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1. Basic notions.

A probability or probability measure is a measure whose total mass is one. Because the origins of
probability are in statistics rather than analysis, some of the terminology is different. For example, instead
of denoting a measure space by (X, A, u), probabilists use (2, F,P). So here Q is a set, F is called a o-field
(which is the same thing as a o-algebra), and P is a measure with P(Q2) = 1. Elements of F are called events.
Elements of Q) are denoted w.

Instead of saying a property occurs almost everywhere, we talk about properties occurring almost
surely, written a.s.. Real-valued measurable functions from 2 to R are called random variables and are
usually denoted by X or Y or other capital letters. We often abbreviate "random variable” by r.v.

Welet A° = (weQ:w¢ A) (called the complement of A) and B — A = BN A°.

Integration (in the sense of Lebesgue) is called expectation or expected value, and we write E X for
J XdP. The notation E [X; A] is often used for fA XdP.

The random variable 14 is the function that is one if w € A and zero otherwise. It is called the
indicator of A (the name characteristic function in probability refers to the Fourier transform). Events such
as (w: X(w) > a) are almost always abbreviated by (X > a).

Given a random variable X, we can define a probability on R by

Px(A) =P(X € A), ACR. (1.1)
The probability Px is called the law of X or the distribution of X. We define Fx : R — [0, 1] by
Fx(z) =Px((—o00,2]) = P(X < x). (1.2)

The function F'x is called the distribution function of X.

As an example, let Q = {H,T}, F all subsets of Q (there are 4 of them), P(H) = P(T) = 3. Let
X(H)=1and X(T) = 0. Then Px = 38 + 301, where &, is point mass at z, that is, 6,(A) =1 ifz € A
and 0 otherwise. Fx(a) =0 if a <0, % if0<a<l1l,and 1lifa>1.

Proposition 1.1. The distribution function Fx of a random variable X satisfies:
(a) Fx is nondecreasing;

(b) Fx is right continuous with left limits;
(c) lim; oo Fx(z) =1 and lim,_, o Fx(z) = 0.

Proof. We prove the first part of (b) and leave the others to the reader. If z,, | z, then (X < z,) | (X < z),
and so P(X<z,) | P(X < x) since P is a measure. O

Note that if z, T z, then (X < x,) 1 (X < z), and so Fx(z,) 1 P(X < z).

Any function F' : R — [0,1] satisfying (a)-(c) of Proposition 1.1 is called a distribution function,

whether or not it comes from a random variable.



Proposition 1.2. Suppose F' is a distribution function. There exists a random variable X such that
F=Fx.

Proof. Let Q = [0,1], F the Borel o-field, and P Lebesgue measure. Define X (w) = sup{z : F(z) < w}. It
is routine to check that F'x = F. O

In the above proof, essentially X = F~!'. However F may have jumps or be constant over some

intervals, so some care is needed in defining X.
Certain distributions or laws are very common. We list some of them.
(a) Bernoulli. A random variable is Bernoulli if P(X =1) = p, P(X =0) =1 — p for some p € [0, 1].
(b) Binomial. This is defined by P(X = k) = (Z) p*(1—p)"~F, where n is a positive integer, 0 < k < n,
and p € [0, 1].
(c) Geometric. For p € (0,1) we set P(X = k) = (1 — p)p*. Here k is a nonnegative integer.

(d) Poisson. For A > 0 we set P(X = k) = e"*\¥/k! Again k is a nonnegative integer.
(e) Uniform. For some positive integer n, set P(X = k) =1/n for 1 <k <n.

If F is absolutely continuous, we call f = F’ the density of F. Some examples of distributions

characterized by densities are the following.

(f) Uniform on [a,b]. Define f(z) = (b —a)™'1f4 (). This means that if X has a uniform distribution,
then

1

P(X S A) :/ ml[a’b](l‘) dz.

A

(g) Exponential. For z > 0 let f(z) = Ae™ 7.
(h) Standard normal. Define f(z) = \/%e—ﬁ/? So

P(X € A) = \/%/Ae_wz/%x.

(i) M(p,0?). We shall see later that a standard normal has mean zero and variance one. If Z is a
standard normal, then a N (u,0?) random variable has the same distribution as u + cZ. It is an
exercise in calculus to check that such a random variable has density
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(j) Cauchy. Here
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We can use the law of a random variable to calculate expectations.

Proposition 1.3. If g is bounded or nonnegative, then
Bg(X) = [ g(e) Bx(do).

Proof. If g is the indicator of an event A, this is just the definition of Px. By linearity, the result holds for
simple functions. By the monotone convergence theorem, the result holds for nonnegative functions, and by
linearity again, it holds for bounded g¢. O



If Fx has a density f, then Px(dz) = f(z)dz. So, for example, EX = [zf(z)dz and EX? =
J 2?f(z) dz. (We need E|X]| finite to justify this if X is not necessarily nonnegative.)

We define the mean of a random variable to be its expectation, and the variance of a random variable
is defined by

Var X =E(X —EX)?.

For example, it is routine to see that the mean of a standard normal is zero and its variance is one.
Note

Var X =E(X? - 2XEX + (EX)*) =EX? - (EX)%

Another equality that is useful is the following.

Proposition 1.4. If X > 0 a.s. and p > 0, then
EXP = / PAPTIP(X > \)dA.
0

The proof will show that this equality is also valid if we replace P(X > A) by P(X > A).

Proof. Use Fubini’s theorem and write

%S 00 X
/ pXUB(X > A)d\ = E / PN (r o) (X)dA = E / pA’"ldA = EXP.
0 0 0

OJ
We need two elementary inequalities.
Proposition 1.5. Chebyshev’s inequality If X > 0,
E
P(X > —_—
(Xza)<=
Proof. We write
X
P(X 2 ) = E [1jg,00)(X)| SB[ 1000 (X)] SEXa,
a
since X/a is bigger than 1 when X € [a, 00). 0
If we apply this to X = (Y —EY)2, we obtain
P(Y —EY|>a) =P((Y —EY)? > a?) < VarY/a?. (1.4)

This special case of Chebyshev’s inequality is sometimes itself referred to as Chebyshev’s inequality, while
Proposition 1.5 is sometimes called the Markov inequality.

The second inequality we need is Jensen’s inequality, not to be confused with the Jensen’s formula of
complex analysis.



Proposition 1.6. Suppose g is convex and and X and g(X) are both integrable. Then

g(EX) <Eg(X).

Proof. One property of convex functions is that they lie above their tangent lines, and more generally their
support lines. So if zg € R, we have
9(x) = g(x0) + c(z — x0)

for some constant c¢. Take z = X (w) and take expectations to obtain
Eg(X) > g(zo) + c(EX — z().
Now set xg equal to E X. 0O
If A, is a sequence of sets, define (A, i.0.), read ” A,, infinitely often,” by
(A, 1.0) =N, U Al

This set consists of those w that are in infinitely many of the A,,.
A simple but very important proposition is the Borel-Cantelli lemma. It has two parts, and we prove
the first part here, leaving the second part to the next section.

Proposition 1.7. (Borel-Cantelli lemma) If )" P(A,) < oo, then P(A, i.0.) = 0.

Proof. We have
P(A, i0.) = lim P(U2, A;).

n—oo
However,
oo
PUR2,4) < S P(4y),
i=n
which tends to zero as n — oc. O

2. Independence.
Let us say two events A and B are independent if P(AN B) = P(A)P(B). The events Ay, ..., A, are
independent if
P(Ail n Ai2 n---N Al]) = P(A“)P(AZ2) s ]P)(AZJ)

for every subset {i1,...,4;} of {1,2,...,n}.
Proposition 2.1. If A and B are independent, then A° and B are independent.
Proof. We write
P(A°NB)=P(B)—P(ANB) =P(B) —P(A)P(B) =P(B)(1 —P(A)) =P(B)P(A).
OJ

We say two o-fields F and G are independent if A and B are independent whenever A € F and
B € G. Two random variables X and Y are independent if the o-field generated by X and the o-field
generated by Y are independent. (Recall that the o-field generated by a random variable X is given by
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{(X € A) : A a Borel subset of R}.) We define the independence of n o-fields or n random variables in the
obvious way.

Proposition 2.1 tells us that A and B are independent if the random variables 14 and 1 are inde-
pendent, so the definitions above are consistent.

If f and g are Borel functions and X and Y are independent, then f(X) and ¢g(Y) are independent.
This follows because the o-field generated by f(X) is a sub-o-field of the one generated by X, and similarly
for g(Y).

Let Fx y(z,y) = P(X < z,Y <y) denote the joint distribution function of X and Y. (The comma
inside the set means ”and.”)

Proposition 2.2. Fyy(z,y) = Fx(z)Fy(y) if and only if X and Y are independent.

Proof. If X and Y are independent, the 1(_ ,1(X) and 1(_ ,(Y’) are independent by the above comments.
Using the above comments and the definition of independence, this shows Fx vy (z,y) = Fx(z)Fy (y).

Conversely, if the inequality holds, fix y and let M,, denote the collection of sets A for which P(X €
AY <y)=P(X € A)P(Y <y). M, contains all sets of the form (—oo,z]. It follows by linearity that M,
contains all sets of the form (z, 2], and then by linearity again, by all sets that are the finite union of such
half-open, half-closed intervals. Note that the collection of finite unions of such intervals, A, is an algebra
generating the Borel o-field. It is clear that M, is a monotone class, so by the monotone class lemma, M,
contains the Borel o-field.

For a fixed set A, let My denote the collection of sets B for which P(X € A,Y € B) = P(X €
A)P(Y € B). Again, M 4 is a monotone class and by the preceding paragraph contains the o-field generated
by the collection of finite unions of intervals of the form (z, z], hence contains the Borel sets. Therefore X
and Y are independent. O

The following is known as the multiplication theorem.

Proposition 2.3. If X, Y, and XY are integrable and X and Y are independent, then EXY = EXEY .

Proof. Counsider the random variables in ¢(X) (the o-field generated by X) and o(Y) for which the
multiplication theorem is true. It holds for indicators by the definition of X and Y being independent.
It holds for simple random variables, that is, linear combinations of indicators, by linearity of both sides.
It holds for nonnegative random variables by monotone convergence. And it holds for integrable random
variables by linearity again. O

Let us give an example of independent random variables. Let Q) = €2y x Q5 and let P = Py X Py, where
(Q, Fi, ;) are probability spaces for i = 1,2. We use the product o-field. Then it is clear that F; and F»
are independent by the definition of P. If X is a random variable such that X;(w;,ws) depends only on wq
and X5 depends only on ws, then X; and X, are independent.

This example can be extended to n independent random variables, and in fact, if one has independent
random variables, one can always view them as coming from a product space. We will not use this fact.
Later on, we will talk about countable sequences of independent r.v.s and the reader may wonder whether
such things can exist. That it can is a consequence of the Kolmogorov extension theorem; see PTA, for
example.

If Xy,...,X, are independent, then so are X; — EX;,...,X,, — EX,. Assuming everything is
integrable,

E[(X,-EX)+ - (Xp —EX,)P=E(X; -EX))*+ -+ E(X, -EX,)?
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using the multiplication theorem to show that the expectations of the cross product terms are zero. We have
thus shown
Var (X; +---+X,,) =Var Xy +--- + Var X,,. (2.1)

We finish up this section by proving the second half of the Borel-Cantelli lemma.
Proposition 2.4. Suppose A,, is a sequence of independent events. If ) P(A,) = oo, then P(A, i.0.) = 1.

Note that here the A,, are independent, while in the first half of the Borel-Cantelli lemma no such
assumption was necessary.

Proof. Note

N N
PUL,4;) =1 - PN, 49) =1 - [TP(A9) =1 ] (1 - P(4).

By the mean value theorem, 1 — x < e™*, so we have that the right hand side is greater than or equal to

1 —exp(— Y P(4;)). As N — oo, this tends to 1, so P(U, A;) = 1. This holds for all n, which proves

1=n 1=n

the result. O

3. Convergence.
In this section we consider three ways a sequence of r.v.s X,, can converge.

We say X,, converges to X almost surely if (X,, / X) has probability zero. X,, converges to X in
probability if for each e, P(|X,, — X| > ¢) — 0 as n — oco. X, converges to X in LP if E|X,, — X|P — 0 as

n — oo.
The following proposition shows some relationships among the types of convergence.

Proposition 3.1. (a) If X,, — X a.s., then X,, — X in probability.
(b) If X,, — X in LP, then X,, — X in probability.
(c) If X, — X in probability, there exists a subsequence n; such that X,,; converges to X almost surely.

Proof. To prove (a), note X,, — X tends to 0 almost surely, so 1(_ o) (X, — X) also converges to 0 almost
surely. Now apply the dominated convergence theorem.
(b) comes from Chebyshev’s inequality:

P(|X, — X| > ) =P(|Xn — X > &P) <E|X, — X[P/eP — 0

as n — oo.

To prove (c), choose n; larger than n;_; such that P(|X,, — X| > 277) < 277 whenever n > n,.
So if we let A; = (|X,, — X| > 27" for some j > i), then P(4;) < 27""'. By the Borel-Cantelli lemma
P(A; i.0.) = 0. This implies X,,, — X on the complement of (A4; i.o.). O

Let us give some examples to show there need not be any other implications among the three types
of convergence.

Let Q = [0, 1], F the Borel o-field, and P Lebesgue measure. Let X,, = €"10,1/n)- Then clearly X,
converges to 0 almost surely and in probability, but E X? = e /n — oo for any p.

Let © be the unit circle, and let P be Lebesgue measure on the circle normalized to have total mass
1. Let t, = > ;i ', and let A, = {0 :¢t,_1 <6 <t,}. Let X,, =14,. Any point on the unit circle will
be in infinitely many A,,, so X,, does not converge almost surely to 0. But P(A,) = 1/27n — 0, so X,, — 0
in probability and in LP.



4. Weak law of large numbers.

Suppose X, is a sequence of independent random variables. Suppose also that they all have the same
distribution, that is, F'x, = Fl, for all n. This situation comes up so often it has a name, independent,
identically distributed, which is abbreviated i.i.d.

Define S,, = >"1" | X;. S, is called a partial sum process. S, /n is the average value of the first n of
the X;’s.

Theorem 4.1. (Weak law of large numbers) Suppose the X; are i.i.d. and E X} < co. Then S,,/n — E X3
in probability.

Proof. Since the X; are i.i.d., they all have the same expectation, and so E S,, = nE X;. Hence E (S,,/n —
E X1)? is the variance of S,,/n. If ¢ > 0, by Chebyshev’s inequality,

_ Var (S, /n) _ > iy Var X; _ nVaer. (4.1)

P(|S,/n —EX;| > ¢) =2 oy oy

Since E X? < oo, then Var X7 < oo, and the result follows by letting n — oc. 0

A nice application of the weak law of large numbers is a proof of the Weierstrass approximation
theorem.

Theorem 4.2. Suppose f is a continuous function on [0,1] and € > 0. There exists a polynomial P such
that sup,co 4| f(z) — P(x)] <e.

Proof. Let

n

Pz) =Y f(k/n) (Z) 2F (1 — z)"*,

k=0

Clearly P is a polynomial. Since f is continuous, there exists M such that |f(z)| < M for all  and there
exists d such that |f(x) — f(y)| < /2 whenever |z — y| < d.

Let X; be i.i.d. Bernoulli r.v.s with parameter . Then S,,, the partial sum, is a binomial, and hence
P(z) =E f(S,/n). The mean of S, /n is z. We have

|P(z) = f(z)] = [E f(Sn/n) = fF(EX1)| SE[f(Sn/n) — f(EX1)|
< MP(|S,/n —z| > ) +¢/2.

By (4.1) the first term will be less than
MVar X, /né? < Mz(1 — z)/né? < Mné?,

which will be less than /2 if n is large enough, uniformly in z. O

5. Techniques related to almost sure convergence.

Our aim is the strong law of large numbers (SLLN), which says that S, /n converges to E X; almost
surely if E|X;| < co.

We first prove it under the assumption that E X7 < oo.
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Proposition 5.1. Suppose X; is an i.i.d. sequence with E X} < oo and let S, = > | X;. Then S,/n —
E X; a.s.

Proof. By looking at X; — E X; we may assume that the X; have mean 0. By Chebyshev,

E(S,/n)* ES*
gt T ket

P(|S,/n| >¢€) <

If we expand S

», we will have terms involving X}, terms involving X?X?, terms involving X} X}, terms

involving X?X; X}, and terms involving X; X; X} Xy, with i, j, k, ¢ all being different. By the multiplication
theorem and the fact that the X; have mean 0, the expectations of all the terms will be 0 except for those
of the first two types. So

n
4 4 2 2
ESy=) EX!+) EXEX;.
i=1 i£]
By the finiteness assumption, the first term on the right is bounded by ¢ijn. By Cauchy-Schwarz, E X? <
(E X;l)l/2 < o0, and there are at most n? terms in the second term on the right, so this second term is
bounded by cyn?. Substituting, we have

P(|S,/n| > ¢€) < c3/n?e™.
Consequently P(|S,/n| > € i.0.) = 0 by Borel-Cantelli. Since ¢ is arbitrary, this implies S,,/n — 0 a.s. O

Before we can prove the SLLN assuming only the finiteness of first moments, we need some prelimi-

naries.

Proposition 5.2. IfY >0, then EY < oo if and only if ) P(Y > n) < oc.

Proof. By Proposition 1.4, EY = [“P(Y > z)dz. P(Y > ) is nonincreasing in z, so the integral is
bounded above by > (P(Y > n) and bounded below by > | P(Y > n). O

If X; is a sequence of r.v.s, the tail o-field is defined by NS, 0(X,, Xp+1,-..). An example of an
event in the tail o-field is (limsup,,_,., X, > a). Another example is (limsup,,_,., Sn/n > a). The reason
for this is that if £ < n is fixed,

S _ Sk, Hicker X

n n n

The first term on the right tends to 0 as n — oo. So limsup S, /n = limsup(}_;" , ., X;)/n, which is in
0(Xk+1, Xg+2,...). This holds for each k. The set (limsup S,, > a) is easily seen not to be in the tail o-field.

Theorem 5.3. (Kolmogorov 0-1 law) If the X; are independent, then the events in the tail o-field have
probability 0 or 1.

This implies that in the case of i.i.d. random variables, if S,,/n has a limit with positive probability,
then it has a limit with probability one, and the limit must be a constant.

Proof. Let M be the collection of sets in o(X,41,...) that is independent of every set in o(X1,...,X,).
M is easily seen to be a monotone class and it contains o(X,41,...,Xn) for every N > n. Therefore M
must be equal to o(X,41,-..).

If A is in the tail o-field, then for each n, A is independent of o(X1,...,X,). The class M4 of sets
independent of A is a monotone class, hence is a o-field containing o (X7, ..., X,,) for each n. Therefore M 4
contains o(X1,...).



We thus have that the event A is independent of itself, or
P(A) =P(ANA) =P(A)P(A) = P(A)%
This implies P(A) is zero or one. O

The next proposition shows that in considering a law of large numbers we can consider truncated
random variables.

Proposition 5.4. Suppose X; is an i.i.d. sequence of r.v.s with E|X;| < oo. Let X,, = X,,1|x, |<n). Then
(a) X, converges almost surely if and only if X!, does;
(b) If S), = >""" | X!, then S,,/n converges a.s. if and only if S/, /n does.

Proof. Let A, = (X,, # X])) = (|X| > n). Then P(4,) = P(|X,,| > n) = P(|X1| > n). Since E | X;| < oo,
then by Proposition 5.2 we have Y P(A,) < co. So by the Borel-Cantelli lemma, P(4, i.0.) = 0. Thus for
almost every w, X,, = X/, for n sufficiently large. This proves (a).

For (b), let k (depending on w) be the largest integer such that X} (w) # Xi(w). Then S, /n—=5),/n =
Xi+- -+ Xp)/n—(X{+--+X})/n—0asn— . O

Next is Kolmogorov’s inequality, a special case of Doob’s inequality.

Proposition 5.5. Suppose the X; are independent and E X; = 0 for each i. Then

2

>
Pl 520 = 5%

Proof. Let A, = (|Sk| > A, |S1]| < A,...,|Sk—1] < A). Note the Ay, are disjoint and that Ay, € o(X1, ..., Xk).
Therefore Ay is independent of S,, — Si. Then

ES2> Y B[S A

- iE [(S% 4 25k(Sn — Sk) + (Sn — Sk)?); Ak]

k=1
> ZE [Sk; Ak] + ZZE[Sk(Sn — Sk); Ax).
k=1 k=1

Using the independence, E [S; (S, — Sk)1a,] = E[Sk1a,|E[S, — Sk] = 0. Therefore
ES2 > ZIE St Ak = Y NP(A) = N2 ]P’( max |sk| > ).
k=1 k=1

Our result is immediate from this. O

The last result we need for now is a special case of what is known as Kronecker’s lemma.
Proposition 5.6. Suppose z; are real numbers and s, = > ;_; x;. If 3352 (x;/j) converges, then s, /n — 0.

Proof. Let b, = 377, (x;/7), bo = 0, and suppose b, — b. As is well known, this implies (3°;_, b;)/n — b.
We have n(b, — bp_1) = Xy, SO

Sn _ D i (ibi — ibi_1) _ D1 ibi — Z?:?(Z + 1)b;

n n n

DD = L )
n
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6. Strong law of large numbers.

This section is devoted to a proof of Kolmogorov’s strong law of large numbers. We showed earlier
that if E X? < oo, where the X; are i.i.d., then the weak law of large numbers (WLLN) holds: S,,/n converges
to E X7 in probability. The WLLN can be improved greatly; it is enough that zP(|X;| > z) — 0 as 2 — co.
Here we show the strong law (SLLN): if one has a finite first moment, then there is almost sure convergence.

First we need a lemma.

Lemma 6.1. Suppose V; is a sequence of independent r.v.s, each with mean 0. Let W,, = Z:;l Vi. If
Yoo, VarV; < oo, then W, converges almost surely.

Proof. Choose n; > nj_; such that Zfim VarV; < 273, If n > n;, then applying Kolmogorov’s inequality
shows that .

P( max |[W; —W,,|>277)<27%/27% =277,

n;<i<n

Letting n — oo, we have P(A;) < 277, where

Aj = (max [W; — W,,| >277).

n; <i

By the Borel-Cantelli lemma, P(A; i.0.) = 0.
Suppose w ¢ (A; i.0.). Let £ > 0. Choose j large enough so that 2777 < c and w ¢ A;. If n,m > n;,
then

Wi — W| < Wi — W, |+ W — Wy, | <2771 <

Since ¢ is arbitrary, W, (w) is a Cauchy sequence, and hence converges. O

Theorem 6.2. (SLLN) Let X; be a sequence of 1.i.d. random variables. Then S,, /n converges almost surely
if and only if E|X;| < c0.

Proof. Let us first suppose S,,/n converges a.s. and show E |X;| < co. If S,,(w)/n — a, then

Sn—l o Sn—l n—1
n  n—1 n

— a.

So
Xn Sn Snfl

—_— = — = —a—a=0.
n n n

Hence X,,/n — 0, a.s. Thus P(]X,,| > n i.0.) = 0. By the second part of Borel-Cantelli, > P(|X,,| > n) < cc.
Since the X; are i.i.d., this means Y .- P(]X;| > n) < oo, and by Proposition 4.1, E|X;| < co.

Now suppose E |X;| < co. By looking at X; — E X;, we may suppose without loss of generality that
E X; = 0. We truncate, and let Y; = X;1(|x, <. It suffices to show Z?=1 Y;/n — 0 a.s., by Proposition 5.4.

Next we estimate. We have

EY; = E[le(|X1|§z)] = ]E[Xll(\Xﬂgi)] — EXl = 0.
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The convergence follows by the dominated convergence theorem, since the integrands are bounded by | X7 |.
To estimate the second moment of the Y;, we write

EY=/ WP(Yi| > y) dy
0
:/ 2wP(|Yi| > y) dy
0
S/ 2yP(|1 X1] > y) dy,
0

and so

ZE(Y?/H)sZ—Q/ 2P(|X:| > ) dy

=1

=1

23/ w<o¥P(|X1] > y) dy

/Z Ly<iyyP(1X1| > y) dy

fyIE” (IX1] = y) dy

| /\

||
\\

P(|X1| > y)dy = 4E | X;]| < oo.

Let U; =Y; —EY;. Then VarU; = VarY; < EY;?, and by the above,
o0
ZVar (U; /i) < o0
i=1

By Lemma 6.1 (with V; = U; /i), Y-, (U;/i) converges almost surely. By Kronecker’s lemma, (3., U;)/n
converges almost surely. Finally, since EY; — 0, then Y. | EY;/n — 0, hence Y., Y;/n — 0. 0

7. Uniform integrability. Before proceeding to some extensions of the SLLN, we discuss uniform inte-
grability. A sequence of r.v.s is uniformly integrable if

sup/ | X;|dP — 0
i (X > M)

as M — oo.

Proposition 7.1. Suppose there exists ¢ : [0,00) — [0,00) such that ¢ is nondecreasing, ¢(x)/x — oo as
x — 00, and sup, E ¢(|X;|) < oo. Then the X; are uniformly integrable.

Proof. Let £ > 0 and choose xy such that z/p(x) < e if > xg. If M > x,

X;
[omil= [ B X san < < [ olXi) < esupE p(1X:).
(1:|>M) o(| X)) p
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Proposition 7.2. If X,, and Y,, are two uniformly integrable sequences, then X, + Y, is also a uniformly
integrable sequence.

Proof. Since there exists My such that sup,, E[|X,|;|X.| > Mo] < 1 and sup,, E[|Y,]; |[Ya| > Mo] < 1,
then sup, E|X,| < My + 1, and similarly for the Y;,. Let ¢ > 0 and choose My > 4(My + 1)/e such that
sup,, E [| X,|; | Xn| > M1] < /4 and sup,, E [|Va|; |Ya| > Mi] < e/4. Let My = 4M3E.
Note P(|X,| + [Yn| > M) < (E|X,,| + E|Y,])/M2 < e/(4M7) by Chebyshev’s inequality. Then
HE[[Xo]; [Xn| < My, | X + Y| > Mo
+E [|Yn|7 |Yn| > Ml]
+E[|Ynl; [Ya] < My, | X, + Ya| > Ma].

The first and third terms on the right are each less than €/4 by our choice of M;. The second and fourth
terms are each less than MiP(|X,, + Y, | > M) < e/2. O

The main result we need in this section is Vitali’s convergence theorem.
Theorem 7.3. If X,, — X almost surely and the X,, are uniformly integrable, then E |X,, — X| — 0.

Proof. By the above proposition, X,, — X is uniformly integrable and tends to 0 a.s., so without loss of
generality, we may assume X = 0. Let ¢ > 0 and choose M such that sup, E[|X,|; |X,| > M] < e. Then

E[X,| SE[|Xn|; [Xn| > M]+E[[X,[; | X < M] < 5+E[|Xn|1(IXn\SM)]-

The second term on the right goes to 0 by dominated convergence. O

8. Complements to the SLLN.

Proposition 8.1. Suppose X; is an i.i.d. sequence and E|X;| < co. Then
E ’é ~EX| 0.
n

Proof. Without loss of generality we may assume E X; = 0. By the SLLN, S, /n — 0 a.s. So we need to
show that the sequence S,,/n is uniformly integrable.
Pick M such that E[|X4|; | X1| > M;] < ¢/2. Pick My = MHE |X4]|/e. So

P(|S,L/n| > Mg) < E|Sn|/7’LM2 < E|X1|/M2 = €/M1.
We used here E|S,| <Y I | E|X;| = nE|X;|.
We then have
E[|Xi];[Sn/n| > My] S E[| X4 : [ Xs| > M)+ E[|X;]; | X5 < My, [Sy/n| > Ms)]
<e+ M1P(|Sn/n| > Mg) < 2e.
Finally,
1 n
E{|Sn/nl;[Sn/n] > M] < — > E(Xil;|Sn/n| > M) < 2¢.

i=1

O

[134

We now consider the “three series criterion.” We prove the “if” portion here and defer the “only if”
to Section 20.
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Theorem 8.2. Let X; be a sequence of independent random variables., A > 0, and Y; = X;1(|x,|<4). Then
> X, converges if and only if all of the following three series converge: (a) > P(|X,| > A); (b) Y EY;; (c)
> Vary;.

Proof of “if” part. Since (c) holds, then Y (Y; —EY;) converges by Lemma 6.1. Since (b) holds, taking the
difference shows Y Y; converges. Since (a) holds, > P(X; # Y;) = > P(|X;| > A) < 00, so by Borel-Cantelli,
P(X; #Y; i.0.) = 0. It follows that > X; converges. O

9. Conditional expectation.

If 7 C G are two o-fields and X is an integrable G measurable random variable, the conditional
expectation of X given F, written E[X | F] and read as “the expectation (or expected value) of X given
F,” is any F measurable random variable Y such that E[Y; A] = E[X; A] for every A € F. The conditional
probability of A € G given F is defined by P(A | F) =E[14 | F].

If Y1, Y5> are two F measurable random variables with E [Y1; A] = E [Y; A] for all A € F, then Y7 = Y3,
a.s., or conditional expectation is unique up to a.s. equivalence.

In the case X is already F measurable, E[X | F] = X. If X is independent of F, E[X | F] = EX.
Both of these facts follow immediately from the definition. For another example, which ties this definition

with the one used in elementary probability courses, if {A;} is a finite collection of disjoint sets whose union
is Q, P(4;) > 0 for all 4, and F is the o-field generated by the A;s, then

P(A|;E):ZW1A,..

This follows since the right-hand side is F measurable and its expectation over any set A; is P(AN A;).

As an example, suppose we toss a fair coin independently 5 times and let X; be 1 or 0 depending
whether the ith toss was a heads or tails. Let A be the event that there were 5 heads and let F;, =
o(X1,...,X;). Then P(A) = 1/32 while P(A | F7) is equal to 1/16 on the event (X7 = 1) and 0 on the event
(X1 =0). P(A | F) is equal to 1/8 on the event (X7 =1, Xo = 1) and 0 otherwise.

We have
EEX |F]]=EX (9.1)

because E[E[X | F]]=EE[X | F;Q =E[X; Q] =EX.
The following is easy to establish.

Proposition 9.1. (a) If X > Y are both integrable, then E[X | F] > E[Y | F] a.s.
(b) If X and Y are integrable and a € R, then E[aX +Y | F]=aE[X | F]+E[Y | F].

It is easy to check that limit theorems such as monotone convergence and dominated convergence
have conditional expectation versions, as do inequalities like Jensen’s and Chebyshev’s inequalities. Thus,
for example, we have the following.

Proposition 9.2. (Jensen’s inequality for conditional expectations) If g is convex and X and g(X) are
integrable,
Elg(X) | F] =2 g(E[X | F]), as.

A key fact is the following.
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Proposition 9.3. If X and XY are integrable and Y is measurable with respect to F, then
EXY |F]=YE[X | F]. (9.2)

Proof. If A € F, then for any B € F,

E[14E[X | F|;B] =E [E[X | F; ANB] =E[X; AN B] =E[1,X; B].
Since 14E[X | F] is F measurable, this shows that (9.1) holds when ¥ = 14 and A € F. Using linearity
and taking limits shows that (9.1) holds whenever Y is F measurable and Xand XY are integrable. m]

Two other equalities follow.
Proposition 9.4. If £ C F C G, then
]E[]E[X|.7-"] |5] =E[X | €] :E[IE[X|S] |.7-"]

Proof. The right equality holds because E[X | £] is £ measurable, hence F measurable. To show the left
equality, let A € £. Then since A is also in F,

EE[E[X|F]|€];A] =E[E[X | F];A] =E[X; A] = E[E [X | ]; A].

Since both sides are £ measurable, the equality follows. |

To show the existence of E [X | F], we proceed as follows.

Proposition 9.5. If X is integrable, then E[X | F] exists.

Proof. Using linearity, we need only consider X > 0. Define a measure Q on F by Q(A) = E[X; A] for
A € F. This is trivially absolutely continuous with respect to P| =, the restriction of P to F. Let E [X | F]
be the Radon-Nikodym derivative of Q with respect to P|z. The Radon-Nikodym derivative is F measurable
by construction and so provides the desired random variable. 0

When F = o(Y), one usually writes E [X | Y] for E[X | F]. Notation that is commonly used (however,
we will use it only very occasionally and only for heuristic purposes) is E[X | Y = y]. The definition is as
follows. If A € o(Y'), then A = (Y € B) for some Borel set B by the definition of o(Y), or 14 = 15(Y). By
linearity and taking limits, if Z is o(Y") measurable, Z = f(Y") for some Borel measurable function f. Set
Z =E[X | Y] and choose f Borel measurable so that Z = f(Y). Then E[X | Y = y] is defined to be f(y).

If X € L? and M = {Y € L? : Y is F-measurable}, one can show that E[X | F] is equal to the
projection of X onto the subspace M. We will not use this in these notes.

10. Stopping times.

We next want to talk about stopping times. Suppose we have a sequence of o-fields F; such that
Fi C Fiy1 for each i. An example would be if F; = o(X1q,...,X;). A random mapping N from 2 to
{0,1,2,...} is called a stopping time if for each n, (N <n) € F,. A stopping time is also called an optional
time in the Markov theory literature.

The intuition is that the sequence knows whether N has happened by time n by looking at F,.
Suppose some motorists are told to drive north on Highway 99 in Seattle and stop at the first motorcycle
shop past the second realtor after the city limits. So they drive north, pass the city limits, pass two realtors,
and come to the next motorcycle shop, and stop. That is a stopping time. If they are instead told to stop
at the third stop light before the city limits (and they had not been there before), they would need to drive
to the city limits, then turn around and return past three stop lights. That is not a stopping time, because
they have to go ahead of where they wanted to stop to know to stop there.

We use the notation a A b = min(a,b) and a V b = max(a,b). The proof of the following is immediate
from the definitions.
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Proposition 10.1.
(a) Fixed times n are stopping times.
(b) If Ny and Ny are stopping times, then so are Ny A Ny and N1 V Na.
(c) If N,, is a nondecreasing sequence of stopping times, then so is N = sup,, N,,.
(d) If N,, is a nonincreasing sequence of stopping times, then so is N = inf,, N,.
(e) If N is a stopping time, then so is N + n.

We define Fy = {A: AN (N <n) € F, for all n}.

11. Martingales.

In this section we consider martingales. Let JF,, be an increasing sequence of o-fields. A sequence of
random variables M,, is adapted to F,, if for each n, M, is F,, measurable.

M, is a martingale if M, is adapted to F,, M, is integrable for all n, and

E[M, | Fn-1] = Mp_1, a.s., n=23,.... (11.1)

If we have E[M,, | F—1] > My,_1 a.s. for every n, then M, is a submartingale. If we have E[M, |
Fn-1] < M, _1, we have a supermartingale. Submartingales have a tendency to increase.

Let us take a moment to look at some examples. If X; is a sequence of mean zero i.i.d. random
variables and S, is the partial sum process, then M,, = S,, is a martingale, since E [M,, | F,—1] = M1 +
E[M, — My_1 | Fno1] = My + E[M,, — M,,_1] = M,,_1, using independence. If the X;’s have variance
one and M,, = S2 — n, then

E[S2 | Foo1] =E[(Sn — Sn-1)? | Fuei1] + 28, 1E[Sy | Froa] — 52, =1+ 52

n—1

using independence. It follows that M, is a martingale.

Another example is the following: if X € L! and M,, = E[X | F,], then M, is a martingale.

If M, is a martingale and H,, € F,_1 for each n, it is easy to check that N, = Z?:l H;(M; — M;_1)
is also a martingale.

If M, is a martingale and g(M,,) is integrable for each n, then by Jensen’s inequality

E[g(Mn11) | Ful 2 9(E [Mpy1 | Ful) = g(My),

or g(M,) is a submartingale. Similarly if ¢ is convex and nondecreasing on [0,00) and M,, is a positive
submartingale, then g(M,,) is a submartingale because

E[g(Mps1) | Fol 2 g(E [Mpy1 | Fr]) > g(My).

12. Optional stopping.

Note that if one takes expectations in (11.1), one has E M,, = E M,,_1, and by induction E M,, = E M.
The theorem about martingales that lies at the basis of all other results is Doob’s optional stopping theorem,
which says that the same is true if we replace n by a stopping time N. There are various versions, depending
on what conditions one puts on the stopping times.

Theorem 12.1. If N is a bounded stopping time with respect to F,, and M, a martingale, then E My =
E M.

Proof. Since N is bounded, let K be the largest value N takes. We write

K K
EMy =Y E[My;N =k => E[M;N =k
k=0 k=0
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Note (N = k) is F; measurable if j > k, so

E[My; N = k] = E [My41; N = K]

=E[Mpyo; N=k]=...=E[Mg; N = k.
Hence
K
EMy =Y E[Mg;N =k =E My =E M,.
k=0
This completes the proof. O

The assumption that N be bounded cannot be entirely dispensed with. For example, let M,, be the
partial sums of a sequence of i.i.d. random variable that take the values £1, each with probability % If
N = min{i : M; = 1}, we will see later on that N < oo a.s., but EMy =1# 0=E M,.

The same proof as that in Theorem 12.1 gives the following corollary.
Corollary 12.2. If N is bounded by K and M, is a submartingale, then E My <E M.
Also the same proof gives
Corollary 12.3. If N is bounded by K, A € Fn, and M, is a submartingale, then E [My; A] < E [Mg; A].

Proposition 12.4. If N; < N, are stopping times bounded by K and M is a martingale, then E [Mpy, |
Fn,] = My, a.s.

Proof. Suppose A € Fn,. We need to show E[My,; A] = E [My,; A]. Define a new stopping time N3 by

Nl(u)) fweA
Ny(w) = {Ng(w) ifw A.

It is easy to check that Nj is a stopping time, so E My, = E Mg = E My, implies
Subtracting E [My,; A¢] from each side completes the proof. O

The following is known as the Doob decomposition.

Proposition 12.5. Suppose X} is a submartingale with respect to an increasing sequence of o-fields Fj.
Then we can write Xy = M} + Ay such that My, is a martingale adapted to the Fj and Ay, is a sequence of
random variables with Ay being Fj_1-measurable and Ag < Ay < ---

Proof. Let ap = E[X} | Fr—1] — Xr—1 for k =1,2,... Since X}, is a submartingale, then each a; > 0. Then
let A, = Zle a;. The fact that the Ay are increasing and measurable with respect to Fp_q is clear. Set
Mk = Xk - Ak. Then

E[Mi1 — My | Fi] = E[Xp41 — X | Fi] — ag41 =0,

or My is a martingale. O

Combining Propositions 12.4 and 12.5 we have
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Corollary 12.6. Suppose X}, is a submartingale, and N1 < N» are bounded stopping times. Then

E[Xn, | Fn,] > Xn, -

13. Doob’s inequalities.
The first interesting consequences of the optional stopping theorems are Doob’s inequalities. If M,
is a martingale, denote M = max;<, |M;|.

Theorem 13.1. If M,, is a martingale or a positive submartingale,

P(M; > a) < E[|M,; M > al/a < E|M,|/a.

Proof. Set M,,11 = M,,. Let N = min{j : |M;| > a} A(n+1). Since |-| is convex, |M,,| is a submartingale.
If A= (M} > a), then A € Fy and by Corollary 12.3

aP(M;; > a) <E[[My[; A] < E[[M,|; A] <E[M,|.

For p > 1, we have the following inequality.
Theorem 13.2. Ifp > 1 and E |M;|P < oo for i <n, then

E (M) < (p%l)pmMm.

Proof. Note M} < >°" | |M,|, hence M} € LP. We write

E (M;)? :/ papflP(M:; > a)da §/ papflEHMn\l(M;Za)/a] da
0 0

_E / " =M, da = B[0P M, |
0 p—1

< Ll(E (M )P)P=D/P(E | M, |P) /7.
p—

The last inequality follows by Holder’s inequality. Now divide both sides by the quantity (E (M;)P)®=1/p,
[l

14. Martingale convergence theorems.

The martingale convergence theorems are another set of important consequences of optional stopping.
The main step is the upcrossing lemma. The number of upcrossings of an interval [a, ] is the number of
times a process crosses from below a to above b.

To be more exact, let

S1 = min{k : Xi <a}, Ty = min{k > Sy : Xy > b},

and
Si+1 = mln{k >T;: X < a}, Ti+1 = mm{k > Si+1 X > b}

The number of upcrossings U,, before time n is U, = max{j : T; < n}.
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Theorem 14.1. (Upcrossing lemma) If X}, is a submartingale,

EU, < (b—a) 'E[(X, —a)T].

Proof. The number of upcrossings of [a,b] by X}, is the same as the number of upcrossings of [0,b — a]
by Y = (Xk — a)*. Moreover Y} is still a submartingale. If we obtain the inequality for the the number of
upcrossings of the interval [0,b — a] by the process Y}, we will have the desired inequality for upcrossings of
X.

So we may assume ¢ = 0. Fix n and define Y,,41 = Y,,. This will still be a submartingale. Define the
Si, T; as above, and let S; = S; A (n+1), T) = T; A (n +1). Since Tj11 > Sjp1 > T;, then T}, =n + 1.

We write
n+1 n+1
EY,1 =EYs + > E[Yy —Ys]+ > E[Ys  — Yol
1=0 1=0

All the summands in the third term on the right are nonnegative since Yj is a submartingale. For the jth
upcrossing, YT]{ - YS; > b — a, while YT; - YS; is always greater than or equal to 0. So

> (Y = Ys) = (b— a)U,.
=0

So

(4.8) EU, <EY,.1/(b—a).

This leads to the martingale convergence theorem.

Theorem 14.2. If X,, is a submartingale such that sup,, E X, < oo, then X,, converges a.s. as n — 00.
Proof. Let U(a,b) = lim,_ o U,. For each a, b rational, by monotone convergence,
EU(a,b) < c(b—a)'E(X, —a)t < c0.

So U(a,b) < o0, a.s. Taking the union over all pairs of rationals a,b, we see that a.s. the sequence X,,(w)
cannot have limsup X,, > liminf X,,. Therefore X,, converges a.s., although we still have to rule out the
possibility of the limit being infinite. Since X, is a submartingale, E X,, > E X, and thus

E|X,|=EX+EX, =2EX;) ~EX, <2EX; —E X,.
By Fatou’s lemma, E lim,, |X,,| < sup,, E|X,,| < oo, or X,, converges a.s. to a finite limit. m]

Corollary 14.3. If X, is a positive supermartingale or a martingale bounded above or below, X,, converges

a.s.

Proof. If X, is a positive supermartingale, —X,, is a submartingale bounded above by 0. Now apply
Theorem 4.12.
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If X,, is a martingale bounded above, by considering —X,,, we may assume X, is bounded below.
Looking at X,, + M for fixed M will not affect the convergence, so we may assume X, is bounded below by
0. Now apply the first assertion of the corollary. 0

Proposition 14.4. If X,, is a martingale with sup,, E |X,|P < co for some p > 1, then the convergence is in
LP as well as a.s. This is also true when X,, is a submartingale. If X,, is a uniformly integrable martingale,
then the convergence is in L'. If X,, — X, in L', then X,, = E[Xo | Fn].

X, is a uniformly integrable martingale if the collection of random variables X, is uniformly inte-
grable.

Proof. The L? convergence assertion follows by using Doob’s inequality (Theorem 13.2) and dominated
convergence. The L' convergence assertion follows since a.s. convergence together with uniform integrability
implies L' convergence. Finally, if j < n, we have X; = E[X,, | F;]. If A € F},

E[X;; Al = E[X,; A] = E [Xoo; A]

by the L' convergence of X,, to X. Since this is true for all A € F;, X; =E [X | Fj]. O

15. Applications of martingales.

Let S, be your fortune at time n. In a fair casino, E[Sp41 | Fn] = Sp. If N is a stopping time, the
optional stopping theorem says that E Sy = ESp; in other words, no matter what stopping time you use
and what method of betting, you will do not better on average than ending up with what you started with.

An elegant application of martingales is a proof of the SLLN. Fix N large. Let Y; be ii.d. Let
Zn = E[Y1 | SnySnt1,---,9n]. We claim Z,, = S, /n. Certainly S,/n is 0(Sy,---,Sy) measurable. If
A€ a(S,,...,Sy) for some n, then A = ((S,,...,Sy) € B) for some Borel subset B of RN ="+, Since the
Y; are i.i.d., for each k < n,

E[Yl;(Sn,...7SN) € B] :E[Yk;(5n7...,SN) € B]
Summing over k and dividing by n,

Therefore E [Y1; A] = E[S,,/n; A] for every A € o(S,,...,Sn). Thus Z,, = S, /n.

Let Xy, = Zn_k, and let Fr, = o(SN—k, SN—k+1,---,5n). Note Fj gets larger as k gets larger,
and by the above X = E[Y; | Fix]. This shows that X is a martingale (cf. the next to last example
in Section 11). By Doob’s upcrossing inequality, if U;X is the number of upcrossings of [a,b] by X, then
EUL <EX/(b—a) <E|Z|/(b—a) = E|Y1]|/(b— a). This differs by at most one from the number of
upcrossings of [a,b] by Zi1,...,Zy. So the expected number of upcrossings of [a,b] by Zj for k¥ < N is
bounded by 1+ E|Y1|/(b — a). Now let N — oo. By Fatou’s lemma, the expected number of upcrossings
of [a,b] by Z1,... is finite. Arguing as in the proof of the martingale convergence theorem, this says that
Z, = Sp/n does not oscillate.

It is conceivable that |S,,/n| — oco. But by Fatou’s lemma,

Eflim|S,/n]] <liminfE|S,/n| < liminfnE|Y1|/n = E|Y1| < oo.

Another application of martingale techniques is Wald’s identities.
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Proposition 15.1. Suppose the Y; are i.i.d. with E|Y]| < oo, N is a stopping time with EN < oo, and N
is independent of the Y;. Then ESy = (E N)(EY1), where the S,, are the partial sums of the Y;.

Proof. S, —n(EY]) is a martingale, so E S,nny = E (n A N)EY; by optional stopping. The right hand side
tends to (E N)(EY7) by monotone convergence. S,y converges almost surely to Sy, and we need to show
the expected values converge.

Note
[e%S) oo nAk
1Suan] =Y 1Surklliv=ky < D) 1Y5l 1=k
k=0 k=0 =0
=3 Wilt=ry = > [Yillavss < D Villivsy)-
=0 k>j j=0 =0

The last expression, using the independence, has expected value

fyMEUMNZjHHEWWG+EN)<m.

Jj=0

So by dominated convergence, we have E S,y — ESy. O

Wald’s second identity is a similar expression for the variance of Sy.
We can use martingales to find certain hitting probabilities.

Proposition 15.2. Suppose the Y; are i.i.d. with P(Y1 =1) =1/2, P(Y; = —1) = 1/2, and S,, the partial
sum process. Suppose a and b are positive integers. Then

b
P(S,, hits —a before b) = P
a

If N =min{n: S, € {—a,b}}, then EN = ab.

Proof. S2 —n is a martingale, so ES2, v = En A N. Let n — co. The right hand side converges to E N
by monotone convergence. Since S,y is bounded in absolute value by a + b, the left hand side converges
by dominated convergence to E S%;, which is finite. So E N is finite, hence N is finite almost surely.

S, is a martingale, so E S,nny = E .Sy = 0. By dominated convergence, and the fact that N < oo a.s.,
hence S,An — Sy, we have ESy =0, or

—aP(Sy = —a) + bP(Sy = b) = 0.

We also have
P(SN = 70‘,) +IP(SN = b) =1.

Solving these two equations for P(Sy = —a) and P(Sy = b) yields our first result. Since EN = ES% =
a’*P(Sy = —a) + b?P(Sy = b), substituting gives the second result. 0O

Based on this proposition, if we let a — oo, we see that P(N, < o0) = 1 and EN, = oo, where
Ny = min{n : S,, = b}.

Next we give a version of the Borel-Cantelli lemma.
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Proposition 15.3. Suppose A, € F,,. Then (A, i.0.) and (3, P(A, | F,,_1) = oo) differ by a null set.

Proof. Let X,, = Y. _[la, — P(An | Fino1)]. Note | X, — X,—1| < 1. Also, it is easy to see that
E[X, — Xn-1]| Fn-1] =0, so X,, is a martingale.

We claim that for almost every w either lim X,, exists and is finite, or else limsup X,, = oo and
liminf X,, = —oco. In fact, if N = min{n : X,, < —k}, then X,,an > —k — 1, so X,an converges by the
martingale convergence theorem. Therefore lim X, exists and is finite on (N = oco). So if lim X,, does not
exist or is not finite, then N < oco. This is true for all k, hence liminf X,, = —oco. A similar argument shows
lim sup X,, = oo in this case.

Now if lim X, exists and is finite, then Y, 14, = oo if and only if > P(A,, | Fr—1) < co. On the
other hand, if the limit does not exist or is not finite, then > 14 = oo and > P(A, | Fr-1) = 0. O

16. Weak convergence.
We will see later that if the X; are i.i.d. with mean zero and variance one, then S,,/\/n converges in
the sense
P(S,/vn € [a,b]) = P(Z € [a,b]),

where Z is a standard normal. If S, //n converged in probability or almost surely, then by the zero-one
law it would converge to a constant, contradicting the above. We want to generalize the above type of
convergence.

We say F,, converges weakly to F' if F,,(z) — F(z) for all z at which F' is continuous. Here F,
and F' are distribution functions. We say X,, converges weakly to X if Fx  converges weakly to Fx. We
sometimes say X, converges in distribution or converges in law to X. Probabilities p, converge weakly if
their corresponding distribution functions converges, that is, if F,, (z) = pu,(—00, ] converges weakly.

An example that illustrates why we restrict the convergence to continuity points of F' is the following.
Let X,, = 1/n with probability one, and X = 0 with probability one. Fx, (z)is 0if x < 1/n and 1 otherwise.
Fx, (x) converges to Fx(z) for all z except z = 0.

Proposition 16.1. X, converges weakly to X if and only if Eg(X,) — Eg(X) for all g bounded and
continuous.

The idea that E g(X,,) converges to E g(X) for all g bounded and continuous makes sense for any
metric space and is used as a definition of weak convergence for X, taking values in general metric spaces.

Proof. First suppose E g(X,,) converges to E g(X). Let  be a continuity point of F', let € > 0, and choose
d such that |F(y) — F(x)| < e if [y —z| < 6. Choose ¢ continuous such that ¢ is one on (—o0, z], takes values
between 0 and 1, and is 0 on [z + §,00). Then Fx, (v) <Eg(X,) - Eg(X) < Fx(z +9) < F(z) +¢.

Similarly, if h is a continuous function taking values between 0 and 1 that is 1 on (—oo,z — J] and 0
on [z,00), Fx, (x) > Eh(X,) - Eh(X) > Fx(z — J) > F(z) — e. Since ¢ is arbitrary, Fx, () — Fx(z).

Now suppose X,, converges weakly to X. If a and b are continuity points of F' and of all the Fx,,
then E 1y, 4(X,) = Fx, (b) — Fx, (a) = F(b) — F(a) = E1p,4)(X). By taking linear combinations, we have
E g(X,) — Eg(X) for every g which is a step function where the end points of the intervals are continuity
points for all the Fx, and for Fx. Since the set of points that are not a continuity point for some Fx, or
for F'x is countable, and we can approximate any continuous function on an interval by such step functions
uniformly, we have E g(X,,) — E g(X) for all g such that the support of g is a closed interval whose endpoints
are continuity points of F'x and g is continuous on its support.

Let € > 0 and choose M such that Fx (M) > 1 —¢ and Fx(—M) < ¢ and so that M and —M are
continuity points of Fx and of the Fx . By the above argument, E (11— 39)(Xn) — E(11—a7,009)(X),
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where g is a bounded continuous function. The difference between E (1j_ s 79)(X) and E g(X) is bounded
by |gllccP(X ¢ [-M, M]) < 2¢||g||oc. Similarly, when X is replaced by X,,, the difference is bounded by
l9llccP(Xy & [—M, M]) = ||g]lccP(X ¢ [-M, M]). So for n large, it is less than 3¢||g||s. Since ¢ is arbitrary,
E g(X,) — Eg(X) whenever g is bounded and continuous. O

Let us examine the relationship between weak convergence and convergence in probability. The
example of S, /4/n shows that one can have weak convergence without convergence in probability.

Proposition 16.2. (a) If X,, converges to X in probability, then it converges weakly.
(b) If X,, converges weakly to a constant, it converges in probability.
(c) (Slutsky’s theorem) If X, converges weakly to X and Y, converges weakly to a constant ¢, then
X, +Y, converges weakly to X + c and X, Y,, converges weakly to cX.

Proof. To prove (a), let g be a bounded and continuous function. If n; is any subsequence, then there
exists a further subsequence such that X (n;, ) converges almost surely to X. Then by dominated convergence,
Eg(X(nj,)) — Eg(X). That suffices to show E g(X,,) converges to E g(X).

For (b), if X,, converges weakly to c,

P(X,—c>e)=P(X, >c+e)=1-P(X,,<c+¢e)—=1-Plc<c+e)=0.
We use the fact that if ¥ = ¢, then ¢ 4+ ¢ is a point of continuity for Fy. A similar equation shows
P(X, —¢< —¢)— 0,80 P(|X,, —¢| >¢) = 0.
We now prove the first part of (c), leaving the second part for the reader. Let = be a point such that
x — ¢ is a continuity point of F'x. Choose € so that  — ¢ + ¢ is again a continuity point. Then

PX,+Y, <z)<P(X,+c<z+e)+P(|Yn—c|>e) o P(X <z —c+e).

So limsupP(X,, + Y, <z) <P(X +c¢ <z +e¢). Since € can be as small as we like and & — ¢ is a continuity
point of Fy, then limsupP(X,, + Y, < z) < P(X + ¢ < z). The lim inf is done similarly. O

We say a sequence of distribution functions {F,} is tight if for each € > 0 there exists M such that
F,(M) > 1—¢ and F,(—M) < ¢ for all n. A sequence of r.v.s is tight if the corresponding distribution
functions are tight; this is equivalent to P(|X,| > M) < e.

Theorem 16.3. (Helly’s theorem) Let F,, be a sequence of distribution functions that is tight. There exists
a subsequence n; and a distribution function F' such that F},, converges weakly to F'.

What could happen is that X,, = n, so that Fx, — 0; the tightness precludes this.

Proof. Let g; be an enumeration of the rationals. Since F,(gr) € [0, 1], any subsequence has a further
subsequence that converges. Use diagonalization so that F),;(qx) converges for each g and call the limit
F(g). F is nondecreasing, and define F(z) = inf,, >, F'(qx). So F' is right continuous and nondecreasing.
If = is a point of continuity of I’ and ¢ > 0, then there exist r and s rational such that r < z < s and
F(s)—e < F(z) < F(r) +¢. Then
Fo,(x) > Fy,(r) = F(r) > F(z) —¢
and
Foy(@) < Fuy () — F(s) < F(z) + <.
Since ¢ is arbitrary, I, (z) — F(x).
Since the F,, are tight, there exists M such that F,(—M) < e. Then F(—M) < e, which implies
lim,_,_ F(z) = 0. Showing lim,_,o, F'(x) = 1 is similar. Therefore F' is in fact a distribution function. O

We conclude by giving an easily checked criterion for tightness.
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Proposition 16.4. Suppose there exists ¢ : [0,00) — [0,00) that is increasing and ¢(x) — 0o as x — oo.
If ¢ = sup,, E (| X,|) < oo, then the X,, are tight.

Proof. Let € > 0. Choose M such that ¢(x) > ¢/e if © > M. Then

(| X, €
P(Xa 1> 00) < [ HE 1 st < SR o) <6

17. Characteristic functions.

We define the characteristic function of a random variable X by px(t) = Ee®® for t € R.

Note that ¢x (t) = [ €®Px(dz). So if X and Y have the same law, they have the same characteristic
function. Also, if the law of X has a density, that is, Px(dz) = fx(x)dz, then ox(t) = [ € fx(x)dx, so
in this case the characteristic function is the same as (one definition of) the Fourier transform of fx.

Proposition 17.1. ¢(0) =1, |¢(t)| <1, ¢(—t) = ¢(t), and ¢ is uniformly continuous.

Proof. Since |e?*| < 1, everything follows immediately from the definitions except the uniform continuity.
For that we write

[t + h) = p(6)] = [ECHHX — B eitX] < B[6tX (e — 1)) = B [eX — 1],

|e?"X — 1| tends to 0 almost surely as h — 0, so the right hand side tends to 0 by dominated convergence.
Note that the right hand side is independent of ¢. 0
Proposition 17.2. ¢, x(t) = px(at) and px (1) = ePox (1),

Proof. The first follows from E e?(¢X) = E (@)X and the second is similar. O

Proposition 17.3. If X and Y are independent, then vxty (t) = px(t)py ().

Proof. From the multiplication theorem,

E 6it(X+Y) —E eitXeitY —E EitX]EBitY

Note that if X; and X, are independent and identically distributed, then

Ox,-x,(t) = ox, (B)p—x, (1) = ox, (t)px, (—t) = ox, (H)ex, () = lox, (t)[.

Let us look at some examples of characteristic functions.
(a) Bernoulli: By direct computation, this is pe + (1 —p) =1 — p(1 — )
. s . o . 1 Z 1
(b) Coin flip: (i.e., P(X = +1) =P(X = —1) = 1/2) We have ze'* + 5e~" = cost.
(¢) Poisson:
— e e A1)

ti § eltk‘ —)\>\

(d) Point mass at a: Ee'*X = ¢/%, Note that when a = 0, then ¢ = 1.
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(e) Binomial: Write X as the sum of n independent Bernoulli r.v.s B;. So

(f) Geometric:
> itk __ wt\k p
o(t) :];:Op(l—p)ke F=p E (1 =p)e™)t = 1—(1—peit’

(g) Uniform on [a,b]:

1 b eith _ pita
t) = 1tzd:
o) = = [ etar = Gt

Note that when a = —b this reduces to sin(bt)/bt.

(h) Exponential:
o o A
/ )\eltme—)\l' dr = A/ e(lt_A)mdx = —F.
o o A—it

(i) Standard normal:

1 il
o(t) = 7ﬁ27r/ e 2y,

This can be done by completing the square and then doing a contour integration. Alternately, ¢’ (t) =
(1/v2n) [*°_izee~*"/2dz. (do the real and imaginary parts separately, and use the dominated
convergence theorem to justify taking the derivative inside.) Integrating by parts (do the real and
imaginary parts separately), this is equal to —t@(t). The only solution to ¢’ (t) = —te(t) with ¢(0) =1
is o(t) = e71°/2,

(j) Normal with mean u and variance o?: Writing X = oZ + u, where Z is a standard normal, then
px(t) = ety (ot) = ert=o /2,

(k) Cauchy: We have

1 eitr
ty=— | ——=dx.
(1) 77/1—1—1:2 v

This is a standard exercise in contour integration in complex analysis. The answer is e~/

18. Inversion formula.

We need a preliminary real variable lemma, and then we can proceed to the inversion formula, which
gives a formula for the distribution function in terms of the characteristic function.

Lemma 18.1. (a)fON(sin(Am)/x) dx — sgn (A)m/2 as N — oo.
(b) sup, | [y (sin(Az)/z) dz| < cc.

Proof. If A = 0, this is clear. The case A < 0 reduces to the case A > 0 by the fact that sin is an odd
function. By a change of variables y = Az, we reduce to the case A = 1. Part (a) is a standard result
in contour integration, and part (b) comes from the fact that the integral can be written as an alternating
series.
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An alternate proof of (a) is the following. e~*¥sinz is integrable on {(z,4);0 < z < a,0 < y < oo}.

So @ sinx @ e
/ dx = / / e Wsinx dy dr
o = 0o Jo
o0 a
= / e”sinx dr dy
o Jo
oo e~y . a d
= —ysinx — cosx
/0 {yz + 1( Y )} 0 4
o, e -1
= —ysina — cosa) ¢ — d
0 {{yQ—l—l( y )} y2—|—1} 4
T . ° ye W p o emay p
= — —sina “——dy —cosa —dy.
2 /0 y?+1 Y /0 y?+1 Y
The last two integrals tend to 0 as @ — oo since the integrand is bounded by (1 +y)e ¥ if a > 1. 0O

Theorem 18.2. (Inversion formula) Let y be a probability measure and let p(t) = [ €' u(dz). If a < b,
then - ,
1 e—ita _ e—it 1 1

— —p(t)dt = b) + = —u({b}).
Ao ) () dt = p(a,b) + gu({a}) + 5u({b})
The example where p is point mass at 0, so ¢(t) = 1, shows that one needs to take a limit, since the
integrand in this case is 2sint/¢, which is not integrable.

Proof. By Fubini,
T _—ita _ ,—itd T —ita _ ,—ith
£ "C  oydt= £ O etu(dr)dt
T 1t -T it

T _—ita _ ,—ith
:// %emdtu(dx).
T 1t

To justify this, we bound the integrand by the mean value theorem

Expanding e~ and e~ **® using Euler’s formula, and using the fact that cos is an even function and

sin is odd, we are left with

[o] [ [0 ],

Using Lemma 18.1 and dominated convergence, this tends to

/[ﬁsgn (x —a) — wsgn (xz — b)]u(dz).

Theorem 18.3. If [ |p(t)| dt < oo, then u has a bounded density f and

) = = / e~ (t) dt.

T on

Proof. 1 1
pla,b) + Hu({a}) + 5p({b})
T efita _ efitb
im — _—
T—o0 27 -7 1t

1 00 e*ita _ efitb

“ ) a0
b—a

<222 [lewlan
2

5
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Letting b — a shows that u has no point masses.

We now write . )
1 e—ite _ efzt(erh)

h) = — t)dt
w(x,z + h) 5 m o(t)

Py (/ e ”ydy>g0(t) dt
T

_ / o (% / e V() dt ) dy.

So u has density (1/27) [ e p(t)dt. As in the proof of Proposition 17.1, we see f is continuous. O

A corollary to the inversion formula is the uniqueness theorem.
Theorem 18.3. If px = @y, then Px = Py.

The following proposition can be proved directly, but the proof using characteristic functions is much

easier.

Proposition 18.4. (a) If X and Y are independent, X is a normal with mean a and variance b, and Y is
a normal with mean c and variance d?, then X +Y is normal with mean a + ¢ and variance b + d?.
(b) If X and Y are independent, X is Poisson with parameter A\, and Y is Poisson with parameter Ao,
then X +Y is Poisson with parameter A\ + As.
(c) If X; are i.i.d. Cauchy, then S,,/n is Cauchy.

Proof. For (a),

ox+y(t) = px(t)ey(t) = lat=b’t? /2 gict—c’t?/2 _ piate)t—(67+d*)t?/2,

Now use the uniqueness theorem.
Parts (b) and (c) are proved similarly. O

19. Continuity theorem.

Lemma 19.1. Suppose ¢ is the characteristic function of a probability p. Then

1/A
p(-24,24)) > 4| / plt)de| — 1.
—1/4
Proof. Note
1/T (t)dt—l/T/ e (d) dt
or | P Tor ) )¢ et
1 it
://ﬁl[_nﬂ(t)et dtp(dzx)
sinTz
— [ utdn).
Since |(sin(Tz))/Tz| <1 and |sin(T'z)| < 1, then |(sin(Tx))/Tz| < 1/2T A if |x| > 2A. So

sinTx 1
dx)| < u([-2A4,2A ——u(d
| T ean| <u2azan [ )

= ([~24,24)) + 7 (1~ u([-24,24)
1

=g+ (1- ﬁ)u([_m,m]).
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Setting T = 1/A,
A A 11
— < =+ —u([—24,24]).
5, e < 5+ gul-24.24)
Now multiply both sides by 2. O

Proposition 19.2. If u, converges weakly to u, then y,, converges to @ uniformly on every finite interval.

Proof. Let e > 0 and choose M large so that u([—M,M]°) < e. Define f to be 1 on [-M,M], 0 on
[-M — 1, M + 1]¢, and linear in between. Since [ fdu, — [ fdu, then if n is large enough,
Ja-pdu <2
We have
fon(t+ 1) = a@] < [ 16" = 1)
<2 [ fdn+h [ fal (o) )

<2 +h(M+1).
So for n large enough and |h| < e/(M + 1), we have

lon(t+h) — pn(t)] < 3e,
which says that the ¢, are equicontinuous. Therefore the convergence is uniform on finite intervals. O

The interesting result of this section is the converse, Lévy’s continuity theorem.

Theorem 19.3. Suppose u, are probabilities, p,(t) converges to a function (t) for each t, and ¢ is
continuous at 0. Then ¢ is the characteristic function of a probability u and u, converges weakly to .

Proof. Let £ > 0. Since ¢ is continuous at 0, choose ¢ small so that

1 5
‘5/_5@@)(#_1 <e.

Using the dominated convergence theorem, choose N such that
1 /9
o5 | len(t) —e(t)[dt <e
20 ,/_5

ifn>N. Soifn> N,

1[0 10 10
55 | om0 2|5 [ e®at| =5z [ leatt)=etol
>1-—2e.
By Lemma 19.1 with A = 1/4, for such n,
fin[—2/6,2/8] > 2(1 —26) — 1 =1 — 4e.

This shows the p,, are tight.

Let n; be a subsequence such that p,; converges weakly, say to . Then ¢, (t) — ¢,(t), hence
©(t) = @u(t), or ¢ is the characteristic function of a probability p. If p/ is any subsequential weak limit
point of p,, then ¢,/ (t) = ¢(t) = ¢, (t); so p’ must equal p. Hence p,, converges weakly to p. O

We need the following estimate on moments.
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Proposition 19.4. IfE|X|* < oo for an integer k, then ¢x has a continuous derivative of order k and
o9 () = / (iz)E =Py (dz).
In particular, ®) (0) = i*E X*.

Proof. Write

t h) — t i(t+h)x _ ite

o o) _ f¢ )
h h

The integrand is bounded by |z|. So if [ |z|Px(dz) < oo, we can use dominated convergence to obtain the

desired formula for ¢’(t). As in the proof of Proposition 17.1, we see ¢’(t) is continuous. We do the case of

general k by induction. Evaluating ¢(*) at 0 gives the particular case. O

Here is a converse.

Proposition 19.5. If is the characteristic function of a random variable X and ¢ (0) exists, then E | X|? <

Q.

Proof. Note

ihx —ihz
-2 1—cosh
e h;—e _ 9 }CL(Z)s xSO

and 2(1 — cos hx)/h? converges to 2% as h — 0. So by Fatou’s lemma,

h
— limsup o(h) — 2¢(0) + ¢(—h)
h—0 h2

1— h
/xQ]P’X(dx) < 2li£ni61f/#?x(dx)

=¢"(0) < c0.

O

One nice application of the continuity theorem is a proof of the weak law of large numbers. Its proof
is very similar to the proof of the central limit theorem, which we give in the next section.

Another nice use of characteristic functions and martingales is the following.

Proposition 19.6. Suppose X; is a sequence of independent r.v.s and S, converges weakly. Then S,

converges almost surely.

Proof. Suppose S,, converges weakly to W. Then ¢g, (t) — @w (t) uniformly on compact sets by Proposition
19.2. Since @ (0) =1 and ¢ is continuous, there exists § such that |pw (t) — 1] < 1/2if |t| < 4. So for n
large, ¢s, (t)| > 1/4 if [t| < 4.
Note
E[e"5 | X1, X | = "SR [ | X, K] = €50 oy, (8),

Since pg, (t) = [ px, (t), it follows that e~ /pg (t) is a martingale.

Therefore for [t| < § and n large, e /¢g (t) is a bounded martingale, and hence converges almost
surely. Since ¢s, (t) — @w (t) # 0, then e®5» converges almost surely if [t| < &.

Let A = {(w,t) € Q x (=4§,6) : €*5"(“) does not converge}. For each ¢, we have almost sure con-
vergence, s0 [ 14(w,t)P(dw) = 0. Therefore ffé [14dPdt = 0, and by Fubini, ffis 14 dtdP = 0. Hence
almost surely, [ 14(w,t)dt = 0. This means, there exists a set N with P(N) = 0, and if w ¢ N, then ei*5»()
converges for almost every t € (=4, 6).
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If w ¢ N, by dominated convergence, foa et5n (@) dt converges, provided a < 4. Call the limit A,. Also

a 1aSy,(w) _
/ it @) gy - €0 1
0 iSp(w)

it Sp(w) # 0 and equals a otherwise.

Since S, converges weakly, it is not possible for |S,| — oo with positive probability. If we let
N'" = {w : [Sp(w)| — oo} and choose w ¢ N U N’, there exists a subsequence Sy, (w) which converges
to a finite limit, say R. We can choose a < ¢ such that e**»() converges and e® # 1. Therefore
A, = (e"*® —1)/R, a nonzero quantity. But then

iaSp(w) _ 1 li i1aSp(w) _ 1
e imy, oo €
Sn(w) = —— — i
( ) fo eitSn(w) Jt A,
Therefore, except for w € N U N’, we have that S, (w) converges. O

20. Central limit theorem.

The simplest case of the central limit theorem (CLT) is the case when the X; are i.i.d., with mean
zero and variance one, and then the CLT says that S, /y/n converges weakly to a standard normal. We first
prove this case.

n

We need the fact that if ¢,, are complex numbers converging to ¢, then (1 + (¢, /n))™ — €. We leave

the proof of this to the reader, with the warning that any proof using logarithms needs to be done with some

care, since log z is a multi-valued function when z is complex.
Theorem 20.1. Suppose the X; are i.i.d., mean zero, and variance one. Then S,,/+/n converges weakly to

a standard normal.

Proof. Since X; has finite second moment, then ¢x, has a continuous second derivative. By Taylor’s
theorem,

vx, (t) = x,(0) + ¢y, (0)t + ¢, (0)£7/2 + R(t),

where |R(t)|/t> — 0 as [t| — 0. So
ox, (t) =1—1*/2+ R(1).
Then
2 n
o5, vlt) = 95, (4/V) = (ox,(t/va)" = [1= £+ R(e/vm)| "

Since t/+/n converges to zero as n — oo, we have

‘pSn/\/E(t) _ e—t2/2.

Now apply the continuity theorem. 0

Let us give another proof of this simple CLT that does not use characteristic functions. For simplicity
let X; be i.i.d. mean zero variance one random variables with E | X;|3 < oo.

29



Proposition 20.2. With X; as above, S, /+/n converges weakly to a standard normal.

Proof. Let Y7,...,Y, beii.d. standard normal r.v.s that are independent of the X;. Let Z; = Yo +---+Y,,
ZQ :X1+}f3++Yn, Z3 :Xl +X2+Y4++Yn, etc.

Let us suppose g € C® with compact support and let W be a standard normal. Our first goal is to
show

[Eg(Sn/vn)—Eg(W)| — 0. (20.1)
We have
Eg(Sn/vn) —Eg(W) =Eg(Sn/vn) —Eg(>_Y:/vn)
=1

oo ()

By Taylor’s theorem,
X

) = 92V + 9 (i) V) T+ 59" (Zi/ VX2 + R,

(Xi + Z;
NG

where |R,| < ||g"||oo| X:i|?/n?/?. Taking expectations and using the independence,

X; + Z;
Eg( NG

We have a very similar expression for E g((Y; + Z;)/+/n). Taking the difference,

) = Eg(Zi/v/) + 0+ 5" (Z/v/) + E Ry,

Xi+ Zi Yi+Z; " E‘Xi|3+E|Yi|3
_ < i) Bl ) BN
’Eg{ NG ) Eg( Jn )‘—”9 oo n3/2

Summing over i from 1 to n, we have (20.1).

By approximating continuous functions with compact support by C? functions with compact support,
we have (20.1) for such g. Since E (S, /y/n)? = 1, the sequence S,,/\/n is tight. So given ¢ there exists M
such that P(|S,,/v/n| > M) < € for all n. By taking M larger if necessary, we also have P(|W| > M) < e.
Suppose g is bounded and continuous. Let 1 be a continuous function with compact support that is bounded
by one, is nonnegative, and that equals 1 on [-M, M]. By (20.1) applied to g,

IE (99)(Sn/v/n) — E(g¢)(W)| — 0.

However,

B g(Sn/vn) = E(g9)(Sn/vn)| < llgllocP(1Sn/v/n] > M) < lg]loo,

and similarly
[Eg(W) —E (g)(W)| <ellglloo-

Since ¢ is arbitrary, this proves (20.1) for bounded continuous g. By Proposition 16.1, this proves our
proposition. O

We give another example of the use of characteristic functions.
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Proposition 20.3. Suppose for each n the r.v.s Xp;, i = 1,...,n are i.i.d. Bernoullis with parameter p,,.
Ifnp, — X and S, = > | X,;, then S,, converges weakly to a Poisson r.v. with parameter \.

Proof. We write n
Pa(t) =[x, (O] = |1+ pale = 1)]

= [ et )] A,
n

Now apply the continuity theorem. 0

A much more general theorem than Theorem 20.1 is the Lindeberg-Feller theorem.

Theorem 20.4. Suppose for eachn, X,,;,i = 1,...,n are mean zero independent random variables. Suppose
(a) > EX2, — 0% >0 and
(b) for each e, Y | E[|X2;;|X | > €] — 0.

Let S, = Z?:l Xni. Then S,, converges weakly to a normal r.v. with mean zero and variance 2.

Note nothing is said about independence of the X,,; for different n.
Let us look at Theorem 20.1 in light of this theorem. Suppose the Y; are i.i.d. and let X,; = Y;/y/n.
Then

n

S E(Y/Vn)? =EY?

=1

and
n

SCE Xl 1 Xuil > €] = nE (VA2 /n; [Vi| > vie] = B[V [ Y] > Ve,
i=1

which tends to 0 by the dominated convergence theorem.

If the Y; are independent with mean 0, and

i BV

(Var S,,)3/2 -0

then S, /(VarS,)'/? converges weakly to a standard normal. This is known as Lyapounov’s theorem; we
leave the derivation of this from the Lindeberg-Feller theorem as an exercise for the reader.

Proof. Let ¢,; be the characteristic function of X,,; and let U%i be the variance of X,,;. We need to show

n
[Teni(t) — e 72 (20.2)
i=1

Using Taylor series, |e®® — 1 — ib + b?/2| < ¢|b|® for a constant c. Also,
e — 1 —ib+b2/2| < e — 1 —ib| + |b?|/2 < ¢|p]?.
If we apply this to a random variable tY and take expectations,
loy (1) — (1 +itEY — ?EY?/2)| < c(t*EY? ABPEY?).
Applying this to Y = X,;,
loni(t) — (1 = t207,/2)] < B[] Xni]* A 2| X ]
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The right hand side is less than or equal to

E [£3] X |25 | X i | < €] + B [£2| X i) %5 | X | > €]
< BR[| X ] + B [| X |5 | Xni| > €]

Summing over i we obtain
lem (1= 1202,/2)] < cet® > B [|Xpi’] + ct® Y B (| Xil*; | X il > €.

We need the following inequality: if |a;],|b;| < 1, then

n n
‘Hai_ il <D lai = bil.
i=1 =1 i=1

To prove this, note

Hai—Hbiz(an—bn)Hbi+an<Hai—Hbi>

i<n i<n i<n
and use induction.
Note |¢ni(t)] < 1 and |1 —t202,/2| < 1 because 02; < &2 + E[|X2,];|Xni| > €] < 1/t% if we take €
small enough and n large enough. So

‘ﬁapm ﬁ —t%02,/2) ‘ < et > B[ Xnil’] + et? Y B (| X% | Xni| > €.
i=1

i=1

Since sup; 62, — 0, then log(1 — 202, /2) is asymptotically equal to —t252,/2, and so

[10 - £202./2) = exp (D log(1 - 202,/2))

is asymptotically equal to
exp ( —t? Zofn-/Q) =et77/2,

Since ¢ is arbitrary, the proof is complete. O

We now complete the proof of Theorem 8.2.

Proof of “only if” part of Theorem 8.2. Since ) X,, converges, then X,, must converge to zero a.s.,
and so P(|X,,| > A i.0.) = 0. By the Borel-Cantelli lemma, this says Y P(]X,| > A) < oo. We also conclude
by Proposition 5.4 that > Y, converges.

Let ¢, = Z?:l VarY; and suppose ¢, — oo. Let Z,,, = (Y, — EY,,)/\/¢,. Then Z L Var Zy,,, =
(1/cn)>om _y VarY,, = 1. If ¢ > 0, then for n large, we have 24/,/c, < e. Since |Y,,]| < A and hence
EY,,| < A, then |Z,,,| < 24/\/¢, < e. It follows that Y. _  E(|Znm|% | Znm| > €) = 0 for large n.
By Theorem 20.4, Y " _ (Y, — EY,,)/\/c, converges weakly to a standard normal. However, > " _
converges, and ¢, — 00, 50 »_ Yy, /,/¢, must converge to 0. The quantities ) EY,,/,/c, are nonrandom, SO
there is no way the difference can converge to a standard normal, a contradiction. We conclude ¢,, does not
converge to infinity.

Let V; = Y; —EY;. Since |V;| < 24, EV; = 0, and VarV; = VarY;, which is summable, by the “if”
part of the three series criterion, Y V; converges. Since Y Y; converges, taking the difference shows Y EY;
converges. 0O
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21. Framework for Markov chains.

Suppose S is a set with some topological structure that we will use as our state space. Think of &
as being R? or the positive integers, for example. A sequence of random variables Xy, X1,.. ., is a Markov
chain if

P(Xp11 €A Xoy.. ., Xpn) =P(Xpq1 € 4] X) (21.1)

for all n and all measurable sets A. The definition of Markov chain has this intuition: to predict the
probability that X,,;1 is in any set, we only need to know where we currently are; how we got there gives
no new additional intuition.

Let’s make some additional comments. First of all, we previously considered random variables as
mappings from €2 to R. Now we want to extend our definition by allowing a random variable be a map X
from Q to S, where (X € A) is F measurable for all open sets A. This agrees with the definition of r.v. in
the case S = R.

Although there is quite a theory developed for Markov chains with arbitrary state spaces, we will con-
fine our attention to the case where either S is finite, in which case we will usually suppose S = {1,2,...,n},
or countable and discrete, in which case we will usually suppose S is the set of positive integers.

We are going to further restrict our attention to Markov chains where

P(X 1 €A| X, =2)=P(X, € A| Xo = x),

that is, where the probabilities do not depend on n. Such Markov chains are said to have stationary transition
probabilities.

Define the initial distribution of a Markov chain with stationary transition probabilities by u(i) =
P(Xy = i). Define the transition probabilities by p(i,j) = P(X,41 = j | X, = ). Since the transition
probabilities are stationary, p(4,j) does not depend on n.

In this case we can use the definition of conditional probability given in undergraduate classes. If
P(X,, =14) =0 for all n, that means we never visit ¢ and we could drop the point i from the state space.

Proposition 21.1. Let X be a Markov chain with initial distribution p and transition probabilities p(i, j).
then
P(Xy, = in, Xpn1 = in—1,...,X1 = i1, X0 = 1o) = p(io)p(io, i1) - plin—1,%n)- (21.2)

Proof. We use induction on n. It is clearly true for n = 0 by the definition of (). Suppose it holds for n;
we need to show it holds for n + 1. For simplicity, we will do the case n = 2. Then

P(X3 = i3,X2 = 19, X1 = i1, X0 = i0)
=E[P(X;5 =13 | Xo =10, X1 =11, Xo = i2); Xo = ia, X3 = 14, Xo = i)
=E[P(X;3 =13 | Xo =i2); Xo = ia, X1 = i3, Xg = o)
= p(ia, i3)P(X2 = iz, X1 = i1, Xo = i0).

Now by the induction hypothesis,
P(Xy =i, X1 = i1, Xo = i0) = p(i1, 2)p(io, i1) 1(io)-
Substituting establishes the claim for n = 3. 0

The above proposition says that the law of the Markov chain is determined by the u(i) and p(i, j).
The formula (21.2) also gives a prescription for constructing a Markov chain given the (i) and p(4, j).
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Proposition 21.2. Suppose pu(i) is a sequence of nonnegative numbers with ), (i) = 1 and for each i
the sequence p(i, j) is nonnegative and sums to 1. Then there exists a Markov chain with u(i) as its initial
distribution and p(i,j) as the transition probabilities.

Proof. Define = §*. Let F be the o-fields generated by the collection of sets {(ig,1,...,in) : 1 >
0,i; € S}. An element w of Q is a sequence (ig,%1,...). Define X;(w) = i; if w = (ig,41,...). Define
P(Xo =i0,..., Xn = in) by (21.2). Using the Kolmogorov extension theorem, one can show that P can be
extended to a probability on €.

The above framework is rather abstract, but it is clear that under P the sequence X, has initial
distribution p(7); what we need to show is that X,, is a Markov chain and that

P(Xn+1 = in+1 | XO = io, RN Xn = ’Ln) = P(Xn-l-l = in+1 | Xn = ’Ln) = p(Zn, in+1)~ (213)
By the definition of conditional probability, the left hand side of (21.3) is

]P)(Xn+1 = Z.n—&-la){n = ina .. -XO = 7'0)

P(X =1 Xo=1dg,...,. X, =ip) = 21.4
(et = s | Xo = o, -, X = ) P(Xp, = iny - - Xo = i0) (2L4)
o M(ZO) te 'p(infla Zn)P(Zm in+1)
p(io) - plin—1,1n)
= p(inyin-f—l)
as desired.
To complete the proof we need to show
IED(AXPn+1 = Z‘nJrlv)(n = Zn) . .
]P)(X :Z ) :p(Zn,Zn+1),
or
P(Xn-i-l = ivz+laXn = Zn) = p(ina 7;7L+1)]P)()(n = Zn) (215)
Now
]P)(Xn = Zn) = Z P(Xn = in, Xn—1 = ln—1,--+, X0 = ZO)
iUv"'ain—l
= > plio) plin-1,in)
iUv"'vin—l
and similarly
P(Xn+1 = in+1; Xn == Zn)
- Z ]P(XnJrl :in+17Xn :inaanl :Z’nfl,...,X() :ZO)
10, " yin—1
:p(inainJrl) Z ,U/(Z())p(lnflvzrﬂ
7;0)"'7'5n71
Equation (21.5) now follows. O

Note in this construction that the X,, sequence is fixed and does not depend on p or p. Let p(i, j) be
fixed. The probability we constructed above is often denoted P*. If p is point mass at a point i or z, it is
denoted P? or P*. So we have one probability space, one sequence X,,, but a whole family of probabilities
P~
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Later on we will see that this framework allows one to express the Markov property and strong
Markov property in a convenient way. As part of the preparation for doing this, we define the shift operators
0, : Q2 — Q by

Or(io, i1, ..) = (ig, Tty ---)-

Then X 0 0, = X;44. To see this, if w = (49, i1, ...), then

Xj (@) Qk(w) = Xj(ik,ik+1, .. ) = 7;j+k = XjJrk(w).

22. Examples.
Random walk on the integers

We let Y; be an i.i.d. sequence of r.v.’s, with p = P(Y; = 1) and 1 —p = P(Y; = —1). Let
X, =Xo+ > ., Y. Then the X,, can be viewed as a Markov chain with p(i,i + 1) = p, p(i,i — 1) =1 —p,
and p(i,j) = 0 if |j — ] # 1. More general random walks on the integers also fit into this framework. To
check that the random walk is Markov,

P(Xp41 = tng1 | Xo =d0,..., Xn =1in)
=P(Xp41— Xn =int1 —in | Xo=d0,..., Xpn =iy)
=P(Xp11 — Xp =iny1 —in),
using the independence, while
P(Xnt1 =tng1 | Xn=in) =P(Xpg1 — X = g1 — in | X = i)
=P(Xp41 — X = ingp1 — in)-

Random walks on graphs
Suppose we have n points, and from each point there is some probability of going to another point.
For example, suppose there are 5 points and we have p(1,2) = %, p(1,3) = %, p(2,1) = i, p(2,3) = %,

p<2v5) = %a p(37 1) = %a p(372) = %7 p(373) - %7 p(4a 1) =1, p(5a 1) - %7 p(5v5) = % The p(iaj) are often
arranged into a matrix:

11
0o 11 oo
1 1 1
i 032 03
_ |1 1 1
P=lz 1 32 00
1 0 0 0 O
1 1
5 00 0 3
Note the rows must sum to 1 since
5 5
D oplif) =) P(X1=j| Xo=1i)=P(X1 €S| Xo=1i) =1
j=1 =1

Renewal processes

Let Y; be ii.d. with P(Y; = k) = a; and the aj are nonnegative and sum to 1. Let Ty = i¢ and
T, =T+ Z?:r We think of the Y; as the lifetime of the nth light bulb and T}, the time when the nth light
bulb burns out. (We replace a light bulb as soon as it burns out.) Let

X, = min{m —n : T; = m for some i}.
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So X, is the amount of time after time n until the current light bulb burns out.

If X,, =j and j > 0, then T; = n + j for some i but T; does not equal n,n+1,...,n+ j — 1 for any
i. So T; = (n+ 1) + (j — 1) for some ¢ and T; does not equal (n +1),(n+1)+1,...,(n+ 1)+ (j —2) for
any 9. Therefore X,, 11 =j—1. Sop(i,i —1)=1if i > 1.

If X,, =0, then a light bulb burned out at time n and X,,;; is 0 if the next light bulb burned out
immediately and j — 1 if the light bulb has lifetime j. The probability of this is a;. So p(0,5) = a;j4+1. All
the other p(i, j)’s are 0.

Branching processes

Consider k particles. At the next time interval, some of them die, and some of them split into several
particles. The probability that a given particle will split into j particles is given by a;, 7 = 0,1,..., where
the a; are nonnegative and sum to 1. The behavior of each particle is independent of the behavior of all
the other particles. If X,, is the number of particles at time n, then X,, is a Markov chain. Let Y; be i.i.d.
random variables with P(Y; = j) = a;. The p(i, j) for X,, are somewhat complicated, and can be defined by

p(i,3) =P(Xpmy Yim =)
Queues
We will discuss briefly the M/G/1 queue. The M refers to the fact that the customers arrive according
to a Poisson process. So the probability that the number of customers arriving in a time interval of length ¢
is k is given by e *(A\t)¥/k! The G refers to the fact that the length of time it takes to serve a customer is
given by a distribution that is not necessarily exponential. The 1 refers to the fact that there is 1 server.
Suppose the length of time to serve one customer has distribution function F' with density f. The
probability that k customers arrive during the time it takes to serve one customer is

_ [ Y (At)*
ap = A f(t) dt.

k!

Let the Y; be i.i.d. with P(Y; = k — 1) = ax. So Y; is the number of customers arriving during the time it
takes to serve one customer. Let X411 = (X, + Y11)" be the number of customers waiting. Then X, is a
Markov chain with p(0,0) = ap + a1 and p(i,j — 1+ k) =ag if j > 1,k > 1.

Ehrenfest urns

Suppose we have two urns with a total of » balls, k in one and r — k in the other. Pick one of the
r balls at random and move it to the other urn. Let X,, be the number of balls in the first urn. X,, is a
Markov chain with p(k,k + 1) = (r — k)/r, p(k,k — 1) = k/r, and p(i, j) = 0 otherwise.

One model for this is to consider two containers of air with a thin tube connecting them. Suppose
a few molecules of a foreign substance are introduced. Then the number of molecules in the first container
is like an Ehrenfest urn. We shall see that all states in this model are recurrent, so infinitely often all the
molecules of the foreign substance will be in the first urn. Yet there is a tendency towards equilibrium, so
on average there will be about the same number of molecules in each container for all large times.

Birth and death processes

Suppose there are 7 particles, and the probability of a birth is a;, the probability of a death is b;,
where a;,b; > 0, a; + b; < 1. Setting X, equal to the number of particles, then X, is a Markov chain with
p(i,i+ 1) =ay, p(i,i — 1) = b;, and p(i,7) = 1 — a; — b;.

23. Markov properties.
A special case of the Markov property says that

E°[f(Xn+1) | Fal = E¥" f(X1). (23.1)
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The right hand side is to be interpreted as ¢(X,,), where ¢(y) = EYf(X;). The randomness on the right
hand side all comes from the X,,. If we write f(X,,+1) = f(X1) 00, and we write Y for f(X;), then the

above can be rewritten
EY 06, | F,] = EX"Y.

Let F be the o-field generated by U2, F,.

Theorem 23.1. (Markov property) If'Y is bounded and measurable with respect to Fu, then
E°[Y of,|F,]=EX"[Y], P-as.
for each n and x.

Proof. If we can prove this for Y = f1(X1) - fm(Xyn), then taking f;(z) = 1;,(z), we will have it for Y’s
of the form 1(x,—;,, .. x,,=i,)- By linearity (and the fact that S is countable), we will then have it for Y’s
of the form 1((x, .. x,,)eB)- A monotone class argument shows that such Y’s generate F.

We use induction on m, and first we prove it for m = 1. We need to show

E[fi(X1) 00, | Fu] =EX" f1(X1).

Using linearity and the fact that S is countable, it suffices to show this for fi(y) = 1;3(y). Using the
definition of 6,,, we need to show

P(Xn-i-l =J | }-n) = H])Xn()(l = ])a

or equivalently,
P*(Xpy1 = j; A) = ET[P* (X, = j); A] (23.2)

when A € F,. By linearity it suffices to consider A of the form A = (X; =41,...,X,, = i,). The left hand
side of (23.2) is then
Pz(X’rH-l = j7X1 = ila N aX’n = Z])7

and by (21.4) this is equal to
Plin, J)PY (X1 =d1,..., Xp — in) = plin, j)P*(A).
Let g(y) = P¥(X; = j). We have

- . oy PR Xy =j) ifx=k,
while

P(X, =j) ifz=F,

E*[g(Xo); Xo = k] = E“[g(k); Xo = k] = PE(X1 = )P (Xo = k) = {0 ook

It follows that
p(i,j) =P"(X1 = j | Xo = i) =P"(X1 = j).
So the right hand side of (23.2) is
]Ew[p(ij); T1=11,...,Xp = in] = p(vaj)Pm(A)
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as required.
Suppose the result holds for m and we want to show it holds for m + 1. We have

E*[f1(Xnt1) - 1 (Xnpma1) | Fal
=E"E*[fm+1(Xntm+1) | Fatm]fi(Xns1) - fn(Xngm) | Fal
E X [ fn 1 (X011 (Xng1) - fn(Xnm) | Fl
E*[f1(Xn+1) frn—1(Xngm—1)M( Xngm) | Fnl.

Here we used the result for m = 1 and we defined h(y) = fr+m(y)g9(y), where g(y) = EY[fm+1(X1)]. Using
the induction hypothesis, this is equal to

E*[f1(X1) - fn1 (Xone1)g(Xon)] = EX [£1(X1) -+ fon (X)) B frng1 (X1)]
=B [1(X0) - fon(Xin)E i (K1) | Fo]
=EX[f1(X1) - fonr (Kms1)],

which is what we needed. OJ

Define Oy (w) = (On(w))(w). The strong Markov property is the same as the Markov property, but
where the fixed time n is replaced by a stopping time N.

Theorem 23.2. IfY is bounded and measurable and N is a finite stopping time, then

E”[Y 0Oy | Fn] = E*N[Y].

Proof. We will show
PY(Xny1=J | Fn) =P¥(Xy = j).

Once we have this, we can proceed as in the proof of the Theorem 23.1 to obtain our result. To show the
above equality, we need to show that if B € Fy, then

P*(Xn41 = j, B) = E*[P*V (X, = j); B. (23.3)
Recall that since B € Fy, then BN (N = k) € Fj,. We have

P*(Xyy1=4,B,N=k) =P*(Xp41=4,B,N =k)

=E*P*(Xp41=J | Fr); B,N = k]

=E*[PX* (X, = j); B,N =k

=E*[P*N(X, = j); B,N = k.
Now sum over k; since N is finite, we obtain our desired result. O

Another way of expressing the Markov property is through the Chapman-Kolmogorov equations. Let
(i, J) =P(Xn =j | Xo =1).
Proposition 23.3. For all i, j, m,n we have
PG, 5) =Y P (L k)™ (K, ).
keS
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Proof. We write

P(Xpim =54, Xo =1) = > P(Xpim =Jj, Xn =k, Xo =)
k

= P(Xpym =J | Xp =k, Xo = i)P(X, =k | Xo =i)P(Xo =)
k

k
= "™k, §)p" (i, k)P(Xo = i).
k
If we divide both sides by P(Xy = ¢), we have our result. -

Note the resemblance to matrix multiplication. It is clear if P is the matrix made up of the p(i, j),
then P™ will be the matrix whose (¢, j) entry is p™ (4, j).

24. Recurrence and transience.
Let
Ty, =min{i > 0: X, = y}.

This is the first time that X; hits the point y. Even if Xy = y we would have T, > 0. We let T, be the k-th
time that the Markov chain hits y and we set

r(z,y) = P*(T, < o),
the probability starting at « that the Markov chain ever hits y.
Proposition 24.1. P*(T} < o) = r(x,y)r(y, y)* .

Proof. The case k = 1 is just the definition, so suppose k > 1. Using the strong Markov property,
P*(Ty < 00) = P*(Ty 0 1 < 00, Ty~ < 00)
=E"[P*(Ty 0 071 < 0 | fT;_l);T;*1 < 0]
= k—1 -
=E*P*T (T, < 0o); TF ]
=E*[PY(T, < 00); Ty~ < o]
=r(y,y)P* (T, < 00).

We used here the fact that at time T;_l the Markov chain must be at the point y. Repeating this argument
k — 2 times yields the result. O

We say that y is recurrent if 7(y,y) = 1; otherwise we say y is transient. Let

N(y) =D lx,=y)-

n=1

Proposition 24.2. y is recurrent if and only if EYN (y) = oo.

Proof. Note

o0

EYN(y) =Y PY(N(y) > k) = Y PY(T} < o)
k=1

=~
Il
_

r(y,y)*.

M

b
Il
_
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We used the fact that N(y) is the number of visits to y and the number of visits being larger than k is the
same as the time of the k-th visit being finite. Since r(y,y) < 1, the left hand side will be finite if and only
if r(y,y) < 1. 0

Observe that

EYN(y) =Y PUX,=y)=> p"(1.y).

If we consider simple symmetric random walk on the integers, then p™(0,0) is 0 if n is odd and equal
to (7:;2) 27" if n is even. This is because in order to be at 0 after n steps, the walk must have had n/2

positive steps and n/2 negative steps; the probability of this is given by the binomial distribution. Using
Stirling’s approximation, we see that p™(0,0) ~ ¢/+/n for n even, which diverges, and so simple random walk
in one dimension is recurrent.

Similar arguments show that simple symmetric random walk is also recurrent in 2 dimensions but

transient in 3 or more dimensions.
Proposition 24.3. If z is recurrent and r(x,y) > 0, then y is recurrent and r(y,x) = 1.

Proof. First we show r(y,2z) = 1. Suppose not. Since r(z,y) > 0, there is a smallest n and y1,...,yn—1
such that p(x,y1)p(y1,y2) - - P(Yn—1,y) > 0. Since this is the smallest n, none of the y; can equal x. Then

PY(Ty = o0) > p(x,y1) -+ p(Yn—1,y)(1 — r(y,z)) >0,

a contradiction to x being recurrent.

Next we show that y is recurrent. Since r(y,x) > 0, there exists L such that p*(y,x) > 0. Then

L+n+K(

p y,y) = p"(y, x)p" (z, 2)p" (2,y).

Summing over n,
> MRy, y) = pt (g, 2)p (2, y) Y p" (@, 7) = 0.
n

n

O

We say a subset C of S is closed if € C' and r(z,y) > 0 implies y € C. A subset D is irreducible if
x,y € D implies r(z,y) > 0.
Proposition 24.4. Let C be finite and closed. Then C' contains a recurrent state.

From the preceding proposition, if C is irreducible, then all states will be recurrent.
Proof. If not, for all y we have r(y,y) < 1 and

NG = S ey )Et = @Y
E N(y)—; (@), y)* ™ = 7y <o

Since C'is finite, then } 3, E“N(y) < co. But that is a contradiction since

SENG =SS 0wy =S S p ) = S P (X, e ()= Y 1= .

n
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Theorem 24.5. Let R = {x : r(x,x) = 1}, the set of recurrent states. Then R = U2, R;, where each R; is
closed and irreducible.

Proof. Say z ~ y if r(z,y) > 0. Since every state is recurrent,  ~ x and if z ~ y, then y ~ z. If x ~ y and
y ~ z, then p™(z,y) > 0 and p™(y,2) > 0 for some n and m. Then p"™™(z,2) > 0 or & ~ 2. Therefore we
have an equivalence relation and we let the R; be the equivalence classes. O

Looking at our examples, it is easy to see that in the Ehrenfest urn model all states are recurrent. For
the branching process model, suppose p(z,0) > 0 for all z. Then 0 is recurrent and all the other states are
transient. In the renewal chain, there are two cases. If {k : ar > 0} is unbounded, all states are recurrent.
If K = max{k : a; > 0}, then {0,1,..., K — 1} are recurrent states and the rest are transient.

For the queueing model, let u = 3 kay, the expected number of people arriving during one customer’s
service time. We may view this as a branching process by letting all the customers arriving during one
person’s service time be considered the progeny of that customer. It turns out that if p < 1, 0 is recurrent
and all other states are also. If > 1 all states are transient.

25. Stationary measures.

A probability p is a stationary distribution if
> u@)ple,y) = p(y). (25.1)

In matrix notation this is uP = p, or p is the left eigenvector corresponding to the eigenvalue 1. In the case of
a stationary distribution, P#(X; = y) = p(y), which implies that X7, Xo, ... all have the same distribution.
We can use (25.1) when p is a measure rather than a probability, in which case it is called a stationary
measure.

If we have a random walk on the integers, pu(xz) = 1 for all  serves as a stationary measure. In the
case of an asymmetric random walk: p(i,i+ 1) = p, p(i,i — 1) = ¢= 1 —p and p # ¢, setting u(z) = (p/q)*
also works.

In the Ehrenfest urn model, p(z) =277 (;) works. One way to see this is that p is the distribution

one gets if one flips r coins and puts a coin in the first urn when the coin is heads. A transition corresponds
to picking a coin at random and turning it over.

Proposition 25.1. Let a be recurrent and let T = T,. Set

T—1
py) =E*> 1ix,=y-
n=0

Then p is a stationary measure.

The idea of the proof is that u(y) is the expected number of visits to y by the sequence Xo, ..., X7r_1
while pP is the expected number of visits to y by Xi,..., X7. These should be the same because X1 =
Xo = a.

Proof. First, let p,(a,y) =P*(X,, =y,T > n). So

wy)=> P X =y,T>n)=> P,ay)
n=0

n=0
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and

> uWp,2) =Y. Pala,y)py, 2).

Yy y n=0

Second, we consider the case z # a. Then

> Pula,y)py, 2)

= Z P(hit y in n steps without first hitting a and then go to z in one step)
y

= Tjn-{-l (a’ Z)
So
> uply.2) =YY Pala,y)p(y, 2)
=3 Ba(@n) = S Bl 2)
n=0 n=0
= p(z)

since py(a, z) = 0.
Third, we consider the case a = z. Then

> Bula, )y, 2)

= Z P(hit y in n steps without first hitting @ and then go to z in one step)
y
=P'(T=n+1).

Recall P*(T = 0) = 0, and since a is recurrent, T < co. So

> up(y,2) =Y Dala,y)p(y, 2)
S BT =t )= BT =n) =1
n=0 n=0

On the other hand,
T—1
Z Lix,=a) = Lixo=a) = 1,
n=0

hence p(a) = 1. Therefore, whether z # a or z = a, we have uP(z) = p(z).
Finally, we show p(y) < oco. If r(a,y) = 0, then u(y) = 0. If r(a,y) > 0, choose n so that p"(a,y) > 0,
and then

1=p(a) =Y wy)p"(a,y),

which implies u(y) < oo. O

We next turn to uniqueness of the stationary distribution. We call the stationary measure constructed
in Proposition 25.1 p,.
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Proposition 25.2. If the Markov chain is irreducible and all states are recurrent, then the stationary

measure is unique up to a constant multiple.

Proof. Fix a € §. Let u, be the stationary measure constructed above and let v be any other stationary
measure.
Since v = v P, then

v(z) = v(a)p(a,2) + > v(y)p(y, 2)

y#a
=v(a)p(a,2) + Y _ v(a)pla, y)p(y,2) + > > v()p(e,y)p(y, 2)
v 2ha ya

=v(a)P*(X1 = 2) + v(a)P" (X1 # a, X2 = 2) + P"(Xo # a, X1 # a, X2 = 2).
Continuing,

v(z) =v(a) i PYX1 #a,Xo#a,..., X1 #a,Xm = 2)

m=1

+PV(XO #aaXl #a‘?"'7X77/—1 #aaXn:Z)

> v(a) Z PYXy #a,Xo#a,...,Xm—1 # a,Xm = 2).
m=1

Letting n — oo, we obtain
v(2) = via)a(2).

We have
v(a) = 3 v(@)p" (@ a) = v(a) 3 pa(@)p" (. )

= v(a)pa(a) = v(a),
since piq(a) = 1 (see proof of Proposition 25.1). This means that we have equality and so
v(x) = v(a)pa()

whenever p™(z,a) > 0. Since r(z,a) > 0, this happens for some n. Consequently

l/(a) = /'[/a(x)'
OJ
Proposition 25.3. If a stationary distribution exists, then u(y) > 0 implies y is recurrent.
Proof. If u(y) > 0, then
o= pu(y)=> Y p@p(@y)=>_ uwx)d> p(x,y)
n=1 n=1 x T n=1
oo
= ul@) Y P(Xy=y) = > pua)E N(y)
T n=1 T
= u@)r(@ )+ y) +ry ) + .
Since r(x,y) <1 and p is a probability measure, this is less than
S @)@ +r(yy) +) S T+r(yy) -
Hence r(y,y) must equal 1. O

Recall that T, is the first time to hit z.
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Proposition 25.4. If the Markov chain is irreducible and has stationary distribution p, then

1
p(x) = E°T,

Proof. p(z) > 0 for some z. If y € S, then r(x,y) > 0 and so p™(z,y) > 0 for some n. Hence
w(y) = pla)p"(z,y) > 0.

Hence by Proposition 25.3, all states are recurrent. By the uniqueness of the stationary distribution, pu, is
a constant multiple of p, i.e., uy = cu. Recall

)
,ux(y) = Z]Pw(Xn =y, T, > n)a

n=0

Z:uac(y) :Zzpz(xn =y, T >TL) :ZZPI(Xn:vam >’I’L)

y n=0

and so

= Z]P’“’(Tx >n)=ET,.

Thus ¢ = E*T,. Recalling that p,(z) =1,

_ Ha(z) 1

O

We make the following distinction for recurrent states. If E*T, < oo, then x is said to be positive
recurrent. If z is recurrent but E*T, = oo, x is null recurrent.

Proposition 25.5. Suppose a chain is irreducible.
(a) If there exists a positive recurrent state, then there is a stationary distribution,.
(b) If there is a stationary distribution, all states are positive recurrent.
(c) If there exists a transient state, all states are transient.
(d) If there exists a null recurrent state, all states are null recurrent.

Proof. To show (a), if « is positive recurrent, then there exists a stationary measure with p(z) = 1. Then
7(y) = p(y)/E T, will be a stationary distribution.

For (b), suppose p(z) > 0 for some . We showed this implies u(y) > 0 for all y. Then 0 < u(y) =
1/E¥T,, which implies EYT, < co.

We showed that if z is recurrent and r(z,y) > 0, then y is recurrent. So (c) follows.

Suppose there exists a null recurrent state. If there exists a positive recurrent or transient state as
well, then by (a) and (b) or by (c) all states are positive recurrent or transient, a contradiction, and (d)
follows. O

26. Convergence.

Our goal is to show that under certain conditions p"(x,y) — 7(y), where 7 is the stationary distri-
bution. (In the null recurrent case p"(z,y) — 0.)

Consider a random walk on the set {0, 1}, where with probability one on each step the chain moves
to the other state. Then p"(x,y) = 0 if © # y and n is even. A less trivial case is the simple random walk
on the integers. We need to eliminate this periodicity.

Suppose z is recurrent, let I, = {n > 1: p"(x,z) > 0}, and let d, be the g.c.d. (greatest common
divisor) of I,. d, is called the period of .
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Proposition 26.1. If r(z,y) > 0, then d, = d.

Proof. Since z is recurrent, r(y,x) > 0. Choose K and L such that p¥(z,y),p"(y,z) > 0.

K+L+n(

p y,y) > p(y, 2)p" (z, z)p" (z,y),

so taking n = 0, we have pX X (y,y) > 0, or d,, divides K + L. So d,, divides n if p"(z,z) > 0, or d, is a
divisor of I;. Hence d, divides d,. By symmetry d, divides d,,. O

Proposition 26.2. Ifd, = 1, there exists mq such that p™(x,z) > 0 whenever m > my.
Proof. First of all, I, is closed under addition: if m,n € I,
P @) = p" @, @)p (2 3) > 0.

Secondly, if there exists NV such that N, N +1 € I, let mg = N2. If m > mg, then m — N2 = kN +r
for some r < N and
m=r+N>+EkN=r(N+1)+(N—-r+Ek)N € I,.

Third, pick ng € I, and k > 0 such that ng+k € I.. If k = 1, we are done. Since d,, = 1, there exists
ny € I, such that k does not divide ny. We have n; = mk +r for some 0 < r < k. Note (m+1)(ng+k) € I,
and (m + 1)ng + ny € I,. The difference between these two numbers is (m + 1)k —ny = k —r < k. So now
we have two numbers in [ differing by less than or equal to kK — 1. Repeating at most k times, we get two
numbers in I, differing by at most 1, and we are done. O

We write d for d;. A chain is aperiodic if d = 1.
If d > 1, we say = ~ y if p¥¥(x,y) > 0 for some k > 0 We divide S into equivalence classes Si,...Sy.
Every d steps the chain started in S; is back in S;. So we look at p’ = p? on S;.

Theorem 26.3. Suppose the chain is irreducible, aperiodic, and has a stationary distribution w. Then

p"(2,y) = w(y) as n — oo.

Proof. The idea is to take two copies of the chain with different starting distributions, let them run
independently until they couple, i.e., hit each other, and then have them move together. So define

p(z1, 22)p(y1,y2) if 21 # y1,
Q(($17y1)7 (x27y2)> = p(xhxz) if 21 = y1, 22 = ¥,
0 otherwise.

Let Z,, = (X,,Y,) and T = min{i : X; = Y;}. We have

=PY,=9,T<n)+PX,=y,T>n),

while

Subtracting,
PX,=y) —-PY,=y) <PX,=y,T>n)—PY,=y,T >n)
P

(Xn=9,T>n) <P(T >n).
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Using symmetry,
[P(Xp =y) —P(Yn =y)| <P(T">n).

Suppose we let Yy have distribution 7 and Xg = . Then
p"(z,y) = n(y)| < P(T > n).

It remains to show P(T' > n) — 0. To do this, consider another chain Z;, = (X,,Y,,), where now we
take X,,,Y,, independent. Define

r((z1,91), (v2,y2)) = p(@1, 22)P(Y1,Y2)-

The chain under the transition probabilities r is irreducible. To see this, there exist K and L such
that p (z1,22) > 0 and p*(y1,92) > 0. If M is large, p"+tM(29,25) > 0 and p"+M(yy,y5) > 0. So
pEFEFM (11 20) > 0 and pKHTE+HM (1 95) > 0, and hence we have 75 +LHM (21, 25), (y1,y2)) > 0.

It is easy to check that 7'(a,b) = w(a)m(b) is a stationary distribution for Z’. Hence Z] is recurrent,
and hence it will hit (z,z), hence the time to hit the diagonal {(y,y) : y € S} is finite. However the
distribution of the time to hit the diagonal is the same as T'. O

27. Gaussian sequences.
We first prove a converse to Proposition 17.3.

Proposition 27.1. If Ee/(uX+vY) — E XK Y for all w and v, then X and Y are independent random

variables.

Proof. Let X’ be a random variable with the same law as X, Y’ one with the same law as Y, and X', Y’
independent. (We let Q = [0,1]2, P Lebesgue measure, X’ a function of the first variable, and Y’ a function
of the second variable defined as in Proposition 1.2.) Then E ¢/(“X'+vY") — | ¢iuX'E Y’ Since X, X’ have
the same law, they have the same characteristic function, and similarly for Y, Y. Therefore (X’,Y”) has the
same joint characteristic function as (X,Y’). By the uniqueness of the Fourier transform, (X’,Y”) has the
same joint law as (X,Y), which is easily seen to imply that X and Y are independent. O

A sequence of random variables X1,...,X,, is said to be jointly normal if there exists a sequence
of independent standard normal random variables Zi,...,Z, and constants b;; and a; such that X; =
Z;”Zl bi; Z; + a;, i = 1,...,n. In matrix notation, X = BZ + A. For simplicity, in what follows let us take
A = 0; the modifications for the general case are easy. The covariance of two random variables X and Y is
defined to be E[(X —EX)(Y —EY)]. Since we are assuming our normal random variables are mean 0, we
can omit the centering at expectations. Given a sequence of mean 0 random variables, we can talk about
the covariance matrix, which is Cov (X) = E X Xt where X! denotes the transpose of the vector X. In the
above case, we see Cov (X) =E[(BZ)(BZ)!| =E[BZZ!'B'| = BB?, since E ZZ" = I, the identity.
iut X

Let us compute the joint characteristic function Ee of the vector X, where u is an n-dimensional

vector. First, if v is an m-dimensional vector,
m m m
iyt y . . y . . — 2 — t
Ee'Z2 — | Hew]Z] _ HEeij] — He vi/2 — e v/2
j=1 j=1 j=1
using the independence of the Z’s. So
Een'X —_ | eiu'BZ _ ,~u'BB'u/2

By taking u = (0,...,0,a,0,...,0) to be a constant times the unit vector in the jth coordinate direction,
we deduce that each of the X’s is indeed normal.
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Proposition 27.2. Ifthe X; are jointly normal and Cov (X;, X;) = 0 for i # j, then the X; are independent.

Proof. If Cov (X) = BB! is a diagonal matrix, then the joint characteristic function of the X’s factors, and
so by Proposition 27.1, the X's would in this case be independent. O

28. Stationary processes.

In this section we give some preliminaries which will be used in the next on the ergodic theorem. We
say a sequence X is stationary if (Xj, Xp4+1,...) has the same distribution as (Xo, X1, ...).

One example is if the X; are i.i.d. For readers who are familiar with Markov chains, another is if X;
is a Markov chain, 7 is the stationary distribution, and Xy has distribution .

A third example is rotations of a circle. Let €2 be the unit circle, P normalized Lebesgue measure on
2, and 6 € [0,27). We let Xp(w) = w and set X, (w) = w + nd (mod 27).

A fourth example is the Bernoulli shift: let Q = [0, 1), P Lebesgue measure, Xp(w) = w, and X, (w)
be binary expansion of w from the nth place on.

Proposition 28.1. If X,, is stationary, then Yy, = g(Xy, Xg+1,...) is stationary.
Proof. If B C R*, let

A={z = (zg,21,...): (9(x0,...),9(x1,...,),...) € B}
Then
P((Yy,Y1,...) € B) = P((Xo, X1,...) € A)
ZP((Xk,Xk+1,...) S A)
P((Yk,Yk+1,...) c B)

We say that T : Q — Q is measure preserving if P(T~*A) = P(A) for all A € F.
There is a one-to-one correspondence between measure preserving transformations and stationary
sequences. Given T, let Xg = w and X,, = T"w. Then

P(Xg, Xpt1,...) € A) =P(T*(Xo, X1,...) € A) =P((Xo, X1,...) € A).

On the other hand, if X} is stationary, define 0= R*°, and define X (w) = wg, where w = (wp, w1, ...). Define
P on Q) so that the law of X under P is the same as the law of X under P. Then define Tw = (w1, wa,...).
We see that o
P(A) = P((wo,w1,...) € A) =P((Xo, X1,...) € A)
=P((Xo, X1,...) € A) =P((X1,X2,...) € 4)
= P((X1,Xa,...) € A) =P((w1,wy,...) € A)
=P(Tw e A) =P(T*A).

We say a set A is invariant if T"1A = A (up to a null set, that is, the symmetric difference has prob-
ability zero). The invariant o-field Z is the collection of invariant sets. A measure preserving transformation
is ergodic if the invariant o-field is trivial.

In the case of an i.i.d. sequence, A invariant means A =T""A € o(X,,, X;,41,...) for each n. Hence
each invariant set is in the tail o-field, and by the Kolmogorov 0-1 law, T is ergodic.

In the case of rotations, if # is a rational multiple of 7w, T' need not be ergodic. For example, let 8 = 7
and A = (0,7/2) U (m,37/2). However, if 6 is an irrational multiple of 7, the T is ergodic. To see that,
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recall that if f is measurable and bounded, then f is the L? limit of Z,ﬁii K cre’® where ¢;, are the Fourier
coefficients. So

f(T”x) — Z Ckeikx+ikn9

E ikx
= dke )

where d = ¢, If f(T"x) = f(x) a.e., then ¢, = di, or cxe™™™? = ¢;,. But 6 is not a rational multiple
of m, s0 "% £ 1, 50 ¢, = 0. Therefore f = 0 a.e. If we take f = 14, this says that either A is empty or A
is the whole space, up to sets of measure zero.
Our last example was the Bernoulli shift. Let X; be i.i.d. with P(X =1) = P(X; = 0) = 1/2. Let
Y, =>"_, 2-(m+D X, .. So there exists g such that ¥, = ¢(X,, Xp41,...). If A is invariant for the
Bernoulli shift,
A= (Y,,Ynt1,...) € B) = ((Xn, Xn41,...) € C),

where C = {z : (¢(z0,21,...),9(x1,22,...),...) € B}. this is true for all n, so A is in the invariant o-field
for the X;’s, which is trivial. Therefore T is ergodic.

29. The ergodic theorem.
The key to the ergodic theorem is the following maximal lemma.

Lemma 29.1. Let X be integrable. Let T be a measure preserving transformation, let X;(w) = X(T?w),
let Sp(w) = Xo(w) + -+ + Xp—1(w), and My (w) = max(0, S1(w), ..., Sk(w)). Then E[X; M;, > 0] > 0.

Proof. If j <k, Mp(Tw) > S;(Tw), so X (w) + Mp(Tw) > X(w) + 5;(Tw) = Sj41(w), or
X(w) =z Sjra(w) = My(Tw),  j=1,...,k
Since S1(w) = X (w) and My(Tw) > 0, then
X(w) = S1(w) = My (Tw).
Therefore

E[X (w); My > 0] > /(M . [max(Sy,. .., Sk)(w) — My(Tw)]

— [ M) - (1)
(M >0)

On the set (M}, = 0) we have My (w) — M (Tw) = —M(Tw) < 0. Hence
E[X(w): My > 0] > / (M (w) — My(Tw)).
Since T is measure preserving, E My (w) — E My (Tw) = 0, which completes the proof. O

Recall 7 is the invariant o-field. The ergodic theorem says the following.

Theorem 29.2. Let T' be measure preserving and X integrable. Then

z_:X(me) ~E[X | 1),

m=0

where the convergence takes place almost surely and in L'.

Proof. We start with the a.s. result. By looking at X —E [X | Z], we may suppose E[X | Z] =0. Let ¢ > 0
and D = {limsup S,,/n > £}. We will show P(D) = 0.
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Let 6 > 0. Since X is integrable, > P(|X,,(w)| > dn) = > P(|X| > on) < oo (cf. proof of Proposition
5.1). By Borel-Cantelli, | X,,|/n will eventually be less than §. Since ¢ is arbitrary, | X,|/n — 0 a.s. Since

(Sn/n)(Tw) = (Sn/n)(w) = Xn(w)/n = Xo(w)/n — 0,

then limsup(S,/n)(Tw) = limsup(S,/n)(w), and so D € Z. Let X*(w) = (X (w) —€)1p(w), and define S
and M, analogously to the definitions of S,, and M,,. On D, limsup(S,/n) > ¢, hence limsup(S}; /n) > 0.

Let F = U,(M}: > 0). Note Ul (M} > 0) = (M} > 0). Also |X*| < |X| + ¢ is integrable. By
Lemma 29.1, E[X*; M > 0] > 0. By dominated convergence, E [X*; F] > 0.

We claim D = F, up to null sets. To see this, if limsup(S;/n) > 0, then w € U, (M, > 0). Hence
D C F. On the other hand, if w € F', then M} > 0 for some n, so X # 0 for some n. By the definition of
X*, for some n, T"w € D, and since D is invariant, w € D a.s.

Recall D € Z. Then

0<E[X*;D]|=E[X —¢; D]
~E[E[X | Z); D] - P(D) = ~<F(D),

using the fact that E[X | Z] = 0. We conclude P(D) = 0 as desired.

Since we have this for every &, then limsup S,,/n < 0. By applying the same argument to —X, we
obtain liminf S, /n > 0, and we have proved the almost sure result. Let us now turn to the L' convergence.
Let M >0, X}, = X1(x|<m), and Xy, = X — X};. By the almost sure result,

% > Xy (Tw) — E[X}, | 7]

almost surely. Both sides are bounded by M, so

1
E|= > X4 (T"w) - E[X}, | 7] = 0. 29.1
n Z m(T"w) (X [ Z]| — ( )
Let ¢ > 0 and choose M large so that E|X},| < ¢; this is possible by dominated convergence. We
have
1 n—1 1
E‘f XU, ‘<7 E| X} (T"w)| = E|X},| <
nmz::() wm W)_nz | X3 (T"w) | Xml <e
and

EE[Xy | Tl <E[E[Xy] | Z]) = E[X5| <e

So combining with (29.1)
1
limsupE | > X(T"w) - E[X | 7]| < 2e.
im sup nZ(w) (X | Z]| < 2

This shows the L! convergence. 0

What does the ergodic theorem tell us about our examples? In the case of i.i.d. random variables, we
see Sy, /n — E X almost surely and in L', since E [X | I] = E X. Thus this gives another proof of the SLLN.

For rotations of the circle with X (w) = 14(w) and 6 is an irrational multiple of 7, E[X |Z] = EX =
P(A), the normalized Lebesgue measure of A. So the ergodic theorem says that (1/n) > 14(w + nf), the
average number of times w + n# is in A, converges for almost every w to the normalized Lebesgue measure
of A.

Finally, in the case of the Bernoulli shift, it is easy to see that the ergodic theorem says that the
average number of ones in the binary expansion of almost every point in [0,1) is 1/2.
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