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1. Preliminaries.
Let {Ft} be a right continuous complete filtration. We define the predictable σ-field

P as the σ-field on Ω× [0,∞) generated by all processes of the form

H(ω, s) =
n∑

i=1

Ki(ω)1(ai,bi](s), (1.1)

where each Ki is Fai-measurable and bounded. A process that is measurable with respect
to P is called predictable. One can show that left continuous processes, i.e., processes
whose paths are left continuous, are measurable with respect to P. If a process has paths
that are right continuous with left limits, we say the process is rcll (or ‘càdlàg’ in French).
If Xt is a process that is right continuous with left limits, we set Xt− = lims→t,s<t Xs and
∆Xt = Xt −Xt−. Thus ∆Xt is the size of the jump of Xt at time t.

We say a stopping time T is predictable (also known as previsible) if there exist
stopping times Tn increasing to T with Tn < T on the set (T < ∞). An example is
T = inf{t : Bt = 1}, where Bt is a Brownian motion; in this case we can take Tn = inf{t :
Bt = 1− 1/n}.

A stopping time T is totally inaccessible if for all predictable stopping times S

we have P(T = S) = 0. An example is T = inf{t : Pt = 1}, where Pt is a Poisson
process. To see this, suppose S is predictable. Let M be a large integer. It is easy
to see that S ∧ M is predictable. If we show P(T = S ∧ M) = 0 for each M , then
P(S = T ) = 0. So we may suppose S is bounded. Take Sn increasing to S. Note
Pt = 0 if t < T and PT = 1. The process Pt − t is a martingale, so by optional stopping,
E (PSn∧T ) = E (Sn ∧ T ) ↑ E (S ∧ T ) = E (PS∧T ) = P(S ≥ T ). On the other hand
E (PSn∧T ) = P(Sn ≥ T ) → P(S > T ). So P(S > T ) = P(S ≥ T ), and hence P(S = T ) = 0.

Note that if T is predictable, then 1[0,T (ω)) = lim 1[0,Tn(ω)]. But 1[0,Tn(ω)] is a left
continuous process, hence P measurable.

1



Recall the Doob-Meyer decomposition. Suppose Xt is a supermartingale with paths
that are right continuous with left limits and that the collection of random variables
{XT : T a stopping time} is uniformly integrable. There exists a martingale Mt and
a predictable increasing process At such that Xt = Mt−At. The decomposition is unique.

Suppose a(t) is a deterministic right continuous nondecreasing function of t. We
have the following formula.

Lemma 1.1. If a(0) = 0, then

a(t)2 =
∫ t

0

[(a(t)− a(s)) + (a(t)− a(s−))]da(s).

Proof. Since an increasing function has at most countably many discontinuities, we may
write a(t) = ac(t) +

∑∞
i=1 ai(t), where ac is continuous and nondecreasing, and each ai is

constant except for a single jump. Since a is the limit, uniformly on [0, t], of ac +
∑n

i=1 ai

as n → ∞, it suffices to prove our result when there are only finitely many jumps. Since
we can approximate ac uniformly on [0, t] by step functions, it suffices to prove our result
when a is of the form

∑m
j=1 bj , where each bj is constant except for a single jump. But for

such a we can prove our result by a direct calculation.

We will need the following.

Lemma 1.2. Suppose At is a predictable nondecreasing process with A(0) = 0. Suppose

X and Y are uniformly integrable rcll processes, not necessarily adapted, such that E XS ≤
E YS for every stopping time S, X∞− = Y∞− = 0, and E

∫∞
0

Ys−dAs < ∞. Then

E
∫ ∞

0

Xs−dAs ≤ E
∫ ∞

0

Ys−dAs.

Proof. Suppose first that As(ω) is either identically zero as a function of s or else has
a single jump of size b. Let S = inf{t : ∆As = b}; note S = ∞ on those paths that
have no jump. Since At is predictable, S is predictable, and there exist stopping times Sn

increasing up to S. Then E XSn ≤ E YSn and taking a limit, E XS− ≤ E YS−. Multiplying
by b, this is the same as E

∫∞
0

Xs−dAs ≤ E
∫∞
0

Ys−dAs.
By linearity, the inequality holds if At is the sum of finitely many processes of the

above form. So it remains to show that every such predictable A can be written as the limit
of sums of finitely many such processes. Since increasing processes have countably many
jumps, it suffices to consider continuous As. If As is continuous, let S1 = inf{t : As ≥ ε},
Si+1 = inf{t > Si : At − ASi ≥ ε} for i = 1, 2, . . .. If Ai

s = ε1(t≥Si), then taking the limit
first as n →∞ of

∑n
i=1 Ai

s, and then the limit as ε → 0, we approximate As.
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2. Decomposition of martingales.
Suppose At is a bounded increasing process. Then trivially At is a submartin-

gale, and by the Doob-Meyer decomposition (applied to −At) there exists a predictable
increasing process Ãt such that At − Ãt is a martingale. We call Ãt the compensator of
At.

Lemma 2.1. If At is bounded by K, then E Ã2
∞ ≤ 2K2.

Proof. We fix t0, let Xt = A∞ − At and Yt = K for t < t0 + 1, and Xt = Yt = 0 for
t ≥ t0 + 1. By Lemma 1.1,

Ã2
t0 =

∫ t0

0

[(Ãt0 − Ãs) + [(Ãt0 − Ãs−)]dÃs ≤ 2
∫ t0

0

(Ãt0 − Ãs−)dÃs.

Applying Lemma 1.2,

E Ã2
t0 ≤ 2KE

∫ t0

0

dÃs ≤ 2K2.

We now let t0 →∞ and use Fatou’s lemma to finish the proof.

In particular, Ãt is integrable.

A key proposition is the following orthogonality lemma.

Lemma 2.2. Suppose At is a bounded increasing process, and Mt = At − Ãt, where Ãt

is defined as above. Suppose Nt is a square integrable martingale such that ∆Nt∆Mt = 0
for all t. Then E M∞N∞ = 0.

Proof. If H = K1(a,b] with K Fa-measurable, then using the fact that Mt is of bounded
variation, we have (this is a Lebesgue-Stieltjes integral here)

E
∫ ∞

0

HsdMs = E [K(Mb −Ma)] = E [KE [Mb −Ma | Fa] ] = 0.

Since Ns− is predictable, by linearity and taking limits, E
∫∞
0

Ns−dMs = 0. By hypothesis,
E

∫∞
0

∆NsdMs = 0, so E
∫∞
0

NsdMs = 0. On the other hand, by conditioning on Fs we
see

E M∞N∞ = E
∫ ∞

0

N∞dMs = E
∫ ∞

0

NsdMs.

So E M∞N∞ = 0.

If we apply the above to Nt∧T , we have E M∞NT = 0. If we then condition on FT ,

E MT NT = E NT E [M∞ | FT ] ] = E [NT M∞] = 0.
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Let Mt be a square integrable rcll martingale, so that E M2
∞ < ∞. By Doob’s

inequality we have E [sup0≤s<∞M2
s ] < ∞. For each i, let Ti1 = inf{t : |∆Mt| ∈ [2i, 2i+1)},

Ti2 = inf{t > Ti1 : |∆Mt| ∈ [2i, 2i+1)}, and so on. Since Mt is right continuous with left
limits, Tij →∞ as j →∞. So Mt has at most countably many jumps. We order them as
S1, S2, . . . Let Ai(t) = ∆MSi1(t≥Si) and Mi(t) = Ai(t)− Ãi(t).

It is worth noting that from the general theory of processes, if Si is totally inacces-
sible, then Ãi(t) will be continuous, while if Si is predictable, then by virtue of the fact
that Mt is a martingale, we see that Ãi(t) is identically zero.

Theorem 2.3. Each Mi is square integrable. If M c
t = Mt −

∑∞
i=1 Mi(t), then M c is

square integrable. The martingale M c is orthogonal to each Mi.

Proof. We have already seen that each Mi is square integrable. By the orthogonal-
ity lemma, the Mi are mutually orthogonal and also Mt −

∑n
i=1 Mi(t) is orthogonal to

M1, . . . ,Mn for each n.
We will show Mt −

∑n
i=1 Mi(t) converges in L2. Then by Doob’s inequality, we see

that sups(Ms −
∑n

i=1 Mi(s)) will converge in L2. A subsequence will converge a.s., so the
limit will have no jumps, and consequently must be a continuous process. Moreover it will
be orthogonal to each Mi. Write Sn(t) =

∑n
i=1 Mi(t). By the orthogonality,

E M2
∞ = E

[
M∞ − Sn(∞) + Sn(∞)

]2

= E
[
M∞ − Sn(∞)

]2

+ E Sn(∞)2 ≥ E Sn(∞)2.

So, using orthogonality again, the series E
∑n

i=1 Mi(∞)2 converges. Then

E
[(

M∞ − Sn(∞)
)
−

(
M∞ − Sm(∞)

)]2

= E
[ m∑

i=n+1

Mi(∞)
]2

=
m∑

i=n+1

E Mi(∞)2.

This can be made small by taking n and m large. Hence M(∞) − Sn(∞) is a Cauchy
sequence in L2.

3. Stochastic integrals.
If a(t) is a function of bounded variation and 0 = s0 ≤ s1 ≤ · · · ≤ sn = t is a

partition of [0, t], note

a(t)2 =
n∑

i=1

a(si)2 − a(si−1)2 =
∑

(a(si) + a(si−1))(a(si)− a(si−1))

=
∑

(2a(si−1) + a(si)− a(si−1))(a(si)− a(si−1)).
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Passing to a limit, we have

a(t)2 =
∫ t

0

(2a(s−) + ∆a(s)) da(s) = 2
∫ t

0

a(s−) da(s) +
∑

s

(∆a(s))2. (3.1)

If Mt is a square integrable martingale, then M2
t is a submartingale by Jensen’s in-

equality. By the Doob-Meyer decomposition, there exists a predictable increasing process,
denoted 〈M〉t, such that M2

t − 〈M〉t is a martingale. Let us define

[M ]t = 〈M c〉t +
∑
s≤t

|∆Ms|2.

Here M c is the continuous part of the martingale Mt as defined in Theorem 2.3.

Proposition 3.1. M2
t − [M ]t is a martingale.

Proof. By the orthogonality it is easy to see that 〈M〉t = 〈M c〉t +
∑

i 〈Mi〉t. Since
M2

t − 〈M〉t is a martingale, we need only show [M ]t − 〈M〉t is a martingale, or that∑
i 〈Mi〉t −

∑
i

∑
s≤t |∆Mi(s)|2 is a martingale.

By (3.1), we see that

Mi(t)2 = 2
∫ t

0

Mi(s−) dMs +
∑
s≤t

|∆Mi(s)|2. (3.2)

It is easy to check, by approximating by a Riemann sum and using the fact that Mi is a
martingale, that the integral on the right in (3.2) is a martingale. So M2

i (t)−
∑

s≤t |∆Ms|2

is a martingale. Since M2
i (t)− 〈Mi〉t is a martingale, that completes the proof.

If H(ω, s) is as in (1.1) and M is square integrable, define the stochastic integral by

Nt =
∫ t

0

Hs dMs =
n∑

i=1

Ki[Mbi∧t −Mai∧t].

Just as in [PTA], pp. 43-44, the left hand side will be a martingale and just as in the proof
of [PTA], Section I.5, with [ ] instead of 〈 〉, N2

t − [N ]t is a martingale.
If H is P-measurable and E

∫∞
0

H2
s d[M ]s < ∞, approximate H by integrands Hn

s

of the form (1.1), define Nn
t as the stochastic integral of Hn with respect to Mt. By the

same proof as in [PTA], Section I.5, the martingales Nn
t converge in L2. We call the limit

Nt =
∫ t

0
Hs dMs. The stochastic integral is a martingale, and [N ]t =

∫ t

0
H2

s d[M ]s.

4. Ito’s formula.
Suppose Xt = Mt + At, where Mt is a square integrable martingale and At is a

process of bounded variation with total variation integrable. We will state and prove Ito’s
formula in this case. The extension to semimartingales without the integrability conditions
will be done later and is easy. Define 〈Xc〉t to be 〈M c〉t.
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Theorem 4.1. Suppose Xt is as above and f is C2 on R with bounded first and second

derivatives. Then

f(Xt) = f(X0) +
∫ t

0

f ′(Xs−)dXs +
1
2

∫ t

0

f ′′(Xs−)d〈Xc〉s (4.1)

+
∑
s≤t

[f(Xs)− f(Xs−)− f ′(Xs−)∆Xs].

Proof. The proof will be given in several steps.
Step 1: If Xt is continuous, see [PTA], pp. 46-48.
Step 2: Suppose Xt has a single jump at time T and there exists N > 0 such that

|∆MT |+ |∆AT | ≤ N a.s.
Let Ct = ∆MT 1(t≤T ); write C+

t = (∆MT )+1(t≤T ), let C̃+ be the compensator for
C+, define C− and C̃− similarly, and set C̃t = C̃+

t − C̃−
t . If we replace Mt by Mt−Ct + C̃t

and At by At + Ct − Ĉt, we may assume that Mt is continuous.
Let Bt = ∆XT 1(t≥T ). Let X̂t = Xt−Bt. If we set Ât = At−Bt, then X̂t = Mt+Ât.

Then X̂t is a continuous process that agrees with Xt up to time T . By Step 1, we have

f(X̂t) = f(X̂0) +
∫ t

0

f ′(X̂s)dX̂s +
1
2

∫ t

0

f ′′(X̂s)d〈M〉s

= f(X̂0) +
∫ t

0

f ′(X̂s−)dX̂s +
1
2

∫ t

0

f ′′(X̂s−)d〈M〉s

= f(X̂0) +
∫ t

0

f ′(X̂s−)dX̂s +
1
2

∫ t

0

f ′′(X̂s−)d〈M〉s

+
∑
s≤t

[f(X̂s)− f(X̂s−)− f ′(X̂s−)∆X̂s].

Since X̂t agrees with Xt up to time T , the above holds with X̂t replaced by Xt for t < T .
At time T the left hand side has a jump of size f(XT ) − f(XT−). The right hand side
will jump f ′(XT−)∆XT + f(XT )− f(XT−)− f ′(XT−)∆XT , which is the same. So in this
case, (4.1) holds.

Step 3: There exist times T1 < T2 < · · · with Tn → ∞, |∆MTi | and |∆ATi | are
bounded by Ni for some Ni > 0 for each i, and Xt is continuous except at one of the times
T1, T − 2, . . .

Let X ′
t = X(t−Ti)∨0, and similarly for A′t and M ′

t . If we apply Step 2 to X ′ at time
Ti + t, we have for t > Ti

f(Xt) = f(XTi) +
∫ t

Ti

f ′(Xs−) dXs +
1
2

∫ t

Ti

f ′′(Xs−) d〈Xc〉s

+
∑

Ti<s≤t

[f(Xs)− f(Xs−)− f(Xs−)∆Xs].
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So for any t we have

f(Xt) = f(XTi∧t) +
∫ t

Ti∧t

f ′(Xs−) dXs +
1
2

∫ t

Ti∧t

f ′′(Xs−) d〈Xc〉s

+
∑

Ti∧t<s≤t

[f(Xs)− f(Xs−)− f(Xs−)∆Xs].

Summing over i, we have (4.1) for each t.
Step 4: The general case.
As in the paragraphs preceding Theorem 2.3, we order the jumps of Xt as S1, S2, . . . ,

so that for each i there is an Ni with |∆MSi |+ |∆ASi | ≤ Ni. Let M be decomposed into
M c and Mi as in Theorem 2.3 and let Ac

t = At −
∑∞

i=1 ∆ASi1(t≤Si). Since At is of
bounded variation, then Ac will be finite and continuous. Let Xn

t = Mn
t + An

t , where
Mn

t = M c
t +

∑n
i=1 Mi(t) and An

t = Ac
t +

∑n
i=1 ∆ASi1(t≤Si). Then Mn converges to M in

L2 and An converges to A in L1.
We now examine the various terms. Uniformly in t over compact intervals, Xn

t

converges to Xt in probability. Since
∫ t

0
d〈M c〉s < ∞, by dominated convergence∫ t

0

f ′(Xn
s−)d〈M c〉s →

∫ t

0

f ′(Xs−)d〈M c〉s

in probability.
We write∫ t

0

f ′(Xn
s−)dAn

s −
∫ t

0

f ′(Xs−)dAs

=
[ ∫ t

0

f ′(Xn
s−)dAn

s −
∫ t

0

f ′(Xs−)dAn
s

]
+

[ ∫ t

0

f ′(Xs−)dAn
s −

∫ t

0

f ′(Xs−)dAs

]
= I1 + I2.

The absolute value of I1 is less than∫ t

0

|f ′(Xn
s−)− f ′(Xs−)| |dAn

s | ≤
∫ t

0

|f ′(Xn
s−)− f ′(Xs−)| |dAs|;

this tends to 0 as n →∞ by dominated convergence.

I2| ≤ ‖f ′‖∞
∫ t

0

|dAn
s − dAs|,

which also tends to 0.
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We also write∫ t

0

f ′(Xn
s−)dMn

s −
∫ t

0

f ′(Xs−)dMs

=
[ ∫ t

0

f ′(Xn
s−)dMn

s −
∫ t

0

f ′(Xs−)dMn
s

]
+

[ ∫ t

0

f ′(Xs−)dMn
s −

∫ t

0

f ′(Xs−)dMs

]
= I3 + I4.

The L2 norm of I3 is bounded by

E
∫ t

0

|f ′(Xn
s−)− f ′(Xs−)|2d[Mn]s ≤ E

∫ t

0

|f ′(Xn
s−)− f ′(Xs−)|2d[M ]s,

which goes to 0 by dominated convergence. And

I4 =
∫ t

0

f ′(Xs−)
∞∑

i=n+1

dMi(s),

so the L2 norm of I4 is less than

‖f ′‖2
∞

∞∑
i=n+1

E [Mi]∞ ≤ ‖f ′‖2
∞

∞∑
i=n+1

E Mi(∞)2,

which goes to 0 as n →∞.
Finally,

I5 =
∑
s≤t

[f(Xs − f(Xs−)− f ′(Xs−)∆Xs]−
∑
s≤t

[f(Xn
s )− f(Xn

s−)− f ′(Xn
s−)∆Xn

s ]

=
∞∑

i=n+1

[f(XSi)− f(XSi−)− f ′(XSi−)∆XSi ]1(t≥Si).

This is bounded in absolute value by
∞∑

i=n+1

‖f ′′‖∞|∆XSi |21(|∆X(Si)|≤1) +
∞∑

i=n+1

2‖f ′‖∞|∆XSi |1(|∆X(Si)|>1).

If |∆XSi | ≤ 1, then
|∆XSi |2 ≤ 2|∆MSi |2 + 2|∆ASi |,

while if |∆XSi | > 1,
|∆XSi | ≤ |∆MSi |2 + |∆ASi |.

Since
∑∞

i=1 |∆MSi |2 ≤ [M ]∞ < ∞ and
∑∞

i=1 |∆ASi | < ∞, then I5 tends to 0 as n →∞.
This completes the proof.

The following corollary is very useful.
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Corollary 4.2. If X and Y are semimartingales of the above form,

XtYt = X0Y0 +
∫ t

0

Xs−dYs +
∫ t

0

Ys−dXs + [X, Y ]t.

Here [X, Y ]t is defined by polarization.

Proof. Apply Theorem 4.1 with f(x) = x2 (this f does not have bounded first derivative,
but that may be circumvented by an approximation argument.) Since in this case f(Xs)−
f(Xs−)− f ′(Xs−)∆Xs = ∆X2

s , we obtain

X2
t = X2

0 + 2
∫ t

0

Xs−dXs + [X]t.

We obtain the corollary by polarization.

5. The reduction theorem.
Let M be an adapted process. If there exist stopping times increasing to∞ such that

each process Mt∧Tn
is a uniformly integrable martingale, we say M is a local martingale. If

each Mt∧Tn is square integrable, we say M is locally square integrable. We say a stopping
time T reduces a process M if Mt∧T is a uniformly integrable martingale.

Lemma 5.1. (a) The sum of two local martingales is a local martingale.

(b) If S and T reduce M , then so does S ∨ T .

(c) If there exist times Tn →∞ such that Mt∧Tn is a local martingale for each n, then

M is a local martingale.

Proof. (a) If the sequence Sn reduces M and the sequence Tn reduces N , then Sn ∧ Tn

will reduce M + N .
(b) Mt∧(S∨T ) is bounded in absolute value by |Mt∧T |+ |Mt∧S |. Both {|Mt∧T |} and

{|Mt∧S |} are uniformly integrable families of random variables.
(c) Let Snm be a family of stopping times reducing Mt∧Tn and let S′nm = Snm∧Tn.

Renumber the stopping times into a single sequence R1, R2, . . . and let Hk = R1∨· · ·∨Rk.
Note Hk ↑ ∞. To show that Hk reduces M , we need to show that Ri reduces M and
use (b). But Ri = S′nm for some m,n, so Mt∧Ri = MTn

t∧Snm
is a uniformly integrable

martingale, where here MTn
t = Mt∧Tn

.

Let M be a local martingale with M0 = 0. We say that a stopping time T strongly

reduces M if T reduces M and the martingale E [|MT | | Fs] is bounded on [0, T ).
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Lemma 5.2. (a) If T strongly reduces M and S ≤ T , then S strongly reduces M .

(b) If S and T strongly reduce M , then so does S ∨ T .

(c) E [E [ · | FT ] | FS ] = E [ · | FS∧T ]].

Proof. (a) Let Ys = E [|MT | | Fs]. Note E [|MS | | Fs] ≤ YS∧s, hence S strongly reduces
M .

(b) It suffices to show that E [|MS∨T | | Ft] is bounded for t < T , since by symmetry
the same will hold for t < S. For t < T this expression is bounded by

E [|MT | | Ft] + E [|MS |1(S>T ) | Ft].

The first term is bounded since T strongly reduces M . The second term is bounded for
t < T by E [|MS |1(t<S) | Ft] = E [|MS | | Ft]1(t<S), which in turn is bounded since S

strongly reduces M .
(c) Let Y∞ be a bounded random variable and let Yt = E [Y∞ | Ft]. Zt = Yt∧T is a

martingale with Z∞ = YT . So

E [E [Y∞ | FT ] | Fs] = E [YT | FS ] = E [Z∞ | FS ] = ZS = YS∧T = E [Y∞ | FS∧T ].

Lemma 5.3. If M is a local martingale with M0 = 0, then there exist stopping times

Tn ↑ ∞ that strongly reduce M .

Proof. Let Rn ↑ ∞ be a sequence reducing M . Let

Snm = Rn ∧ inf{t : E [|MRn | | Ft] ≥ m}.

Arrange the stopping times Snm into a single sequence Un and let Tn = U1 ∨ · · · ∨ Un. In
view of the preceding lemmas, we need to show Ui strongly reduces M , or that Snm does
for each n and m.

Let Yt = E [|MRn | | Ft]. Y is bounded by m on [0, Snm). We write

E [|MSnm |1(t<Snm)] = E [|E [|MRn |1(t<Snm) | FSnm ] | Ft]

≤ E [E [|MRn |1(t<Snm) | FSnm ] | Ft]

= E [|MRn |1(t<Snm) | FSnm∧t]

= YSnm∧t1(t<Snm)

= Yt1(t<Snm) ≤ m.

Our main theorem of this section is the following.
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Theorem 5.4. Suppose M is a local martingale. Then there exist stopping times Tn ↑ ∞
such that Mt∧Tn = Un

t + V n
t , where Un is a square integrable martingale and V n is a

process of bounded variation whose total variation is integrable. Moreover, Ut = UT and

Vt = VT for t ≥ T .

Proof. It suffices to prove that if M is a local martingale with M0 = 0 and T strongly
reduces M , then Mt∧T can be written as U +V with U and V of the described form. Thus
we may assume Mt = MT for t > T , |MT | is integrable, and E [|MT | | Ft] is bounded, say
by K, on [0, T ).

Let Ct = MT 1(t≥T ) = Mt1(t≥T ) and Xt = Mt1(t<T ). Define C̃ as in the proof of
Theorem 4.1, let V = C − C̃, and let U = X + C̃. Then V is a martingale of bounded
variation, and the expectation of the total variation is at most 2E |MT |. We need to show
U is square integrable. Since Xt is bounded by K, it suffices to show C̃ is square integrable.

Let C+
t = M+

t 1(t≥T ), X+
t = M+

t 1(t<T ), and let C̃+
t be the compensator of C̃+

t . We
define C− and X− similarly. Note E [C̃+

∞ − C̃+
Sn

] = E X+
Sn

for every stopping time Sn. If
S is predictable and the Sn increase up to S, we then have E [C̃+

∞− C̃+
S−] = E X+

S−. So by
Lemmas 1.1 and 1.2,

E C̃+∞2 ≤ 2E
∫ ∞

0

[C̃∞ − C̃s−]dC̃s

= 2E
∫ ∞

0

X+
s−dC̃s ≤ 2K

∫ ∞

0

C̃s

= 2KE C+
∞ ≤ 2K2.

We have a similar expression for C−, and combining shows C is square integrable.

6. Semimartingales.
We define a semimartingale to be a process of the form Xt = X0 + Mt + At, where

X0 is finite, Mt is a local martingale, and At is a process whose paths have bounded
variation on [0, t] for each t.

If Mt is a local martingale, let Tn be a sequence of stopping times as in Theorem 5.4.
We set M c

t∧Tn
= (Un)c

t for each n and [M ]t∧Tn = 〈M c〉t∧Tn
+

∑
s≤t∧Tn

∆M2
s . It is easy

to see that these definitions are independent of the decomposition of M into Un + V n and
of which sequence of stopping times Tn reducing M we choose. We define 〈Xc〉t = 〈M c〉t
and similarly [X]t.

We say an adapted process H is locally bounded if there exist stopping times Sn ↑
∞ and constants Kn such that on [0, Sn] the process H is bounded by Kn. If Xt is
a semimartingale and H is a locally bounded predictable process, define

∫ t

0
Hs dXs as

follows. Let Xt = X0 + Mt + At. If Rn = Tn ∧ Sn, where the Tn are as in Theorem

11



5.4 and the Sn are as in the definition of locally bounded, set
∫ t∧Rn

0
Hs dMs to be the

usual stochastic integral. Define
∫ t∧Rn

0
Hs dAs to be the usual Lebesgue-Stieltjes integral.

Define the stochastic integral with respect to X as the sum of these two. Since Rn ↑ ∞,
this defines

∫ t

0
Hs dXs for all t. One needs to check that the definition does not depend on

the decomposition of X into M and A nor on the choice of stopping times Rn. See Meyer
(1976) for details.

We now state the general Ito formula.

Theorem 6.1. Suppose X is a semimartingale and f is C2. Then

f(Xt) = f(X0) +
∫ t

0

f ′(Xs−) dXs +
1
2

∫ t

0

f ′′(Xs−)d〈Xc〉s

+
∑
s≤t

[f(Xs)− f(Xs−)− f ′(Xs−)∆Xs].

Proof. (See Meyer,(1976) for details.) First suppose f has bounded first and second
derivatives. Let Tn be stopping times strongly reducing Mt, let Sn = inf{t :

∫ t

0
|dAs| ≥ n},

let Rn = Tn∧Sn, and let Xn
t = Xt∧Rn −∆ARn . Since the total variation of At is bounded

on [0, Rn), it follows that Xn is a semimartingale which is the sum of a square integrable
martingale and a process whose total variation is integrable. We apply Theorem 4.1 to this
process. Xn

t agrees with Xt on [0, Rn). As in the proof of Theorem 4.1, by looking at the
jump at time Rn, both sides of Ito’s formula jump the same amount at time Rn, and so
Ito’s formula holds for Xt on [0, Rn]. If we now only assume that f is C2 but approximate
f by C2 functions that have bounded first and second derivatives, it is not hard to see
that Ito’s formula holds for f without the assumption of bounded derivatives. We finally
let n →∞.

The proof of the following corollary is similar to the proof of Ito’s formula.

Corollary 6.2. If Xt = (X1
t , . . . , Xd

t ) is a process taking values in Rd such that each

component is a semimartingale, and f is a C2 function on Rd, then

f(Xt) = f(X0) +
∫ t

0

d∑
i=1

fi(Xs−) dXi
s + 1

2

∫ t

0

d∑
i,j=1

fij(Xs−)d〈(Xi)c, (Xj)c〉s

+
∑
s≤t

[f(Xs)− f(Xs−)−
d∑

i=1

fi(Xs−)∆Xi
s],

where fi and fij denote first and second partial derivatives.

7. Exponential of a semimartingale.
A function with finite total variation is purely discontinuous if it has no continuous

part, i.e., a(t) =
∑

s≤t ∆a(s).
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Theorem 7.1. Let Xt be a semimartingale. Define

Zt = Z0 exp
(
Xt − 1

2 〈X
c〉t

) ∏
0≤s≤t

(1 + ∆Xs)e−∆Xs .

Then Zt is a semimartingale, the product is a process of bounded variation whose paths

are purely discontinuous, and Zt satisfies

Zt = Z0 +
∫ t

0

Zs− dXs.

Proof. Since the product of finitely many functions of bounded variation which are purely
discontinuous will give a function of the same type and there are only finitely many jumps
of Xt of size larger than 1/2 or less than −1/2 in every finite time interval, it suffices to
consider

V ′
t =

∏
0≤s≤t

(1 + ∆Xs)e−∆Xs1(|∆Xs|≤1/2).

Note
log V ′

t =
∑
s≤t

(log(1 + ∆Xs)−∆Xs)1(|∆Xs|≤1/2),

which is bounded in absolute value by a constant times
∑

s≤t ∆X2
s < ∞. It follows that

V ′
t = exp(log V ′

t ) is a purely discontinuous process, and consequently V is also.
We apply the multivariate version of Ito’s formula (Corollary 6.2). Let f(x, y) = exy

and let Zt = f(Kt, Vt) where Kt = Xt − 1
2 〈X

c〉t. We obtain

Zt − Z0 =
∫ t

0

Zs−dKs +
∫ t

0

eKs−dVs +
1
2

∫ t

0

Zs−d〈Kc〉t

+
∑
s≤t

[Zs − Zs− − Zs−∆Ks − e−Ks−∆Vs]

= I1 + I2 + I3 + I4.

In I1 replace dKs by dXs − 1
2d〈Xc〉s and in I3 replace Kc by Xc. Since Vt is purely

discontinuous, then I2 =
∑

s≤t eKs−∆Vs. To simplify I4, note than Zs = Zs−(1 + ∆Xs)
and Zs−∆Ks = Zs−∆Xs.

8. The Girsanov theorem.
Let P and Q be two equivalent probability measures. Let M∞ be the density of Q

with respect to P and let Mt = E [M∞ | Ft]. The martingale Mt is uniformly integrable.
Once a nonnegative martingale hits zero, it is easy to see that it must be zero from then
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on. Since Q and P are equivalent, then M∞ > 0 a.s., and so Mt never equals zero, a.s. It
is easy to see that MT is the density of Q with respect to P on FT .

Let Lt be the local martingale defined by

Lt =
∫ t

0

1
Ms−

dMs,

so that M is the exponential of L.

Theorem 8.1. Suppose X is a local martingale with respect to P. Then Xt − Dt is a

local martingale with respect to Q, where

Dt =
∫ t

0

1
Ms

d[X, M ]s =
∫ t

0

Ms−

Ms
d[X, L]s.

Proof. We need to show that M(X −D) is a martingale with respect to P. We see that

d(M(X −D)) = (X −D)s−dMs + Ms−dXs −Ms−dDs + d[M,X −D]s.

The first two terms on the right are local martingales with respect to P. Since D is
of bounded variation, [M,D] =

∑
∆Ms∆Ds =

∫ t

0
∆Ms dDs. So M(X − D) is a local

martingale plus [M,X]s−
∫ t

0
Ms dDs. Substituting in the formula for D shows that M(X−

D) is a local martingale.

9. Poisson point processes.
Let (S, λ) be an arbitrary measure space (letting S = R and λ be Lebesgue measure

will usually do). For each ω ∈ Ω let µ(ω, dt, dz) be a measure [0,∞) × S. The random
measure µ is a Poisson point process if (i) for each set A ⊂ S with λ(A) < ∞ the process
µ([0, t] × A) is a Poisson process with parameter λ(A) and (ii) if A1, . . . , An are disjoint
subsets of S with λ(Ai) < ∞, then the processes µ([0, t]×Ai) are independent.

The model to keep in mind is where S = R and λ is Lebesgue measure. At time
t there may be a point with value z. The number of points with values in a set A is a
Poisson process with parameter λ(A). Since λ(R) = ∞, there are infinitely many points
in every time interval.

Define a non-random measure ν by ν([0, t] × A) = tλ(A). If λ(A) < ∞, then
µ([0, t] × A) − ν([0, t] × A) is the same as a Poisson process minus its mean, hence is a
(square integrable) martingale.

We can define a stochastic integral with respect to the point process µ−ν as follows.
Suppose H(ω, s, z) is of the form

H(ω, s, z) =
n∑

i=1

Ki(ω)1(ai,bi](s)1Ai(z), (9.1)
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where for each i the random variable Ki is bounded and Fai-measurable and Ai ⊂ S with
λ(Ai) < ∞. We define

Nt =
∫ t

0

H(ω, s, z) d(µ− ν)(ds, dz) =
n∑

i=1

Ki(µ− ν)(([ai, bi) ∩ [0, t])×Ai).

Let us assume without loss of generality that the Ai are disjoint. By linearity it is easy to
see that Nt is a martingale. It is also easy to see that N c = 0 and

[N ]t =
∫ t

0

H(ω, s, z)2dµ(ds, dz). (9.2)

Since 〈N〉t must be predictable and all the jumps of N are totally inaccessible, it follows
from the general theory of processes that 〈N〉t is continuous. Since [N ]t − 〈N〉t is a
martingale, we conclude

〈N〉t =
∫ t

0

H(ω, s, z)2dν(ds, dz). (9.4)

Suppose H(ω, s, z) is predictable process in the following sense: H is measurable
with respect to the σ-field generated by all processes of the form (9.1). Suppose also that
E

∫∞
0

H(s, z)2dν(ds, dz) < ∞. Take processes Hn of the form (9.1) converging to H in
the space L2 with norm (E

∫∞
0

H2dν)1/2. The corresponding Nn
t =

∫ t

0
Hn(s, z)d(µ − ν)

are easily seen to be a Cauchy sequence in this L2 space, and the limit Nt we call the
stochastic integral of H with respect to µ − ν. As in the continuous case, we may prove
that E N2

t = E [N ]t = E 〈N〉t, and it follows from this, (9.2), and (9.3) that

[N ]t =
∫ t

0

H(s, z)2µ(ds, dz), 〈N〉t =
∫ t

0

H(s, z)2ν(ds, dz). (9.4)

One may think of the stochastic integral as follows: if µ has a point at time t with value
z, then Nt jumps at this time t and the size of the jump is H(t, z).

Now consider a stochastic differential equation that has a jump component. Look
at

dXt = σ(Xt) dWt + b(Xt) dt + F (Xt−, z) d(µ− ν), X0 = x0. (9.5)

This means

Xt = x0 +
∫ t

0

σ(Xs)dWs +
∫ t

0

b(Xs)ds +
∫ t

0

F (Xs−, z)(µ− ν)(ds, dz).
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Here Wt is a standard Brownian motion on R. If σ and b are bounded and Lipschitz,∫
supx |F (x, z)|2λ(dz) < ∞ and∫

|F (x, z)− F (y, z)|2λ(dz) ≤ c1|x− y|2

for all x, y, then the standard Picard iteration procedure works to prove there exists a
solution to (9.5) and that solution is pathwise unique.

10. Lévy processes.
A Lévy process is a rcll process with stationary and independent increments. This

means that the law of Xt − Xs depends only on t − s and Xt − Xs is independent of
σ(Xr; r ≤ s).

We want to examine the structure of Lévy processes. We have three examples
already: a Poisson process, a Brownian motion, and the deterministic process Xt = t. It
turns out all Lévy processes can be built up out of these as building blocks.

Theorem 10.1. Suppose m is a measure on R with m({0}) = 0 and
∫

(1∧x2)m(dx) < ∞.

There exists a Lévy process Xt such that

E eiuXt = exp
(
t
{

iub− σ2u2/2 +
∫

R
[eiux − 1− iux1(|x|≤1)]m(dx)

})
. (10.1)

The above equation is called the Lévy-Khintchine formula. If we let

m(dx) =
1 + x2

x2
m′(dx)

and

b = b′ +
∫

(|x|≤1)

x3

1 + x2
m(dx)−

∫
(|x|>1)

x

1 + x2
m(dx),

then we can also write

E eiuXt = exp
(
t
{

iub′ − σ2u2/2 +
∫

R

[
eiux − 1− iux

1 + x2

]1 + x2

x2
m′(dx)

})
.

Both expressions for the Lévy-Khintchine formula are in common use.

Proof of Theorem 10.1. Let Pt be a Poisson process with parameter λ. Pt is a Lévy
process and the characteristic function is exp(tλ(eiu−1)). So the characteristic function of
aPt is exp(tλ(eiua−1)) and the characteristic function of aPt−aλt is exp(tλ(eiua−1−iua)).
If we let m be the measure on R defined by m(dx) = λδa(dx), where δa(dx) is point mass
at a, then the characteristic function for aPt is

exp(t
∫

R
[eiux − 1]m(dx) (10.2)
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and the one for aPt − aλt is

exp(t
∫

R
[eiux − 1− iux]m(dx). (10.3)

Now let Xi
t be Lévy processes of the form aiP

i
t−aiλit, where the P i

t are independent
Poisson processes with parameter λi. Clearly a finite sum of independent Lévy processes is
a Lévy process, and so Xt =

∑n
i=1 Xi

t is a Lévy process. Moreover the characteristic func-
tion of a sum of independent random variables is the product of the characteristic functions,
so the characteristic function of Xt is given by (10.3), with m(dx) =

∑n
i=1 λiδai(dx).

Recall that if ϕ is the characteristic function of a random variable Y , then ϕ′(0) =
iE Y and ϕ′′(0) = −E Y 2. If Xt is as in the paragraph above, then clearly E Xt = 0, and
from what we just said, we see that

E X2
t = t

∫
x2 m(dx).

Now let m(dx) be a finite measure with compact support giving no mass to the
point 0, let mn(dx) be purely atomic measures converging weakly to m(dx) with support
contained in the support of m and giving no mass to 0, and let Xn

t be Lévy processes
corresponding to the measures mn. Since E (Xn

t )2 =
∫

x2mn(dx) is uniformly bounded,
we see that Xn

t converges weakly to a random variable whose characteristic function is
given by (10.3). Using the bounds on the second moment, it is not hard to see that the
limit, call it Xt, is again a Lévy process.

Next let m(dx) be a measure supported on (0, 1] with
∫

x2m(dx) < ∞. Let mn(dx)
be the measure m restricted to (2−n, 2−n+1]. Let Xn

t be independent Lévy processes whose
characteristic functions are given by (10.3) with m replaced by mn. Note E Xn

t = 0 for all
n and by the independence

E
( N∑

n=0

Xn
t

)2

=
N∑

n=0

E (Xn
t )2 =

N∑
n=0

∫
x2 mn(dx) =

∫ 1

2−N

x2 m(dx).

By our assumption on m, this shows that
∑N

n=0 Xn
t converges in L2 for each t. Call the

limit Xt. Xt has independent and stationary increments, and by Doob’s inequality and
the L2 convergence, Xt will have rcll paths. If we do a similar procedure for m restricted
to [−1, 0) and add the two Lévy processes, we end up with a Lévy process corresponding
to m.

If m is a measure supported in (1,∞) with m(R) < ∞, we do a similar procedure
starting with Lévy processes whose characteristic functions are of the form (10.2). We let
mn(dx) be the restriction of m to (2n, 2n+1], let Xn

t be the corresponding Lévy process,
and form Xt =

∑∞
n=0 Xn

t . Since m(R) < ∞, for each t0, the number of times t less than
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t0 at which one of the Xn
t jumps is finite. This shows Xt is rcll, and it is easy to then see

that Xt is a Lévy process. We do a similar procedure for m supported on (−∞, 1) and
add the two processes together.

Finally, suppose
∫

x2 ∧ 1 m(dx) < ∞. Let X1
t be a Lévy process with characteristic

function given by (10.2) with m replaced by the restriction of m to [−1, 1]c, let X2
t be a

Lévy process with characteristic function given by (10.3) with m replaced by the restriction
of m to [−1, 1], let X3

t = bt, and let X4
t be σ times a Brownian motion. Suppose the Xi

are all independent. Then their sum will be a Lévy process whose characteristic function
is given by (10.1).

It is clear from the construction that if m(A) < ∞ and Nt(A) =
∑

s≤t 1(∆Xs∈A),
that Nt(A) is a Poisson process with intensity or parameter m(A). A key step in the
construction was the centering of the Poisson processes to get Lévy processes with char-
acteristic functions given by (10.3). Without the centering one is forced to work only with
characteristic functions given by (10.2).

We now work towards showing that every Lévy process is of the form given by
(10.1). We start with the following lemma.

Lemma 10.2. If Xt is a Lévy process and T is a bounded stopping time, then XT+t−XT

is a Lévy process with the same law as Xt −X0 and independent of FT .

Proof. Suppose first that T takes only finitely many values t1, . . . , tn. If f is a bounded
continuous function,

E f(XT+t −XT ) =
n∑

i=1

E [f(Xti+t −Xti);T = ti]

=
∑

E [f(Xti+t −Xti)]P(T = ti)

= E [f(Xt −X0)]
∑

P(T = ti)

= E [f(Xt −X0)].

We used the independent increments property in the second equality and the stationary
increments property in the third equality.

If T does not necessarily have only finitely many values, let Tn = inf{k/2n : k/2n ≤
T < (k + 1)/2n}, apply the above to Tn, and let n →∞.

Since f is an arbitrary bounded continuous function, this shows the law of XT+t −
XT is the same as the law of Xt−X0. A similar argument with

∏n
i=1 fi(XT+ti+1 −XT+ti)

shows that as processes the law of the process XT+t − XT is the same as the law of
Xt −X − 0.
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If we repeat the procedure above starting with E [f(XT+t−XT );A], where A ∈ FT ,
we see that E [f(XT+t −XT );A] = E [f(XT+t −XT )]P(A), which implies independence of
XT+t −XT from FT .

Lemma 10.3. If Xt is a Lévy process with bounded jumps, then Xt has moments of all

orders.

Proof. Suppose the jumps of Xt are bounded in absolute value by K. Since Xt is rcll,
there exists M > K such that P(sups≤t |Xs| > 2M) ≤ (1/2).

Let T1 = inf{t : |Xt| ≥ M} and Ti+1 = inf{t > Ti : |Xt − XTi | > M}. Observe
sups≤T1

|Xs| ≤ K + M ≤ 2M . We have

P(sup
s≤t

|Xs| > 2(i + 1)M) ≤ P(Ti+1 ≤ t) ≤ P(Ti ≤ t, Ti+1 − Ti ≤ t)

= P(sup
s≤t

|XTi+s −XTi
| > 2M,Ti ≤ t)

= P(sup
s≤t

|Xs| > 2M)P(Ti ≤ t)

≤ (1/2)P(Ti ≤ t).

By induction, P(sups≤t |Xs| > 2iM) ≤ 2−i, and the lemma now follows immediately.

Theorem 10.4. Suppose Xt is a Lévy process. Then there exists a measure m on R−{0}
with

∫
1 ∧ x2 m(dx) > ∞ such that the characteristic function of Xt is given by (10.1).

Proof. Let f be a strictly increasing function on R such that f(x) = x if |x| ≤ 1 and f is
bounded by 2. Let

X ′
t = Xt +

∑
s≤t

[f(∆Xs)−∆Xs]1(|∆Xs|>1).

Since Xt is rcll, then there are only finitely many jumps with size larger than 1 in any finite
time interval, so the sum is finite. X ′

t is again a Lévy process, this time with bounded
jumps; if we show the desired representation for X ′

t, it is not hard to see that this gives
the desired representation for Xt. Now let X ′′

t = X ′
t − E X ′

t. Again, it suffices to look at
X ′′. So without loss of generality we may suppose Xt has jumps bounded by 2 and that
it has mean 0.

Let {Ii} be an ordering of the intervals (1, 2], [−2,−1), (1/2, 1], [−1,−1/2), . . . Let

X
i

t =
∑
s≤t

∆Xs1(∆Xs∈Ii), Xi
t = X

i

t − E X
i

t.

We want to show that the Xi are all independent and also that Xi is independent
of Xt −

∑i−1
j=1 Xj

t . We will prove that the random variable Xi
t is independent of Xj

t . To
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show that they are independent as processes and to do the other cases are similar. Let ϕi

be the characteristic function of Xi
1. Then M i

t = exp(iuXi
t − tϕi(u)) is a martingale, since

E [M i
t | Fs] = M i

sE [exp(iu(Xt −Xs))− (t− s)ϕi(u)] = M i
s,

using the independence and stationarity of the increments. exp(−tϕi(u) is a process of
bounded variation, so has no martingale part. By Ito’s formula, we see exp(iuXi

t) is
a semimartingale, and the continuous part of the martingale part is 0. So M i

t has no
continuous part. We let M j

t = exp(ivXj
t − tϕj(v)) and see that M j

t is also a martingale.
By Lemma 2.2, M i

t is orthogonal to M j
t , since M j does not have jumps in common with

M i. Since M i
0 = M j

0 = 1, then E [M i
tM

j
t ] = 1, or

E [exp(iuXi
t) exp(ivXj

t )] = exp(tϕi(u)) exp(tϕj(v)) = E [exp(iuXi
t)]E [exp(ivXj

t )].

This proves the independence.
Since Xt has bounded jumps, then by Lemma 10.2 Xt has second moments. By the

independence and the fact that all the Xi have mean 0,

∞∑
i=1

E (Xi
t)

2 ≤ E
[
(Xt −

∞∑
i=1

Xi
t)

2
]

+ E
[
(
∞∑

i=1

Xi
t)

2
]

= E (Xt)2 < ∞.

Hence

E [
n∑

i=m

Xi
t ]

2 =
n∑

i=m

E (Xi
t)

2

tends to 0 as n, m → ∞, and thus Xt −
∑N

i=1 Xi
t converges in L2. The limit, Xc

t , say,
will be a Lévy process independent of all the Xi

t . Moreover, Xc has no jumps, i.e., it is
continuous. By the stationary and independent increments properties and the Lindeberg-
Feller theorem, we conclude that Xc

t is Gaussian. Therefore Xc
t is a Brownian motion.

To complete the proof, it remains to show that Xi
t has a characteristic function of the

form (10.3) for m supported on Ii. The fact that E (Xt)2 < ∞ will imply
∫
[−2,2]

x2m(dx) <

∞. Fix i. Let Dn = {k/2n : k/2n ∈ Ii}. Thus the Dn are finite subsets of Ii increasing to
a countable dense subset of Ii. Let N

in

t be the process that jumps k/2n if Xi
t has a jump

in the interval [k/2n, (k + 1)/2n). Let N in
t = N

in

t − E N
in

t . As n → ∞, N in
t → Xi

t , so it
suffices to show that N in

t has a representation of the form (10.3) with m supported in Dn.
By the fact that we are dealing with Lévy processes, the process

∑
s≤t 1

(∆N
in

t =k/2n)

is a Poisson process. Let the intensity be λkn. If we set min(dx) =
∑∞

k=0 λknδk/2n(dx),

then we see that N
in

t has a representation of the form (10.2). It follows that N in
t has a

characteristic function given by A(10.3) for this min. The proof is complete.
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