialized), R2e+1 sets r̂2e+1 = r2e+1 = r2e and ends
the stage.

At future stages, R2e+1 checks whether P (e, r̂2e+1, s) = 1. If not, it
lets R2e+2 act. If so, it looks for the 6N least x such thatQ(x, s, s) = 1.
If there is no such x, it lets R2e+2 act next. If there is such an x, it sets
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x2e+1 = x, redefines r2e+1 so that r2e+1 = x2e+1 and ends the stage.
(As above, it leaves r̂2e+1 unchanged to mark the “old value” of r2e+1.
If P (e, r̂2e+1, s) changes values from 1 to 0 while R2e+1 is waiting for
such an x, it ends the stage and returns to waiting for P (e, r̂2e+1, s)
to equal 1.)

Once x2e+1 is defined, R2e+1 continues to check whether P (e, r̂2e+1, s) =
1. If this value ever changes to 0, it cancels x2e+1, redefines r2e+1

so that r2e+1 = r̂2e+1, ends the stage and returns to waiting for
P (e, r̂2e+1, s) to equal 1. As long as P (e, r̂2e+1, s) remains equal to
1, R2e+1 checks whether Q(x2e+1, s, s) continues to equal 1. As long
as it does, R2e+1 lets R2e+2 act. If Q(x2e+1, s, s) changes values to 0,
then R2e+1 cancels x2e+1, redefines r2e+1 to have value r2e+1 = r̂2e+1,
ends the stage and and returns to looking for the 6N least x such that
Q(x, s, s) = 1.

The analysis that R2e+1 eventually succeeds and that it initializes
the lower priority requirements only finitely often is similar to the
analysis given for R2e. The details are left to the reader.

There is no need to restrict ourselves to a single low set L in the
proof of Theorem 3.4. That is, essentially the same proof (with a
little extra bookkeeping in the indices) shows that if Li (for i ∈ N)
is a sequence of uniformly low, uniformly ∆0

2 sets, then there is an
infinite binary branching computable tree T such that T has no infinite
chains and no infinite antichains computable from any of the Li sets.
By Jockusch and Soare [2] and Simpson [3], there is an ω-model M
of WKL0 such that the second order part of M consists of all the
sets in the Turing ideal generated by a sequence L0 6T L1 6T · · ·
of uniformly low, uniformly ∆0

2 sets. Thus, we obtain the following
corollary.

Corollary 3.5. WKL0 is not strong enough to prove that every infi-
nite binary branching tree has either an infinite chain or an infinite
antichain.

One potential point of confusion here is the definition of “binary
branching.” A binary branching tree T in our sense is a tree T for
which each node has at most two successors. Although classically this
definition is the same as saying T is a subset of 2<ω which is closed
under initial segments, these definitions are not the same in a weak
subsystem such as WKL0. For further discussion of this point, see
Section III.7 of Simpson [3].
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