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Uniqueness in Law for Pure Jump Markov Processes 

R.F. Bass * 
Department of Mathematics, University of Washington, Seattle, WA 98195, USA 

Summary. Let A be the operator  defined o n  C 2 functions by 

A f (x) = ~ [ f  (x + h) -  f (x ) -  f '  (x) h I(E_ a, l l)(h)] V()C, d h). 

Sufficient conditions are given for existence and uniqueness for the martingale 
problem associated with A. In the case of stable-like processes, where v (x, d h) 
is equal to the L6vy measure for the stable symmetric process of index e(x) 
for each x, the conditions reduce to ~(x) continuous for existence and e(x) 
Dini continuous for uniqueness. 

1. Introduction 

The simplest pure jump Markov processes on the line are the L6vy processes 
which have no Gaussian component.  These are characterized by a drift (which 
we assume to be 0 for the time being) and a L6vy measure v(dh). For  an appro- 
priate class of functions, the infinitesimal generator of such a process is given 
by 

A f (x) = ~ [ f  (x + h) -  f (x) -  f '  (x) h l(t_ 1,15) (h)] v(dh). 

The next most complicated examples that one would naturally consider are 
processes that at each point x behave like a L6vy process, but which L6vy 
process will depend on the point x. So we suppose we are given a kernel v(x, dh) 
and an operator A given by 

0.1) A f (x) = S [ f  (x + h) -  f (x ) -  f '  (x) h I(L_ 1, 1])(h)] v(x, dh), 

and we ask, when is there a process corresponding to the operator A, and 
can there be more than one? 
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We phrase this problem in terms of a martingale problem: If Xt is the 
canonical coordinate process and x0~lR, when does there exist a probability 
P such that 

(1.2) (i) P(X o=xo)= 1, and 

(ii) for all f~C 2, f (X t ) - f (Xo) -  ; Af(X~) ds is a P-local martingale. 
0 

Can there exist more than one such P? 
The purpose of this paper is to give sufficient conditions for the existence 

and uniqueness of a solution to the martingale problem (1.2). 
To explain our results, let us first look at a class of examples that we refer 

to as stable-like processes. Here we are given a function c~(x) and v(x, dh) 
=(~(x)lh[ -(l+~x)) dh, where (~x) is a constant chosen so that A(exp(iux))= 
--lu] "(~) exp(iux). Thus, at each point x the process behaves like a symmetric 
stable process of index c~(x). For the stable-like processes our conditions are 
quite simple: we require the regularity condition 0 < in f  c~(x)<= sup e(x)< 2; for 

x 2r 

existence we need the continuity of e(x); for uniqueness Dini continuity of c~(x) 
is sufficient (see Corollary 2.3 for the precise statement.) 

Our conditions in the general case are the natural analogs of the ones for 
the stable-like case. First we require some mild regularity of v(x, dh). Existence 
will hold under a continuity condition on v. Uniqueness holds under slightly 
more stringent conditions, i.e., an integral condition replaces the assumption 
of Dini continuity. 

Besides their intrinsic interest, pure jump Markov processes arise in the 
study of diffusions. For example, if X, is a diffusion on a manifold with a bound- 
ary, the boundary process will usually be a pure jump process. 

There is also a connection with pseudodifferential operators. The stable-like 
processes, for example, correspond to pseudodifferential operators with symbol 
o-(x, u ) = -  lu[ ~) .  Such symbols are of variable order, and the usual machinery 
of pseudodifferential operators does not seem to be sufficient to study them 
(cf. Sect. 1 of [3]). 

Previous studies of weak uniqueness for pure jump Markov processes have 
concentrated almost exclusively on perturbations of stable processes (with a 
single fixed e); see [6, 7, 11, 12, 13]. If one removes the restriction to pure 
jump processes and allows a continuous component, then this continuous com- 
ponent becomes the dominant term; this situation has been studied by Komatsu 
[5] and Stroock [-9]. Under considerably stronger smoothness assumptions, 
e.g., in the stable-like case e(x) must be Lipschitz continuous, Ito's theory of 
stochastic differential equations as extended to processes with jumps by Skorok- 
hod [8] will give pathwise uniqueness. 

In Sect. 2 we state our main theorems and results. Existence of a solution 
to the martingale problem is established in Sect. 3. Section 4 contains the key 
estimate used in proving uniqueness, and the remainder of the proof of unique- 
ness is done in Sect. 5 and 6; the Markov property is also discussed in Sect. 
6. Section 7 consists of some remarks concerning some extensions, connections 
with singular integrals, and applications to local time. 
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We denote the Fourier transform o f f  by f and sup [f(x)l by Ilf II. We denote 
x 

the bounded functions in C 2 by C 2. The letter c denotes positive constants 
whose values are unimportant and may change from line to line. 

2. Statement of Results 

Let O = D  [0, oo), the space of paths that are right continuous with left limits, 
and let Xt: O ---, IR be defined by X,(co) = a~(t). Let ~ be the smallest right continu- 
ous a-field containing a(Xs, s < t). 

Given a kernel v(x, dh), define the operator A on C 2 functions by 

( 2 . 1 )  A f ( x ) = ~ [ f ( x + h ) - f ( x ) - f ' ( x ) h l ( t _ l , l l ) ( h ) ]  v(x, dh). 

We say that a probability measure P solves the martingale problem for A starting 
at x o if 

(2.2) (i) P(Xo =xo)=  1, and 

(ii) for every fE  Cb 2 , 

f (X~) -- (Xo)-- i A f (Xs) ds in a P-local martingale. 
0 

Occasionally, when it is necessary to use other processes, we will say that 
(P, Xt) solves the martingale problem. 

Concerning existence, we have 

Theorem 2.1. Suppose 
(i) sup ~(1/x h 2) v(x, dh)< 0% and 

x 

(ii) for each f ~ C  2 , A f (x) is uniformly continuous in x. 
Then for every X o S ~  there exists a solution to the martingale problem for 

A starting from Xo. 
The proof of Theorem 2.1 is given in Sect. 3. 
We introduce some notation. Let 

�9 :,(u) = ~ [e i"h-  1 -- iuh 1([_ 1, 1])(h) ] V(X, dh), (2.3) 

let 2 > 0, and let 

(2.4) W~.(x, y, u) = 2 - ~y (u)" 

Primes, e.g., W~'(x, y, u), refer to derivatives with respect to u. 
We need some mild regularity assumptions. 

(2.5) There exists 3e(0, 1) such that 
(i) inflCx(u)[ >clul a for [u[ > 1; 

x 
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(ii) sup ~(1/x h 2) v(x, dh)< oo 
x 

(iii) there exists p > 0 such that  
sup U 2 1  " 6 "  W~ (x, y, u)] < c~]u] , and 

I x - y l < p  

(iv) for all p < 1, 

lim sup sup I W2'(x, y, u)l = O. 
~ o  Ix-yl_-<~ 

p < M < o - ~  

As we shall when we consider the stable-like processes below (Corol lary 2.3), 
these assumptions  are quite mild. 

Let  

M* (z) = sup Iz[- 2 ~(1/x u 2 z2) IW,~'(x, x + z, u)[ du. 
x 

Our  uniqueness theorem then says, 

Theorem 2.2. Suppose (2.5) holds. Suppose also that 

(i) l i m s u p  sup sup Wz x , x + e y ,  - 1  =O, and 
~ o  lule[el/2,~ -11 x ,y  

lyl=<a 
q 

(ii) lira sup ~ M*(z)dz=O. 
.+o - q  

Then for each Xo the martingale problem for A starting at x o has a unique solution. 
A consequence of Theo rem 2.2 is tha t  if we denote  the unique solut ion 

by pxo, then (pxo, Xt) forms a s trong Markov ,  Feller process (see Sect. 6). 
To  unders tand  what  these hypotheses  say, let us look at a special case. 

Suppose 

(2.6) v(x, dh) = ~,(x)[hi-(1 +a(x)) dh, 

where ~(~) is a constant  chosen so that  A exp(iux)= - lu l  ~(x) exp(iux). Let fl(z) 
= sup Ic~(x)--a(y)l. We then have the following corollary.  

Ix-yl~<z 

Corollary 2.3. Suppose 
(i) 0 < inf a(x) < sup a(x) < 2; 

x x 

(ii) fl(z) = o(1/l ln z[) as z ~ 0; and 

(iii) " i fl (z) d z < oo. 
z 

0 

Then for each x o the martingale problem for A starting at x o has a unique solution. 

Proof of Corollary 2.3, given Theorem 2.2. We know that  for the stable-like 
processes ~x(u) = --lul ~(~). If we let 

6 = min (inf ~ (x), 2 -- sup c~ (x), 1)/2, 
x 
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then (2.5) (i, ii) are obvious.  A s t ra ightforward calculat ion shows that,  letting 
a = ~ (x), b = ~ (y). 

(2.7) W2' (x, y, u) = ( ( a -  b) 2 - ( a -  b)) u ~ + 2 b- 2/( 2 + ub)3 

+ )L [ (2a2-- 2a-- 2ab-- ba + b) ua+b- a + (be + b) u2b- z]/(2 + ub) 3 
+ )2 [ (a  2 _ a) u" - 2 + (b - b 2) u b - 2]/(2 + ub) 3 

=I1+I2+I3,  

if u > 0 and a similar expression for u < 0. N o w  (2.5) (iii, iv) follow. 
Fo r  lul large, Wz(x , y, u)~ [u[ ~(~)-~(y), and hence Corol lary  2.3 (ii) implies The- 

orem 2.2 (i). No t e  also that  in the presence of Corol lary  2.3 (ii), Corol lary  2.3 
(iii) is equivalent  to 

i Nz) dz<oo 
o ~  

By a change of variables, 

(2.8) M*(z)=suplzl-3 y(1Au 2) Wj/{x,x+z,  2~l du. 
x 

The first term on the right of (2.7) may  be bounded  by 

II1[<cla-b[u a-b-2. 

If Izl is small, then ]a-bl<__fl(Izl) is small, and the cont r ibut ion  of 11 to M*(z) 
is bounded  by 

cla-b[[z[-3~( 1Au2)\lzl ] du=cla-b[[z[ -(l+("-v)). 

As for 12, if Izl is small, then [a-b] <B(lzl)<b-6,  and so 

u"+b- 2/(2 + ub)3 < cu-O- 2, 

for uZb-Z/(,~-t-ub)3. Hence  the cont r ibut ion  of 12 to M*(z) is and similarly 
bounded  by 

S (~)-- ~ - 2 
CIZl-3 (l A U 2) du=clzl -~1-6). 

The  cont r ibu t ion  of 13 to M* (z) is similar. Hence  for Izl small, 

M * ( z ) <  c/~(Iz]) c 
=[Z11+13([zl) } 1Z11-6' 

which establishes Theo rem 2.2. (ii). Applying Theorem 2.2 now establishes the 
corollary.  [ ]  
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3. Existence 

In this section we prove Theorem 2.1. Let qa(0, 1) and let 

~. = i n f { s : l X s -  Xol=  > r/}. 

The first step towards tightness is 

Proposition 3.1. Suppose P ( X o = x o ) = l  and that for every f e C  2 there exists 
a constant c s depending only on IIf[[ and []f"[I such that f ( X t ) - f ( X o ) - C s t  
is a supermartingale. Then P( , ,  < t) <= c t/rl 2, c independent of Xo 

Proof Let fo(x)= x 2 for Ixl < 2, fo(x) > 4 for [xI > 2, fo(x) < 8 for all x, and f o ~ C  2. 
Let f (x) =fo  (x - Xo). If Ix - Xo[ > q, then f ( x )  > 112. So by optional stopping, 

tl 2 P(T. < t) <= Ef (X~ ~ ~.)-- E f ( X o )  <-_ c s E(t/x z.) <= c s t. [] 

We now give a tightness criterion. 

Proposition 3.2. Suppose for each n that P, (Xo=xo)=  1 and that for every fEC~ 
there exists c s (depending only on II/]l and IIf"[I) such that f ( X t ) - f ( X o ) - C s t  
is a P,-supermartingale. Then the sequence P, is tight on D [0, to] for each to. 

Proof Let z, be a bounded stopping time, let Q~, be a regular conditional proba- 
bility (r. c. p.) for E , ( ' I ~ . ) ,  and let Y~=X~.+t. Standard arguments show that 
Yt satisfies the hypotheses of Proposition 3.1. For example, if f e C ~ ,  Zt=f(Y~) 
- f (Yo)--cst, s<=t, B~.~~ and A~.~.+s,  then 

Q~(Zt; A) P,(dco)= E,(Zt; A n B) <=E,(Zs; A n B) 
B 

= I Q~(zs; A) P.(dco). 
B 

Since B is arbitrary in ~ .  

n . n . Q~ (Zt, A )<  Q~, (Zt, A), a.s. (P~) 

A routine argument handle the null sets shows that for almost all co, Zt is 
n - -  I a Q~-supermart ingale .  Similarly Q,~(Yo-X~.(co))-1 for almost all co. Hence 

by Proposition 3.1 applied to Q~,, if 6~(0, 1), 

(3.1) P,( sup IXs-X~.l~1)=E. QT~(suplY~- Yol~rl)~c~5)l 2. 
~,~_-<s<~+6 s < 6  

This estimate gives tightness by [1]. []  
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Proof of Theorem 2.1. We first construct appropriate P,. Define P, to be the 
probability measure such that for all k _< n 2" and all f e  C~, 

[ k + l  k ) 
f(Xk+ 1 ) - - f (X  k ) - - A f ( X k ) I T A t - - - ~ A t  

2" At  ~ / x t  2~ 

is a P,-martingale and such that P,(Xo=xo)=l. The P, may be constructed 
by piecing together L6vy processes: from k/2" to (k+ 1)/2" take the process 
that behaves like the L6vy process with L6vy measure V(Xk/2,, dh). One way 
of making this precise is to set up a stochastic differential equation with a 
Poisson point process as the driving term; we leave this to the interested reader. 

If f ~  C~, then 

(3.2) [Af(x)[<2[[f H v(x,[-1,1]c)+L[f"[I ~ h zv(x,dh) 
[ h [ = < l  

< c  I sup ~(1/x h 2) v(x, dh) 
x 

So hypothesis (i) and Proposition 3.2 yield tightness on D [0, to] for all to. 
Relabeling if necessary, let P, be a subsequence which converges, say to 

P. It remains to show that P solves the martingale problem for A. To do that, 
it suffices to show that i f f 6C  2, 

[; sl [; ,] (3.3) E, Y B,(s)d ~ E  Y B(s)d as n ~ o o ,  
t J 

m 

where Y = I ~  gi(Xr,), r l<r2<. . .<r~<t ,  the gi are continuous functions 
i = 1  

bounded by 1, B(s) = A f (X~), and B.(s) = A f (Xk/2, ) if k/2" < s < (k + 1)/2". 
We have 

(3.4) 
u 

+ E. Y (B. (s)-- B (s)) d s . 
t 

The first term on the right of(3.4) converges to E Y B(s) ds since P~ converges 

weakly to P, B(s)=Af(Xs) and A f  is continuous by hypothesis. The second 

term on the right is bounded by E, ilB,(s)--B(s)lds. By the continuity of 
t 

A f, we know B,(s)--,B(s) for each co~D[0, u], but we need a bit more than 
that. 
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Let e>0,  and choose 6 small so that [ A f ( x ) - A f ( y ) l < e  if Ix-yl ~ .  For 
each n, let F,={k__<u2": sup [X~-X~I>b} and let I , =  U [k/2",(k 
+ 1)/2"]. k / 2 n < = r ,  s<(k+ 1)/2~ ker,~ 

A consequence of the estimate (3.1) is that Xt has no fixed discontinuities 
u 

under P. Hence for m sufficiently large, E ~ I~,,(X~) ds<e by dominated conver- 
t 

w 

gence. Since P, , P and I, ~_ Im if n > m, we have 

Therefore 

u u 

lim sup E, ~ li,(Xs) d s < l i m  sup E, ~ l i , , , (Xs) ds 
n t n t 

u 

<=E S b~(X3ds<__~. 

u 

E. ~ IB.(s)--B(s)l ds<_e(u-t)-t-IIAfll E. i 1,.(Xs)ds 
t t 

<_ce 

if n is sufficiently large. Using this with (3.4) completes the proof. [] 

4. The Key Estimate 

In this section we derive our key estimate, Proposition 4.2. 
Let ~o be an even nonnegative C oo function with support in 1 [-~-, ~J and 

with ~(p(x) dx= 1. Define q)~(x)=e-1 ~o(x/O. Let 2e[-1, 2] be fixed. Define 

r~(x) = E x ~ e -zt go~(Xf) dr, 
0 

where X~ is the Lhvy process with L4vy measure v(z, dh), no drift and no Gaus- 
sian component. If we hold z fixed, then 

. . . .  r 
(4.1) rz tu) = 2 ~ u ) '  

where (bz(u) is defined by (2.3). Since Re ~b~(u)=y(cosuh-1) v(z, dh)<O, the 
denominator of (4.1) is bounded away from 0. 

Suppose ge C ~ with compact support and let 

(4.2) h~ (x) = f r~ (x - y) g (y) d y. 
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We first look at 

x + e  

(4.3) J~(x) = ~ (2 -  A~) r~(x--y) g(y) dy, 
X - - E  

where 

(4.4) A~f (z) = ~ Ef(z + h) -  f (z)-  f'(z) h I(E_ 1. u)(h)] v(x, dh). 

P r o p o s i t i o n  4.1. J~(x) - ,  g(x) uniformly in x as s ~ O. 

Proof Since qo is in the Schwartz class, so is 93, hence ((2--A~) r~)"(u) 
; ~ - ~ ( u )  ~ 

-2--~by(u)  93(eu) is in L1. Since ~0 is in the Schwartz class, ry6L~; and ry is 

also in C ~. Therefore II & r~ II < 0o, 
Note  that if Izl > 2  and e <  1, 

z + l  

(4.5) [Axcp~(z)l<2lhcp,[I ~ v(x, dh) 
z - - 1  

since (p has support in 1 1 E - : ,  : ] .  By Fubini 

z + l  

S 
Izl>2 z 1 

v(x, dh) dz<2v(x,  [ -  1,1]r o% 

hence Ax (Pc is in L 1. Since the resolvents of L6vy processes map Lp into Lp 

boundedly for all pee l ,  oo], then Ax r~(z)=E z ~ e -~'t A~ (p~(X~) dt is in L1. 
0 

We may therefore use the Fourier inversion formula to write 

x + e  

(4.6) J~(x)=(2n) -1 S I e-i"(x-y) 
;~-  4~(u) 
;~-  4 ,  (u) 93 (e u) d u g (y) d y. 

Using (2.5) (i) and Theorem 2.2 (i), we now follow the p roof  of Proposition 
3.2 of [-3] (starting at (3.5) of that proof). []  

For e~(0, 1), let 

u 

(4.7) F~(u) = ~ e - "  93(et) dt 
0 

and 

u 

(4.8) A~(u)= ~ F~(t) dt. 
0 

By Proposition 3.3 of E3], we have 
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(4.9) (i) IF~(u)[<c~(1/xlul-2); 
(ii) I~(u)l~c(1 A lul), c independent  o f t ;  and 

(iii) ]/~(u)l < c( l  A u2), c independent of e. 
From the proof of that proposition we have 

(4.10) A~(u) = - ~  1 - c o s  uy y2 q)~(1-y)dy. 

Since qo e is an approximation to the identity with support in [ -~ /2 ,  e/2], it 
follows that 

(4.11) A~(u)~cosu-1  boundedlypointwiseas ~ 0 .  

We now look at 

(4.12) K e (x) = ~ (2 - A~) r~ (x - y) g (y) d y. 
[x -e , x+~]c  

Note that 

(4.13) 

We can write Ke(x) as 

(2-- A) h~ (x) = (2-- A~) he (x) = J~ (x) + K~ (x). 

Ke(x) = Me g (x) = I M~ (x, y) g (y) d y, 

where 

(4.14) Me (x, y) = 1 (ix- ~. x + elc)(Y) (2 - A~) r~ (x - y). 

Fix a point w. Define the kernel v ~ by 

(4.15) Iv(x, dh) 

v'1(x, dh) = I v ( w -  ~l, dh) 
[v(W + th dh) 

Ix -wl<t t  

x < w - ~ l  

x > w + t  1 

Define A~, 0~, Wry(x, y, u), M~, and K~ by the analogs of (4.4), (2.3), (2.4), (4.12), 
and (4.14). Define A" by A" f (x)= A~f(x). 

P r o p o s i t i o n  4.2. There exists 11o and 7 < 1 independent of w such that 

sup ~ sup M~(x, y) dy <= 
X e ~ l  

whenever r t < ~lo. 

Proof. It is easy to see that (2.5) and the hypotheses of Theorem 2.2 still hold 
for O~, W~. By taking ~ sufficiently small, (2.5) (iii) will hold with the sup 
taken over all x and y. 

As in the proof of Proposition 4.1, 

(4.16) B~(x,y)=(2--A~)r~(z)=(2n)-l ~e ~"~W~(x,y,u)O(~u)du, 
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where z =  x - y .  By a change of variables, 

U 
B"~ (x, y)=(2 ~)- l ]z]- l [ e-iu l/v~'~ (x, y ,z)  (o(gu) du, 

where g = e/z. 

281 

By Theorem 2.2 (ii), 

(4.17) 

x + O  

sup ~ sup[B~(x,y)ldy<l/8, 
x x - O  

if we take 0 sufficiently small. By (2.5) (iii), 

- 2 + 6  

[B~(x,y)I<=cIzI_3~(1Au2) u du~ciz[_(l+o), 

which is integrable at +_ or. Therefore, taking 0 smaller if necessary, 

sup j sup IB~(x, y)[ dy< 1/8. 
x [ y - x l > _ O - 1  e 

So to complete the proof it suffices to show 

(4.18) sup j 
x O < [ x - y l < O  1 

Fix x. By (2.5) (iii), 

IB~(x, y)f N c,~ 

+ c a 

sup lB,(x, Y)I d y <= 1/2. 

( 1 A u 2 ) l u I - Z + a d u  

luI =<por lul _->p- a 

(1A u2)lWf."(x, y, u)l du, 
p < l u [ < p - ~  

provided 0 < Ix - y] _-< 0-1. 

Integrate by parts twice, looking at positive and negative u separately and 
real and imaginary parts separately. By (4.9) and (2.5) (iii), we get (cf. proof 
of Proposition 3.3 in [3]) 
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p 

Since S ua du+ ~ lu1-2+~ dun  1/8(0 - 1 - 0 )  cz provided p is sufficiently 
- p  M > p - ~  

small, it only remains to show 

(4.19) (1 A u2)l W,~"(x, y, u)l du< l/8(O- t-O) ca. 
p < l u l < p  a 

But by (2.5) (iv), we can choose r/small enough so that (4.19) is satisfied. [] 

5. Uniqueness - Local  Case 

In this section we suppose r/o and 7 have been chosen as in Proposition 4.2, 
and we prove uniqueness for the martingale problem for A n starting at Xo if 
I/<r/o, where w = x  o. For typographical convenience we drop the r/'s from our 
notation throughout this section. 

Let E1 and E z be two solutions to the martingale problem for A starting 
at Xo. 

Proposition 5.1. For all f bounded and Borel and all t, E~ f (Xt)= E z f  (Xt). 

Proof I f f e  C 2, 

(5.1) E,f(Xt)--f(xo) = E i i  A f (X , )  ds, i= 1, 2. 
0 

Multiplying by 2e -~ ,  integrating t from 0 to 0% and using Fubini gives 

(5.2) 2E i ; e-Zt f (X,)dt-- f (xo)=E,  ; e-**Af(X~)ds, i=1 ,2 .  
0 0 

Let S~ be the operator defined on L~o by 

(5.3) S~.f=E i ~e-Zt f (X,)dt ,  i=  1, 2. 
0 

Then (5.2) says 

(5.4) f (xo)=S~((2-A)f) ,  i= 1, 2. 

Apply (5.3) to f =  h~, where h~ is defined by (4.2). Using (4.13), 

(5.5) h~(xo)=S~(g+(J~--g)+M~g), i=1 ,2 .  

Let S { = S ~ - S  2, and let O= sup JS~fl. Clearly, 0<2/2 .  
[Ifll < 1 

Now take the difference of (5.5) for i = 1, 2: 

S~(g + ( J ~ - g ) +  M~g) = O. 
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Then 

(5.6) IS~gl =< Is~ (J~-g)[ + Is{ M~gl 
=<0 I[ J~-g II +0  II M~gl[ 
< 0  L[ J~-gl[ +07 IlglL, 

where 7< 1 by Proposition 4.2. Letting e ~ 0  and using Proposition 4.1, we 
get finally 

(5.7) I S~ g[ < 07 l] g 1[- 

Now, since S~ is an operator induced by the measure S~(A)= S~ 1A, we have 
O=sup{]S~g]: ]Lgl] =<1, g~C ~ with compact support}. But taking the sup over 
such g in (5.7) gives 0=<07. Since 7<1 and 0<2/2, we must have 0=0,  or 
S 1 = S  2 for 2~[1, 23. 

By the uniqueness of the Laplace transform and the right continuity of 
Xt, El f (Xt )= Ezf(Xt) if f is continuous and bounded. The proposition is now 
immediate. [] 

The proof is the next proposition is essentially the same argument as that 
in [10], Sect. 6.2, and so we only sketch it. 

Proposition 5.2. The finite dimensional distributions of Xt under E1 and E 2 agree. 

Proof Let ~lli(X~)=Ei(g(Xt+s)lXs) , i=1 ,2 ,  g bounded and continuous. If (2 / 
is a r.c.p, for E~(-IX~), it is easy to see that (Q~, X~+t) satisfies the martingale 
problem for A starting at X~(co) (cf. proof of Proposition 3.2). By Proposition 
5.1, Ol(Xs)= Q~ g(X~ +t)= Q~ g(Xs+ t)= ~2 (x~). Denote the common value by ~. 

If f is continuous and bounded, 

E 1 g (Xt + s)f (X~) = E 1 ( f  (X~) El (g (Xt +,)l Xs)) = E~ ((O f )  (X~)) 

= E2 ((~ f)(Xs)) = E z g (X t + ~)f (Xs). 

This shows the two dimensional distributions agree. Now repeat, using induc- 
tion. [] 

Remark. Suppose v is such that h~(x)~ R g(x)=S ry(x-y) g(y) d y as e--. 0 for 
some kernel ry (what is needed is that the resolvent for X~ has a sufficiently 
nice density). By our bounds on B~ in Sect. 4 and (4.11), M~g ~ Mg, where 

(5.8) M g(x)=~ g(y) M(x, y) dx 

and 

(5.9) M(x,y)=--(2rc) l l x - y l - 3  ~(1-cosu) ~""[vva ~x, y, x-U Y) du. 

Taking the limit in (5.5) as e --> 0, then gives us 

(5.1o) Rg(xo)-- S~(g + MS), 
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o r  

(5.11) Sz=R(I+M)-~= ~ R ( - M )  ~. 
i = o  

The expansion is possible since II Mg [[ __< 7 I[ g II, 7 < 1. It is interesting to compare 
(5.11) with formulas for resolvents used by [5-7, 9-13]. There the resolvent 
Sz is written as a perturbation of the resolvent of Brownian motion or a stable 
process. Here Sz is a perturbation of R; R, however, does not correspond, to 
any Markov process. 

6. Uniqueness - Global Case 

In this section we complete the proof of Theorem 2.2 as well as prove the 
strong Markov and Feller properties. The proofs are the same as those in [10], 
and so are only sketched. 

Proof of Theorem 2.2. Let q be chosen as in Proposition 4.2. Let z=inf{t:lX t 
-x0]  > t/}. By Sect. 5, we have uniqueness for the martingale problem for A" 
starting at x for each x; call the solution P~. 

If P is a solution to the martingale problem for A starting at Xo, define 
Q by 

(6.1) Q(AnBoOO=E(P~(B);A), A ~ ,  B ~ ,  

where 0t is the usual shift operator. Check that such A ~BoO~ generate ~-~ 
and that Q solves the martingale problem for A ". Hence Q = P2o, and so if A e ~ ,  
P(A)=Q(A)=Pflo(A ). We thus have uniqueness for the martingale problem for 
A for events in J~. 

Let ~1 ='c, "Ci+ 1 =inf{t>zi:[X~--X~ [ >=q}. By Proposition 3.1, zi-~ ~ as i ~  oo 
(cf. [-3], Sect. 5). To show uniqueness for the martingale problem for A for 
events in ffoo, it suffices to show uniqueness for events in ~ ,  for each i. 

We use induction. Suppose we have uniqueness on ~ , .  If A ~ ,  and P 
is a solution to the martingale problem, then 

(6.2) P(A n BoO~)= E(E(BoO~],~i); A). 

If Q~o is a r.c.p, for E ( . [ ~ ) ,  check that Qo~, X~,+t) solves the martingale problem 
for A starting at X~(~o). By the above, A=E(BoO~,[o~)=Q~,(BoO~) is then 
uniquely determined. But by the induction hypotheses E (A; A) is uniquely deter- 
mined. Hence, P is uniquely determined on the collection of A n B o 0~,, A ~ , ,  
B ~ , ,  and this collection generates ~ + 1 .  [] 

For  each x, then, the martingale problem for A starting at x has a unique 
solution px. 

Proposition 6.1. (Xt, px) is a strong Markov process. 
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Proof Let ~ be a bounded stopping time and let Q,o be a r.c.p, for E( . ]~ ) .  
As before, (Qo~, X~+~) solves the martingale problem for A starting at X~(co). 
Hence, by the uniqueness of such a solution, 

ex'(~) f (Xt) = Q~of (X t +~) = E [ f  (Xt+ ~)1~] 

for f bounded and Borel. [] 

We also have 

Proposition 6.2. (Xt, px) is a Feller process. 

Proof As in Sect. 3, if x, ~ x, then the sequence px. is tight, and any limit 
point solves the martingale problem for A starting at x. So, if f is bounded 
and continuous, E:'"f(Xt) ---', E~ f(Xt) .  [] 

7. Remarks 

1. Extensions. There is no difficulty whatsoever is extending our method to 
pure jump processes in Nfl with d > 1. We restricted our attention to d = 1 only 
for simplicity. 

Similarly, our method allows for the inclusion of a drift term. Thus, instead 
of A, one considers the operator 

.4 f (x) = b(x)f ' (x)  + A f (x). 

Existence holds if in addition to the hypotheses on A we require b bounded 
and continuous. Uniqueness will hold if b is bounded and continuous and if 
(2.5) and the hypotheses of Theorem 2.2 hold with ~x(u) replaced by ~ ( u ) =  ib(x) 
u + ~ ( u ) .  

2. Local times. Suppose for some 6~(0, 1) 

(7.1) inflq)x(u)[>clu] 1+'~ for ]u[~l  
x 

For stable-like processes this corresponds to inf e(x)> 1. Then the expansion 
x 

(5.11) holds and by [3], Proposition 3.1, R maps L 1 to Loo. Moreover, an exami- 
nation of the derivation of the bounds on M show that sup ~ M(x,  y) dx < 7 < 1 

Y 

as well as sup ~M(x, y) dy<y.  So by the generalized Young's inequality ([-4], 
x 

Theorem 0.10), M maps Lp to Lp with norm bounded by 7 for p c [ l ,  oo]. There- 
fore ( I + M )  -1 maps L 1 to L1 and by (5.11) Sz maps L~ to L~.  This fact, a 
localization argument, and Sect. 5 of [3] prove 
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Theorem 7.1. Suppose (2.5), the hypotheses of Theorem 2.2, and (7.1) hold. Then 
(Xt, P) has an occupation time density Lt(y). 

This  is a slight improvemen t  on  [3], Theorem 6.1, since there is no  need 
to suppose the existence of an  app rox ima t ing  sequence v,. 

3. Singular integrals. Suppose 

~(x)-~(y) 
(7.2) K(x,y) ix_y[a+~r ) as ] x - y ] - - - , 0  

and  

]K(x,y)l<=Clx-y[ -(1+~) for some 6 > 0 .  

In  the stable-like case we showed that  if the hypotheses of Corol la ry  2.3 hold, 
then K is integrable  and  the opera tor  defined by K f ( x ) = f  K(x,y) dy maps  

L~ to L~ .  
I t  would  be interest ing to examine the propert ies  of the opera tor  K when 

fails to be Din i  c o n t i n u o u s  bu t  perhaps  satisfies some weaker  modu lus  of 
cont inui ty .  One  would  have to define K f  in a pr incipal  value sense, as is done  

in the theory of s ingular  integrals,  and  one could ask, does K ma p  Lp to L v 
for p c ( l ,  aD)? If SO, could one use this to prove uniqueness  for the cor responding  
mar t inga le  p rob l em?  The kernel  for K seems to be of a type no t  previously 

considered by analysis.  
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