Strong Approximations to

Brownian Local Time 1

RICHARD F. BASS ! and DAVAR KHOSHNEVISAN

1. Introduction

A strong approximation (or strong invariance principle) of
random walks to Brownian motion is the construction of ran-
dom walks and Brownian motions on a single probability space
so that the normalized random walks converge to the Brownian
motions a.s. at some rate. Given such a strong approximation,
it is natural to ask if the “local times” of the random walks
also converge a.s. to the local times of the Brownian motions.
The first such strong invariance principle for local times that
also gave a rate was given in [R] for the case of simple random
walk. Since then there have been many papers on this sub-
ject with the aim of weakening the assumptions on the walk
and improving the rate. See [Bo2] and [CH| and the references
therein. For recent results along these lines, see [BK2].

Our aim in this paper is slightly different. We are not con-
cerned with obtaining optimal rates here, but rather giving the
most general conditions under which a strong approximation
for the local times holds. We assume that our random walks

are mean 0 and variance 1, but no other moment conditions are
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assumed. Our main results (Theorems 3.2 and 4.5) say that
one has a strong approximation for the local times whenever
one has a strong invariance principle for the random walks,
provided only that some very mild conditions hold. This is
quite surprising because local time is a highly discontinuous
functional on C[0,1]. In particular this shows that the local
times of the random walks converge a.s. to those of the Brow-
nian motions in the case of the Hungarian embedding. Our
results also give a strong invariance principle for random walks
having only 2 4+ ¢ moments.

The conditions we impose are (a) that either the random
walk be lattice or strongly nonlattice and (b) that the rate of
convergence of the random walks to the Brownian motions not
be too slow.

There are a number of interesting by—products of our re-
sults. We obtain weak uniform invariance principles for the
local times of finite variance random walks in the lattice and
strongly nonlattice case. The lattice case was already known
([Bol]), while the strongly nonlattice case improves upon some
results of Borodin (see [Bo2]). Our methods also give a weak
uniform invariance principle for intersection local times with
only second moments (this has also recently been proved by
Rosen) and a strong uniform invariance principle for intersec-
tion local times, which is new. Finally, we show that the gen-
eral theorems in [BK1] for weak uniform invariance principles
for local times on curves hold under the assumption of finite

variance when the dimension is 3 or less.
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We use the letter ¢ with or without subscripts to denote
constants whose value is unimportant and may change from

line to line.

2. A local central limit theorem

We begin with some estimates on the transition densities
for random walks in R?. Let X; be a sequence of i.i.d. random
variables with mean 0 and nondegenerate covariance matrix
Q. We assume the X; are lattice—valued, and without loss of
generality we assume the lattice to be Z%. Let S,, = D, ¢
and let P, (z,y) = P*(S, = y). For now let us assume the 5,
are strongly aperiodic (see [Sp, D5.1]).

2.1. Proposition. Let v € (0,1]. Then

(2.1) [Pa(0,2) = Pa(0,y)| < en”?(Jx —y|/v/n)".

Proof. Following Spitzer ([Sp, T7.9)),
P, (0,z) — P, (0,y)
—an [ grafyae T e da,
a€\/nC
where ¢ is the characteristic function of X; and C' is the cube

of side length 27 centered at the origin.
Let v € (0,1] and note that |e!® — e®| < c|a — b|?. Let
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A = (lz —y|l/v/n)". For |a] <1, we have |p(a/y/n)| < 1, and

SO

/ < cA la|” do < cA.
|| <1 lo| <1

For r small and |a| € [1,7y/n], we have |¢p"(a/\/n)| <
exp(—a'Qa/4) (see [Sp, p. 77]), where o' denotes the trans-

pose of a.. So

/ < cA || exp(—a’Qa/4) da < cA.
1<|al<ryvn 1<|al<rvm

Since the X; are strongly aperiodic, |¢"(a/v/n)| < (1—96)™ for
some § > 0 if |a| > ry/n (cf. [Sp, p. 77]). Hence for any K > 0

there exists ¢ such that

la|" da < cAn™E.

/ < cA(l — (5)"/
rvn<lal rv/n<la|<my/n

Summing the three terms gives (2.1). g

A similar proof, following [Sp, P7.10], shows

22) | 0.0) - Mo 0.)] < en (o -l vap.

n

Let G(l’,y) = Z;ozo Pn(ﬂ'),y)

2.2. Proposition. Suppose d = 3. Let v € (0,1). Then

|z — y] |z —y|?
G0,z) — G(0,y)| <c c )
G0.2) =GOV < iy T Tal Ay ™
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Proof. Suppose |z| < |y|. Note

Rxmww—ﬂxayw=—3(——

Using (2.2) and the fact that P, (0,y) < n~'/2|y|? ([Sp, P7.10]),

[||?] U=y 1z —y|"
Zl [Pa(0,2) = Pa(0,)] < c Zl PR TERTE
yl2 - o2 X1

_|_
c |z[2 nz_: nl/2|y|2

R
(yl = =) ([y| + |=])
LA
lz—yl" |z —y
= e YR
Using Proposition 2.1,
- |z —y|
> Pa(0,2) = Pa(0,y)] < TR
n=[z[?] 2]

Adding these two inequalities gives our result. g

Using the method of [Sp, p. 310], the assumption of strong
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aperiodicity may be dispensed with. Note Proposition 2.2 and
[Sp, P26.1] together give us the conclusion of Corollary 3.3 of
[BK1] when d = 3 under the assumption of finite variance only.
By the proofs of [BK1], then, we get

2.3. Theorem. Suppose d < 3, the X;’s have finite vari-
ance, and Hypothesis 6.1 of [BK1] holds for some 5 € (0,1).
Then the conclusion of Proposition 6.3 of [BK1] holds.

Remarks. (1) The importance of Theorem 2.3 to us here
is that Theorem 7.4 of [BK1] holds with only second moments,
i.e., the local times of the random walk converge weakly to the
local times of Brownian motion, uniformly over all levels z.
This had previously been proved in [Bol].

(2) Theorem 2.3 also tells us that Theorem 7.8 of [BK1]
holds with only second moments, i.e., the intersection local
times of two independent random walks on Z? or Z3 converges
weakly to the intersection local times of two independent Brow-
nian motions, uniformly over all levels z. While we were writ-
ing up the present results, we learned that Jay Rosen had in-
dependently proved a more general result about weak uniform
invariance principles for intersection local times. This did not
surprise us — it was through discussions with him that we came
to believe Theorem 7.8 of [BK1] should hold with only second

moments.

3. Local times — lattice case
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We assume in this section that we have Z-valued random
walks with mean 0, variance 1. We also assume that our walks
are strongly aperiodic — this assumption can be dispensed with
by the use of [Sp, P5.1].

Define n(z,n) = 2;21 1{51(S;), the number of times be-
fore n that the random walk hits x. Let F; be the o-field
generated by S1,...,95;. Let

1

L"(z,t) N

n(vnx, nt)

for x € Z/\/n, t € Z/n, and let L™(z,t) be defined by linear

interpolation for all other x and t.

3.1. Proposition. Let § € (0,1/2). Then there exist

c1,co such that

P( sup |L™(x,t) = L"(y. 6)|/(Jo —y['*7° A1) = N)

z,y€R,t<1
< crexp(—co) +n7"

and
sup  |L™(z,t) — L™ (y,t)|/(|Jz —y|"/?> O A1) < clogn, a.s.

z,yeR,t<1

Proof. Fix z,y € Z, x # y, and define Ay = (n(x, k) —
n(y, k))/v/n.
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By Proposition 2.1 and the translation invariance of the

P;,
k
(3.1) [B* Ay | < 722: Pj(z,y)|
k
< Z%(@)
_ Jz—yl
nY/2

Similarly, using [Sp, P7.9],

E*n(x, k) < cv/n.

Iﬁt[&AjZZAj+1—-Aj.SﬂKE|$-—y|Z:L

n—1 n—1

1
B3 (A4))° < B 14,(5))

§=0 §=0

1
(3.2) = E(Ezn(:ﬂ, n) +E*n(y,n))
Irlj - y|
< —
Now

n—1 n—1
E*) (An — Ajy1)AA; =F? {Z E*(An — Ajy1|Fj1)AA;
=0 =0
n—1
(3.3) =E* Y E%(A,_j_1)AA;

=0
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= /z;l EzZmA |
< c'xnj/g'w }EZ[ (2,m) + 1y, )]
< C(|~T\/—ﬁy|) '
Since
n—1 n—1
A2 =23 (An — Ajp)AA; + ) (AA)
=0 J=0

(cf. [BK1, Eq. (5.3)]), combining (3.2) and (3.3) gives
supE*A2 < cA,

where

(e =yl\7  [lz -yl
A_<\/ﬁ (222,
Let
U; = E*[A, — A;j|F;] =K% A,_;.

By (3.1), |U;| < ¢A. Since M; = U; + A; is a martingale,
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Doob’s inequality tells us that

E* (sup |A;)% < 2 (sup [U;])? + 2B (sup [ M;])?
Jj<n i<n ji<n

< cA? + 8E* M
< cA? + 16E*U? + 16E* A2
< c(A?+A).

Hence for any F;—stopping time N bounded by n,

E*[(An — An)?|Fn] <ESN[sup |4, 7] < ¢(A% + A).

Jj<n

Using Cauchy—Schwarz, the fact that sup,,,_; |AA;| <
1/y/n, and [DM, p. 193],

(3.4) P*(sup |Ax| > A) < ¢ exp(—co/(A + A%)1/2)
k<n

(cf. [BK1, Proposition 5.2]).
A standard metric entropy argument using (3.4) shows
that for each § > 0,

P*( sup |L™(x,t) = L™y, 0)|/(jo —y[V20 A1) > )
|],|y|<n*,t<1

< cq exp(—ca ).

Using the fact that

(3.5) PO(sup |S;| > n*) <n~"

Jj<n
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by Chebyshev’s inequality, we get the first assertion. A stan-
dard Borel-Cantelli argument (with A\, = clogn) shows that
there exists ¢ such that
(3.6)

sup  |L"(z,t) — L™(y, )| /(Jz —y|/* P A1) < clogn, a.s.
z,y€ER, <1

This completes the proof. g

We are now ready for the main result of this section. Sup-
pose for each n we have i.i.d. random variables X7',..., X",
and we set S} = Zle X7'. Define n" in terms of the ST anal-
ogously to the definition of n above and let us now use L™ (x,t)
to denote n"(y/nx,nt)/\/n for x € Z/+/n, t € Z/n with linear
interpolation for all other x and ¢. For each n let B}’ be a

Brownian motion with local times ¢™(z,t).

3.2. Theorem. Let o > 0. Suppose a, is a sequence

such that for some § > 0, a,, < (logn)~°. Suppose
Sup Sy /v — Bl = O(ay), a.s.

Then

sup |L™(z, ) — "(x, 1)
zeR,t<1

= O(n~ YO+ A gl/G+) 10gn),  a.s.

Remarks. (1) The statement of our theorem includes the

case where the X" do not depend on n, B; is a single Brownian
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motion, and B}’ = B,:/y/n, the situation that comes up in
Skorokhod embedding.

(2) Much better rates are possible when the X; satisfy
higher moment conditions. See [BK2].

(3) If the X, have 2 4+ ¢ moments, then any reasonable
Skorokhod embedding will have a,, satisfying the above hy-
potheses.

(4) The Hungarian embedding satisfies the above with

an = logn/y/n.

Proof. First note that (3.6) holds for the new L"(z,t)
as well as the old ones, since the estimates (3.4) and (3.5) are
valid with constants independent of n. Similarly we get the

estimates

(3.7) sup [("(z,t) — " (y,1)| < c(|z —y|Y'?> 72 Al)logn, as.
t<1

and

(3.8) sup L"(z,t) <clogn, a.s.
zER,t<1

We now fix an w not in any of the exceptional sets and
proceed to get a bound on |L™(x,t) — ¢™(x,t)| independent of
x and t. For simplicity of notation we will do the case t = 1.
Fix xy. Define f.(z¢) = 1/e, define f.(y) = 0 if |y — xo| > &,
and define it by linear interpolation for y € (x¢ — €, x¢) and
(zo, 20 + €). Take § small.
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Since [ f:(y)dy =1,

| / f-(B) ds — (20, 1)| = | / Fo ()0 (5, 1) dy — £ (z0,1)|
(3.9) < sup [0(y,1) — (o, 1)

ly—zo|<e
< cet/?79 logn.

Next,
1 n
[ sByds - 3 8/
0 =

(3.10) <1 [ By ds = [ S/ Vi) sl + 2/

<N Follooln +2/en = an /e + 2/en.

Now

_Zfes/\/_ Z fa \/_y7 )

yEZ/xf
Z fE Ln y7 - L" (‘,1:07 1)]
YEL/n
_I_Ln .’130, |: Z f& :| +Ln(x071)
yGZ/xf

It is easy to see that [n~1/2 ZyEZ/\/ﬁ fe(y)—1] < 1/ne. So
using (3.6) and (3.8),

|—Zf€ S;/v/n) — L™(x0,1)]
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(3.11) < ce'/?7%logn + clogn/en.
Adding (3.9), (3.10) and (3.11) we get that
|L" (20, 1) — €"(20,1)| < ce'/? P logn + a,/e* + clogn/en.

2/5 _
Now Chooseszsn:an/ v n1l/2, 1

3.3. Corollary. Leto > 0. Ifa, — 0 and
sup |Sﬁlt}/\/ﬁ — Bl'| = O(a,) in probability,
<1

then
sup |L"(z,t) — £%(a, 1)
zeR,t<1

= O(a]l\?(HU) An~ VG in probability.

Proof. Let 0 be chosen small. Let { > 0. Provided the
constants ¢ are chosen large enough, we have by the remarks
preceding Theorem 3.2 and the proof of Theorem 3.2 that for

all n sufficiently large,

P( sup |L™(z,t) — L"(y,0)|/(lz —y["*° A1) > ¢) < (/3,
z,yeRt<1

P( sup |02, t) = (. O)l/(Jz —y["*O A1) > e) < (/3

z,yeR,t<1
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and

P( sup [|L"™(x,t)| >¢) < (/3.
t<l,zeR

So, following the proof of Theorem 3.2, for each n sufficiently
large there exists a set IV,, of probability less than ( such that
if w ¢ N, then

|L" (20,1) — 0" (x0,1)| < ce'/?7% + a, /e + ¢/en

(the logn’s are no longer present). Now choose ¢, as before. g

Remark. If one has a lattice valued random walk in two
or three dimensions, strong approximations to 2 or 3 dimen-
sional Brownian motion exist (see [E]). A proof very similar
to the one above shows that if two independent random walks
converge uniformly to two independent Brownian motions a.s.
at a sufficiently fast rate a,, then the intersection local times
of the two random walks will converge a.s. to the intersection
local times of the two Brownian motions, uniformly over all

levels z, at a rate of a,, to a suitable power.

4. Local times — nonlattice case

In this section we assume the X; are i.i.d. R—valued ran-
dom variables with mean 0, variance 1 and are nonlattice, i.e.,

|p(0)] < 1 for all @ # 0. We also make the assumption through-
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out this section that the X; are strongly nonlattice, that is,

limsup |¢(0)| < 1.

0] —o0

Since |¢(0)] < 1 for all 8 # 0, we get in this case that for any
r >0

pr = sup [p(0)] < 1.
=

The assumption that the X; are strongly nonlattice is rea-
sonably weak, being satisfied, for example, if the distribution
of X; has a nonzero absolutely continuous part. (This follows
using the Riemann—Lebesgue lemma.) In particular, Borodin’s
condition [Bo2], that ¢ € L2, implies that So has a bounded
density, hence that ¢(6)? — 0 as |#] — oco. See also Section 4
of [BK2].

We proceed to get two estimates of local limit type. Stone
[St] has similar results without the strongly nonlattice assump-
tion, but they are not sufficiently strong enough for our pur-

poses here.
Let I, denote [—h, h].

4.1. Proposition. Let K € Zt. Then for all z, z
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Proof. Let I',(y) = e'/? exp(—y?/2h?). Then
P*(S,, € x + 1I1,) < E*T,(S, — )
—c /R e~ 00T, (0)[p(0)]" dO

s ~
< —= [ Tula/vn)|p(a/vn)[" da,
7.
where fh denotes the Fourier transform of I'j; thus fh =

chexp(—02h?/2) > 0.
First,

[l o
<t Vo Jig<r TV

As in the proof of Proposition 2.1, if r is small, |p(a/y/n)|™ <
exp(—a?/4) for 1 < |a| < ry/n, so

IT Ao / ) ch
< exp(—a/4)da < —.
/1s|a§r¢ﬁ Vi Jial<rym vn

Finally,

/ — v Tu®)e6)" do
jal>ry/m 101>r
< Vgl [ Ta(6) a0 < gy

Adding these three inequalities gives our result. g

Now let 5 € (0, 1) and let 13 be a nonnegative C*° function
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with

1[_%_5,%4_5] > ¢[3 > 1[_%,%]7 ”d’lﬁ”oo < C/ﬁ:
195 ]loe < ¢/B2.

4.2. Proposition. Let K € Z". Then for all x,y, 2

B atsu =) - Eunis -l < (1) (Jo 4 o).

Proof. Letting @3 denote the Fourier transform of g,
note that ||1Z5||oo < |l¥sllx < 3 and

6%$5(0)] = [5(0)] < W5l < /8.

It follows that [3(0)] < ¢/862, and so [, . |0]7|ds(0)]do <

10| >r
c/pif vy € (0,1), r > 0.
With these estimates on ||12)\g||oo and ||7:/J\g||1, the proof is
exactly the same as the proof of Proposition 4.1, except that

just as in the proof of Proposition 2.1, we use
e r eV — eIV < JaY(|x — gl /i)
to get the extra (|z — y|/y/n)? term. g

Define

k k
77(907 k?) = Z 1[—1/2,1/2)(53‘—90), 776(% k?) = Zlbﬁ(sj_l'),
j=1 Jj=1



BROWNIAN LOCAL TIME 19

and

1 ~
L"(z,t) = n(zv/n,nt), Li(z,t) =

7

(z+/n,nt).

1
%%

4.3. Proposition. Let§ € (0,1/2). Suppose pnf—1 > 1.

Then there exist c1,co such that

P( sup |Lj(x,t) — Li(y, t)l/(jz — y'*° A1) = A/B)
z,yeR,t<1

< crexp(—coA) +n7"7

and

sup  |La(a,t) = L3y, DI/ (o —y|> A1) < Slogn,  a.s
z,yeR <1 6

Proof. Let

Ay = —=(1p(, k) =03y, k).

1
N
By Proposition 4.2,

lz —yl\”
E*A,| < .
| ’“'—C( Jn
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Note that if |z — y| > 1,

n—1 n—1
1
E*) (A4))* < S > (1[x—1,z+1}(3j) + 1[y—1,y+1](5j))
Jj=0 3=0
c clx —y|
< — <
T Vn T np

by using Proposition 4.1.
On the other hand, if |z — y| < 1,

(i — ) = ¥s(S; — Y < [Vhlloolw — yl < el —yl/B

and
§<AA = —Eszﬁ (S5 =) = va(S; — y))”
;
< waﬂ 7) +5(S; ~ )]
< e IZ r-te411(55) + Ly-1y411(55)]
<zl
Similarly,
a4 < S0

With these estimates in place of (3.2), we may now proceed

exactly as in Proposition 3.1 to obtain our result. g
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To go from Eg (z,t) to L™(x,t) we have

4.4. Proposition. If 8, — 0 so that liminflog 3, /logn

> —o00, then there exists ¢ such that

a su L x,t) — L"(x,t)| < cB,logn, a.s.
(a) p |L§, g
zeR,t<1
and
(®) LS () < ]
sup — zaot+8,](55) < cBrlogn, a.s.

Proof. If I is an interval of length 24,
supP*(S; € I) < efn/\/j + /5%
by Proposition 4.1. Summing,

sup E* Z 17(S;) < eBuv/n +c/nf L.
T =1

By our assumption on (3, this is less than ¢f3,/n. The quan-
tity Ax = Z?ﬂ 17(S;) is a subadditive functional. By Cheby-

shev’s inequality,

supP* (A, > 2¢B,v/n) < 1/2.
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So by the strong Markov property,
P (A, > 2mefn/m) < (1/2)™.

Therefore
1 n
PO(T E 17(S5) > c108n logn/2> < exp(—cicologn).
n
i=1

If \Egn (x,t) — L™(z,t)| > c18,logn, for some x, then ei-
ther (i) sup;<, [S;| > n*, or (ii) for some interval I of length
Bn contained in [-n* —1,n* +1], we have (1/y/n) 37, 17(S;)
> c18,logn/2.  Any interval of length (3, is contained in
some interval [k(,, (k + 2)3,] for some integer k. There are
at most 2n?/3, such intervals contained in [-n* — 1,n* +
1].  So the probability of possibility (ii) is bounded by
(2n*/B,) exp(—cicologn). The probability of possibility (i)
is bounded by n~" by Chebyshev’s inequality. The result (a)
follows by Borel-Cantelli if we use the assumption on 3, and

take ¢ large enough. The same proof also shows (b).g

Now define the triangular arrays X7, the partial sums, the
local times, and the Brownian motions similarly to what was

done in Section 3.

4.5 Theorem. Let o > 0. Suppose a,, is a sequence such

that a,, < (logn)~19. Suppose

il<111) |S[’}Lﬂ/\/ﬁ — Bl'| =O(an), a.s.
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Then
sup |L™(z, ) — "z, 1)
zeR,t<1
= O(n~ YO v ol /O+) 160 n),  a.s.
Proof. The proof follows the lines of the proof of

Theorem 3.2 closely, but with the following changes. Let f.,
be the step function which takes the value f.(zo + k/y/n) for
x € [xo+ k/v/n,xo + (k+1)/\/n), k € Z. Then

‘%ZfE(SJ/\/ﬁ) _%Zfan( J

S er - fsn”oo S 1/5\/5.

Note that
_Zfens/\/_ Z fs \/_y+_n)
yEZ/xf

Also, by Propositions 4.3 and 4.4, if |y — xo| < ¢,

L"(y,1) — L™ (xo, 1 §£51/2_510gn+cﬁnlogn.
/ E

n

With these changes to (3.11), we get

1/2—6
L7 (0, 1) = € (o, )] < =5 logn+ 5
clogn 1
+ + + cf, logn

En ev/n
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Now choose € = &, = a/’ Vn=1/4 and B, = e'/4-9/2, 4

Returning to a single sequence 5,, and a single Brownian
motion B; with local times £(z,t), we also have a uniform weak

invariance principle.

4.6. Theorem. For mean 0, variance 1 strongly nonlat-

tice random walks,

{(S[nt]/\/ﬁ, L"(z,t)):t <1,z € R}
converges weakly to

{(Bt,l(x,t)) : t <1,z € R}.

Proof. One can find another probability space which
contains random walks with the same distribution as S,, and
a Brownian motion such that the normalized random walks
converge a.s. to the Brownian motion, uniformly over ¢t < 1.
In particular, they converge in probability.

We now imitate the proofs of Theorem 4.5 and Corollary
3.3 to conclude that the L™(z,t) converge in probability to
"(x,t), uniformly over ¢t < 1,z € R. This proves weak conver-

gence. g
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