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THE MALLIAVIN CALCULUS FOR PURE JUMP PROCESSES 

AND APPLICATIONS TO LOCAL TIME 


University of Washington and University of Rochester 

A Malliavin calculus is developed whose scope includes point processes, 
pure jump Markov processes, and purely discontinuous martingales. An 
integration by parts formula for functionals of Poisson point processes is 
proved. This is used to develop a criterion for pure jump Markov processes to 
have a density in L p .  The integration by parts formula is then used to give 
conditions for a purely discontinuous martingale to have a jointly continuous 
local time L: that  is an occupation time density with respect to Lebesgue 
measure. 

1. Introduction. The Malliavin calculus is a powerful tool in determining 
when the distribution of a stochastic process X ,  has a smooth density, a question 
that comes up in studying hypoelliptic operators (cf. Bismut (1981)) and local 
times (cf. Bass (1983)). In this paper we establish a Malliavin calculus whose 
scope includes point processes, pure jump Markov processes, and purely discon- 
tinuous martingales. Our methods also permit some simplification in the diffusion 
case as well. 

We obtain three main results: an integration by parts formula, conditions for a 
pure jump Markov process to have a density in LP, and conditions for a purely 
discontinuous martingale to have a local time. 

After some preliminaries on point processes and stochastic calculus in Section 
2, in Section 3 we develop an integration by parts formula for functionals of 
Poisson point processes. The technique used is that of the calculus of variations 
together with a use of the Girsanov formula, an approach first introduced by 
Bismut (1981) for diffusions. See Williams (1981) for a good heuristic explanation 
of Bismut's work. We also derive an integration by parts formula for functionals 
of a family of independent Poisson point processes and Brownian motions. 

In Section 4 we show by means of the chain rule that the integration by parts 
formulas of Section 3 are all that are needed to study densities of diffusions and 
pure jump Markov processes. The comment is often heard that the Malliavin 
calculus is too technical to be a truly useful tool. Although our approach does not 
eliminate the technicalities altogether, it  does reduce them to relatively routine 
calculations and estimates. 

Our second result, in Sections 4,5 ,  6, and 7, concerns the existence of densities 
for pure jump Markov processes and conditions for these densities to be in LP 
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and Ca.The first such theorems were by Bismut who studied densities of 
processes that are essentially LBvy processes with nondeterministic drift in 
Bismut (1983) and of processes that arise as the restriction to a boundary of a 
diffusion in Bismut (1984). 

Bichteler and Jacod (1983) considered processes that are the solution of the 
stochastic differential equation 

where p is a Poisson point process with compensator y. We extend and improve 
their results by giving conditions for the existence of a density for X, satisfying 
(1.1) where a is only Lipschitz in x and z and giving conditions for the density to 
be in LP and Ca. Our theorems about densities for X, can be used to obtain 
results in partial differential equations that are new. Suppose L is an integral 
operator that  is the infinitesimal generator of a Markov process X,. The existence 
of a density for X, is then equivalent to the existence of a fundamental solution 
for the operator a/a t  - L. 

We then turn to the third and principal result of this paper: conditions for a 
purely discontinuous martingale X, to have a local time. This problem was first 
posed by Meyer (1976). By a local time Lt, we mean an occupation time density 
with respect to Lebesgue measure: For all B Borel, t 2 0, 

p; 
0 


dx = j t l , (xs)  ds. 

Until recently, the only conditions known were for Markov processes, and even 
there the conditions were intractable except in the case of LBvy processes (Kesten 
(1969)). In Bass (1984), it was shown that if the local characteristics of X, satisfy 
a rather stringent condition, then X, will have a local time, and that this 

; stringent condition, a condition on the size of the jump component of the local 
characteristics, is essentially best possible. 

In Sections 8-12, we show that if the local characteristics of X, are smooth 
enough, only a minimal condition on the number of jumps of X, is needed for X, 
to have a local time. We consider X,'s that arise as solutions to stochastic 
differential equations of the form 

where a is predictable and a functional of the past of X, and p is a random 
measure generated by a Poisson point process whose characteristic measure is 
Lebesgue measure. The class of such X, is quite large. I t  includes, for example, 
Markov processes whose weak infinitesimal generator is of the form 

(See the example of Section 8.) Roughly, our results say that if a is three times 
differentiable as a functional of X for each z and if a(s, z)  does not tend to 0 too 
quickly as z -, oo,then X, will have a local time. 
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In Section 8 we state our theorem and also give an example to illustrate the 
hypotheses. In Sections 9, 10, and 11 we prove the theorem in a special case. 
Section 9 applies the Malliavin calculus for point processes to show that if 

SA(A)= oE / ~ ~ ~ " I , ( X , )dt, 

then Sx(&) has a density with respect to Lebesgue measure that is bounded and 
Holder continuous. Some of the needed estimates are proved in Section 10. 
Section 11 shows how the estimates we obtain lead to the existence and joint 
continuity of local time. In Section 12 we show that the proof of the special case 
considered leads to the proof of our main theorem; we also discuss some 
extensions and generalizations of our theorem. 

We will use the following notation. For any process Y,,let Y,* = sup,. ,lY,I. Let 
1 1  1 1  denote sup norm, 1 1  11, the LP norm with respect to Lebesgue measure, and 
IAl the Lebesgue measure of A. We will use both a, and a,a to denote the partial 
derivative of a,  as convenient. We will use c to denote constants whose values 
may change from place to place. 

2. Preliminaries. In this section we recall briefly some facts about point 
processes and semimartingales. For details, see Jacod (1979), Meyer (1976), and 
Dellacherie and Meyer (1980). 

Let 9,be a filtration satisfying the usual conditions. Let 2 be a measurable 
space. A point process with state space 2 is a countable collection of adapted 
r.v.'s (Z,, R+. Given a point process, one usually works with the Ti) E 9'~ 
associated random measure p defined by 

A random measure p has a random measure y as compensator if y is 
predictable and p(A x [0, t]) - y(A x [0, t]) is a local martingale in t for all 
Borel sets A such that Ey(A X [0, t]) < co for all t. 

A point process is a Poisson point process with characteristic measure v if for 
each Borel set A with v(A) < co and for each t, the r.v. p(A x [0, t]) is Poisson 
with parameter v(A)t. I t  is then a consequence that p has independent incre- 
ments and that p(A x [0, s]) is independent of p(B x [0, t]) if A n B = 0. 

An important result (see Jacod (1979), page 92) is that if the compensator 
y(dz, ds) of the random measure p associated to a point process is of the form 

(2.2) y(dz, ds) = v(dz) ds 

for some a-finite measure v on 9,then the point process is a Poisson point 
process with characteristic measure v, and hence the law of the point process is 
uniquely determined. 

'If h(s, z, o )  is predictable and a simple integrand, i.e., h(s, z, o )  = 

I(,,,,,,,(s)l,(z)H(o), where H is bounded and adapted to 3,, and Ey(A x 
[0, t,]) < m, define the stochastic integral of h with respect to p - y by the 
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Stieltjes integral 

One then extends the definition by linearity and L 2  limits to h in dl2= {h: h 
predictable, EjJjh2(s, z, w)y(dz, ds) < m). 

A purely discontinuous martingale is one where EM: = EX,. ,AM:, where 
AM, = M, - Ms-. In this case, let [M, MI ,  = C, ,,AM:. One can show M, = 

j(;jhd(p - y) is a purely discontinuous (local) martingale with [M, MI,  = 

jJjh2 dp for h E A2by first considering simple h's. In particular, 

The last equality follows by monotone convergence and the fact that 
jofj(h2A n) d(p  - y) is a mean zero martingale for each n. 

Define 

If K ,  is a semimartingale whose martingale part is purely discontinuous and Ht 
is a process of bounded variation, then it follows by It6's lemma and integration 
by parts (Meyer (1976), pages 301-303) that 

solves the stochastic differential equation 

(2.7) 	 dz, = 2,- dK, + H,. 

In particular (take H,- = 0, H, - 1for t 2 O), 

d & ( K ) ,= E(K),dK, .  

We will need Burkholder's inequality: For p > 0 there is a c (p )  > 0 such that 
for Mt a martingale, 

~2 = 	
{h: h is predictable, there exists a bounded deterministic function 

H(z) with jH2(z)v(dz)< m such that Ih(s, z, w )  1 IH(z) for all 

S,Z,a.s.). 


We also need 

LEMMA2.1. Suppose h E A: and 

L, = J t j h ( s ,  z ) (p  - y)(dz, ds),  
0 
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where y is given by (2.2). Then for all A, 

(i) Eexp(X[L, L],) I c(A, t, H,  v )  < m and 

(ii) E exp(ALT) a c(X, t ,H, v )  < m .  

PROOF.Fix h > 0 and choose A so that v(A) < m. Let M, = j,'jAhd(p - y) 
and N, = l;jA,hd(p - y). 

If S and T are stopping times bounded by t, we have 

E[[N, [ N , N ] S - ~ ~ S ]  E[LN,= AN:+ IN,  N ] S ~ ~ T ]  

r sup H2(z )  + t/ H2(z)v(dz).  
ZGA" A" 

Then, provided A is chosen appropriately so that the right side of (2.8) is 
< 1/8h, we have 

Eexp(2X[N, N],) I c, < m 

by Dellacherie and Meyer (1980, page 193). 
We also have 

E[NT - % - I  141 a IANSl + (E [ (NT- N ~ ) ~ I % ] ) ' / ~  
(2.9) 

SUP I H ( 4  l + ( E  [[N, NIT - [N, ~ l s l ~ s ] ) ~ ~ ~ ,  
Z€AC 

and by Dellacherie and Meyer again, 

provided A is chosen appropriately. 
Now, 

where 

R = It/d d z ,  A )
0 A 

is a Poisson r.v. with parameter tv(A), and hence 

Eexp(2hM:) I Eexp 2 h s u p ~ ( r ) F )  r c3 < m .( z 

We also have 

[M, M I ,  = /'/ h2(s,  z)p(dz, ds) a supH2(z)R, 
0 A z 
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and so 

~ e x p ( 2 X [ M ,M I , )  Ic, < co. 

To conclude the proof, choose A so that sup,,,,lH(z)l and jA<H2(z)v(dz)are 
sufficiently small (depending on A )  but v(A) < co. Since Lr IM: + N,* and 
[L, L], = [M, MI,  + [N, N]  ,,(i) and (ii) follow by Cauchy-Schwarz. 

Finally, we need the Girsanov theorem for martingales (Meyer (1976), page 
377): 

THEOREM2.2. If X, is a martingale with respect to P ,  M, a positive 
uniformly integrable P-martingale with M, = 1, Q a probability measure defined 
by dQ/dPI,,( = M,, then X, - B, is a .martingale with respect to Q, where 
B, = d[X,  MIs.  

3. Integration by parts formula. In this section we derive the integration 
by parts formula Theorem 3.4 which is basic to our work. 

We will suppose throughout the remainder of this paper that 3=08 and v is 
Lebesgue measure. Suppose p is the random measure associated to a Poisson 
point process with characteristic measure v; the compensator of p is then 
y(dz, ds) = v(dz) ds. Suppose 1 E .Mi with Il(s, z)l I $, a.s., and let 

Let T,a random measure associated to a point process, be defined by 

Suppose v(A) < co.Define the P-martingales 

and 

(3.3) M, = b ( L ) ,  = exp(L,) n [(l+ AL,)exp(- AL,)] . 
s s t  

Since lAL,I I +,M is positive. Define a probability measure Q by 

THEOREM3.1. Under Q ' 

Y,= T(A X [0, t]) - tv(A) 

is a local martingale. 
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PROOF. Since 

we have 

AX, AM, 

sc t Ms 

1 - 1 + 1 ) ' ) p ( d z ,  ds ) .  

The last equality follows since both sides are pure jump processes with the same 
size jumps. Since 

/ ~ . A ( z+ V(S,z ) ) ( l  + L ( s ,  2)) dz = / l A ( y )  dy = v(A), 

then 

and our result follows by the Girsanov theorem, Theorem 2.2. 

COROLLARY3.2. The P-law of p is equal to the Q-law of 7 

PROOF. Under P, p is a random measure with compensator v(dz) ds which is 
associated to a point process; hence p is the random measure associated to a 
Poisson point process with characteristic measure v. By Theorem 3.1. under Q, 7 
is a random measure with compensator v(dz) ds which is associated to a point 
process, and hence 7 is also a random measure associated to a Poisson point 
process with characteristic measure v. 

Now define an exponential martingale M,', a perturbed random measure pE, 
and probabilities Q 9 y  

and 
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For a functional G of p, we have by Corollary 3.2 that the P-law of p equals 
the Qf-lawof pE,and so 

Differentiating both sides of (3.7) with respect to E and setting E = 0 will give 
our integration by parts formula. First, a definition is needed. 

DEFINITION3.3. A functional G of p will be called LP(P) smooth with 
derivative DIG(p) E Lp(P) if for every 1 E 4 2 ,  

Of course, the notion of LP(P) smooth is related to that of Frechet derivative. 

THEOREM3.4. Suppose G is a bounded L1(P) smooth functional of 
{p: s I t), suppose 1E 4 2 ,  and suppose L, is defined by (3.2). Then 

PROOF. First of all, since 1E M i ,  ell 1 I+ for E sufficiently small. 
By (3.7), E [G(pE)M,"]is constant in E,and since M; = 1, 

The first term converges to E D,G(p) as E -+ 0 since G is L1(P)smooth. The 
third term converges to EG(p)Ltby dominated convergence and the fact that G 
is bounded. Since G is bounded, the use of Lemma 3.5 below completes the proof. 

LEMMA3.5. EleP1(M,"- 1 - EL,)IP-+ 0 for a l l p  > 2, as E -+ 0. 

PROOF. If E is sufficiently small, so that I~l (s ,z)l I + for all s and z,  then 

M: = &(EL),< exp( r l~ t l )eap[1 [ln(l + E AL,) - E AL,]] 
s s t  

Then by Lemma 2.1 and Holder, for any q, E ( M Y ) ~is uniformly bounded, 
provided E is sufficiently small. 

Since M,' = &(EL),, 
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which by Burkholder's and Holder's inequalities and Lemma 2.1 gives us 

as E -+ 0. 
Finally, by (3.10), 

and by Burkholder and Holder and Lemma 2.1 again 

REMARK.In the above, if Il(s, z)l is also in L1(v) as well as A!:, we could 
have let v(s, z )  = l"l(s, y)  dy, modified the definition of pF and D,G(p), and 
obtained a modification of Theorem 3.4. 

We can state an analog of Theorem 3.4 for functionals of Brownian motion (cf. 
Williams (1981)). Let us say that a functional G of a Brownian motion Wt is 
LP( P )  smooth with derivative ~ , G ( w )  if G(W) E LP(P) and if for every 
bounded and predictable k,, 

I t  is often useful to require only LP(P) smoothness of G rather than the stronger 
Frechet differentiability. 

THEOREM3.6. Suppose G is a bounded L1(P) smooth functional of {W,, 
s r t ) , suppose k, is bounded and predictable, and K t  = 18,dW,. Then 

PROOF.Let 

M: = eap -&Kt - :r2itk: & ) ,i 
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and define a probability measure Q' by 

21 = M,'. 
d P  , 

I t  is a well-known consequenceof Theorem 2.2 that under QE,W,' = W, + ejik, ds 
is a Brownian motion, and hence the &'-law of We is the same as the P-law of 
W. Then 

Differentiating with respect to E and setting E = 0 gives the result. The technical 
details of taking the derivative, which are very similar to the proof of Theorem 
3.4, are left to the reader. 

We now look at  a multivariate version of Theorems 3.4 and 3.6. Suppose 
pl ,  ...,pmare random measures associated to independent Poisson point processes 
each with characteristic measure v. Suppose Wl, ...,W, are independent 
Brownian motions that are independent of the pi's. Suppose G is a bounded 
functional of {p,, ...,pm,W,,. ..,W,; s I t )  that is L1(P) smooth in each vari-
able. Suppose li E A': for each i, Lli)= j,tjli(s, z)(p,(dz, ds) - v(dz) ds), k j  is 
bounded and predictable for each j, and KjJ) = j,tkj(s) dq(s). Let DiG denote 
the L1(P) derivative of G with respect to pi in the direction li, and let b , ~  
denote the L1(P) derivative of G with respect to WJ. in the direction kj. 

(ii) E [QG]= E [ G K ~ J ) ] ;  

and i f  1 ~ i ,< i , <  < i , ~ m a n d l ~ j , <  < j , I n ,  then 

PROOF. Statements (iii) and (iv) follow from (i) and (ii) by taking linear 
combinations and iterating, respectively. 

Suppose we define QEby dQE/dPI,t = M,' = b(eL(,')). Since the martingales 
{pi(Aix [0, t]) - v(A,)~,WJ(t),2 I i I m, 1 Ij I n) are all orthogonal to the 
mqrtingale M,', it  is not hard to see that the QE-lawof (p;, p,, ...,pm,Wl, ...,W,) 
is the same as the P-law of (p,, p,, ...,pm,Wl, ...,W,). With this observation, 
the proof of (i) and (ii) of Theorem 3.7 is similar to the proofs of Theorem 3.4 and 
3.6 and is left to the reader. 
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4. Densities. Once we have Theorem 3.4, we can develop a criterion for a 
functional of p to have a density and for this density to be in LP. Suppose t is 
fixed, and Y = Y(p) is a functional of {p, s It}. 

THEOREM4.1. Suppose Y is L1(P)smooth. If D,Y(p) is strictlypositive, a.s. 
for some 1 E 4 2 ,  then the measure P[Y E dy] is absolutely continuous with 
respect to Lebesgue measure, i.e., the distribution of Y has a density. 

. 

PROOF. Let h E C2 with compact support, G(p) = h(Y). Since e l (Y(pF)-
Y(p)) -+ D,Y(p) in L1(P), ~-l(Y(p')- Y(p)) is uniformly integrable, and so 

E E ~ /h(Y(pF))- h(Y) - h'(Y)(Y(pF)- Y) I 
_< 211h'lE [ s - ' ~ ( p ' )- Y 1; iY(pF)- Y 1 r 11 

+ I I ~ ~ I I E [ E - ~ Y ( ~ ~ )- yIIy(pE)- YI; /y(pE)- Y I  < 11 
- + O  a s & - 0 .  

Since 

ih(Y(pF))- h(Y) - &hf(Y)DlYl 5 lh(Y(pF))- h(Y) - hf (Y)(Y(~ ' )- Y) I 
+ llh'lllY(pE)- Y - EDIYI, 

we conclude h(Y) is L1(P)smooth with derivative hf(Y)D,Y. 
By Theorem 3.4, 

(4.1) E [ h ' ( ~ )D,Y] = -E [ ~ ( Y ) L , ] .  

By (2.41, 

E I L , ~a EL:)"^ a ~ ( z ) t l / ~ ,  

and so if R = D,Y/E D,Y, 

(4.2) I E [ ~ ' ( Y ) R ]I I ~~hl lc ( l ) t ' /~ /ED,Y. 

If we define a probability measure Q by dQ/dPI ,, = R, (4.2) becomes 

(4.3) EQh'(Y) I ~ ( 1 ,t)llhll/EDIY. 

By a limit argument, (4.3) holds for hf(x)= l,(x), h(- co) = 0, A a bounded 
Bore1 set. Then llhll equals [A[,and we can conclude Y has a density gQrelative 
to Q, and moreover llgQllI~ ( 1 ,t)/EDIY. Since R > 0, as.,  P is equivalent to Q, 
and hence Y has a density with respect to P also. 

REMARK.Easy examples show that in general, R # 0, as .  does not suffice for 
Q to be equivalent to P. Hence a bit more work is needed to make the argument 
of Bichteler and Jacod complete. 

To get the density g, to be in LP, we have: 

THEOREM4.2. Suppose Y is L1(P)smooth. Suppose D,'Y(p) is strictly posi-
tive, a.s., for some 1E A!: and k = lI(D,Y)-'ll,, I ( , ,  < co for some p > 1. 
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Then g,( y )  = P[Y E dy]/dy is in LP(dy) with 

1 - l/PI I ~ ? P I I ~ 5 (kc(L t ) )  , 
where c(1, t )  is the constant of (4.3). 

PROOF.By Theorem 4.1, Y has a density gQ relative to Q with J(gQJJs 
c(1, t)/ED,Y. Then if p-' + q p l  = 1, 

and the result follows by the duality of Lp and LQ. 

Note that the bound on /IgPlJpdepends on Y only through k and c(1, t). 
Consequently, we have: 

COROLLARY4.3. Suppose Y,(p) are L1(P) smooth functionah of p with 
Y, -+ Y in law. If for some 1 E M i ,  each D,Y,(p) is strictly positive, and 
supk, < co, where k, = I I ( D ~ Y , ) - ' I I ~ ~ - I ( ~ , ,then Y has a density g,, and 
Ilgr.llp I ((SUPkn)c(l, t))' 'Ip. 

PROOF.By (4.4), if h is continuous with compact support, 

(4.5) 
1 -l/p

Eh(Y) = lim Eh(Y,) I ((supk,)c(l, t ) )  lJhJIQ. 
n - a  

A monotone class argument shows that (4.5) holds with h = l,, A Borel, from 
which we conclude Y has a density gp which satisfies (4.4). The result is 
immediate. 

The point of the corollary is that even if D,Y does not exist, one may still be 
able to conclude that Y has a density in Lp. 

Now suppose X ,  is the solution to 

where a: R x R+ x R -+ R and b: R x R + -+ R.Then X, is a functional of p, 
and we will obtain a criterion for XI to have a density. We want to emphasize 
that  we do not need to perform a perturbation argument on X; it suffices to use a 
slight extension of Theorems 4.1 and 4.2. This is quite unlike some of the other 
approaches to the Malliavin calculus. We still have some technicalities to deal 
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with: computing DIX and estimating (DIX)-l. But in our approach, the techni- 
calities are kept completely separate from the perturbation argument. 

THEOREM Suppose X, solves (4.6), where 4.4. 

(i) sup,, , I  b(x, s)l and sup,, , I  b,(x, s)l are bounded; 
(ii) sup,, ,la(x, s ,  z)l is in L2(dz); 

(iii) sup,, ,la,(x, s ,  z)l is bounded and in L2(dz); 
(iv) supx, ,lu,(x, s ,  z)l is bounded and in L1(v), and a,(x, s, z)  s 0 for all x, s, 

and  z; and 
(v) for some z, > 0 andp, > 0, 

(a) SUP,, , s u ~ , , ,,.olax(x, S, z)I< and SUP,, , s u ~ ~ , ~..,laX(x, s ,  z)/a,(x, s ,  z)l 
is bounded with the convention that 0/0 = 0, and 

(b) for z 2 20, inf,, .(la,(x, s, z>l + la,(x, s, -z)l> 2 exp( -z/P,). 

Then for p < p, + 1, X, has a density in LP(&) and the LP norm of the 
density depends on X only through the constants of (i), (ii), (iii), (iv), and (v). 

REMARK1. Under the hypotheses of Theorem 4.4, the existence and unique- 
ness of X follows by Skorokhod (1965, Chapter 3). 

REMARK2. AS will be apparent from the proof (given in Section 6), we do not 
need a, and bx to exist but only that a and b be uniformly Lipschitz in x. 

REMARK3. The hypotheses of Theorem 4.4 are reasonably weak. Conditions 
such as (i), (ii), and (iii) are necessary just to guarantee uniqueness of the solution 
to (4.6). In view of (iii), (v)(a) is a very minor restriction. Condition (v)(b) says 
that  a t  least one of o,(x, s, z), a,(x, s, -2) cannot be too small for z large. 

REMARK4. Of course, under (iv), a is bounded, or X, has bounded jumps. 
We could obtain a theorem to handle the unbounded jumps case by replacing the 
first part of (iv) by 

and replacing the second part of (v)(b) by 

sup sup 
ax(x, S, 2 )  

is bounded. 1 1 

x , s  lzl izo zo;(x, S, 2) 

5. Derivatives of processes. In this section let X, be the solution to (4.6), 
and let X; be the solution to (4.6) with p replaced by p'. Let (D,X), be the 
solution to 
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THEOREM5.1. Suppose 

(i) for all x, s ,  z, 

are all a M(z), where M(z) is a bounded deterministic function in L2(v). 
(ii) SUPx, b(x, s)I, SUP%,, I  bx(x,s)I, SUP%,, I  bxx(x,s)I are bounded; and 

(iii) 1EA:. 

Then sup,. ,&-'IX,"- X, - e(D,X),I -+ 0 in LP(P)  for allp,  t. 

REMARK1. Under the assumptions of Theorem 5.1, the solution to (5.1) can 
be shown to exist and be unique by the methods of Skorokhod (1965, Chapter 3) 
or Jacod (1979, Chapter 14). 

REMARK2. Our equation for D,Xt is equivalent to that of Bichteler and 
Jacod if one adds and subtracts j,tjuzv dy and then integrates by parts. 

We first prove the following lemma. 

LEMMA5.2. Suppose h(s, z) is predictable and Ih(s, z)l a K,H(z), where 
H is a deterministic bounded function that is in L2(v). Suppose Zt = 

jotjh(s,z)(p - y)(dz, 05). Then, if p = 2"' n 2 1, 

PROOF.For r 2 1,let 

qr)= Jt/hr(s, z)(p - y)(dz, ds). 
0 

By Burkholder's inequality and (2.4), 

By Burkholder's and HMder's inequalities, if q 2 2, 

Using (5.2) and (5.3), the result now follows by induction. 
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An immediate consequence is that if in addition to the hypotheses of Lemma 
2.1, H E L1(v), then 

5 ~ ( p ,H ,  ~ ) E / , Kdr.  
0 

We also note that by Holder, 
P 

ESUP I[&) d r /  5 C(P, t ) E l t l g ( r ) IY dr  
s i t  0 

We need the following real variable lemma. 

LEMMA^.^. (i) I f f '  is boundedandinL2(v)andf(0) = 0, thenf(z)/(l + lzl) 
is also bounded and in L2(v). 

(ii) If (1 + ~ z l ) ~ f''(2) is bounded and in L2(v), then so are (1 + Izl)f '(2) and 
f (z>.  

PROOF.The proof of boundedness is clear. Suppose for the moment that f '  
has compact support. Writing f 2(z) = 2j;f '( y) f (y) dy, we have 

Then (j,"f 2(z)/(1 + 1 ~ 1 ) ~d ~ ) ' / ~I 211 ffl12if f '  has compact support; a similar 
argument for z < 0 and then a limit argument proves (i). The proof of (ii) is 
similar, starting with ( f ' ( z ) ) ~= 2j;f '( y) f "( y) dy for z > 0. 

We are now ready to prove Theorem 5.1. 

PROOFOF THEOREM5.1. First, we must show X,, X;, and (D,X), are all in 
L P ( P )  for all p .  We will do (DIX),, the others being similar. Note that 
V(S,z)uZ(x,S, Z) = (v(s, z)/(1 + 1z1))(1+ IzI)uZ(x,S, z)) is bounded by Lemma 
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5.3. Let TN = inf{s: (D,X), 2 N). For s I TN, (D,X),- IN, and hence inspec- 
tion of (5.1) shows that the jump of (D,X), a t  time TN is bounded. Hence 
(D,X)gN is bounded, a.s. By Lemma 5.2 applied to the first term on the right of 
(5.1), (5.5) applied to the second term, and (5.4) applied to the third, we have 

An application of Gronwall's lemma gives 

E(DIX)FfTNI C(P,  t ) ,  

independent of N; letting N -, oo shows (DIX)T E LP(P) by Fatou. 
Next, if W,' = X,' - X,, we will show that if p is a power of 2, then 

(5.7) E(w,'*)~' = o ( E ~ P ) .  
We have 

Since Ib(X,'-, s )  - b(X,-, s)l r c(llb,ll)W;-, then by (5.5), 

Since lo(X,E-, S, Z) - o(Xs-, S, z)I r M(z)Wsf_, then by Lemma 5.2, 

Note that  if leL(s, z)l r + and z > 0, 

with a similar inequality for z < 0. Then by Lemma 5.3, the left-hand side of 
(5.11) is bounded and in L2(u) with bounds independent of e.  By the definition of 
PF7 
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and so by (5.4), 
*2P 

(5.12) E [ / ' / [ u ( x : ,  s ,  z ) ]  d ( p e  - p ) )  I ceZP.o 

Adding (5.9), (5.10), and (5.12) gives 

(5.13) E ( w , ' * ) ~ ~  + C / ' E ( Y * ) ~ ~I c r 2 ~  ds ,  
0 

and Gronwall applied to (5.13) yields (5.7). 
Finally, let 

yte = X;  - Xt - E ( D ~ X ) ~ ,  

and we will show that if p is a power of 2, 

(5.14) E ( Y , " * ) ~= O ( e 2 q .  

From the definition of Y,', 

-&u,(X,-, s ,  z ) v ( s ,  z ) ]  dp  

+ i t [ b ( x : , S )  - b ( X , - ,  s )  - rbx(Xs- ,  s )  D I X s ]  ds .  

By Taylor's theorem, 

Iu(X:-, S ,  Z )  - u ( X s - , S ,  Z )  - &uX(X,-,S ,  Z )  D IXs - / 
I M(z)~Y:-I+ M ( z ) ( ~ , - ) ~  

and 

I b(X,'-, s )  - b ( X , - ,  s )  - ebx(Xs- ,  s )  DIXs-  ( I clY,'_I + c (Wt - )
2 . 

Then as in (5.9) and (5.10), 

and 
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Since 

(.(x,.-,s, z + rv(s, 2))  - .(x:-, s ,  z )  - &,(X,-, s ,  z),(s, 2) I 
I E ~ V ( S ,  z )  I(uz(X:-, S, z )  - uz(Xs-, S, 2 )  ( + & 2 0 2 ( ~ ,Z)SUP~.,~(X,S, 2 )  I 

x ,  s 

by (5.7) and Lemma 5.3, we have 

< cr2P.-

Adding (5.16), (5.17), and (5.18) yields 

E(Y,'*)' I er2P+ cJ(E [YC*]ds, 
0 

which with Gronwall gives (5.14). 

REMARK.If II(s, z)\  is bounded above by a bounded deterministic function 
in L1(v),we could let v(s, z)  = 15 ,l(s, y) dy as in the remark following Lemma 
3.5. The estimates are easi'er in this case. 

6. Estimatesof derivatives. In this section we obtain estimates of (D,X)-', 
and then prove Theorem 4.4. First we need a lemma. 

Suppose 

where h(z)  is a bounded nonnegative deterministic function in L1(v). A, is a 
subordinator (nonincreasing Levy process), and recall that if n(&) is its Levy 
measure, 

(6.2) E exp(- KA,) = exp (e-Kx- l )n (&)  

LEMMA6.1. Suppose A, is given by (6.1) and h(z) = exp(-z/po) for z 2 2,. 

Then for P < Po, 

IIAI~IILP(P)2 C(P, h ,  PO,2 0 )  < 
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PROOF.Let us first estimate the Levy measure n(&) of At. If f E c2with 
compact support, 

Ef(At) - f(0) = E C If (As)  - f(As-)I 
s< t 

Dividing by t and letting t -+ 0 gives 

where L is the infinitesimal generator of At. By a limit argument, (6.3) holds for 
f ( x )  = I[,, ,,(XI, and so given E > 0 and u, sufficiently small, then 

2 -p,(l - e)ln u, u I u,. 

Next we estimate P(AT1 > A). Using (6.2) and integration by parts, 

5 exp KA-' + n[u,, m) - ~ / ~ ' n [ x ,m)e-Kx&i 0 

5 c(u,, h)exp KAP1+ Kp,(l - r)/Y(k-xxln xdx)i 0 

provided K sufficiently large If we now take E small so that p,(l - E ) ~> p ,  if we 
let K = A, and if we multiply (6.5) by AP-' and then integrate from 0 to co,we 
get our result. 

We now proceed to the proof of Theorem 4.4. 

PROOFOF THEOREM4.4. Let us suppose for the time being that a and b 
satisfy the hypotheses of Theorem 5.1 as well as those of Theorem 4.4. 

,Define a function d by 

Note a" + a, 2 - i, 161 I ID,[,and sup,, ,ld(x, s, z)/a,(x, s, z)l is bounded, by N, 
say, with support [-z,, z,] by condition (v)(a). Let m(z) be a bounded negative 



509 MALLIAVIN CALCULUS 

C1 function such that Im'(z)l r (1 + z2)- '  and m ( - co) = 0. Let u ( z )  be a 
C' function such that u ( -  co) = 0, lut(z)lr 1 for all z, u' is supported on 
[ - 2 N  - z,, -z,], and 

(6.7) - 2N 5 4 2 )  2 - N ~ ~ - z , l , z , , ~ ( ~ )  

for all z. 
Let Zt be the (unique) solution to the stochastic differential equation 

By arguments analogous to those of the first part of the proof of Theorem 5.1, 
2: E L P (P )  and 

(6.9) EZ:P Ic ( p ,  o ,  b ) ,  
where c ( p ,  o,  b )  depends on the bounds on o and b imposed by the hypotheses 
of Theorem 4.4 but not on those imposed by Theorem 5.1. Let 

(6.10) l ( s , z )  = uf(z)Z, - + m f ( z ) .  

If we define L ,  by 

we have 

(6.12) EL: z )  dzds r 2 t ~ ~ Z f ~= E / t / 1 2 ( s ,  + t / m t 2 ( z )  dz 
0 

Let ZAn' = sgn(Z,)(IZ,I A n),  and note that E(Zt  - Z,'n')*2-+ 0 as n -+ co. 
Let 

ln ( s ,2 )  = u'(z)Z:" + m m ' ( z ) ,  
let 

and note that  E ( L t  - L',"')*2 -+ 0 as n -+ CQ. 

By (5.1), (6.10), and the remark following the proof of Theorem 5.1, 
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Subtracting (6.14) from (6.8) and using Burkholder's and Holder's inequalities 
and Gronwall's lemma as in Section 5, 

which tends to 0 as n -+ co. 
Let G(p) = h(Xt), where h is C2 with compact support. As in the proof of 

Theorem 4.1, h(X,) is L1(P) smooth since X, is. Applying Theorem 3.4 and the 
remark following Lemma 3.5 with I,, we get 

and letting n -, co gives 

(6.15) 	 E [h(Xt)Lt] = - E  [h ' (x t )z t ]  

We next estimate Z; '. Since Z, solves 

z, = ltz,- dKs + H,, 
0 

where 

and 

then by (2.6), 

(6.16) 2, = e ( ~ ) , J ~ ( l  	 d ~ ~ .+ AK,)'Q(K)I 
0 

Since uo, + ox 2 6 + ox 2 - $, then 1 + AK, 2 + for all s ,  and so Q(K),  > 0 
for all s, a s .  This implies, since o,(X,_, s, z)m(z) 2 0 and hence all the jumps of 
Ht are positive, that 2, 2 0. 

Now let us examine d(K), .  Since the jumps of K t  are bounded above 
and bounded below by - i, since ln(1 + x)  I x for x 2 +, and since 
Iln(1 + X )- X I  I x2/2 for 1x1 I +,we see that both &(K),  and b(K);' are 
bounded by exp(KP)exp(c[K, K ],) for all t. An application of Cauchy-Schwarz 
and Lemma 2.1 then shows that &(K ),* and (Q(K );I)* are both in L4(P) for all 
9. 

I t  is now easy to show 2;' E LP(P) for p < p,, and in particular, Zl > 0, a s .  
Since (1 + A Ks)-%(K )s:2 = b(  K ),; ', we have 
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If p < p, and E is sufficiently small, uz(x,s, z)m(z) + uz(x, s, -z)m(- z)  2 
exp(-z/p,(l - E ) )  for z 2 z,, and so H, 2 A,, where A, is defined by (6.1). By 
Lemma 6.1, IH;llILp(p)a IIA;lIILp(Pl < m. I t  follows by (6.17) that for all 
p < p,, 2;' E LP(P). Moreover, tracing through the estimates shows that the 
LP(P) norm depends on u and b only through the hypotheses of Theorem 4.4, 
not those of Theorem 5.1. 

That X, has a density in LP+'(dx) for p < p, now follows by the p;oofs of 
Theorems 4.1 and 4.2, the LP bound on Z;', (6.15), (6.12), and (6.9). 

Finally, if u and b do not satisfy the hypotheses of Theorem 5.1, let ui and b, 
be smooth approximations that do. If Xji) is the solution to (4.6) with u and b 
replaced by ui and bi, then arguments using the methods of Section 5 show that 
E(Xji )  - X,)*2 + 0, and in particular, Xli) + X, in law. Then just as in the 
proof of Corollary 4.3, we can conclude X, has a density in LP+'(dx) for p < p,. 

REMARK.The proof for the case when X, has unbounded jumps (see Remark 
4 following the statement of Theorem 4.4) is essentially the same, except that one 
chooses u' so that u(z) a -Nlzl on [-z,, z,], u(0) = 0. 

7. Higher derivatives. If Y is a functional of {p, s a t), then further 
smoothness of Y will imply that Y has a density that is bounded and even 
Holder continuous. 

If 1E A:, let D?Y = D,(D,Y), and let 

where L, is defined by (3.2). 

THEOREM7.1. Suppose Y and D,Y are L1(P) smooth for all 1E A:. Sup-
pose there exists 1E A: such that D,Y > 0, a.s. Then if S, E L1(P), Y has a 
bounded density. IfS, E LP(P), p > 1, Y has a density in C1- l /p (~)(Holder 
continuous of order 1- l/p). 

PROOF. Let h be in C 2  with compact support, and let +,(x) be smooth 
approximations to Ix I - '  with +,, +; tending monotonically to x -', -x - ~ ,respec-
tively, for x > 0. 

If G,(p) = h(Y)+,(D,Y), then 

If we now apply Theorem 3.4 to G,(p) and let n + m, then monotone conver-
gence gives 

If S, E L1(P),we then get ' 

and proceeding as in the proof of Theorem 4.1, we see Y has a density g that is 
bounded by IISlIILl(P). 
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If Sl E LP(P) for p > 1and l/p + l/q = 1, then 

= IISIIILp(P)llglll/qIIhllq' 

This implies that g has a weak derivative in LP(dy). If g were actually 
differentiable, then by Holder, 

But an easy argument involving approximation of g by differentiable functions 
then shows that in any case g is Holder of index l/q. 

To get the existence of g', still higher derivatives are needed. For example, 
replacing h by h' in (7.2), 

Using Theorem 3.4 again with (a suitable approximation to) G(p) = 

h(Y)Sl(DlY)- ', 

EhU(Y)= E [ ~ ( Y ) S , ( D ~ Y ) - ~ L , ]- E [ ~ ( Y ) D ~ ( s ~ ( D ~ Y ) - ~ ) ]  
(7.5) 

= E [h(Y)S,], 

where S, = Sl(DIY)-'L, - Dl(Sl(DIY)-I). 
If S, E L1(P), (7.5) yields I EhU(Y)II IIS,ll Ll(p , l l  hll, from which it is not hard 

to show that g' exists and is bounded. We can repeat the procedure: replace h by 
h' in (7.5), etc., to get bounds on g", g"', etc. 

When the functional Y being considered is XI, where X, solves (4.6) (for 
simplicity we take b = O) ,  one can show as in Section 5 that DfX satisfies 

under appropriate hypotheses on a, and one can obtain similar equations 
for DfX, Df'X, etc. Note that (DLL),= j,jD,l(s, z)(p - y)(dz, ds) + 
javl,(s, z)p(&, ds). If (DLX);l E LP(P) for all p and if we have suitable 
bounds on DfX, DfX, an examinationof S, shows that S, is in L1(P),and hence 
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X, has a differentiable density. Repeating the argument shows that if a is C" 
with suitable bounds on the derivatives and (D,X);' E LP(P) for all p, then X, 
has a C" density. 

8. Local times. For the remainder of the paper we consider the existence of 
local times for purely discontinuous martingales. We consider X, satisfying 

where p is the random measure associated to a Poisson point process whose 
characteristic measure is Lebesgue measure. Here a is predictable and a(s, z )  E 

%-. Occasionally we will write a(X, s, z) to emphasize that a is a functional of 
for (D,X),*, D,Xt .,the past of X. We will often write DIX: where,,,DIX ), (for 

p is a stopping time, d,Dla(s, z )  for (d,(D,a))(s, z), Dla,(s, z) for (D,(a,))(s, z), 
and 012 for Dl(D1). 

We will assume the following about a: 

(8.2)(a) (Monotonicity) za,,(s, z) 2 0 for all s ,  z; 

(8.2)(b) (Smoothness) for each 1 E A: 
(i) a, (1 + Izl)a,, Dla, and Dfa are L1(P) smooth, 

(ii) there is a bounded deterministic function M(z) E Lydz) such that 
for each z, a, (1+ Izl)a,, Dla, D?a, (1+ Izl)d,Dla, and (1 + Izl)Dla, 
are Lipschitz as functionals of X with Lipschitz constant M(z), 
uniformly in s, 

(iii) a,, 	 Dp,  Dp,, and Dfa are twice continuously differentiable in z, 
uniformly in s and X; 

(8.2)(c) (Boundedness) there is a bounded deterministic function H(z) E L2(dz) 
such that for all 1, rn EA: 

(i) (1 + ~zl)~la,,(s,z)l IH(z) for all s ,  z, 
(ii) ID,a(s, 211 + (1+ lzl)(la,Dla(s, z>l + lD1a2(s, z)l) 5 H(z)DlX:- for 

all s ,  z, 
(iii) ~D?a(s, z)l IH(z)[D?X,*_ +(D1X:-)2] for all s, z, 
(iv) IDla(s, z) - Dma(s, z)l 5 H(z)(D,X - DmX),* for all s ,  z. 

REMARK. The conditions (b)(i) and (b)(iii) are the critical ones. As the 
example below shows, the other conditions are natural ones. 

Let us say that a is &-stable of index between a- and a +if there exist z,, a,,, 
a,, and a -  < a, < a, < a, + E < a +such that 

for ,lzl 2 z,. 
The reason for the name is that if X, is a symmetric stable process of index a, 

then a(s, z )  = c(sgn z) lz l l /"  (cf. (10.8)). Let us say that a is locally &-stable of 
index between a - and a +if there exist an increasing sequence of stopping times 
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Ti -+ co, To = 0 such that a(s, z)  is E-sta.ble of index between a -  and a +  for 
Ti < s < Ti+ ,, i = 0,1,2, . . . . Our main result is: 

THEOREM Suppose for some 1 < a - < a +  < 2, a is locally e-stable of 8.1. 
index between a -  and a +  and satisfies (8.2). Then X, has a local time that is 
jointly continuous in t and x and that is an  occupation time density. . 

REMARK. The hypotheses of Theorem 8.1 are stronger than necessary. For 
example, the near symmetry that (8.3) imposes on a can be avoided. Additionally, 
one does not need Dfa to be L1(P) smooth. See the results of Section 12. 

EXAMPLE. Consider a Markov process with weak infinitesimal generator 

Then X, can be thought of as a process that behaves like a symmetric stable 
process of index a(x) whenever X, is a t  x, except that we have removed all jumps 
larger than 1 in absolute value. (If one wanted a different constant in front in 
place of a(x), one could achieve this by a time change and the results of Bass 
(1984, Section 6).) 

I t  has been known for a long time that when a(x) = a is constant, X, will 
have a local time if and only if 2 > a > 1. If a(x) is not constant and we do 
not require continuity of a(x), then X, need not have a local time, even 
when inf,a(x) > 1 (see Bass (1984, Section 8)). Theorem 8.1 says that if 
2 > sup,a(x) 2 inf,a(x) > 1and a(x) is C3 in x (actually C2 will do by Section 
12), then X, will have a local time. To see this, first check (cf. the calculation of 
(10.8)) that X, satisfies (8.1) with a(s, z)  = w(Xs-, z), where 

Of course, w is not smooth in z for lzl = 1, but the techniques of Bass (1984, 
Section 6) allow one to show that X, will have a local time if and only if 2,does, 
where 2,satisfies (8.1) with B(s, z)  = z%(&~-,z) ,  Lir a smooth approximation to w 
(see also Section 12). If a(x) is C3, 

and i t  is now easy to check that (8.2) is satisfied. If we fix E and let To = 0, 

T,,, = inf(t > T,: la(^,) - a ( x T , )> E), 

then T, + co and a is locally e-stable. Hence Theorem 8.1 applies. 
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9. Densities of potentials. We will suppose throughout this section and 
Sections 10 and 11that X, is given by (8.1), a satisfies (8.2), and moreover, there 
exist a,, a,, dl, d, such that 

(9.1) dl(lzl-1/"i-2 A 1) I (a,,(s, z )  1 A 1)I d2(~zl-1/"~)-2 for all z 

and 

(9.2) (a , '+  ; ) (2al1  - a;' + 1) > ( 2 a i 1  + l ) a i l .  

Since 1 < a, < a,, (9.2) will hold provided a, is sufficiently close to a,. 
A consequence of (9.1) is that 

Let l(s, z )  = A ~zl- ' /~~lnlzl-sgn(z)(i I-'), let v(s, z)  = @(s, y) dy, and let 

L, = l t / l ( s ,  z ) ( ~ ( d z ,  ds) - dzds).  
0 


Note that if 1 I p' I 2, 

(9.5) llLtllL~,(~) I2 IlLtll~~(,) 

since by (2.4), 

Note also that v(s, z)  5 0 for all s and z. 
By virtue of (8.2) and the fact that v is deterministic, one can show exactly as 

in Section 5, that D,X and D:X satisfy 

and 

+.,,(., z>u2(s ,  z)]p(dz,  ds).  

Moreover, DIX: and D;X: afe in LP(P)  for all p. 
Let O,, O2 be iid random variables which are independent of a(X,; 0 5 t < co) 

and which have a C1 density whose support is [I, 21. Let F be the distribution 
function of O,, O,. We will need the following lemma. 
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LEMMA9.1. IfR and H are independent of Oiand R is integrable, then 

E[Rl(H2e,) ]= E [ R F ( H ) I .  

PROOF.Since Oihas a continuous distribution and hence F is continuous, i t  
suffices by dominated convergence to consider H discrete taking on the values 
h, ,  h,, . . . ,h,. Then 

(by independence) lo=,,,F(h j )I 
Choose 1 < pl < PL< P, < P, < 2 so that 

PL< t + a,', PU> t + a;', 
and 

(9.8) Pl(2Pl - P u  + f ) > Pu(2Pu- 1). 

This is possible by (9.2). In what follows, the various constants that appear can 
be seen to depend on the process Xt only through the constants PL,PL, P,, Pu, 
d l ,  and d,, and the function H(z). 

Let 

Since J,  and K t  are not L1(P) smooth, we need to approximate them by 
quantities J,'", '1, Kjmg ') which are L1( P) smooth. 

Let lr(s, 2)  = I(s, z)lCr,,)(s), and define DIXt, DtX, by the equations (9.6) 
and (9.7) with I replaced by I,. Again, for each r and for all p, DIFX:, DtX: E 

LP(P). Define vr by vr(s, z)  = v(s, z)l[,, ,,(s). 
Fix r > 0 and let 

For each m, let A,, ,(x,, . . . ,x,) be a smooth approximation to max(x,, ...,x,) 
such that 

Am.k(x1,. . . ,xm) +max(xl, . . .>xm) 
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as k -+ co, and for each k ,  

Now let 

where k m  is chosen tending to co fast enough so that Kjm,') -+ Kj') a.s. as 
m -+ co. 

Similarly, let En, be a smooth approximation to min(xl, . . . , x,), let 

but this time choose k ,  -+ co fast enough so that J,'",') -+ Jt as .  as n -+ co. 
Note that each of J,'",') and Kjm,')  is L1(P)smooth since DIXt and DIFXt 

are. 
The principal technical estimates and results we need are given by the 

following three propositions. 

PROPOSITION There existpositive constants { < 1, 6 ,  to,  and c indepen- 9.2. 
dent of r such that if t I.to,  

PROPOSITION There exist positive constants to,  q, c, and c(a) ,  indepen- 9.3. 
dent of r such that if t I. to, 

and 

P [ K ~> a ]  r c(a)tV. 

PROPOSITION AS r -+ 0, E(DIXt- Dl,Xt)*2-+ 0 and K t r )-+ K t  in9.4. 
probability. 

We defer the proofs of these three propositions until Section 10 in order not to 
interrupt the main argument. 

The use of the Malliavin calculus comes in the proof of the next proposition. 

9.5.PROPOSITION If h E C 2  has compact support, then 

for positive constants p > 2, ( < 1, independent of h .  

i 
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PROOF. Let g,(x) be a C2 function on R such that g,(x) = 1x1-' if 1x1 > t-Pu, 

llgtll I 2t-P~, and llg;ll 5 cf2Pu. Define the functional G,, ,, ,(p) by 


(9.10) G,, rn, ~ l (~ ' ' ) ) ( lF ( K ~ ( ~ ' " ) ) ) .= h ( x t ) g t ( ~ l , ~ t ) ~ (  -

G,, ,, .(p) is L1(P) smooth since DlrX,, Jjn$'), and Kjm9 '1 are L1(P) smooth. We 
apply (3.8) to G,, ,, .(p), and let m + co, then r -t 0, and finally n + co. h hen 
writing Li') = jJjlr(s, z)(p(dz, ds) - dzds) and using (3.8) we have 

Ilb,m, r )  = E [G,, rn, ,(P)LI')I 


= -E [h'(X,) D~~X~~~(D~,X,)F(J:"~")(~F(K!"~"))]
-

-E [ ~ ( X , ) ~ ; ( D ~ , X , )  ~ ( 3 - F(K!~~')))]D~X,  "))(l4 ~ 

(9.11) 
-E [h(X , ) ~ ~ ( D ~ ~ X , ) ')) Dl$n, ') (1- ' I ) )]f '(4". F(Kjm* 

I+ E [~(x,)~,(D,?I,)F(J / ~ ~ ~ ) )f D ~ K ~ ~ ~ ~ )  

= 12(n, m, r )  + I,(n, m, r )  + I,(n, m, r )  + I,(n, m, r) .  

Using the bounds on g, and F, 

II1(n, m, r )  l [ l h ( ~ t )c t - P u ~  IILI"I] 
5 - I t I L P ( P ) l l r l l  ( P ( P-' + P'-' = 1) 

-i~t'/~-Pullh( X,) I I L P ( P ,  (by analog for L:') of (9.5)). 

Recalling that J j n . O )  -t J,, first let m -, co, then r + 0, then n -t co to 
obtain 

. 12 (n ,m, r )+ - E [ ~ ' ( x , ) D ~ x , ~ , ( D ~ x , ) F ( ~ ) ( ~F(K,))] (Proposition9.4)-

= - E [ h ' ( ~ t ) ~ ~ ~ t g t ( ~ ~ ~ t ) l ( J , . e , , x , < s , )emma ma 9.1)] 
= -E [h ' (x t ) l (~ ,.el, ~ , < s , ) ]  (definition of J,and g,). 


Recalling that 1- F(Kjr))= 0 if KLr) > 2, 


II,(n, m, r )  / - F(K~')))]I
+ I ~ [ h ( ~ ~ ) g ; ( ~ l ~ t ) ~ t x t ~ ( ~ ! ~ . ~ ) ) ( l  


2 ell h(Xt) lILP(,)t- 2Pu ( E [( D~X:)"; KLr) 5 21)
'/PI 

(p-' + p'-' = 1) 

Iell h( X,) IIL,(p,t-E (Proposition 9.2) 

as m -,co, provided p is sufficiently large. 
By. the definitions of Dl?, and DtX,, DlX, = 0 if t 5 r. By the Lipschitz 

bound on A ,, ,, we get 

(9.12) ID,K:"."~ 5 2 ( D w t P l )* 5 2r-a, D~x:, 
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which is in LP(P) for all p. Also, 

2X tp=)*)"; Kjr)  5 21E[((DL J 

< ~ t (~ -p ' )Pu -~(Proposition 9.2),-

since (2 - p')& - [ > 0, provided p' is sufficiently close to 1. We also get 

which is in LP(P) for all p, the same way. 
Then, provided p is sufficiently large, as m -+ CQ, 

5 cll h(  X,) llLP,P)t-E (by (9.13)). 

Finally, 

By (9.12) and dominated convergence, the first term on the right of (9.14) tends 
to 0 as m tends to oo.Since f '(Kjr)) = 0 if K:') > 2, we then get 

l/P' 

limsup i , ( n ,  m, r ) 1 cl/h ( x t )  [ ( ( D ~ xJ~Pu)')''; Kjr)  5 21) 
m+m 

2 cll h(X,) llLP(P)t-E (by (9.13)) 

Proposition 9.5 follows by substituting into (9.11). 

We are now ready to prove the main result of this section. 
Let SAbe the measure defined on Bore1 subsets of R by 

SA(A)= ~ / ~ e - " l , ( ~ , )o dt. 

THEOREM9.6. The measure ,SAis absolutely continuous with respect to 
Lebesgue measure. The density sAsatisfies 

(a) Ils,ll 2 cXE-', and 
(b) IsA(y)- sA(x)JI c ly -x JK  for some constant^ > 0. 



520 	 R. F. BASS AND M.CRANSTON 

PROOF. The proof follows closely that of the analogous proposition in Bass 
(1983). Let 

Tl = inf{t: Jt< Ol or K t  > O,) A 1. 

By Proposition 9.3 with a = 1 and r = 0, i t  is easy to see that for some y < 1, 

(9.15) 	 Eexp(-AT,) < y, 

provided 	X is sufficiently large. 
If we integrate the result of Proposition 9.5, we get 

-< cXc-'llhll. 

Now let O\", Oii) be iid random variables with the same distribution as 
O,, O,, and independent of X,. Given Ti, define X,(" = XT1+,,define Jt( i) ,  Kt( i )  
analogously to J,,Kt, and then define 

T,,, = inf{t > Ti: J , ( i )  < Oii) or K t ( i )  > Oh')) A (Ti + 1). 

If Q i )  is a regular conditional probability distribution (r.c.p.d.) for 
E[. lST1, O,, O,], it is not hard to see that (X,"), Q:)) satisfies the same hypothe- 
ses as (X,, P),with the same constants (cf. Bass (1984)). Propositions 9.3 and 9.5 
then give us the analogs of (9.15) and (9.16) with T, replaced by T,, E replaced 
by Q i ) ,  and X, replaced by X:". We then have 

-< Y 2 .  

Defining Qc' by induction, we get, as in (9.17), that E e - A T ~ ~  I y n  -+ 0. Hence 
T,,-* oo. Moreover, 

-< cXE-'llh + chs-lllhllY. 


By induction, 


1 ~ i ) ~ ~ e - " h ' ( X , )dtl r c h c ' ~ ~ h l l ( l+ y + . . . + y n - I )  	 - y) ,r 	~ X ~ - ~ ~ l h ~ l / ( l  

and by dominated convergence, 
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Using a limiting argument, (9.18) holds with h'(x) = l,(x), h(- oo) = 0, and 
1 1  hll is the Lebesgue measure of A, where A is a Bore1 set with compact support. 
The proof of (a) is now immediate. 

Note by (9.16) that, provided q' is small enough so that q't < 1 and q p '  + 
q f p '  = 1, then 

(Holder's inequality with the measure e -',tK6dt) 

In exactly the same manner as (9.17) was derived from (9.16), from (9.19) we 
derive 

If s,(existed and was continuous, we would get 

and hence that Ils,(ll,., a c, where r'-' + ( p q ) - '  = 1.This would imply 

Now s ,  need not be differentiable, but an easy argument approximating s, by C1 
functions shows that (9.21) still holds, and (b) follows. 

10. Estimates. In this section we prove Propositions 9.2, 9.3, and 9.4. The 
assumptions and definitions of Section 9 remain in force. 

PROOFOF PROPOSITION9.2. Fix r > 0 and set r = [Kj,;)a 21. Choose y so 
that Pl/Pu > y > (2Pu- 1)/(2P1 - Pu + ;); this is possible by (9.8). Recall 
v,(s, Z )  = V(S,z)l,,,,, (s). Let M.= t Yand let m(s, z )  = l,(s, z ) l [,,,, (121). Let 
4%2) = j,"m(s, Y)dy. 

Our first goal is to show that for w E r ,  D,X, = DIFxtand DiX, = DtX,. 
Suppose then that w E r and t a to for to sufficiently small depending only on 
Pl, PU,dl,  Y,and H. 
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Since DIFX: _< 2tP', sup,. ,(ADlrX,(1 4tP1.By (9.61, 

and by (8.2)(c)(ii), 

)D~?u(s,  211HlltP';z)l I H(z)DIX,*_ 

so we have 

for s < t. On the other hand, for lzl IM, and for r I s 5 to, 

by the choice of y and (9.1). Hence, on r, p([-M, MI x [r, to]) = 0, and so 
Dl,Xt = DmXt and DfXt = DmXt for t to. 

Now let 

On T,p 2 to. Note that 

(10.1) r sup IH(z)llD,X,*,,J + C M - ~ I  

(z(2cM 

-': c ~ P ' Y .  


We can write D:X, as 


(10.2) x w(s, z)(p(dz, ds) - dzds) 

+ it^'/[ Dmuz(s, z)] W(S, Z)  dzds a,Dmu(s, z) + 

+ 
By (9.3), the last term of (10.2) is bounded in absolute value by 
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Then by (2.4) and Holder, we have 

E(D;XA, I cEitAPJ(- (D:u(s,Z I ~ M  z)), dzds 

(10.3) + C E ~ ~ ~ ' ~ [ ~ ~ D ~ ~ ( S ,z )  + Drnu2(s,z)]'w2(s, z )  dzds 

= Il+ I, + I3+ I4+ 15. 

By (8.2)(c)(iii),if s I p, 

I D:U(S, z )  I I (cD;x~*,,~+ C ~ ~ ~ ~ ) H ( Z ) ,  

and so 

I, a C E ~ ~ ~ ~ ( D : X ; , , , ) ~ds + ~ t ~ ~ l .  

The term I, is identical to I,. 
We have JDrnXtApJ + JADmXtApJ,I JDrnXtAP-J and so by (10.1) 

I < M - ~ + ~ ( P , - P I ) ( ~ ~ ~ P ,1 -< Ct2P~~+~+2(P~-Pu)~ .+ Ct2P~~ 
4 -

Finally, by (8.2)(c)(ii)again, 

-- Ct2Pl+l+~+2(Pl-P")~~ 

Substituting the bounds for I,, . . . , I, in (10.3), and recalling ,B, > 1 > y, we 
have 
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By Gronwall, we have 

and so if 0 < 6 < 1, 

The proposition now follows by the definition of y if we choose S sufficiently 
small and 5 sufficiently close to 1. 

PROOFOF PROPOSITION9.3. Let s, = 2-"+I. Choose y so that 1 > y > 
p,- 1,, and let T = inf{s > 0;A,/sY > 1) A s,, where 

and N > 0. Note that A, is nondecreasing. Then by (2.4), 

E(DIXTAt- AT,, ,)*2a C E ~ ~ ~ ' ~ ( D ~ O ( S ,z)12dzds 

and so by Gronwall, 

(10.6) E(DIXTAt- AT,, t)*2Ict2'+l. 

If DIXs/sPu < 2, either IDIX, - A,l/spu 2 1or A,/sPu < 3. Then 

inf (D,X,/S~U) 
sss, 

sup (~D,x,- A , ~ / s ~ u )2 1, T = s, 
s<s, I 

+ P [ T < s , ]  + P inf ( A , / S ~ U )< 3 , T =  s, 
S<S, I 

= I l  +I,+ I,. 
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Then 
m 

1,s 1P I  sup l , ~ = s , l~ D ~ X ~ - A , ~ / S ~ U >  

which is summable by the choice of y. Since 

then 

1 2  = P[(A,~/s&)*> 11 

s sup (As/sy) > 111P I  

n = N  s , + , < s l s ,  

m 

I 1cEAsn/s; (A, is increasing) 
n = N  

m 

which is summable by the choice of y. Finally, we consider I,. Let 

and note that A, 2 cB,, B, is a subordinator (nondecreasing LQvy process), and if 
f E C2, 

= t-'EJt/ [ f (BS- + l z P v )- f ( ~ , ) ]p(dz, ds) 
0 12/21 

~= t ' lt/ + I Z I - ~ " )- f ( B , ) ]  dzds 
0 J z l t l  
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'
Hence the LQvy measure of B, is of the form cy - - '/flu dy, 0 < y I1, and so if 
t I  1, 

P[A,  < b] I P[exp ( -k~ , )> e-ckb] 

-< eckbE exp( -kB,) 

= c"exp( ckb - c'tkl/Pu). 

If we now choose b = ctPu and k = tfPu, then for t I 1 we get 

(10.10) p [ ~ ,  I c ' e x p ( - ~ " t ' - ~ ~ / ~ ~< ctP.1 1. 

Then, 


which is summable by (10.10) and the fact that P, > P,. 
Substituting in (10.7), we have 

m 

for some 11 > 0, and the first part of Proposition 9.3 now follows easily. 
To prove the second part of Proposition 9.3 is considerably easier. Fix r, and 

let AY) = /d/oZ(s, z)or(s, z)p(dz, ds) and S = inf{t: Ay) > atpl). As in (10.6), 

* 2
(10.11) 	 E ( D X ~ ~ , - A , )  

Note A(,') I cC,, where 

C, = 	 ds).lt/ ~ - ~ ~ p ( d z ,  
0 	t > O  


The process C, is a stable subordinator of index 1/P, (cf. (10.8)). Since 1/P, > > 
+,EC:/2 < co and by scaling, 

(10.12) 	 EA(,')'/~ -< CEC,'/~I C ~ P L / ~ .  

From this, (10.11), and /3 J2 + 1/4 > PL/2, 

E( ,) *'I2 I E,(D,X, ,,,- A, ,, ,) *I" + EAi/i , 
(10.13) 	 a ( E(DlFxS,, t - As A ,) *2) 1/4 + ~t'"'~ 
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T o  estimate P[Kjr )  > a], we proceed with 

= 0 ,  + 0 ,  

We have 

0,s zP I  sup (AL" / sa1 )>a ]  
n = N  s , + l  < S S S ,  

which is summable, and 
m 

0 ,  5 zP [ sup (D,x,,,,/s") > a 
n = N  S , + l S S S S ,  1 

As before, substituting in (10.14) gives 

for some 17 > 0, and the remainder of the proposition follows. 

PROOFOF PROPOSITION9.5. We may write 
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and then by (2.4) and (8.2)(c)(iv), 

By Gronwall, since both Dl+: and D,X: are in LP(P) for all p, if r I 1, 

(10.15) E(D,X, - D,X,)*~ a cr. 

Letting r + 0 gives the first part of the proposition. 
For any e > 0, if t 5 1, 

P[IK,  - K:') > r] 5 P[(ID,X,- DIF~, l / th)*> r] 
00 

(10.16) 
a 1P[ sup lDIXs-DlrXs/sB[>r  

n=0 s,,, <s<s, I 
Each term of the series goes to 0 as r + 0 by (10.15). Our result follows by 
dominated convergence since 

P[(D,x,~- DlrXsn)*> rs;+,] I P[D~X: > rs,"+,/2] + P[D,~X; > rs;+,/2] 

< P[K,,, > C] + P [ K ~> c] ,-

which is summable by Proposition 9.3. 

11. Construction of local time. Throughout this section, the assumptions 
of Section 9 still hold. 

THEOREM11.1. Under the assumptions of Section 9, X, has a jointly 
continuous local time that is an  occupation time density. 

PROOF. Once we have Theorem 9.6, the proof that a local time L: exists that 
is continuous in t and that is an occupation time density follows by Sections 4 
and 5 of Bass (1984). To briefly summarize the construction, we let Qto be a 
r.c.p.d. for E[.lgtlj]. Then (XtIj+,,Q,,,) satisfies the hypotheses of Theorem 9.6, 
and so there exists V,($A,x)(o) such that 

(11.2) Iv,o(A,x). - V,o(LY)I a cly - XI", 

and for all Borels B, 
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We then let U,( A, x )  be a regularized version of V,(A, x), and show 

(11.4) IU,(A, x )  1 r cA5-' 
and 

(11.5) IUt(A, x )  - Ut(A, y)l 5 cly - 4 " .  

Then if L:(x) is the increasing predictable part of the bounded supermartingale 
e-xtUt(A,x), we set L: = j,:exs dL:(x). In the above reference it  is shown that 
L; is an occupation time density for X,, and in view of (11.4), that L: can be 
taken so as to be continuous in t. I t  remains to show that L; can be chosen to be 
jointly continuous in x and t, and to do this, it  suffices to consider Lt(x), since 

L: = e"L;(x) - ltAe"^~:(x) ds. 
0 

Fix x and y so that neither is in the null set of Lebesgue measure 0 that arises 
in the construction of L:(.). Suppose S and T are bounded stopping times. For 
ease of notation, let R,  = L:( y )  - Lt(x) and 

W, = e-"'U,(A, x )  - e-"U,(A, y ) .  

By the definition of L:(x), R,  is predictable, and Wt - R, is a martingale. Then 

I cly - X ~ " ( E L ; ( ~ )+ EL;(x)) 

I cly - X I "  
The last inequality follows since the potential of L:(y) is e-",Ut(A, y), which is 
bounded by (11.4). Then, 

and since R,is continuous, 

by Dellacherie and Meyer (1980, page 193). 
Since Lt(x) can be taken to be continuous in t for each x, as., we can argue 

exactly as in Getoor and Kesten (1972, pages 285-286) that (11.6) implies L:(x) 
can be taken to be jointly continuous in t and x. 

12. Localization and extensions. In this section we give the localization 
procedure that  completes the proof of Theorem 8.1. Following the proof, we make 
some remarks on how Theorem 8.1 could be extended. 
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PROPOSITION12.1. Suppose u satisfies (8.2) and that for some positive 
constants dl, d,, z,, and 1 < a, < a1 < 2 satisfying (9.2), 

for lzl larger than zo. Then X, has a local time that isjointly continuous in t and 
that is an  occupation time density. 

REMARK. This is a weakening of the hypotheses of Sections 9, 10, and 11, 
since now we only require (9.1) to hold for lzl larger than some z,. Our first goal 
is to show that under these weaker hypotheses, X, still has a jointly continuous 
local time that is an occupation time density. 

PROOF. Let So= 0, and 

Si+1= inf{t > Si: ~( [ -zo ,zOI  x Co, t I )  > P ( [ - z ~ ,2 0 1  x [O, St])). 

Thus the St's are the times a t  which p([-z,, z,] X {s)) = 1.Let S(s, z)  be a C3 
function such that 8,,(s, z)  = u,,(s, z)  if lzl 2 z,. Let 2, be the solution of (8.1) 
with u replaced by S. Now S satisfies the conditions of Sections 9, 10, and 11, so 
X, has a jointly continuous local time. Since 2,= X, for t < S,, then X,, t < S,, 
has a local time, and hence X,, t < S, does also. 

Let Q, be a r.c.p.d. for E[.lFsl], and consider (X,+sl - Xsl,Q,). This process 
satisfies the same hypotheses as (X,, P )  does, and so arguing as in the preceding 
paragraph, X,+s, - XSI, t < S2- S,, has a jointly continuous occupation time 
density a.s. (Q,) for almost every w(P). An easy argument using Fubini shows 
that  X,+sI - XsI, t I S2- S,, has a jointly continuous occupation time density 
a s .  (P ) .  We then look a t  Xt+SP- XS2,etc. By Bass (1984),Section 6, we conclude 
that  X, has a jointly continuous occupation time density. 

PROOFOF THEOREM8.1. Since 1 < a < a +  < 2, we can take E sufficiently 
small so that whenever a - < a, < a, < a, + E I a + ,(9.2) holds. Let To,TI,T2,... 
be a sequence of stopping times so that u(s, z)  is &-stableof index between a -
and a +  if T, < s < Ti+,,for each i = 0,1,2,... . Then there exists d,, d,, a,, a,, 
and z, so that 

if 0 < s < TI, lzl 2 z,. For each z, let #(z, r )  be an odd C" function satisfying 

(12.l)(i) # (z ,  r )  = r if lzl < 2,; 

(12.1) (ii) # ( z , r )  = r  if lz12z0, and 

d , ( l ~ l - ' / ~ ~ - ~1) < Irl < d2(lzl-1/a~)-2A 1); and 

(12.1)(iii) ~ d l ( ~ z ~ ~ 1 ~ a ~ p 2A 1) I l#(z,  r ) ]< 2d2(lzl-1/a~~-2A 1) if 121 2 2,. 

Let Y, be the solution to 

Y,  = x0 + At/ i (y ,s ,  z)(P(dz, ds) - dzds),  
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where 6 is chosen so that 4,(s, z)  = #(z, a,,(s, z)), 6,(* co) = 0, and 6(f co) = 0. 
Then 6 satisfies the conditions of Proposition 12.1, and so Y ,  has a jointly 
continuous occupation time density. Since changing o(Y, 0, z)  does not affect the 
value of Y,, i t  follows that Y,  is equal to X, if t < T,. Therefore, X,, t < T,, 
hence X,, t I T,,has a jointly continuous local time. 

Just as in the proof of Proposition 12.1, we argue that Xt+,, - XTl, t 5 
Ti+,- Ti, has a local time, and we then use Bass (1984), Section 6 again to 
conclude that X, has a local time that is jointly continuous in t and x that is an 
occupation time density. I3 

REMARK1. We can dispense with the near symmetry condition on a. Sup- 
pose that (locally) there exist 1 < a - < a, < a, < a, + E < a +  < 2 and 0 < a, < 
a, < (a,  + E) A a, for E sufficiently small so that 

c l ( l z l - v'a(1-2 A 1) 2 la,,(s, z)l  2 ~ , ( l z l - ' / ~ l - ~1)A if z 2 Z, 

and 

c3 1  1 A 1) 2IaZ,(s, z)I 2 ~ ~ ( l z l - ' / ~ : > - ~if z I -2,.( z A 1) 

If o also satisfies (8.2), then the conclusions of Theorem 8.1 still hold. To show 
this, let 

where we choose fin to be less than but close to fr + a,'. By considering 
p([O, M I  x [0, t]) and p([- M, 0] x [0, t]) separately, we can show, as in Proposi- 
tion 9.2, that p([-M, MI  X [0, t]) = 0 on the set [Kjr)  I 2, Njr) I 21. Once we 
have that, we can modify the remainder of the proof of Proposition 9.2 to get 

The proof of Proposition 9.3 needs no change. We need to show P[Njr)  > a] + 0 
uniformly in r as t -+ 0 and N,") -+ NjO) in probability as r + 0; the proofs are 
analogous to those of Propositions 9.3 and 9.4. Finally, if Njkqr) are smooth 
approximations to Njr), we define 

~ j ~ ~ ) ) ( i  F (N/~$ ' ) ) )Gn, m ,  k ,  r( p )  = ~ ( X , ) ~ ~ ( D ~ , X , ) F (  - F( ~ j ~ - ' ) ) ) ( i-
in place of (9.10) and conclude as in Proposition 9.5 that 

where 0, is identically distributed to 0, and 0, and independent of them and 
a(X,; 0 I s < co). With the obvious modification to the definition of Ti in 
Theorem 9.6, the proofs then proceed virtually identically. 

. REMARK2. The only place we used the existence of D$ was to get the 
existence of D;X. If we take approximations an to a, use (9.19) to get 
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and then let n -+ oo, we see that we only need Dfa to exist and satisfy 
(8.2)(c)(iii). Thus, in the example of Section 8, a(x) E C2 suffices. We conjecture 
that  for this particular example, a(x) E C1+"or some 6 > 0 suffices. 

REMARK3. If one wants to consider semimartingales X, that may have a 
drift or unbounded jumps, one can proceed as in Bass (1984) Section 6 to extend 
Theorem 8.1 to a theorem covering these cases. 

REMARK4. Note that in the proof of Theorem 8.1 we do not actually need a 
to be locally &-stable for all E ,  but only for E 2 E, ,  where E ,  depends on a -  and 
a +. 
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